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C Additional Existence and Uniqueness Results

Proof of Lemmas A.2 and A.1. {A;}; is an equilibrium if and only if {A;}; = F({A:}4).
By direct calculation, defining X; = (A; + a; V() ™', we get {A}; = F({A:}:) if, and only
if, {X;}i = G({Xi;};). That F and G are monotone increasing follows because matrix inversion
Y — Y ! is monotone decreasing (e.g., Horn and Johnson (2013)), and projection onto N (i)
Y — Yy is monotone increasing in the positive semidefinite order. m

Proof of Proposition 6. Pick an arbitrary starting tuple {X?}; such that {X?}; < G({X?}:). By
direct calculation, the corresponding price impacts Ay = (XJ) ™1 —a; V y ;) satisfy {A?}; > F({A9};).
Since map F' is continuous and monotone with respect to the defined partial order, recursively
applying F to inequality {AY}; > F({AV};), we can see that F"({A%};) is monotone decreasing and
hence converges to a fixed point of F. For the price impact tuple satisfying {AY}; < F({A%},), the
sequence F ”({A?}Z) is monotone increasing. Therefore, to prove convergence to a fixed point, we
need to show that it is bounded from above. To this end, pick o > 0 sufficiently large so that {AZ}Z
defined by

Ai = adiag((I(n) —2)™ nen() (42)

satisfies {A%}; < {A;};, where I(n) is the number of agents in exchange n. An analogous argument

implies F({A;};) < {A;}i. Let Q = {{A;}; € SM : A; < A;, Vj}. Then, for any {A;}; € Q,
F({Aj};) < F{A}5) < {Adi (43)

and hence F maps (2 into itself. Therefore, the sequence F™({A%};) is monotone increasing, bounded

from above by {A;};, and hence converges to a fixed point of F. m

Equilibrium uniqueness is equivalent to the uniqueness of the fixed point of map F. It therefore
suffices to show that F' is a contraction on a suitably defined normed space. We can identify the
strategy of an agent in the game (i.e., his demand schedule) with its slope (aiVN(i) +A;)~! and
find conditions on the demand slopes for this to be the case.

Lemma C.1 For any i, suppose that 0 < {B;}; < {A;}; are such that any equilibrium tuple {A;};
satisfies { B; }; < {(aivN(i)+]\i)_1}i < {A4;};. Suppose that for any {X;};, {Bi}i <{X:}i <{A4;}s,
2

(M —D)X2+ 3 MX2< ((M; = )X+ > MX; | ,j=1,,1. (44)
i#] i#]
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Then, map F is a contraction on the set {B;}; < {X;}; < {4;}i, and hence there exists a unique

equilibrium.

Note that when X; are positive numbers (or commuting matrices, in which case they can be
simultaneously diagonalized), a direct calculation implies that condition (44) holds. However, absent
commutativity, this is generally not true. The usefulness of Lemma C.1 depends on a good choice
of bounds {B;}; and {4;};. The next result provides a simple and easily verifiable condition that
guarantees the applicability of Lemma C.1, based on the choice {B;}; = {(A} .« + @iVn@) '}
and {A;}; = {(A iy + @i Vne) ™' 1?7

Corollary 3 Suppose that

min 7[(7}) 2 max I(n) = 2
n \**(n) = n (I(n) = 1)A**(n) (45)

Then, equilibrium is unique.

Intuitively, the left-hand side of (45) measures how competitive an exchange is, whereas the
right-hand side reflects the dispersion of payoff riskiness across exchanges. If this dispersion is high,
there is a lot of ‘room’ for non-commutativity and uniqueness can only be guaranteed when strategic

effects are small; that is, when I(n) is sufficiently large.

To proceed further, we first establish auxiliary results.
Lemma C.2 If there is only one asset and one exchange, then equilibrium is unique.

Proof. The proof follows by Lemma C.1. Indeed, in this case, the conditions of Lemma C'.1 hold,
and therefore map F' is a contraction and has a unique fixed point. =

Lemma C.3 Let {4;}; € ST be a tuple of diagonal matrices. Consider a map Fy : ST — S

defined via .

Fai({A}) = | | D (45 + A"
7 N (i)

This map has a unique fixed point in the class of diagonal matrices.
Proof. Since F' is a contraction on the set of diagonal matrices, Lemma C.1 gives the proof. m

Lemma C.4 Let {4;}; € ST be a tuple of diagonal matrices. Then, map F4 from Lemma C.3 has

a unique fixed point.

37 As an example, consider the case when all pairs of assets are equally correlated with correlation p, all

agents have the same risk aversion a, and max; |[N(i)] < N. Then, max(eig(C(Vy()))) < max{l + p(N —
1),1 - p}, min(eig(C(Vn(y))) > min{l + p(N —1),1— p}, and (45) imposes upper and lower bounds on the
correlation p. For example, in the symmetric case when I(n) = I is independent of n and p > 0, we obtain
the simple condition p < —1=2—. For Corollary 3, one could also pick {Bi}i = {(A pax + @ Ving))

and {A;}; = {(NC

7, min
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Proof. Let {A'}; be an arbitrary fixed point of Fy, and let {A*}; be a diagonal fixed point,
which is unique by Lemma C.3. Pick 1 € Ry so that py satisfies S51ldy () < A;“ for all 7 and
B1 < min; min(eig(4;)). Similarly, pick B2 € Ry so that B satisfies Saldy(;) > AZ-A for all 7+ and
B2 > max; max(eig(A;)). Define {By}; = {Bildng)ti, ¥ = 1,2, and let Fp,, k = 1,2 be the
corresponding maps. Then define {Af’“ Vi = Br {diag((I(n) — 2)" ") (i) }i- We have

{A%} = Fo, ({A}).
Iterating the inequality
(A7} = Fp, ({7 )) < Fa({A? 1),

we obtain that F’A}({AIB '};) converges to a diagonal fixed point of F4, and hence by Lemma C.3
converges to {A*};. A similar argument implies that F7}({AP2};) also converges to {A*};.
Now by the definition of B, k = 1,2, we also have

Fp ({Ai}i) < Fa({Ai}i) < F,({Ai}i)

for any {A;}; € ST. Therefore, by the monotonicity of map Fj,
FR{AT ) < FAUANY) < FA({AT}).

Taking n — oo and using the fact that F7?({A#};) = {A#};, we get {AF*}; < {AA}; < {AF*},, and
the claim follows. m

In the sequel, we use the following convenient notation:
Notation. For any z,y € RY, we write "2 = (2,%). Given a triplet X, A, B of symmetric matrices
of the same dimension, we use notation X € [B, A] when B < X < A.

Proof of Corollary 3. For simplicity, we work directly with the correlation matrix and assume
that V.= C(V). By the proof of Theorem 1 (iv), any equilibrium {A;}; satisfies

AO < Ai,min < Az < Ai,max < AO (AR

4,min 2,nax’
Therefore,

I(n)—2

i I(n)—2
ding <<I<n> — ()

(Tn) - 1>A**<n>>N<i> e d

) < (Ai + V)" < diag (
N(3)
and the claim follows from Lemma F.5. m

D Additional Comparative Statics and Welfare

Proof of Lemma B.1. Suppose that there are IV traders such that

At +(a,\71+1~xl)_1 = B_l, i=1,---,N.
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Pick an arbitrary Ay < A; and define B via f\fl + (alvl + Al)_l = B!, Then, define A; via

A~

]\i_l —|—(ai\~7i—|—/§i)_1 :B_l7 Z:2, ,N.

This defines A; uniquely: A; = Vg/Qf(V;/QBV;/Q)V-l/Q and (A;+V;) ™' = V;l/Zg(Vg/zévg/z)V;l/Q.

7

Then, define A = 3, (A; + V;)~. It therefore suffices to show that there exist M > 1 and Vi
and the corresponding price impact A ~N+1 such that

~

ALy + (an1 Vg + Ane) ™ =B and A+ (Ms —1)(anv1 Vs + Angn) 7 =AY,

This gives the required matrix V3 = (M; (B — A))~! — (M3 (A4 (M3 —1)B~"))"". =m
The following result gives the analytic characterization of equilibrium in Proposition 1.

Lemma D.1 (Functional Calculus for Symmetric Matrices) For any continuous function f(z)
and any symmetric matrix A, we can define f(A) as follows. By the eigen-decomposition theo-
rem, there exists an orthogonal matrix U and a diagonal matrix D such that A = U7 DU, where
D = diag(d;) and d; are the eigenvalues of A. Then,

f(A) = U diag(f(d:))U.

In general, matrix U is not unique. The uniqueness holds only if the eigenvalues of A are
all distinct. However, even if U is not unique, f(A) is uniquely determined, and so it is well-
defined. The following lemma explicitly links price impact A; with the aggregate liquidity measure
B =73 (Vg + AL Let fi(a) = (2 —a+ Va2 +4)/2 and f(a) = fi(a)/a.

Lemma D.2 Let Y; = (B™!) ;). Then

A= Yil/2f1(Y-_l/2al-VN(i)Y-_l/2)Y1/2.

7 K3 3

If V() is invertible, then

_ 1/2 1/2 —1x71/2 1/2
Ai_aivN(i)f(aiVN(i)Y; VN(z))VN(z) (46)

Proof of Lemma D.2. The assertion is a direct consequence of Lemma F.6. m

Proof of Corollary 2. The expressions follow by direct calculation from market clearing,
S (Vg +8(B) " [d—p — ;Vi(a)) = 0. m

Next, we consider how the extent to which a trader is connected with the market and his more
or less central position in the market, measured by participation in different exchanges, influence his

equilibrium price impact relative to other traders in a given exchange. The equilibrium price impacts

of different market participants are linked through the aggregate liquidity measure B. Namely, let

O(Ai, i Vi) = (A7 + (Ve +A) 7)™ (47)

48



be the harmonic mean of two matrices A; and A; +a;V y(;). Then, by Theorem 1, ®(A;, ; Viy(;)) =
(B™1) N (i), for any class i. In particular, the price impacts of two classes i and j that are connected
(i.e., N(i) N N(j) # 0) are related as follows

-1
((I)(Ai’aiVN(i)))N(i)ﬂN(j) - ((I)(Aj’ajVN(j)))N(i)ﬁN(j) = (B )N(i)ﬁN(a‘)- (48)

Suppose that N (i) D N(j); for instance, class i is better connected than class j. A concavity
property of the harmonic mean (47) implies the following relationship among the price impacts in
the exchanges in which both classes i and j participate, (A;) N() and A;.

Lemma D.3 Suppose that class i has greater market participation than class j, N(i) D N(j).
Then

(M) iy, @iVig)) = (Ag, Vi) - (49)

Proof of Lemma D.3. By (48), (®(As,aiVin))ng) = ®(Aj, 5V
Anderson (1971),

j)). By Theorem 5 in

(@(As; a Vv ) vy < ®((Ad)ng)y @i Vivg))
and the claim follows. m

Function ®(A, V) is monotone increasing in A, and therefore, for the case of scalar Aj, in-
equality (49) immediately yields the last item of Theorem 2.

Nevertheless, with many assets, one cannot extrapolate this result by using (49) to conclude
that (A;)n(j) = Aj. The non-commutativity is, again, the key. Let A; = (I)((Ai)N(j) , aiVN(j)) and
Ay = D(A;, ajVN(j)). Then (using Lemma D.2),

(Ai)N(j) = aiVl/Q f(aiV1/2 A1_1V]1\{2 )V1/2 N Aj = Oéle/Q)f(Oéjvl/Q A2_1V1/2 )V1/2

N(j) N(j) (45)7 " N() N(j N(j) N(5)’ " N(G)°
where
2—a++Vaz+4
fla) = == (50)
a
is monotone decreasing in a. Inequality A; > A (Proposition D.3) implies
X, = V%é)AIIVJI\{é) < V}\{(Qj)AglV}\{(Qj) = X,. However, given two non-commuting symmetric

matrices X; and X5 and a monotone decreasing function f(z), inequality X; < X5 does not
generally imply f(X1) > f(X2). A function f that satisfies f(X1) > f(X2) for any X7 < X is
called matriz monotone. In particular, to conclude that (A;)n(;) > Ay, function f in (50) must be

matrix-monotone, which is not the case.?®

38 In fact, f is not matrix monotone on any interval. This noteworthy property does not have any

scalar analogues. This implies that with sufficiently many assets, for any A > 0 there exists B, B < A,
such that B is sufficiently close to A and the monotonicity fails (by the Lowner’s Theorem). A function
f(2) is matrix monotone on some (even an arbitrarily small) interval if and only if it can be approximated
by convex combinations of simple hyperbolic functions ﬁ, a € Ry, B € R. For the general theory of
monotone matrix functions, see Lowner (1934) and Donoghue (1974).

Note that non-commutativity is essential here. If A and B commute, they can be diagonalized in the same
basis and, clearly, the implication A > B = f(A) < f(B) holds for diagonal matrices.
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One can still compare price impacts through an eigenvalue order instead of the (weaker) positive
semidefinite order, using that with positive semidefinite matrices, there is a min-max interpretation
of eigenvalues. For the eigenvalues of a symmetric m x m matrix A ordered to be decreasing,
eig(A) = {1 (A) > - > um(A)}, we write eig(A) > eig(B) if u;(A) > pi(B) foralli=1,--- ,m

Lemma D.4 (Relative Price Impact: Many Assets) Suppose that class i has greater market

participation than class j, N(i) D N(j). Then, if a; < «;, equilibrium price impact of class i in
exchanges N (j) is larger than that of class j in the following sense:

. _1xr—1/2 —-1/2 1/2 —-1/2

e1g(ai VN(j) (M)Ni Vi NG )) > e1g(a VN(])A iV NG ))

If the matrices V
holds.

(J/) ANV (J/) and V %2/\ Vo (/) commute, then the stronger inequality (2)

Proof of Lemma D.4. Let Wi = a; 'V, (Ai)w) Viy () and Wa = a7 'V (ZA;V (/7. Then,
Wr = f (aiV}\{(Q )A lyl/ (2 ))7 k = 1,2. Since eigenvalues are increasing in the positive semidefinite
order, Proposition D.3 implies that

eig(aivjl\{é)A 1Vl/(2)) < eig(ale/é)A 1Vl/é))

Therefore, eig(W1) = f(elg(azvl/(z)A 1Vl/(z))) > f(elg(aJVJl\{( Ay 1Vl/(Q))) = eig(Ws). If W)

and Wy commute, diagonalizing them in the same basis implies that eigenvalue order and the
positive semidefinite order are equivalent. m

To prove part (2) of Proposition 5, we first characterize a class of markets. For each ¢, write

Vii Vi
VN@:(V, v )
—1,—1 —1,—1

the block decomposition of V in RVN® = RNO\WNG) ¢ RNOONG) | For any i # j, Vi = Vii—
Vi (Vi) 7'V, _; € ROVE\NG)*(N@\N(G)) i the conditional covariance for the residual risks in
N(i) \ N(j), which cannot be hedged in the liquid exchange N (j).

Proposition 7 (Price Impact and Residual Riskiness) Let I; be a set of agents with risk
aversion o and let N(j) be the set of exchanges in which they participate. Assume I; > 2. Then,
in the limit as «;/I; — 0, equilibrium price impacts in exchanges N(j) become zero, A; — 0,
whereas equilibrium price impacts in exchanges N (i) \ N(j), Ay ; = A n(i)\n(j), solve the system

-1

Ai\j = Z(ak\_fk\j + [\k\j)fl , 1€ 1.
e NNG)

Furthermore, the demand slope of agent i in exchanges N (i) coincides with (ai\_/'i\j + /7\2-\]-)*1 and
(VQ)n
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Proof of Proposition 7. Suppose that M; > 2. Since, by assumption, there are at least three
agents participating in each exchange, an € > 0 exists such that

-1
A, = /_\i)il—f-Z(Oéij(j)—f-/_\j)fl
i N (i)
(€10 + O = 1)@l VId +87) ") | = (el + (0 = (o VId +A9 ) 7

IN

Let ¢ > 0 be the largest eigenvalue of A;. Then, we get ¢ < (eId + (M; — 1)(oy |V Id + €)~1) ™ g
By direct calculation, this inequality implies that £ — 0 as o; — 0 or M] — Q.
Pick any trader ¢ # j. Then,

- 1 _ ~1
(M) nG)nnG) < (Mj(ey]IVII + Aj) Lt eld) ING)NN () = (M (o |V + Ay) T+ eld) )NG)NNG)-

Since (a;||[V]| + A;)~! diverges to oo, we get the required result.
Finally, the last claim follows because limy; 50 A; = (j_Xi\j) N (i), and hence, using the Frobenius
~1 . Ay —1
formula (Lemma E.1), (V y(;)+A8) ") niynne = Qa5 V v, N\ N(7)))
To prove the result about the limit allocation, we need to study the asymptotic behavior in

greater detail. This is done in the following proposition.

Proposition 8 Let M; > 2. Then, for sufficiently small o = o, an equilibrium price impact tuple
{Ai(a)}; exists that satisfies Aj(a) ~ ﬁVN(j), and for all i # j, to the first order in «,

M, — N

Ai() & ( aVN( )W WVN(J) Wi (i) Was (i) 1)
t ~ M; 7
g Wea (8) 7 Wia (i) V) Ag + O‘AE\; “

where

L [ Wii(i) Wia(i)) _ - - _
= (W@(z‘) sz(w) :k;j(akvm) o

The first order equilibrium response {AE{; }ji is the unique solution to the system

N M; — N
Agi‘z = WQQ(Z) 1 Z ZkAk\jZk‘ + WlQ( ) VllmWIQ( ) WQQ(Z) ! )

K7 NNG)

where Z; = (ai\_/'N(i) +A;(0)7L i # .
Proof. The fixed point equation is

Ai(a) = (((a\_fN(j) + Aj)_l + W (i, a))_l)N(i)
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and the claim follows by direct calculation from the Frobenius formula (Lemma E.1). Furthermore,

M;—1 M;—1 1
v ( oy T D ~ g1, Y NG) Wi2Wa, )
- M;—1 - 1 )
ajWW@l WlTQVN(j) Wai + O‘jW2(\i

where

Wi W _ -
W = 1,1} 12 = ZMk(aka(k) + Ak(O))il.
W12 Waa k£j

Thus, the trade of an agent j is approximately given by

M; —2 M;—2 M; —2
1 j N -1 j 0
(a;Vng) +45) 7 Qi) — M, 1% % 2, TVNy Qo) — M -1
We have?? M, —
-1 (0) —1+v-(0)
& M;—1 N QN G) ~ My (XN(j) — Wiy, XN\N(j)> ’
where

M; -2

X0 =3 (Vi) +45(0) " Vi Q) +
J#i
In contrast, agents i # j trade (o; V y(;) +A;(0))71 (QN(i)\N(j) - aiVN(i)q?), since Qn(j) =0. m m

We will now restrict our analysis to markets from Proposition 7. For simplicity, we will assume
that there is a single illiquid exchange in which all agents participate, so that n = N(i) \ N(j)
is the same for all agents. By Proposition 7, the problem reduces to studying the price impact
A = A;\; of agent i in the (illiquid) exchange n. Let I (,) be the orthogonal projection onto the
subspace of assets traded in exchange n and let Q = (VQ) K(n) and @) = (¢)) K(n)- With V; = Vi
defined as in Proposition 7, T; = (; Vi)™ T5(Vi, &) (@i Vi) ™Y Ay = (V) T A (Vi M) (0 Vi) 7L,
and Ai_ 1y (AZ + a,-f/i)_l = B for all i, which implies a global upper bound on the price impact of
all agents,

A, < 2B (51)

Lemma D.5 In the markets from Proposition 7, Tj = % (B]X B — ) and 2A = 3AjBAj —
A,BA,BA,; .

Proof of Lemma D.5. For brevity, let T =T = onV A= A B = B. Then,

]\za

1 1 1
(ajVN(j))_lT(ajVN(j))_l = 5(V+A)_1+§(V+A)_1A(V+A)_1 = §(B—A_1)+§
and the claim follows. For A, we have

(Vi) A Vi)™ = AMA+V)T'VA+V) A=
AA + V)*lA —AA+ V)*lA(A + V)*lA = A(B- A*l)A —A(B - A*l)A(B — A*l)A
39 —1M;=2y,—1 M;—1 X(o) o1 Mi=2y -1 (0)

VN AV (5 Wia W
& M1 YN Y NG) G-, ANG) — Y% 3,—1 Y NG G~ Y NG Wz o XN\N(j) APPTOX-
imates the left hand side and equals the right hand side.
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and the claim follows by direct calculation. m

The following lemma shows that within the general framework of Proposition 7 we can directly
study welfare with the “reduced” matrices of price impact and surplus from trade.

Lemma D.6 Let

- - 1 - - U ~ 1-  ~ - - -
T, = (O(,L'Vj—l—Aj)_l <2OéiVj + AJ> (OéiVj—FAj)_l and Aj = §A(O£ZVJ—|—Aj)_1aiVj(Oé,LVJ+AJ)_1AJ
Then, the utility U; of agent from class j with initial holdings qg with (qg) MEm) = 0 (i.e., no
initial holdings in exchanges N \ K(n)) is given by

Uj(Aj5a2) = (1;Q, Q) — 2(e; V;T;Q, 41)) — (A%, 4b)- (52)

Proof. Let Vj = VN(Q) Then,
T 1 vV A1 1 AV A —1 A vV A N1

and hence (Y;Qn ), Qne)) = <YjQ, Q), because Q(n) = 0 and price impact in exchanges other
than k(n) also vanishes. Furthermore, a direct calculation implies that

aZVITZ = %(Id — AZ(aVz + Ai)_l) + %(Id — AZ(OéVZ + Az)_l)AZ(aVz =+ Ai)_l,

and hence <OliViTiQN(i)aqlg> = <OéjVjTjQ, ~2> u
Proposition 9 (Commutativity, Connectedness and Price impact) If31/2\7j1§1/2 and Bl/2vj2él/2

commute and le < Vj2, then 1~\j1 > /~\j2. However, for any B and le that do not commute and
satisfy B > 2\~7j_11, there exists V;, > V;, such that 1~\j1 7 /~\j2.

Proof of Proposition 9. For simplicity, we normalize all risk aversions to 1. Let j; = 1, jo = 2.
We first show that for any Vi, Vg and B there exists a market in which they are realized. To prove
this, consider a market with three classes and let us show that we can pick V3 accordingly. First,
equation A; ' + (V; + A;)~! = B implies (by Lemma D.2) that

A = VYR VIRBVIAY

and
(]\i + \Nfi)*l _ 0;1/29({,1.1/235{,3/2){,;1/2‘

Denote A = (Vi 4+ A1)~ + (Vo + Ay)~!. Then, Az satisfies

Ag=(A+ Mz —1)(Vs+A3) ) =(B— (Vs + A3
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and therefore to complete the proof it suffices to show that there exist positive definite matrices

A3, V3 satisfying
A = (M3 —1)(Vs+As) = A, A"+ (Vs +A3) ' =B
Solving this system, we get
(Vs +Az)™ L = Mgl(B —A), /N\:,jl = M; (A+ (M3 — B,
Since A+ (Mz — 1)B~' > B~! — A whenever Mz > 1, the matrix
Vg = (Mg (B = A)~! = (Mg (A+ (M = 1)B™H) ™!

is positive definite. Finally, B> 2\71_1 > \71_1 + \72_ 1> A, completing the proof of existence.

Lemma D.7 None of the functions f, fi, ¢ is matrix monotone.

Proof. By the Lowner Theorem (Donoghue (1974)), it suffices to show that none of these functions
can be analytically continued to the whole upper half-plane. This follows directly from the fact that
27 is a branching point for all these functions. m

— /a2 . . .
w is not matrix monotone on any interval, and consequently, for any

By Lemma, f; =
positive definite matrix X of sufficiently high dimension, there exists a matrix Xo > X; such that
fl(XQ) ﬁ fl(Xl) . Let X7 = 371/2\71371/2. Then, define Vg = Bl/QXgél/Q.

Now, by Lemma D.2,
A= B2 [ (X1)BY? 2 B2 fi(X2) B2 = Mg,

and the proof of Proposition 9 is complete. =

The proof of Proposition 3 shows that the eigenvalues of the map Y play a crucial role in
determining the welfare properties of decentralized markets. We complete this Appendix with a
discussion of the structure of these eigenvalues and their link to price impact. For simplicity, we

assume that there is only one asset traded on all exchanges.*°

Corollary 4 (One Asset: Equilibrium Allocations) Consider a decentralized exchange for a
1

single asset (Example 1 (ii)). Suppose that A; is nonsingular.*! Letting (1 — M) = Trata (AT’

the allocation of trader ¢ is given by

a+a =01-""ATAQ +¢). (53)

40
41

The case of multiple assets is similar, but the notation is more cumbersome.
This is without loss of generality and is always the case if the market structure is a tree. See Malamud
and Rostek (2016).
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The scalar ’yﬁ-w is the decentralized-market counterpart of the degree of diversification by trader
i. The overall liquidity tr(A; 1) of a trader who participates in multiple exchanges for a homogenous
asset determines the fraction of the initial endowment he retains. In one-asset markets, equilibrium
price impacts of all traders are diagonal without loss (see Malamud and Rostek (2016)), allowing
us to use the trace. g

In a noncompetitive market (either centralized or decentralized), the map EPM till keeps the
efficient allocation unchanged, EPM(a;1); = (a;'); (Corollary 2). However, in addition to this

eigenvalue of one, it has other eigenvalues that are non-zero. The magnitude of these eigenvalues

shows precisely how efficient the map EPM is in terms of eliminating the inefficient parts of the initial
1

1+a;o2tr(A; )

trader i in the decentralized market. In order to characterize the eigenvectors e of EM, we substitute

allocation.*? Recall that v; = 1 — (see Corollary 4) is the degree of diversification by

the eigenvalue condition EMe = ve into (53) and arrive at the following result.

Proposition 10 Suppose that there is one asset and that (1—+;) # 0; for all @ # j, and the market

hypergraph is connected.*® Then, the map EM has I different eigenvalues v;, i = 1,--- , I satisfying
0< (1—’}/1) < v < (1—’}/2) < < (1—’)’[) <vr=1. (54)
The eigenvector for the eigenvalue vy = 1 is the efficient allocation e; = (a; 1)i, while for an

eigenvalue v = v;, i < I — 1 the corresponding eigenvector is given by e(v) = (¢;(v));, where

9j
0j —v

9(v) = — TA7'QY(v), (55)
Q*(v) is the corresponding aggregate risk, and the eigenvalues v;, i = 1,--- ,I — 1 are determined
by the zero aggregate endowment condition 17e(v) =0 for all i < I — 1.

The zero aggregate endowment condition is straightforward: By market clearing, we always
have 176Me = 17¢ and hence, if e(v) is an eigenvector with v # 0, we must have v17e = 17e
implying that either v = 1 (and then e is the efficient allocation) or 17e = 0. By the zero aggregate
endowment condition, the efficient (competitive) trade would have £°Me = 0. But price impacts do
not allow the agents to diversify away their endowment risk. An eigenvector e(r) corresponds to
initial endowments for which exactly the fraction 1 — v of initial endowment is be diversified away.

The eigenvectors and eigenvalues of the map £ can be used to derive the decomposition of the
action of EM. Indeed, let V be the matrix of eigenvectors of £ so that E¥ = VDV L. For any vector
Qv = (q,?) define Q? = (V*IQO)j to be the coordinates of Q¥ in the basis of eigenvectors of EM.
Then, Q° = > Q?ei and

" = > 107, (56)
i

42 Sannikov and Skrzypacz (2015) use a similar decomposition in a slightly different setting and show

that these eigenvalues determine how quickly the initial allocation converges to the efficient one over time.
43 That is, for any two exchanges, there is a trading path connecting them. The general case is analogous,
but the notation is more complicated.
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If the eigenvalues v;, i < I, are sufficiently small, the map ™ essentially eliminates the inefficiency
of the allocation and pushes it all the way to the efficient one. Otherwise, it only “contracts” the
inefficiencies along the directions of the corresponding eigenvectors, and the degree of contraction is
given by v; € (0,1). The smaller v; is, the more efficient the market structure is in diversifying away
the initial endowment risk. In particular, if the initial endowments are given by the eigenvector
e1 corresponding to the minimal eigenvalue v, then the given market structure is highly efficient
in diversifying initial endowment risk. In general, if a vector of initial endowments is a linear
combination of ej,--- ey, then, on average, a fraction u € [1 — v, 1 — 4] of initial risk can be
diversified away.

By Proposition 10, the degree of diversification 1 — v; is locked between the individual traders’
degrees of diversification 7;,7v;+1. By Theorem 2, (1 — ;) are always monotone increasing as the
market becomes more decentralized. Hence, if a given vector e of endowments is an eigenvector
of both M, M and M’ is more decentralized than M, we expect that the diversification gains
lower in the more decentralized market. However, a key property of decentralized markets is that
the eigenvectors are different across different market structures: An endowment vector with a high
degree of diversification in market M may have a low degree of diversification in M. For example, ellMI
may be close to el}/ﬂ_/l in which case e}! will be almost diversifiable in M and almost non-diversifiable
in M.

Welfare Calculation in Example 2 For a3 — oo, class 3 agents do not trade, and hence x1 =
a:fplit, Ty = acgplit. When a3 < oo, then x3 > 0, and hence 1 + 29 = —23 < 0 = a:fplit + zvgplit.
That is, when «ag is sufficiently large, then z1 + x2 < 0, implying that x1 decreases faster than o
increases as ag decreases. It follows that 0 > zfp it x1 for large as; class 1 agents buy more
despite the larger price impact.

Given xgp it — 0, the split market dominates the centralized market in total welfare (3) if and

only if the agents’ utility losses from risk exposure satisfy

Split Split
a1 (2772 + g (2yP)? < aga? + agal + azad .

fpm] < |x1], it suffices to verify that the total welfare

loss of classes 2 and 3 is lower in the split market, that is, that (a:‘;p lit)2 +0?% < x% + x% We have
T34 19 = —wp > —x P = 5P — g SPL aSPHE Using a2 4 42 = 0.5(xg + 23)2 4 0.5(23 — 22)2,

the inequality zo +x3 > x‘g Plit combined with sufficiently large |z3 — 2| gives the desired inequality.

Suppose, for simplicity, that ag = a. Since |z

Example 6 (Intermediated Market Can (Further) Increase Welfare) Consider the

market from Example 4, in which agent 1d participates in both exchanges and equilibrium allocation
is given by (20). Example 2 demonstrated that total welfare in the split market with allocation
(l‘fp lit, :ng lit, :ng lit) is higher than in the centralized market. We wish to understand whether the
intermediated market can increase welfare even more, and if so, why this may be the case; that is,

under what conditions we may have

agM(x% + x%) + a1 (M — l)x% + Jf%d) < 042]\4((3351)&%)2 + (xﬁp“t)Q) + alM(xfplit)Q , (57)
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where we assume o < ag = a3 (two classes) for simplicity, as in Example 2.

The common participating trader lowers price impact in exchange 1 (Theorem 2), while also
changing the aggregate risk in the exchanges. In particular, intermediation does not fully eliminate
the inefficient trade of class 3. However, as we show next, the efficiency improvements over the
centralized market due to heterogeneity in aggregate risk across exchanges are affected only slightly
by (the single endowment of) the intermediary. When class 1 is large enough, the welfare benefits
due to lower price impact dominate and total welfare increases.

Equilibrium aggregate risk satisfies Q} > ¢ Pt

Split,1

, given the lower price impact in exchange 1
and recalling that ¢ is the aggregate risk portfolio in exchange 1 of the split market.** In turn,
Q5 < 0, since the endowment of 1d is negative and the endowment of class 3 agents is zero.

The price impact of intermediary 1d is higher than that of other agents of class 1 in exchange
1 (this is, in fact, a general result for intermediaries; Theorem 2 (3)). If, as in Example 2, ag
is sufficiently high, class 3 agents trade little with 1d and his trade in exchange 1 is insufficient
to maintain the amount of trade he does in the split market: 0 > z; > z14. Since price impact
(Theorem 2) and price (QF > ¢o7'"
0>z > ;P

the utility loss of the intermediary,

) are lower in exchange 1, class 1 agents buy more of the asset:
> x14. If M is not too small, the welfare gain of non-intermediating agents dominates

ar (M — 1):5% + x%d) < alM(mfp“t)2 )

The utility change of class 2 is ambiguous. Their aggregate risk in exchange 1, Qj, is higher,
and the lower price discourages selling. At the same time, their price impact is lower than in the
split market (by Theorem 2), since the intermediated market is less decentralized than the split
market. When as is sufficiently high, the contribution of the aggregate risk, (As+a2)~1QJ, is small
and the effect of lower price impact dominates, efficiently lowering (the natural sellers’) allocation
Ty = (Ag + a2)71Q} + (1 — T'y)q relative to the split market. Since risk aversion ag = ag is
sufficiently large, the inefficient trade and allocation of class 3 is small, and altogether we have
aaM (23 + 23) < apM ((x37")? + (a5™")?). O

In Example 6, welfare improves even with a common participating trader who takes the same
(buying) position in both exchanges, while the intermediary’s utility decreases.

E Useful Linear-Algebraic Results

Lemma E.1 (Frobenius Formula) By direct calculation,

A B\ B (A— BD"'BT)"! —A"'B(D - BTA"1B)"!
BT D) — \—(D-BTA'B)"'BTA"! (D—BTA'B)~!

-1

Lemma E.2 For a positive definite matrix 4, A=t > AN(Z.).

44 Heuristically, 1d trades only a fraction i the endowment in exchange 1, and the total endowment in

exchange 1 is not —Mq+ Mq=0but —ug— (M —1)g+ Mqg= (1 — u)g > 0.
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Proof of Lemma E.2. Let B=A"! 2 e RV and y € YN\V@, Then

: _ . -1
i, (B@:y), (z.y)) = (B = BizByy By)a, 7). (58)

By the Frobenius formula (Lemma FE.1), By — BlgBQ_;Bgl =(B YY) t= Al_ll. Therefore,
(AN, y), (z,9)) = (B(x,y), (x,9)) > (Ajj 2, z) = (A} (,9), (z,y))

for any (z,y) € RV, and the claim follows since Aj; = Angy- =

Proof of Lemma C.1. Let us calculate the derivative of map F'. That is, consider an infinitesimal
change {A;}; — {A; +€Y;}i. Then, a direct calculation based on the identity, used twice,

U+eV) vt —cu vt

implies that the Frechet derivative of F, 5 { A } )({Y} ), is given by

-1 -1
DXi| (XWX DX
it i# i# NG)
Introduce a norm of the set of I-tuples of positive semidefinite matrices via || [{Y;}:[|| = max; [|Y; | vy,
where || - || () is the standard norm on matrices in RY (@) defined by
REgdl
Y=

2eRN 240 [lz]|

For simplicity, in the sequel we omit the index N(i) for the norms. For a symmetric matrix,
Y| = max |eig(Y)|, and therefore, Y; € [—[|Y;|[Idn), |Yilldn@)] . Suppose now that condition
(44) holds. Then,

-1 -1
> X x| D)X <1,
i#] i#] 1#]
and hence,
-1
OF;
—({Yi}i) < ZXz' ZXim{Yi}iMIdN(i)Xi < Y bl Td -
O{Aiti s -y
i#] 1#] NG)

The same argument implies
OF;
a{Ai}i({Yi}i) > —[[{Ya}ill[Idn);

Jo

that is,

3{/\}
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Hence, map F' is a contraction on this set and cannot have more that one fixed point. =
Lemma E.3 If X € [B, A] and Xq = z then (g, z) >max {(Bq,q), (A2, 2)}.

Proof. Since X > B, we have (Bq,q) < (X¢,q) = (g, 2) and the first claim follows. To prove the
second claim, pick an € > 0. Then, X < A implies (X +eld)~! > (A + eId) !, and therefore,

XATIX < X(X +eld) 7! X.

Since z2(z + )"tz < z for any x > 0, functional calculus implies X (X + ¢Id)~'X < X. Taking
the limit as € | 0, we get XA~'X < X and the following completes the proof

(A71z,2) = (A7 X ¢, Xq) = (XA Xq,9) < (Xq,9) = (2,9).
]
Lemma E.4 Consider function (21, ,z1) = >, ||zl — || Dot z||? and let
wlg) = max{W;(zy,--,z1) = 2z € RYO (g, 2) > max{(Biq,q), (A7 z,2)}, i € I}.
If max,cgn p1(q) <0, then the conditions of Lemma C'.1 are satisfied.

Proof. The claim follows directly from Lemma E.3 if we define X;q = 2;. m

Lemma E.5 Let a; = ||A;]| and a = max;ecr a;. Suppose that ald <), B, . Then, the hypothesis
of Lemma F.4 is satisfied.

“12,2))}, i € I. Then,

Proof. Pick a tuple Z € RN(Z) 7i € I) satisfying <Q) Zi) > maX{<Bi(17 Q>7 <AZ
a; M zil1? < (A7 2, 2) < (g zi), i€ 1.

Normalize ¢ so that ||¢|| = 1. Then, we can decompose z; = (q, z)q + zf with zf- e RV, <zf, q) =
0. Let 8; = (q, zi). Then,

I3 s - (;&)Z DR (ZB)

i#]

and therefore,

K
S
—

N

RS
N
~

N—r
Il

2
Z Izl = 1Dzl <D aiBi— 1D =l < aifs - (Z &)

i#] i i#] @

(320) (=-5)

and the claim follows because by assumption, >, 3;>>".(q,2,) >>". (¢, B,q) > a. =

IN
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Lemma E.6 Let Y, Z be nonnegative definite, with Y positive definite. The unique positive definite

symmetric matrix A solving

A== (Z+0)H!

is given by
A= Y1/2f1(Y71/2ZY71/2)Y1/2’

where fi(a) = (2 —a+ Va2 +4)/2. If Z is invertible, then we can also write
A = ZY2p(ZV 2y 1 g1 712
with f(a) = fi(a)/a. Furthermore,
(Z +A)~t = Z27V2g( 712y —1 71/2) 71/

with g(a) = (f(a) +1)"! =2a/(2 + a + Va2 + 4).
Proof. Multiplying by (Y~ — (Z + A)~!) from the right gives

AY P = (Z+MN)h =1d
Multiplying by A~! from the left gives

Y i=A1+(Z+M)" (59)
Multiplying from the left and right by Y'/2 (we do this to preserve symmetry), we have

Id=L 4+ (Y V2zy 124 )71

where L = (Y™Y2AY~12). Let A = Y~Y2ZY 12 Let us first show that A and L commute.
Indeed, multiplying (A + L) from the left and right gives

(A+ L)Lt 4+1d=(A+L)=L ' (A+L)+1d
Subtracting Id from both sides and multiplying by L from the left and right gives
LA+ L>=L(A+L)=(A+L)L=AL+L?

and the claim follows. Thus, A and L commute, and therefore, there exists an orthonormal basis
in which both A and L are diagonal in this basis. For an orthogonal matrix U, both UAUT and
ULUT are diagonal and

Id=U1dUT = UL 0T +U(A+ L) 0T = (wLut) ' + wAUT + ULUT) L.

Since all matrices on both sides are diagonal, each diagonal element has the same form with the
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unique positive solution f(a) of

Therefore, we obtain
L=UTfUAUTU = f(A) = f(Y~V22zy~1/2),

Similarly, assume that Z is positive definite. Then, there exists a positive-definite invertible matrix
Z1/2. Multiplying (59) by Z'/2 from the left and right, we get

K=B1'4+(1d+B)™!,
where K = Z'/2Y=12'/2 and B = Z=Y2AZ~/2. Multiplying (Id + B) from the left and right,
K+BK=(Id+B)K=B"'+2ld=K(Id+ B) = K + KB,

which implies that K and B commute. By an argument analogous to the above, with the unique

positive solution fi(a) to

we get that B = fi(K). m

Lemma E.7 Let H C RN be a subspace, let B a symmetric positive definite matrix on H and let
A be a positive definite matrix on RY. Then, A > B if and only if (A~1)z < B~%.

_ A A
A_B— 1T1 12 7
and hence by (58), A — B > 0 if and only if Ay — A{zAl_llAlg — B > 0. By Lemma FE.1, this is
equivalent to (A7 1) < B! =

Proof. We have

Lemma E.8 There exists a matrix B < A such that Bq = z if, and only if, (A™12z,2) < (g, 2).

Proof. We normalize z so that ||z|| = 1. Suppose first that B < A satisfies B¢ = z. Then,
(q,2) = (B712,2) > (A712,2). Suppose that (A712,2) < (g,2) and define B = ({q, z))" (-, 2)z.
Let H be the span of vector z. By Lemma FE.7, it suffices to check that (A=!)y < B~!. Since
(A ™Yy = (A712 2) and B~! acts as ({g, z)) on this subspace, the claim follows. m

References

Afonso, G., A. Kovner, and A. Schoar (2013): “Trading Partners in the Interbank Lending Market,”
Federal Reserve Bank of New York Staff Report 620.

Afonso, G. and R. Lagos (2012): “Trade Dynamics in the Market for Federal Funds,” Federal Reserve
Bank of New York Staff Report 549.

61



Akerlof, G. A. (1970): “The Market for ’Lemons’: Quality Uncertainty and the Market Mechanism,”
Quarterly Journal of Economics 84, 3, 488-500.

Anderson, W. N. (Jr.) (1971): “Shorted Operators,” STAM Journal of Applied Mathematics 20, 3,
520-525.

Anderson, W. N. (Jr.) and R. J. Duffin (1969): “Series and Parallel Addition of Matrices,” Journal
of Mathematical Analysis and Applications 26, 576-594.

Angel, J., L. Harris, and C. Spatt (2011): “Equity Trading in the 21st Century,” Quarterly Journal
of Finance, 1, 1-53.

Atkeson, A. G., A. L. Eisfeldt, and P.-O. Weill (2015): “Entry and Exit in OTC Derivatives Markets,”
Econometrica 83, 2231-2292.

Babus, A. and P. Kondor (2016): “Trading and Information Diffusion in Over-The-Counter Markets”,
Working Paper.

Bech, M. and E. Atalay (2010): “The Topology of the Federal Funds Market,” Physica A: Statistical
Mechanics and its Applications, 389, 22, 5223-5246.

Berge, C. (1973): Graphs and Hypergraphs, North-Holland Mathematical Library.

Biais, B. and R. Green (2007): “The Microstructure of the Bond Market in the 20th Century,” IDEI
Working Paper, 482.

Biais, B., C. Bisi¢re, and C. Spatt (2010): “Imperfect Competition in Financial Markets: An
Empirical Study of Island and Nasdaq,” Management Science, 56, 2237-2250.

Blume L., D. Easley, J. Kleinberg and E. Tardos (2009): “Trading Networks with Price Setting
Agents,” Games and Economic Behavior, 67, 1, 36-50.

Blume, L., S. Durlauf, W. Brock, and Y. Ioannides (2012): “Identification of Social Interactions,”
forthcoming in The Handbook of Social Economics, J. Benhabib, A. Bisin, and M. Jackson, eds.

Bramoullé, Y., R. Kranton, and M. D’Amours (2014): “Strategic Interaction and Networks,” Amer-
ican Economic Review, 104, 3, 898-930.

Carlin, B., M. Lobo, and S. Viswanathan (2007): “Episodic Liquidity Crises: Cooperative and
Predatory Trading,” Journal of Finance, 62, 2235-2274.

Chang, B. and S. Zhang (2015): “Endogenous Market Making and Network Formation,” Working
Paper.

Choi, S., A. Galeotti, and S. Goyal (2013): “Trading in Networks: Theory and Experiment,” Working
Paper.

Chowdhry, B. and V. Nanda (1991): “Multi-Market Trading and Market Liquidity ,"Review of
Financial Studies 4, 483-511

Cocco, J. F., F. J. Gomes, and N. C. Martins (2009): “Lending Relationships in the Interbank

Market”, Journal of Financial Intermediation, 18, 24-48.
Condorelli , D. and A. Galeotti (2012): “Bilateral Trading in Networks,” Working Paper.

Corominas-Bosch, M. (2004): “Bargaining in a Network of Buyers and Sellers,” Journal of Economic
Theory 115, 1, 35-77.

62



Craig, B. and G. Peter (2010): “Interbank Tiering and Money Center Banks,” BIS Working Paper 322.

Duffie, D. (2012): Dark Markets, Princeton Lectures in Finance, Y.Ait-Sahalia (ed.), Princeton
University Press.

Duffie, D., N. Garleanu and L. H. Pedersen (2005): “Over-the-Counter Markets,” Econometrica, 73,
1815-1847.

Duffie, D., S. Malamud and G. Manso (2009): “Information Percolation with Equilibrium Search
Dynamics,” Econometrica, 77, 1513-1574.

Duffie, D., S. Malamud and G. Manso (2013): “Information Percolation in Segmented Markets,”
Working Paper.

Elliott, M. (2011): “Search with Multilateral Bargaining,” Working Paper.

Elliott, M. (2013): “Inefficiencies in Networked Markets,” Working Paper.

Gale, D. (1986a): “Bargaining and Competition Part I: Characterization,” Econometrica, 54, 785-806.
Gale, D. (1986b): “Bargaining and Competition Part II: Existence,” Econometrica, 54, 807-818.
Gale, D. and S. Kariv (2007): “Financial Networks,” American Economic Review, 97, 2, 99-103.
Gofman, M. (2011): “A Network-Based Analysis of Over-the-Counter Markets,” Working Paper.

Hendershott, T. and A. Madhavan (2013): “Click or Call? Auction Versus Search in the Over-the-
Counter Market,” forthcoming in Journal of Finance.

Horn, R. A. and C. R. Johnson (2013): Matrix Analysis, 2nd edition, Cambridge University Press.

Huggonier, J., B. Lester and P.-O. Weill (2014): “Heterogeneity in Decentralized Asset Markets,”
Working Paper.

Hugonnier, J., S. Malamud, and E. Trubowitz (2012): “Endogenous Completeness of Diffusion
Driven Equilibrium Markets,” Econometrica 80, 1249-1270

Jackson, M. and Y. Zenou (2014): “Games on Networks,” Handbook of Game Theory Vol. 4, P.

Young and S. Zamir (eds.), Elsevier Science.

Knight Capital Group (2010): Current Perspectives on Modern Equity Markets: A Collection of
Essays by Financial Industry Experts: Knight Capital Group, Inc.

Kranton, R. E. and D. F. Minehart (2001): “A Theory of Buyer-Seller Networks,” American Eco-
nomic Review, 91, 3, 485-508.

Kyle, A. S. (1989): “Informed Speculation and Imperfect Competition,” Review of Economic Studies,
56, 517-556.

Lagos, R. and G. Rocheteau (2009): “Liquidity in Asset Markets with Search Frictions,” Economet-
rica, 77, 2, 403-426.

Lagos, R., G. Rocheteau and P.-O. Weill (2011): “Crises and Liquidity in Over-the-Counter Mar-
kets,” Journal of Economic Theory, 146, 6, 2169-2205.

Li, D. and N. Schiirhoff (2012): “Dealer Networks,” Working Paper.

Litan, R. (2013): “Futurization of Swaps. A Clever Innovation Raises Novel Policy Issues for
Regulators,” Bloomberg Government, BGOV Analysis, January 14, 2013.

63



Malamud, S. and M. Rostek (2016): “Noncompetitive Decentralized Markets,” Working Paper.

Manea, M. (2011): “Bargaining on Stationary Networks,” American Economics Review, 101, 5,
2042-80.

Nava, F. (2011): “Efficiency in Decentralized Oligopolistic Markets,” Working Paper.

O’Hara, M. and M. Ye (2011): “Is Market Fragmentation Harming Market Quality?,” Journal of
Financial Economics, 100, 3, 459-474.

Peivandi, A. and R. Vohra (2013): “On Fragmentation of Markets,” Working Paper.

Penrose, R. (1955): “A generalized inverse for matrices,” Proceedings of the Cambridge Philosophical
Society, 51, 406-413.

Preece, R. (2013): “The Pros and Cons of Dark Pools of Liquidity,” Financial Times, www.ft.com,
January 6, 2013.

Rahi, R. and J.-P. Zigrand (2013): “Market Quality and Contagion in Fragmented Markets,” Work-
ing Paper.

Rostek, M. and M. Weretka (2015a): “Dynamic Thin Markets,” Review of Financial Studies, 28,
10, 2946-2992.

Rostek, M. and M. Weretka (2015b): “Information and Strategic Behavior,” Journal of Economic
Theory, 158, 536-557.

Sannikov, Y. and A. Skrzypacz (2015): “Dynamic Trading: Price Inertia, Front-Running and Rela-
tionship Banking,” Working paper.

Schapiro, L. M. (2010): Strengthening Our Equity Market Structure, U.S. SEC, New York,
http://www.sec.gov/news/speech/2010/spch090710mls.htm.

Vayanos, D. (1999): “Strategic Trading and Welfare in a Dynamic Market,” Review of Economic
Studies, 66, 219-254.

Vayanos, D. and P.-O. Weill (2008): “A Search-based Theory of the On-the-run Phenomenon,”
Journal of Finance, 63, 1351-1389.

Vives, X. (2011): “Strategic Supply Function Competition with Private Information”, Econometrica
79, 6, 1919-1966.

Weill, P.-O. (2008): “Liquidity Premia in Dynamic Bargaining Markets,” Journal of Economic
Theory, 140, 66-96.

Weretka, M. (2011): “Endogenous Market Power,” Journal of Economic Theory, 146, 6, 2281-2306.

64



