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Abstract

I develop a dynamic search model of the housing market in which prices, determined
by auction, exhibit greater volatility than prices in the search and matching model with
Nash bargaining from the literature. This helps solve the puzzle of excess volatility of house
prices. The outcomes of the two models differ in hot markets when buyers’ house values
are heterogenous. With Nash bargaining, a buyer who gets a house is chosen randomly
among interested buyers, so prices are determined by the average house values. In auctions,
competition among buyers drives up prices to the willingness to pay of the buyer with the
highest value. In hot markets, the highest values fluctuate more than the average values,
making the auction prices more volatile than the negotiated prices. This high volatility is
constrained efficient in the sense that the equilibrium allocation decentralizes the solution
of the social planner problem constrained by the search frictions.
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1 Introduction

House prices fluctuate between booms and busts, and are volatile relative to fundamentals, such
as rents and income in the local housing market!. The top panel in Figure 1 shows the monthly
house price growth in the Los Angeles Metropolitan Statistical Area from 1996 to 2016. The
bottom panel of the same Figure 1 shows a simulation of the house price growth from the
calibrated benchmark search model with Nash bargaining, currently employed in the literature.
The benchmark model produces less volatility of the house prices than observed in the data.

My hypothesis is that the housing search model cannot explain this volatility, because the
sales mechanism does not account for competition between buyers. Specifically, in the bench-
mark housing search model a seller is bargaining one-to-one with a randomly selected buyer to
determine the house price. In reality, especially during booms, the seller is dealing with mul-
tiple buyers and sells to the highest bidder. I show that the volatility of the house prices is
quantitatively higher if the model takes into account the competition between buyers.

The competition between buyers, often referred to as a bidding war, does happen in the
housing markets in the US and other countries. In the US the seller puts the house on the
market, and holds an open house, usually during the weekend. Then during the first weekdays
of the next week buyers submit their offers, and the seller usually sells to the highest bidder. For
example, the Boston Globe reviews the sale of the condo in Brookline, Massachusetts?, where
“three hundred people came through the open house, 25 made offers, and the bidding war lasted
eight rounds and four days”. So bidding wars actually occur in local housing markets.

Bidding wars are not only real phenomenon, they are also common, in particularly during the
housing booms. The New York Times writes on August, 13, 1997, “Bidding wars are no longer
uncommon, especially in affluent areas of northern New Jersey, Los Angeles, the San Francisco
Bay area and Boston.”® On June 10, 2015, Trulia echoes “those bidding wars - oh, those bidding
wars... when inventory is low, those bidding wars can escalate into a kamikazelike battle with 17
other buyers...”*

Bidding wars are common, but how often do they happen quantitatively? Han and Strange
(2014) show that in the US the frequency of bidding wars rose to 30% in some markets between
1995 and 2005. The bidding wars continued to be frequent, as can be seen from Figure 2. Figure
2 plots the bidding wars index from the Redfin, a real estate brokerage firm in the US from 2009
to 2015. When a Redfin client places an offer on a house, Redfin records whether there was at
least one competing offer. The graph shows the percentage of offers that faced competition from
other buyers. On average half of the offers faced competition in the US. Similarly, in England
there are multiple buyers making offers on the same house leading to de facto auctions, see Merlo
and Ortalo-Magné (2004) and Merlo, Ortalo-Magné, and Rust (2015)°.

Hence, bidding wars are real, common and frequent. However, the literature has been focusing

1See, for example, Davis and Heathcote (2005), Davis and Nieuwerburgh (2015), Piazzesi and Schneider (2016).

2https://www.bostonglobe.com/business/2015/03/30/forget-location-location-location-some-
realtors-have-new-mantra-bidding-war/3gIl6wnpNnf82Q0MvpjN3UWJ/story.html.

3http://www.nytimes.com/1997/08/13/business/home-buyers-find-the-bidding-wars-are-
back.html?pagewanted=all

‘http://www.trulia.com/blog/7-crazy-things-about-buying-in-a-sellers-market/

5The average number of buyers who are making an offer is 1.44 for the full sample from 1995 to 1998, and
1.26, 1.62, 1.53 for Yorkshire 1995-1998, London 1995-1996, London 1997-1998 subsamples, correspondingly.


https://www.bostonglobe.com/business/2015/03/30/forget-location-location-location-some-realtors-have-new-mantra-bidding-war/3gI6wnpNnf82QMvpjN3UWJ/story.html
http://www.nytimes.com/1997/08/13/business/home-buyers-find-the-bidding-wars-are-back.html?pagewanted=all
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Figure 1: The house price growth in the data and in a simulation of the benchmark housing
search model with Nash bargaining
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Notes: The monthly data on the house prices comes from Zillow. Zillow applies the Henderson Moving Average
filter and then STL filter to produce the seasonally adjusted series of the house price growth, see http://
www.zillow.com/research/zhvi-methodology-6032/. The graph for the “Benchmark model” is the graph of
simulations of the Nash bargaining model from Figure 6.
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Figure 2: Percent of offers, facing competition
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Source: Redfin, the real estate brokerage firm. Redfin is based in Seattle, services 3% of market, operates
in nineteen local housing markets in the US. The data is monthly, not seasonally adjusted, average over the
markets.

on the Nash bargaining price determination mechanism, where a seller bargains one-to-one with
a randomly selected buyer. In practice, during the booms the buyers compete for the same
house, and house is sold to the buyer with the highest offer. A natural way to model this sales
mechanism is an auction model®.

The auction model is not only a natural representation of this process, it also helps to explain
high volatility of the house prices, observed in Figure 1a. When house prices are determined in an
auction instead of Nash bargaining, house prices fluctuate more in response to the demand shocks
generated by the influx of buyers. The influx of buyers provokes the competition between buyers.
This competition is important for the volatility of the house prices due to the heterogeneity in the
house values. With heterogeneous values, the method of choosing the buyer among the interested
buyers becomes important for the quantitative properties of the model. In the benchmark model
with Nash bargaining, the buyer is chosen randomly among all interested buyers. Then the
average house values of buyers determine the house price. In the auction model the buyer is
chosen by the maximum bid among all interested buyers, so the highest value, or more specifically
the second highest value, determines the house prices. During housing booms, the highest values
increase more than the average values, making the sales price more volatile.

6 Auctions is a popular way to sell distressed properties. The auctions of distressed properties, for example,
foreclosure auctions, often are official and take standardized forms. The auction model can be applied directly in
this case. However, the auction model also describes the non-foreclosure sales of houses where the bidding war
between several buyers, for example, by means of escalation clauses, is an unofficial de-facto auction, portrayed
in this paper.



To demonstrate this, I build a dynamic search model of the local housing market with auc-
tions. Then I compare this model with the benchmark model with Nash bargaining. These
models differ only in how the prices are determined. I calibrate the models based on the data
from the Los Angeles Metropolitan Statistical area’, and show that the volatility in the auction
model is higher than in the Nash bargaining model, and is similar to the volatility, observed in
the data which is the main result of my paper. Then I solve the problem of the social planner
constrained by the search frictions, and show that the auction model with directed search decen-
tralizes the solution of the social planner problem. In this sense high volatility, produced by the
auction model with directed search, is efficient.

The rest of the paper is organized as follows. Section 2 reviews the literature. Section 3
introduces the framework of the models and provides an example to highlight the differences of
the benchmark model and the model with auctions. Section 4 compares the steady-states of these
models, illustrates how the shocks are amplified in the auction model as compared to the Nash
bargaining model, then calibrates the model to the data and finally discusses the quantitative
results. Section 5 solves the problem of the social planner constrained by the search frictions,
and shows the efficiency of the equilibrium in the auction model with directed search. Section 6
discusses how we can think about the results of the paper, and section 7 concludes.

2 Literature review

My paper aims to explain the volatility of house prices observed in the data, and contributes
to several strands of literature on microstructure of housing markets, house price dynamics and
applied theory.

The model in the paper builds on the growing literature of microstructure of housing markets
that considers housing search and matching with bargaining and auctions. This literature is
summarized by Han and Strange (2015), who observe that the literature on real-estate auctions,
especially on the theoretical side, is sparse. My paper fills this gap by building a tractable
dynamic model of the housing market with auctions and comparing this model with the prevalent
housing search model with bargaining.

The theoretical approach in my paper is closes to that of Head, Lloyd-Ellis, and Sun (2014),
Albrecht, Gautier, and Vroman (2016), and Smith (2019). Head, Lloyd-Ellis, and Sun (2014)
consider a random search and matching model of the housing market with bargaining®. In
addition to the bargaining model similar to that of Head, Lloyd-Ellis, and Sun (2014), I construct
the auction models with random and directed search to show the importance of bidding wars
in amplifying the house price volatility. Albrecht, Gautier, and Vroman (2016) build a static
auction model with directed search to study the role of the asking price in the housing market.

"The LA MSA is chosen as an example of the MSA with highly volatile house prices.

8See also Arnott (1989), Wheaton (1990), Salant (1991), Yavas (1992), Yavas and Yang (1995), Berkovec and
Goodman (1996), Arnold (1999), Krainer (2001), Ford, Rutherford, and Yavas (2005), Albrecht, Anderson, Smith,
and Vroman (2007), Piazzesi and Schneider (2009), Novy-Marx (2009), Caplin and Leahy (2011), Carrillo (2012),
Genesove and Han (2012), Anenberg (2013), Anenberg and Bayer (2013), Burnside, Eichenbaum, and Rebelo
(2016), Diaz and Jerez (2013), Carrillo (2013), Ngai and Tenreyro (2014), Piazzesi, Schneider, and Stroebel
(2019), Head, Lloyd-Ellis, and Sun (2014), Head, Lloyd-Ellis, and Stacey (2014), Guren (2018), Guren and
McQuade (2013), Carrillo, de Wit, and Larson (2015), Moen, Nenov, and Sniekers (2015), Hedlund (2016a),
Hedlund (2016b), Garriga and Hedlund (2016), Ngai and Sheedy (2016).



By contrast, my paper considers a dynamic auction model, and aims to isolate the qualitative
and quantitative implications of the auction price-finding process against the Nash bargain for
the house price dynamics. The dynamic framework in this paper makes it possible to take into
account the option values of buying or selling the house later that propagate the housing market
shocks, absent in the previous papers on housing auctions.

Similarly to this paper, Smith (2019) generates fluctuations between the hot and cold markets,
but in the stock-matching model with competition between buyers who have homogenous home
values. In the auction model in the next Section, buyers have heterogenous values, and hence
bids. Because of this heterogeneity, the price determination, — auctions versus Nash bargaining,
matters for the level of the house price volatility. The auction model also allows the turnover
of buyers into homeowners and then sellers, which makes the buyer’s bids dependent on the
expected future resale value in addition their own utility from the house. This is new to models
with competition between buyers such as Albrecht, Gautier, and Vroman (2016) and Smith
(2019), and similar to the bargaining model in Head, Lloyd-Ellis, and Sun (2014) °.

The literature on house price dynamics struggles to explain the observed house price volatility
within a fully rational framework, even when it considers various amplification mechanisms,
such as amplification of the income shocks through borrowing constraints ', so it turns to
extrapolative expectations, speculation and bubbles!t. Giglio, Maggiori, and Stroebel (2016)
tests the existence of housing bubble in the UK and Singapore, and finds no evidence of classic

9Mayer (1995) also considers the performance of negotiations versus auctions in the steady-state of the model
with costless search and perfect matching technology. My paper adds the dynamics and search frictions to study
the time-series volatility of house prices. Quan (2002) studies the endogenous choice of agents between the two
separated housing markets in a static search model. In the first market the prices are determined in negotiations,
and in the second — by auctions. I am not considering the endogenous choice between these two markets, but
compare the house price volatility in the dynamic housing search model with bargaining and the dynamic housing
auction model with auctions. Similarly, Genesove and Hansen (2014) compare the prices from negotiations and
auctions in the dynamic setting both empirically and theoretically. This paper complements Genesove and Hansen
(2014) paper in comparing the house prices from auctions and negotiations, but it explicitly considers the option
value to buy and sell in the dynamic setting and incorporates search frictions to highlight importance of the ratio
of buyers to sellers in intermediating large movements in transaction prices. Merlo, Ortalo-Magné, and Rust
(2015) study the dynamic problem of the home seller who potentially can face multiple offers. In my paper I
additionally model the bidding behavior of buyers as well as the process of price determination in an equilibrium
model in the presence of search frictions. Han and Strange (2016) study the role of the asking price in a model
where lower asking price attracts more buyers which produces bidding wars. In the model in the present study
the seller chooses the reservation price, rather than the asking price. The reservation price differs conceptually
from the asking price, since the seller never sells below the reservation price in the auction. In contrast, the seller
can sell below the asking price in the data. However, lowering the reservation price has similar effect to that of
Han and Strange (2016)’s of increasing the number of buyers who visit leading to bidding wars. Adams et al.
(1992) study the choice of seller between the auctions and posted prices in a continuous-time search model. In
their model the arrival of buyers is governed by the Poisson process with constant arrival rate. But, due to the
continuous time, the probability of arrival of more than one buyer in their model is zero. Hence, the seller’s
optimal strategy reduces to choosing the posted price and waiting for the first buyer willing to accept it. In my
paper the probability of the arrival of several buyers is positive, allowing the seller to run an auction with more
than one buyer. Moreover, this probability depends on the ratio of buyers to sellers through the search frictions.
During the housing booms the ratio of buyers to sellers increases making houses more liquid which boosts prices.

0For example, Stein (1995), Ortalo-Magné and Rady (2006).

HFor example, Glaeser, Gyourko, and Saiz (2008), Bayer, Geissler, Mangum, and Roberts (2011), Haughwout,
Peach, Sporn, and Tracy (2012), Case, Shiller, and Thompson (2014), Glaeser and Nathanson (2015), Chinco and
Mayer (2016), Nathanson and Zwick (2018), Gao, Sockin, and Xiong (2016), Giacoletti and Westrupp (2017).



rational bubbles even during the period of the recent boom-bust episode. My paper contributes
to this literature by producing the house price volatility that arises endogenously in a model
with rational expectations and no bubbles due to the bidding wars of buyers with heterogeneous
valuations.

My paper is related to papers on the selling institutions and search frictions in labor, asset
and retail markets. For instance, Julien, Kennes, and King (2000) examine the labor market
in which employees auction their labor services to firms. They produce the wage dispersion in
the steady-state equilibrium of the search model. My paper studies the housing market and
the time-series dispersion of prices. In retail markets, Einav, Farronato, Levin, and Sundaresan
(2018) look at the choice of sellers between auctions and posted prices in online markets. In the
asset markets, many papers study the information percolation and information assymetries in
the dynamic over-the-counter markets with search (Duffie, Malamud, and Manso (2009), Glode
and Opp (2016)) and double-auctions (Duffie, Malamud, and Manso (2014)), correspondingly.
Hendershott and Madhavan (2015) study the choice between auctions and bilateral search in
the OTC market. I add to this literature by comparing the quantitative performance of these
two mechanisms within the search environment, albeit, in the housing market. The paper is
also related to the theoretical literature on the choice of the selling institutions'?. These papers
usually compare auctions with sequential search. Here I compare auctions with very specific
Nash bargaining, used in the housing search and matching literature.

In order to focus on the implications of the sales mechanism and make models tractable,
I abstract from modeling the mortgage market, which is extensively studied in the housing
literature, see, for example, Favilukis, Ludvigson, and Van Nieuwerburgh (2017) and Landvoigt
(2017). The interaction of the search frictions and credit constraints is explored in Guren and
McQuade (2013) and Hedlund (2015).

3 Models

In this section I describe three models of the local housing market that I am comparing: the Nash
bargaining model, the auction model with random search, and the auction model with directed
search. The models have the same building blocks, except for the way the prices are determined.

3.1 Elements Common to the Models

Time is discrete t € {0,1,...}. There are infinitely-lived risk neutral agents, buyers, sellers,
homeowners, and builders, who discount future at the common fixed discount factor (3, and use
rational perfect foresight expectations. There are two goods in the economy, consumption, taken
as numeraire, and housing, and two markets corresponding to these goods. The consumption is
frictionless, while the housing market has search frictions.

By going through the search process a buyer can purchase one house that provides a flow of
housing services x. When the buyer searches for a house, she visits the house and finds out the
value of flow services x. A visit includes both viewing photos and information online as well as
visiting a property. The value of flow services x is distributed independently over buyers and

12For example, Wang (1993), Arnold and Lippman (1995), Bulow and Klemperer (2009).



time'? with the cumulative density function F'(.), probability distribution function f(z) > 0 with
weakly increasing hazard rate f(z)/(1 — F(z))*. Buyers rent at exogenous rental rate w until
they buy and move in a house. The service flow from the rental housing is normalized to zero.

Both buyers and sellers decide whether to participate in the housing market. If they do, they
have to pay fixed search cost, respectively, c¢? and ¢® per period'®. This allows buyers and sellers
to time their participation in the market.

Figure 3 shows how the models work in period t. Each period starts with B, buyers and S,
sellers. They decide whether to actively search in the local housing market. If they decide to
actively search, they pay search costs to participate, and become active buyers and sellers. The
numbers of active buyers and active sellers are B; and Sy, respectively. Active buyers and sellers
search for each other in a local housing market, randomly meet, and determine the house price.
The price determination mechanism is the only building block where the models are different. I
describe the search frictions and price setting in the auction models and Nash bargaining model
in Section 3.2. The search frictions and price determination influence the house prices'¢ p, and
sales ¢; = m;S,'" through the probability of sale .

Denote V2, V;% the value function of a buyer and a seller in the beginning of the period
before the decision of searching or not searching is made. Then they must satisfy the Bellman
equations:

Vil = BV, + BS, — w, (1)
V¥ = BV + 58, (2)

where BS;, SS; are the buyer’s and seller’s surplus from participating in the market in period ¢.
If an agent decides not to participate in the market, the surplus for that period is zero. If the
agent participates, the surplus is determined when the buyers and sellers interact and depends
on the search frictions and the price determination mechanism, e.g. Nash bargaining or auctions,
discussed in Section 3.2.

13The case of affiliated values, potentially very important for owner-occupied housing, can be considered in
future research after the basic model with independent values has been analyzed.

“Increasing hazard rate is sufficient for existence of solution to the seller’s problem.

15Tn the calibration the buyer’s search cost is zero. In the model it is nonzero for generality.

16The house prices p; denotes the expected house price over the cross-section of transactions in period t.

1"The quantity sold g, is the product of the number of active sellers and the probability of sale, i.e. ¢ = Sy,
by the law of large numbers.



Figure 3: The models in period ¢
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If the buyer purchases the home, she becomes a homeowner. The total number of homeowners
is H,. A homeowner may experience three random shocks. First, with probability A\°, the home-
owner experiences shock that forces her to leave the city. In this case, she receives fixed utility
VO from leaving the city and puts the house on the market as a seller. Second, with probability
0, the homeowner experiences a “fire” in which case she loses home. In this unfortunate event,
the homeowner suffers a loss and becomes a buyer. This event is a proxy for depreciation in the
model. The first two events are independent. If none of those two events have happened, the
homeowner may be randomly separated from her home with probability AM due to the moving
shock. In this case, the homeowner becomes a buyer and a seller in the model.

Let V() be the value of being a homeowner with a home providing a service flow z, then



it must satisfy the following Bellman equation:

V() =2+ (L= X)(1 — 8)(1 = A8V, + 5(1 = A)BVE, + 6X°BV O+
(L= ONBVO V) + (1 8)(1 = N)NBVE, + V)

The homeowner gets per-period service flow x from living in the house. With probability (1 —
A (1 —0)(1 — AM), the homeowner experiences no separation shocks and gets the discounted
value of being a homeowner the next period SV/%;. With probability (1 — A\°), the homeowner
experiences loss of the home, but does not have to leave the city. In this case she becomes a
buyer, and gets the discounted option value to buy the next period 5‘/251. If the homeowner
both loses the home and has to leave the city, which happens with probability 6\°, then she gets
a discounted utility from leaving the city SV°. With probability (1 — 6)A°, the homeowner does
not experience a home loss and has to leave the city, she gets discounted outside utility V° and
option value to sell her home V;%,. Finally, with probability (1 — §)(1 — A\°)A*, the homeowner
has to move within the housing market, and becomes simultenously the buyer and the seller in
which case she gets the discounted option value to buy and sell tomorrow.

The agents are risk-neutral, so the value of being a homeowner can be represented as the
present value of housing services ﬁ and time-varying component v{’:

T
Vi) = 7o+ ol g

where v = 8(1—A\%)(1—= M) (1) is an effective discount rate that accounts for potential future
separations from the home.
The time-varying component of being a homeowner must satisfy the Bellman equation:

vff = yofly + BAVO+ BL =X+ (1= HMVE + BL =N+ (1= XOANVE,, (4)

The homeowners who have to leave the city or find a new home add to supply of homes.
There is also an endogenous supply'® of new homes from homebuilders. There is free entry into
building, but not free exit. If an agent decides to become a homebuilder, she has to pay a fixed
cost ¢ of converting land into the land for residential use that has value V. Then she becomes
a home builder immediately, and can produce a home with probability x the next period by
incurring costs c' + ¢2(N; + N,) each period, where N, is the stock of builders from the previous
period, N, are new builders who entered in period ¢, so N, + N, is the total number of builders
in the industry, and ¢! and ¢? are parameters of increasing marginal costs'®. The option value
to become a builder V' is V¥ = max{V," — ¥, 8V}%,}, and because of free entry VN <
and V% = 0. The value of being a builder V¥ is a present value of being a home seller with
probability x the next period or having to wait additional period with probability (1 — k) net of
the construction costs per period:

VY =BV + B(1 = k)VE) — (V)

18The supply is assumed to be endogenous, because it has been shown to be an important determinant of
volatility of house prices, see Glaeser, Gyourko, and Saiz (2008), Saiz (2010).

19The marginal costs of supplyinghomes are assumed to be linear and increasing following Glaeser, Gyourko,
and Saiz (2008).
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In equilibrium,
V¥ = min{BrVi, + B(1 = 0V, = (¢! + (N + Ny)), (5
1

If the value of being a builder is less than the fixed costs of entry SV, +B3(1—r)VE, — (' +
?(N; + N;)) < c° then no new builders enter N; = 0, and the stock of waiting homebuilders N;
drops by (1 — &) each period. Otherwise, new builders enter until SxV,5, + (1 — k)V,Y, — (c +
?(N;+Ny)) = ¢ and the total number of builders is N;4+N; = 8V, +8(1—k) VY, ——cl) /2.

BV, + Bl —r)VY, = -t _
t+1 ( 2) t+1 . Nt} (6)

The new buyers enter the market at the exogenous rate d, for example, due to job relocation.
[ assume that the influx of buyers d; is governed by AR(1) process with drift. The housing
demand changes faster than the supply, so the driving force of fluctuations in the model are the
demand shocks due to this exogenous influx of buyers.

The transition of the state of the economy from period t to t + 1 is summarized by five state
variables: the number of buyers B, sellers S;, number of waiting builders IV;, homeowners H,,
and influx of buyers d;,. The dynamics of the state S; = (B, Sy, Ny, H;, d;) is

N; = max{0,

C

By =B, +di+ (1= X0+ (1= HINH, — ¢,

Siv1 =S+ k(N 4+ Np) + (1= 0) (A + (1 = XN H, — ¢,
N, = (1= 8)(N_y + No_y) 9
Hiq=(1=X)1 =01 - H, +q, (10
dy = pdi—1 + (1 — p)do + &y, (11

~~ —~
co
—_ — — O

where dj is the unconditional mean and p is the persistence parameter of the process for the
influx of buyers d; with shocks &; ~ #idN (0, o?).

In equation (7) the total number of buyers B, increases by the influx of buyers d;, new
buyers from homeowners (1 — \%)(6 + (1 — §)AM)H,, and decreases by the outflow, equal to
the number of sales ¢, = m,S;. Similarly, equation (8) shows the dynamics of sellers, where the
number of sellers increases through endogenous construction K(Nt_l + N;_1), moving homeowners
(1 =8N+ (1 = AAM)H,, and decreases by the number of sold homes ¢;.

In this system, the search frictions and price determination process affect the dynamics of
buyers and sellers through the probability of sale m; and sales ¢;.

3.2 Search Frictions and Price Determination

In this section I discuss the microstructure of the local housing market, in particular, search
frictions and price determination mechanism. In the benchmark housing search model the search
is random, where each active buyer visits one randomly chosen active seller per period?’. Then

20The search process in the residential real estate market is asymmetric: a seller posts a house for sale, and
buyers visit potentially suitable houses. The assumption about ability to visit one seller is not restrictive for
the per period payoffs, since those are similar to the case when buyers are allowed to visit multiple sellers as in
Albrecht, Gautier, and Vroman (2016). The question, model and results, however, differ from Albrecht, Gautier,
and Vroman (2016), see Section 2.
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the number of active buyers that visit each individual active seller is distributed with Poisson
distribution®! with the mean that is equal to the ratio of active buyers to active sellers, 6; = B;/S;.
This ratio is called tightness, with the interpretation that the tightness is high, the housing market
is in boom, because there are many buyers per seller, and vice versa for the cold market.

In the benchmark housing search model, after the buyers arrive, the seller picks one buyer
at random out of all buyers who visited him. The value x of the buyer becomes common
knowledge, and then the price splits the joint surplus from the trade according to fixed weights
equal to bargaining powers of the seller, a, and the buyer, 1 — a;, where a € (0, 1).

I am proposing two versions of the auction model. In the first version the search is random,
similarly to the benchmark Nash bargaining model. However, after buyers have visited a seller,
he runs an ascending bid auction with the reservation price among all buyers who visited him.
The seller does not know the home values of buyers, and chooses and commits to the reservation
price before the auction. The auction starts at this price, and the price increases until only one
buyer is left. The buyer pays the price at which the auction stops, which is the maximum of the
second highest bid and reservation price.

In the second version of the auction model the search is directed. In the directed search
model with auctions the seller posts the reservation price p;, that starts the ascending auction.
Active buyers observe the posted reservation prices and decide which seller to visit. The model
is a directed search model because all buyers observe all posted prices and direct their search to
the sellers who post attractive reservation price and where they expect little competition from
other buyers.

To summarize, the auction and Nash bargaining models differ in terms of the informational
structure, the rule for selecting the winning buyer and the division of the surplus for buyer and
seller. The next section provides an example to illustrate these differences.

Example

The model is dynamic, and continuation values of the buyer, the seller and the homeowner are
summarized by their value functions that are endogenously determined in the model from the
Bellman equations (1), (2), (3), (4). However, I take the value functions of the buyer V,Z,, seller
V5, homeowner V1, (z) exogenously in this example to illustrate the differences between the
Nash bargaining model with random search, auction model with random search and auction
model with directed search.

21The Poisson approximation can be motivated in two ways. First, if each active buyer is picking a seller at
random, then the number of buyers that visit a particular seller is distributed binomially. When the number of
sellers goes to infinity S — oo, holding the ratio of number of active number to sellers § = B/S constant, by
the Poisson limit theorem the distribution of active buyers that visit a particular seller is Poisson with the mean
equal to the ratio of active buyers to active sellers.

For the second motivation assume that homes are equally spaced across a given area of a local housing market.
Suppose that buyers search randomly, so as to be located across the area according to the uniformly-intensity
spatial Poisson distribution. Each buyer visits the home nearest to his or her location. Then in the limit, as
the number of active buyers and sellers goes to infinity, the total number of buyers visiting each home would
be approximately distributed by Poisson, iid across homes, with a mean equal to the market-wide ratio 6 of the
number of buyers per number of active sellers. See, for example, Badderley, Barany, Schneider, and Weil (2007).
I thank Darrell Duffie for pointing this out.
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Table 1: The auction and Nash bargaining price determination examples with x ~ Exponential

Buyers Seller
Value to own V7, (z) 100 | 200 | 300 Expected value to own EV/],(z) | 100
Value to wait V;7, 100 | 100 | 100 Value to wait V3, 50

Auction with random search: sales price 150
‘ Optimal bid b,(z) = V7, (z) — V2, ‘ 0 ’ 100 ‘ 200 ‘ ’ Reservation price p; = V5, + 1’”_—9”7 ‘ 150 ‘

Auction with directed search: sales price 100
| Optimal bid b,(x) = V/i[ (#) = V/5, | 0 [100 | 200 | | Reservation price p; = V5, | 50 |

Nash bargaining with power o = 0.5: sales price 75
Joint surplus for buyer with average value = V'l (22) — V}§, — VS, =50
Sale price = Value to wait for seller V,5; + 0.5 x Joint surplus = 75

Table 1 shows the example of how prices are determined using the Nash bargaining model and
the auction models. In this example an active seller, who has paid search costs, meets a random
number of active buyers. This seller is lucky, and she is visited by three active buyers. All buyers
and seller have an option to postpone the transaction till the next period. The seller can sell
tomorrow, and she values this option at Vtil = 50. Similarly, buyers can wait till tomorrow
which allows them to buy a house tomorrow, which is summarized in the buyer’s value function
V%, which is equal to 100 in this example.

When the buyers visit the house, they observe the benefits from living in this house = per
period which give her the value of owning V,*/;(z) the house. To simplify calculations, assume
the exponential distribution for z. In this example, the present value of housing services are
VA (21) = 100 for the first buyer, V%, (22) = 200 for the second buyer, and V;, (z3) = 300 for
the third buyer.

First, consider the auction price determination with the random search. The present values
from the house in the auction models are private valuations of buyers. Before the auction the
seller does not observe the realization of x, but he knows the distribution of x and can compute
the expected present value of housing services, which is assumed to be Ethfl(:L’) = 100. The
seller decides on the optimal reservation price before the auction starts and commits to this price.
If we assume that the housing services value z is distributed exponentially and solution for z; is
interior, then the optimal reservation is p; = V,, + Ex/(1—7) = 50+100 = 150 from Proposition
2. All sellers are homogenous, so all sellers post the same reservation price. The buyers formally
do not observe the reservation price, but they can compute the optimal reservation price by
solving the seller’s problem. Once the buyers have observed their values, the auction starts from
the reservation price, and price increases until only one buyer is left standing.

What is the auction price here? To answer this question, I need to know the optimal drop-out
prices, or bids, of buyers. This is a standard ascending bid auction with the dominant strategy
to bid the value of the object. The value of the house is V7| (z) — V2, because if a buyer
buys a house, he gets the value of being a homeowner, but loses the value function representing
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the value of waiting and buying a house later. Hence, the dominant strategy is drop-out of the
auction when the price exceeds b;(z) = VI, (z) — V5.

The value function of the buyer appears in the bid because the buyer takes into account
the option value to search in the next period, which shades the bid by her option value to buy
tomorrow. This makes the bid endogenously rise during the booms. If market is currently in
the boom, the next period it will be in the boom with high probability because of the search
frictions. Hence, given the same realization of the value of being a homeowner V), (z), the bids
will be higher during the boom because of the low option value to buy in the next period??.

The optimal drop-out prices, or in other words, maximum bids, b;(z) for the three buyers
are 0, 100, 200, respectively. The third buyer wins the auction, and she pays the price at which
the auction stopped. Here, the drop-out prices of the first and second buyers are lower than the
reservation price, so that the auction stops at the reservation price, so the house is sold for 150.

Now consider the auction price determination with the directed search. The process differs
from the random search, described in the previous paragraphs, by the way that the seller deter-
mines the reservation price and how buyers arrive to the seller. The seller starts by posting the
reservation price in the ascending bid auction. The buyers then observe all the reservation prices,
and decide which seller to visit. Hence, if the seller hikes up the reservation price as compared to
other sellers, she loses buyers. This drives the reservation price down the competitive level, i.e.
Dy = Vtil = 50, eliminating the monopoly distortion in the auction model with random search,
see discussion of the constrained social optimum allocation in Section 5. In this example, the
auction starts at 50, and the second buyer drops out at 100. Hence, the third buyer is the winner,
and she pays the second highest drop-out price, 100, which is the sales price in the auction model
with directed search.

Finally, consider the benchmark housing search model with Nash bargaining. In the Nash
bargaining the seller selects one buyer at random to negotiate with. In our example, the seller
can potentially choose any buyer with equal probability, so that the sales price reflects the
average values. In the example, assume that the seller randomly picked the second buyer. Once
the seller picks the buyer, the realization of the value of being a homeowner V1, (z) become
common knowledge, and they compute the joint surplus from the trade to determine the sales
price. The joint surplus from the trade is the difference of what they gain from the deal, which
is the value of being a homeowner V¥, (z), and what they will lose from the deal, which is the
buyer’s and seller’s continuation values, V;%, and V,5,. The joint surplus in our example is then
VH (22) — VB — V5, =200 — 100 — 50 = 50. This joint surplus is then split according the the
bargaining weights of the seller, «, and the buyer, (1 — «). In this example I use a = 0.5. Then
the Nash bargaining price is p, = Vi3, + a(V/H (z2) — VE, = Vi5,) =50 + 0.5 x 50 = 75, so the
seller is compensated for his option value to sell and gets half of the joint surplus from the deal.

3.3 Price determination by Nash bargaining

In this section I close the Nash bargaining model by writing down explicitly the pricing mechanism
and dynamics of the value functions of the buyer and the seller.

22The shading of the bids due to the option value of participating in the future auctions has been recently
discussed in the context of the online auctions, see Zeithammer (2006), Ingster (2009), Said (2011), Said (2012),
Backus and Lewis (2012), Hendricks, Onur, and Wiseman (2012), Hopenhyan and Saeedi (2015), Coey, Larsen,
and Platt (2016)
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In the beginning of period ¢t the problem of each buyer and seller is to decide whether to
participate in the local housing market, and if they do, they have to pay search costs. The
agents can time their participation in the market depending on the current market conditions.
After the participation decisions has been made, the Nash bargaining model prescribes how the
active buyers and sellers meet and how the price is determined.

The first component of the Nash bargaining model is the meeting technology. In the models I
assume that the number of active buyers that visit the seller is distributed by Poisson distribution
with the mean, equal to the ratio of buyers to sellers 6; = B;/S;. In the Nash bargaining model
the seller picks one buyer out of all who visited him at random, hence the probability of a
meeting is 1 —exp(—60;). To produce this meeting technology, I use the urn-ball meeting function
M(By, S;) = S¢(1 — (1 — B;/S;)B), which gives the number of meetings M from the number of
active buyers B; and sellers S;. This number of meetings occurs if buyers reach out to sellers
and, if the seller gets more than one buyer, he selects the buyer at random. If the number of
buyers and sellers is large, the meeting function can be well approximated by

M (B, S;) = Si(1 — exp(—By/S;)) = Si(1 — exp(—0;))

The probability of meeting a buyer to a seller is ¢°(6;) = 1 — exp(—6;), which is the
same as the probability of a seller meeting at least one buyer in the auction model, which is
P(seller meets exactly one buyer) = 1 — exp(—#;). For the buyer, the probability of of meeting
a seller in the Nash bargaining model is then ¢®(6;) = ¢*(6;)/0; = (1 — exp(—0;))/6;.

In the Nash bargaining model, the price is determined using the Nash bargaining solution
where the seller and buyer meet and bargain over the price. Following the standard search model
Genesove and Han (2012), the transaction only occurs if the joint surplus V4, (z) = V8, = V5, =
1= +ofly = Vi = Vg, from the sale is positive. In the models I assume that the buyer and seller
sign an agreement in period ¢, but the settlement, transfer of the house and payment occur in
period t+1 to simplify notation. Because of this timing assumption, the present value of housing
services and the value functions of buyer and seller tomorrow are of the same time period, t+1, in
the expression for the joint surplus. The sale will occur only if the joint surplus is positive, that
is if the realized value of the housing services x is higher than the threshold value, denoted Z, i.e.
x > ;. To simplify the notation, I introduce the variable z; that collects all the time-varying
option values that are lost or gained as a result of the transaction:

Ty = (1— 7)(‘/251 + Vtil - Ug-l) (12)

Then from z,/(1 —v) + v, —= V2, — V5, = 0 we find Z; = 2;. The threshold value Z, is the
value of buying a house for the marginal buyer with value of housing services Z;. The marginal
buyer is a buyer who is just indifferent between buying or not buying this house, and this buyer
prices the house.

Similarly, the probability of buying for the buyer is 7 (Z:,6;)/0;, where m(z;,0;) = (1 —
exp(—6;))(1 — F(x;)) is the overall probability of sale. If the sale occurs, the transaction house
price is then® p, = Vi3, + a(V/H, (z) — Vi, = Vi5,).

23 The buyer’s surplus is bs; = B(V/, (z) — VB, — pr), the seller’s surplus is ss; = B(p; — V;5,), and the price
maximizes the weighted product of the surpluses ss®bs;~“, the first order condition is ss; = a(bs; + ss;) or
P — Vi = eV (x) = VB — o+ b — Vi)
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If I take the expectation of the house prices p; over all cross-section of transactions in a period,
expected price can be computed as

Elz|x > ]

1—~ +ofy =V - Vi), (13)

pe = Elpi|Sale] = E[p|z > 2] = Vi3, + of
Then the expected house prices within the Nash bargaining model are

« ~
=V5i+ j(E[xfl’ > Ty] — &)

1

Given the search and price-setting process, the buyer’s and seller’s surplus and the expected
house prices are given by Proposition 1. The expected buyer’s surplus is the buyer’s share (1 —«)
of the expected joint surplus, conditional on the success of the transaction: St E VA (2) -V, -
VE W () -V, = VE >0 = ﬁ(E[xkE > ;] — 2¢) net of the buyer search costs ¢, where
7 /0, is the probability of buying in period ¢. Similarly for the seller. If the buyer (seller) expects
positive expected gain from participating in the market, S1=2 So(Elzle 2 1) — &) — B >0,
then she participates in the market, and visa versa. Hence, in equilibrium, their surpluses are
given by Proposition 1. Sale happens only if a seller participates, i.e. when S.S; = ff; (Elx|z >

E:t] —3) —¢¥ >0, in which case the expected house prices is related to the seller’s surplus as
Elz|x>Z
=V3 + (M +ofl = VE = VE) = Vi + (S8 +¢%)/(Bm).

Proposition 1. In the equilibrium of the Nash bargaining model with random search the buyer’s
surplus B.S;, the seller’s surplus S.5;, the threshold value of services z, the expected prices py,
the probability of sale m, satisfy

BS, = (By—= g (Blala 2 ] = &) = )" (14)
85, = (b7 (Blele 2 1] — ) = )", (15)
Ty = Iy, (16)
= Vi + 5527;205 (17)

= (1= exp(=0:))(1 = F(z2)), (18)

where 2, = (1 —7)(V#, + V5, —vf{,). The dynamics of the value functions V,7, V¥ vff, V",
the number of new builders Ny, the state (B, Sy, Ny, Hy, d;) dynamics are given by equations (1),

(2)’(4)7 (5)7 (6)’ (7)'(11)'

3.4 Price determination by auctions with random search

This section explains how the price is determined in the auction model with random search and
closes the model by endogenizing the value functions of the buyer and seller. The search process
starts in the same way as in the Nash bargaining model, that is each buyer and seller decide
whether to incur search costs and participate in the local housing market. If they do, they
become active buyers and sellers. Then each active buyer visits one active seller. When a buyer
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visits a seller, she draws a match-specific value of housing services x. From this point on, the
auction process differs from the Nash bargaining process. The value of the house for buyer is
private information that is unobservable for the seller. Let N be a random variable representing
the number of active buyers that have visited the seller. As mentioned earlier, N ~ Poisson(#).
If the seller has no visiting buyers, then N = 0, the seller keeps the house with an option to sell
it the next period. If there is at least one buyer, N > 1, the seller runs the ascending bid auction
with the reservation price p. The seller chooses the reservation price before observing how many
buyers will visit and commits to the chosen price?* The buyer does not observe the reservation
price before the auction. During the auction if all buyers dropped out at the reservation price,
the seller keeps the house. Otherwise, the price increases until only one buyer is left. This buyer
gets the house and pays the price at which the auction stopped.

In the auction model the problem of the buyer and seller is to decide whether to be active
or not, similarly to the Nash bargaining model. However, in addition to this decision each buyer
decides on the optimal drop-out price b;(x), and seller decides on the optimal reservation price
i As it has been discussed in Section 3.2, the optimal drop-out price of the buyer with value
zis by(x) = Vi(x) = VE = 2/(1 —~) + vl — VZ,. The optimal reservation price p; can
be derived using the parallel between the seller’s problem in the auction and the monopolist
problem, as in Bulow and Roberts (1989). The optimal reservation price equalizes the marginal
revenue from a buyer and the marginal costs of serving this buyer. The marginal costs of serving

the buyer is foregoing the option value to sell tomorrow V,3 71- The marginal revenue from a buyer

is the virtual value v(b) = b — 19? Y where b is the value of the object and G(.) and g(.) are

the cdf and pdf of the value, i.e. the bid b = Vi () — Vi§; = % + v/, — V. In this model

the marginal revenue is v(x) = i+ ot = VB — ! 5;()). The threshold value of housing

services 7, solves v,(T,) = %= + vfl, — ViF; — (11_5% = V3, equation (26) in Proposition

2. For example, for the exponential distribution of x from Section 3.2, the threshold value is
Ty = Bz + 3, where &, = (1 —~)(V;8, + V5, — vfl,). The corresponding optimal reservation
price is py = b(Z¢) = 25 + vl — VB, where Z; is restricted to x; = max{Zmin, min{Tmax, T+ }}
because it does not make sense for the seller in the auction model with random search, who is the
monopolist, to lower the reservation price below the minimum bid of the buyer. The marginal
buyer in the auction model with random search has the value of housing services z; that solves

T, — 1 fFi(:;t) = 2, (in which case Z; € [Tmin, Tmax] and x; = Z;), which differs from the threshold
value of housing services in the Nash bargaining model z; = #;. Given the same value functions

of the buyer and seller, the marginal buyer values the house more in the auction model, which
will be reflected in higher house prices.

Another way to look at this difference is to compare the reservation prices of the seller in the
auction and Nash bargaining models. In the auction model with random search, the reservation
price is p; = Vt % , while in the Nash bargaining model it is Vtil, since the seller is
forced to sell the house as long as the surplus from the trade is positive even if it is optimal to
wait. Higher reservation price in the auction model with random search reflects the monopoly

behavior of the seller due to costly search of buyers®® as well as the ability to commit to the

24Tf the seller cannot commit to the reservation price, then he has incentives to revise the price after an
unsuccessful auction, driving the price down to the competitive level as in the auction model with directed
search, see Section 3.5.

25 As in the Diamond’s (1971) paradox despite the competition between sellers, the existence of the search costs
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reservation price. In a random search model, once a buyer has paid search costs and has visited
a seller, the seller becomes a local monopolist. If the seller is forced to compete with other sellers
by allowing buyers to direct their search to seller with certain reservation price, then the optimal
reservation price will be V,7,, see Section 3.5 for the auction model with directed search. If the
seller could not commit to the reservation price, he has an incentive to sell as long as a buyer
offers anything higher than his continuation value V;il

Due to the dynamic nature of the model, the bids and reservation prices depend on the value
functions of buyers, sellers and homeowners, and are all jointly determined in the equilibrium,
and depend on how the buyer’s and seller’s surpluses are formed. The buyer’s surplus is the
buyer’s expected payoff from participating in the housing market search this period. If the buyer
with value of housing services x participates, the probability that she has the highest value is?°
exp(—0,(1 — F(z))). The surplus from buying a house is the difference between the value of the
object by(z) and the marginal revenue v;(x)?*". Hence, the ex-ante expected surplus of the buyer
is

/6 Tmax

=1 ) (1= F(x))(1 —7m(x,0))dx

8 [ o) — ula)e D flada

where 7(Zy,0,) = 1 — e 90=F@) i5 the probability of sale and x; = max{Tyin, Min{Zyax, T4} } is

the threshold value z; bounded by the support of the distribution of z.

The seller sets the threshold value of housing services z; above or at the minimal value x,,;, in
the random search model because there is no benefit in lowering the reservation price below the
minimal bid?®. In this case, buyers get additional surplus of (%(1 — (T4, 0)) (1= F(Zy)) (s — T¢),
so that a general expression for their total surplus is

BS, = (%(1 — (%, 0;)) (1 — F(2)) (Xt — T¢) + % /Imx<1 — F(2))(1 = n(z,0,))dx — )™,

where buyers participate if the expression in the brackets is non-negative, and do not participate
otherwise.

of observing the price charged by the seller, the seller is able charge the monopoly price. The Coase (1972)
conjecture that the monopolist selling a durable good to buyers over time has to set competitive price due to
competition with his future self does not apply here, because the seller is facing a different pool of buyers every
period, and buyers with high values cannot hang on to this particular seller until the seller changes its pricing. In
the directed search model, buyers can costlessly observe all reservation prices before visiting the seller, and the
seller has to set the reservation price at the competitive level avoiding the Diamond paradox.

26The probability that the buyer has the highest valuation is the expectation over the number of buyers who
visited this seller N of the probability to be the highest bidder, ExFN~!(z) = exp(—6;(1 — F(x))), where
N ~ Poisson(6;) is the number of active buyers per active seller.

27See Bulow and Roberts (1989) and Bulow and Klemperer (2009). Bulow and Klemperer (2009) compare the
efficiency and optimality of the auctions and sequential mechanism with endogenous seller entry which is similar
to this paper. The search model with Nash bargaining is different from the sequential mechanism discussed in
their paper, because the buyers are selected randomly upon entry rather than based on their bids (and hence
house values). This paper quantifies the differences in the standard Nash bargaining model with search and the
auction models with search.

28However, in the auction model with directed search, lowering Z; below i can potentially bring extra buyers,
see Section 3.5.

18



The option value of the seller is determined similarly. The ex-ante expected surplus of the
seller is the difference of the marginal revenue v;(z) and the marginal costs V,3; for all the cases
when the transaction happens x > z; for each buyer, multiplied by the expected number of
buyers 6,:

86, [ " (o) = ViE e O pad
X

t

Rearranging? and taking the search costs into account gives the seller’s surplus:

SSt:(

1 (7 — &) (T, 0p)+ (19)

-7
g .
+ = /jt (m(x,0;) — 0,(1 — F(x))(1 —7(x,0;)))dx — )T, (20)

where the seller participates only if the expected payoff from participation is at least as large as
the search costs, and holds off from the markets which earns her zero otherwise.

The sales price in the auction is either the reservation price p; or the drop-out price, which
is the second-highest bid by,

_ En[p:P(Sale at p;) + Ebg), P(Sale at bay)|

b= P(Sale) B
25 Lo (2, 0) — 0i(1 = F(2))(1 = w(x,0,)))de o 98, +¢5
— Vi + S

Tt B

=P+

0(1=F(#:)) is the probability of sale. The proof for the price equation is provided

where m; = 1 —e~
in Appendix A.1.

If the distribution of z is shifted exponential®® with standard deviation o, and expectation
1 and in the equilibrium the threshold value z; > xy,i, = p. — 0., then the expected revenue of
the seller is %= ¢(0,(1 — F(Z))), where ¢(6:(1 — F/(z4))) = Oef(lfF(xt)) %ﬁdt where [ l_fitdt
is the Euler integral®!. The function ¢(z) is increasing and concave in the adjusted tightness®? z.
The expected revenue of the seller depends on the adjusted tightness z; = 6,(1 — F(Z;)) which is
the ratio of “serious” buyers out of all active buyers per seller. These buyers are “serious” in the
sense that they are willing to pay higher than the reservation price p;, because their value x is
higher than the threshold value Z; of the marginal buyer. The adjusted tightness z;, as compared

to the tightness 6;, takes into account that the house values are heterogeneous and not each

29Using the definition of the marginal revenue/virtual value, v(x) = ﬁ —|—vﬂ1 — Vt§1 — %, then denoting

&= (1—=7)(VE + Vit — offy) and taking integral — [ (z — &;)d(1 — e~ 0 (1=F(@)) by parts will give of the
seller’s surplus.

_(ztoz—pe) _(ztoz—pz)

30Qhifted exponential cdf: F(x) = (1 —e e )Mesp—0,), pdf f(z) = ée e s,y =
L(1- F()).

“31The general formula for the expected house prices for the exponentially distributed z is p = V° +
WEPVI + ﬁ(a’ﬂ — Bz — (1 — B)(VB 4+ V%)) where the last term drops out as long as > 0 in an
equilil;rium of the auction model with random search.

32Gee Figure 8a in Appendix B.
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buyer-seller pair is a good match. Similarly, the expression e %(1=F(@)) is the probability that
there are zero serious buyers who showed up at the open house, and hence m, = 1 — e~ (1=F (@)
is the probability of sale. Given the revenue function ¢(.), the expected price for the exponential
distribution simplifies to

_ V}il n or @01 — F(zy))) (21)

1—7 e

where the ratio ¢(z;)/7(2;) is increasing in the adjusted tightness z;, see Figure 8b in Appendix
B.

Proposition 2. In the equilibrium of the auction model with random search the seller’s surplus
SS;, the buyer’s surplus B.S;, the threshold value of services z;, the reservation price p;, the
expected house prices p;, the probability of sale m; satisfy

S, = ( - b (2, 0)(x — 20+ (22)
/X T (@, 0) — 0,1 = e 6))(1 = F(a))lda — )", (23)

BS; = (—(1 = 7(Z4, 6,))(1 = F(Ze)) (xe — Ze)+ (24)
/X " = Fa) (1 = e, 6))dx — P (25)

7 W _ (26)
P= o ol - Vi (27)
p=visy + B, 29
7o = 1 — exp(=6,(1 — F(z,))), (29)

where x; = max{Zmin, Min{Zmnax, ¢} }, Xt = &; for random search, z; = (1— 'y)(thﬁ—Vtil vgl)
The dynamics of the value functions VB VS vH VN the number of new builders N, the state
(B, St, Ny, Hy, d;) dynamics are given by equations (1), (2),(4), (5), (6), (7)-(11).

We have discussed how the buyers and sellers make decisions in the auction model with ran-
dom search, and are ready to define a symmetric dominant strategy perfect foresight equilibrium.

Definition 1. For given values of the initial state S = (BO,S'O,NO,HO,CZO), a discrete-time
perfect foresight stationary equilibrium is a set of time-invariant value functions V2 = VB(S,)
for a buyer, V5 = V5(S,) for a seller, VH(z) = VI (2, 8;) for a homeowner, VN = VN(S;) for
a builder, and a set of policy functions by(x) = b(x,S;) for a buyer and py = p(St) for a seller,

an influr of new builders N(S;) and a law of motion Si11 = I'(S) such that

1. the value functions V;B, V5, VH(z), VN satisfy the Bellman equations,
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buyers follow the weakly dominant strategy by(x),
sellers choose the optimal reservation price py,
free entry for new builders condition (6) holds,

the law of motion for the state in (7)-(11) is consistent with the individual behavior,

S oA e e

transversality conditions hold: limy_.»B'V,*, is finite for buyers a = B, sellers a = S,
homeowners a = H and builders a = N, correspondingly.

The definition of an equilibrium in the Nash bargaining model is similar, but drops the re-
quirement on the buyers choosing the optimal bidding strategy and sellers setting the optimal
reservation price. The definition of an equilibrium the auction model with directed search addi-
tionally requires the buyers to optimally select the seller to visit, which is discussed in the next
subsection.

3.5 Price determination by auction with directed search

In this section I consider the model in which the home sales prices are set in the process of
directed search with auction. In the auction model with directed search each active seller posts
a reservation price p; that starts the ascending bid auction. Active buyers observe the posted
reservation prices of all sellers and decide which seller to visit.

Buyer’s problem

Consider a buyer, who has an opportunity to search tomorrow which gives him expected utility
thl. She decides whether to be active or not in the beginning of period ¢. If the buyer decides to
be active by paying search costs, she can visit one submarket with the reservation price p(z;). In
each submarket with the reservation price p, = p(Z;), or equivalently with the threshold value Z;,
the ratio of active buyers per active sellers is #(Z;). Then the surplus of the buyer in a submarket
Ty is BS; = (&(1 — (T, 0))(1 — F(Zy)) (¢ — Tt) + % f;m‘"‘x(l — F(2))(1 —7(z,0;))dx — cB)*T,
see Section 3.4. Once a buyer visits the seller, she gets a realization of the value of housing
services x, and participates in the auction. When a buyer searches for a seller, in equilibrium
she is indifferent between a submarket z; and Z» if the expected surplus from buying a house is

the same in these two submarkets, i.e.

Tmax

(1= m(Z1,0:))(1 = F(Z16)) (X1e — T1e) + / (1= F(z)(A - n(x,0;))dx =

Tmax

= (1= 1(E20.0))(1 — F(@20)) Oz — Tor) + / (- F(e))(1 - n(z,6))d  (30)

X2t

where equation (30) implicitly defines the equilibrium tightness 6(z;) with the slope

(1 — F(z,))(1 — n(%,0))
(1= F(2))*(1 = m(2,00)) O — @) + " (L= F())*(1 = w(x, 0))dx

0 (zy) = — (31)
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The interaction of the buyer and the seller after the meeting occurred is the same as in the
random search model of Section 3.4.

Seller’s problem

An active seller has an option value to sell tomorrow V;%,, and he is deciding on the optimal
reservation price p; to post. Each reservation price p;, = p(z;) = b*(zy) = fﬂ—ﬂy + o, = VB
corresponds to the threshold value of housing services z; even when z; is outside of the range
of x, so we can think of the seller choosing the threshold z; directly. For each Z;, the number
of active buyers that he can expect to visit is distributed by Poisson with expectation 6(z;).
Appendix A.2 shows that the expected payoff of the seller from the auction is

5, = (P21 r(z,0) - A1~ F@))(1 = 1(700)] - 55201~ n(z,00)(1 ~ F(z)+
/xm (2,6) — 6,(1 — F(2))(1 — 7(x, 0,))|dz — c5)*. (32)

This surplus allows for any reservation value z;. If the reservation value is restricted to the
range of values of z, T; € [Tmin, Tmax), as in the auction model with random search, then y, =
MAax{ Tpmin, MiN{ Tmax, Tt} } = T, and the expression simplifies to the seller’s surplus in (20).

Maximizing the seller surplus (32) with respect to the reservation value z;, taking into account
that the tightness 6(z;) depends on z; through (31), see Appendix A.2, gives

Ty =3 = (1- 7)(‘/251 + me - Utlil)

De = V;tf—l
The seller sets the reservation price at the competitive level due to the endogenous search of
buyers. Otherwise, the Bellman equations for the value functions of buyers and sellers as well

as the expected house price are the same to the auction model in the random search, and are
summarized in Proposition 3.

Proposition 3. In the equilibrium of the auction model with directed search the seller’s surplus
SS;, the buyer’s surplus BS;, the threshold value of services z;, the reservation price p;, the
expected house prices p;, the probability of sale m; satisfy
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Xt — ¢

SS: = (B 11— [7(Zg, 0;) — 0,(1 — F(Z,)) (1 — (T, 60) )]+ (33)
+ % /Xm 7z, 0) — 0,(1 — F(2))(1 — 7, 0,))]de — %), (34)
BS, = (12 (1= n(a 0)(1 — F@)(u - )+ (35)
B Fmax B+

s /X (1= F(2))(1 = 7(z,0,))dz — B)*, (36)

Ty = Iy, (37)
pe =V, (38)
p=visy+ B, (30)
m = 1—exp(—0,(1 — F(zy))), (40)

where x; = max{Zmin, MIn{Tmax, T¢ } }, & = (1 — ) (VE, + ViE, — ofy).

The properties of the equilibrium of the auction models with random and directed search,
however, are different due to the nature of search. The seller in the auction model with directed
search is competing with other sellers for interested buyers by luring them with lower reservation
price, or in other words, with lower z;. For example, for the exponential distribution of housing
services « and Ty € [Tmin, Tmax|, the expected prices are

0s (01— F(z))) —m
1—7 I

Pt = Vﬁ-l +

As compared to the auction model with random search in equation (21), is the addition
—m; term in the numerator of second term. This term appears because of the competition
between sellers. Because of the competition between seller, the equilibrium allocation of the
auction model with the directed search solves the problem of the social planner constrained by
the search frictions, see Section 5.

In the next Section I compare these models and provide the intuition on why the auction
models, with random and directed search, produce higher volatility than the Nash bargaining
model.

4 Comparison of the Nash bargaining and auction models

In the previous section I have discussed the dynamic search models of the local housing market,
the Nash bargaining model, prevalent in the housing literature, and the auction models, that I am
proposing. This section compares the equilibrium outcomes of these models. First, in Sections
4.1 and 4.2 I illustrate how the main housing market variables are determined and differ in the
steady-states of the models if I use the same parameter values for these models and the housing
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services are distributed exponentially. I find that the house prices are higher, there are more
houses on the market, and the houses stay longer in the Nash bargaining model as compared to
the auction model with random search.

Second, in Section 4.3 I illustrate how the shocks to the influx of buyer can be amplified in the
auction model. Lastly, in Section 4.4 I calibrate the models to match the moments from the data
to the model, solve them numerically and compare their quantitative performance. The numerical
solution is done for three distributions of the value of housing services x: exponential, normal
and uniform. The exponential distribution is used as a primary example throughout the paper
including this section because it has constant hazard rate which simplifies many expressions. All
these distributions have non-decreasing hazard rates that satisfy the requirement from Section
3.1. In Section 4.5 I demonstrate that the house price growth is more volatile in the auction
models than in the Nash bargaining model, and are closer to the volatility of the house prices
observed in the data.

4.1 The steady state equilibrium

In order to illustrate the determination of the steady state equilibrium in the auction models,
I consider the auction model with directed search®?, and assume that the steady-state value of
the threshold value z* is within the range of f(x), i.e. " € [Tmin, Tmax]. This restriction on
the parameters holds in the calibration, and simplifies the system of equations. The system of
steady-state equilibrium equations reduces to the system in (z,0):

1=V = (2 [ r(w6) 01— Ple))(1 = o, 6))ds - ) (FE)
L [Tmex] — F(2))(1 — 7(x, 0))dz — ¢B) — w
NP sl e S s RN
+ (1= B(1—6))Vo* = AV (PS)

where the steady-state value of the option value to sell V** = Z-[(1—(1=3)(1—x))c"+c' +c2.
Equation (FE) is the requirement on the option value to sell to be equal to the marginal cost of
entering the market for the builder and is called the Free Entry condition (FE), and the equation
(PS) is the equation on the optimal threshold value of the seller z = (1 — ~)(V? + VE — vf),

called the Price Setting (PS) equation.

33In the auction model with random search the free entry condition is the same as in the auction model with
directed search, and the price setting condition behaves similarly to the price setting condition in the auction
model with directed search, because the inverse of the hazard rate (1 — F(x))/f(z) is decreasing in x. The
illustration for the Nash bargaining is standard, see Pissarides (2000)
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Figure 4: The free entry and price setting conditions for the steady state of the auction model
with directed search

X T Free entry
(FE)

Price setting
(PS)

)

Figure 4 show the free entry and price setting conditions in the (0, z) axis. The free entry
condition is increasing, because for higher levels of tightness 6, the threshold value of housing
services T has to be higher to decrease the probability of sale which keeps the option value to sell
tied to the marginal costs of entry. The price setting is decreasing because for higher levels of
tightness @, the threshold value of housing services has to be lower to keep the buyers interested
in buying at the low price despite low probability of buying. Appendix A.3 proves that the
positive slope of (FE) and negative slope of (PS).

The curvature of the lines depends on the distribution. For example, for the exponential
distribution the FE line is concave and the PS line is concave for small levels of tightness 6 and
convex for high levels of tightness 6, so Figure 4 plots these lines schematically around the steady
state. When the influx of buyers d rises, both lines shifts to the right which increases the steady
state tightness. The effect on the steady state threshold Z depends on the relative magnitude of
these shifts. The transitional dynamics of the system is addressed in Section 4.5 where I show
that the auction models produce higher volatility than the standard Nash bargaining model.

4.2 Comparison of the steady states

To illustrate how the mechanisms can produce different predictions, I consider the case when the
housing services x are distributed exponentially, and the threshold value in the steady-state is
above the minimum value for x according to the distribution: * > ,;, holds®*.

Proposition 4 (Comparison of the steady-states in the Nash bargaining and auction model
with random search). If T* > zy,, the housing services x are distributed exponentially with the
probability distribution function f(z) = = exp(—==2)1 1,5, 0.1, and the parameters are the

Ox

34This condition is satisfied for all models for the calibrated parameter values in Section 4.4
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same across models, then in the auction model with random search as compared to the Nash
bargaining model

1. the expected prices p are higher,
2. the number of houses for sale S is greater,
3. the probability of house sale 7 is lower and the time on the market for sellers T® is higher,

4. the sales q, the option value to sell V', the number of homeowners H and builders No + N
are the same.

Proof. See Appendix A.4. H

The result on the higher house prices in the auction model with random search as compared to
the Nash bargaining model is intuitive, and is similar to the static result in Bulow and Klemperer
(1996). The seller acts as a monopolist and maximizes the expected revenue by manipulating
the reservation price that influences the final sales price. Because the seller prices the houses so
high, he has to stay on the market for longer and enjoy lower probability of sale similarly to how
the monopolist hikes up the prices by decreasing the production. The pool of houses for sale is
bigger since the sellers are sitting on the market and waiting for the high value buyer to show
up. The sales, the option value to sell, the number of builders, and the number of homeowners
are the same because the number of buyers and sellers have to be stabilized by selling exactly as
many houses as the number of buyers or sellers enters the market. In Section 5 I consider the
social planner problem constrained by the same search frictions as in the auction models, and
find that the auction model with random search is inefficient due to the local monopoly of the
seller.

Proposition 5 (Comparison of the steady-states in the auction model with random search and
the auction model with directed search). If T* > xn,, the housing services x are distributed
exponentially with the probability distribution function f(x) = é exp(—“‘zfi;“z)]l{ggzlm_%b and
the parameters are the same across models, then in the auction model with random search as
compared to the auction model with directed search

1. the adjusted tightness z = (1 — F(&)) is lower,

2. the threshold value T 1s higher,

3. the probability of house sale m is lower and the time on the market for sellers T® is higher,
4. the number of houses on the market S is bigger,
5

. the sales q, the option value to sell V*°, the number of homeowners H and builders Ny + N
are the same.

Proof. See Appendix A.4. O
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4.3 Amplification of shocks in the auction models

The intuition of the amplification of shocks in the auction models as compared to the Nash
bargaining models can be gained from solving the arbitrage equations for the price forward
taking as given the expected path of the probability of sale {m;}:°, for each model. To illustrate
how expected prices depend on the probability of sale, assume that the value of housing services
x is distributed exponentially with cdf F(x) = (1 — e~ e W fa>po—oa}s Tt > flg — 05 Vt for
simplicity, and that the seller actively searches in the market and has positive probability of sale
and positive expected surplus from being active. Then the price in the Nash bargaining is given

by

o
Pt = Vtil +a ﬁ
where the option value to sell V,5, evolves according to

O-Z‘ . S

Vi = BV, + afmin 11— (41)
Solving equation (41) forward gives the solution for the price in the Nash bargaining
S
o Oy c
_ , — . NB

In the auction model with random search, the price setting and the dynamics of the option
value to sell are

Sot Oy
ml—7
t+1 = BV iro T B

bt = Vt+1 + =

0y
l—n
where ¢; = @(0,(1—F(7;))) = Oet(l Fl@) o= "dt is the Euler integral, and z, = 9,5(1—

F(z;)) is the adjusted tightness. Since m; = 1 - exp( ) we can say that ¢, = [ log(1=m) 1- — e gt
which is an increasing convex function in ;3.
The forward solution for the prices in the auction model with random search is

S

= : (% Yt Oz C
_ N i, o _ _ RA
izlﬁwwl_v*'ml_v -3 (RA)

Similarly, for the auction model with directed search

Yt — Ty Og
T 1_7’

=Vii+

Oz

1—

t+1 5Vt+2 + B(pr41 — Te11)

35See Lemma 3 in Appendix B.
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and the forward solution for the prices is

IR S (D4)

pt:ZB(S@t+i_ﬂt+i)1_7 7Tt -7 1-5

i=1

The dependence of the house prices on the expected probability of sale is similar to the
dependence of the stock prices on the expected dividends. The change in the expected probability
of sale induces change in the house prices. The magnitude of this influence is determined by the
slope Op;/Om;4; from the price setting mechanisms in (NB), (RA), (DA). In the next paragraphs I
discuss how dp; /0m41 and Opy /0w looks like to gain the intuition on the amplification mechanism
of the auction model.

First, consider how prices p; depend on the probability of sale in period ¢+ for ¢« > 1. Figure
5a shows the dependance of prices p; in each of the models on the probability to sell in the next
period 7,y from the forward solutions for prices (NB), (RA) and (DA) with all other variables
at the steady-state level and calibrated parameter values from Section 4.4. Specifically, the plot

shows p; = a%ﬂm+1 + 0‘10_—2(512_72) — % + Ozl"_’”7 for the Nash bargaining, p;, = 5g0t+1% +

(’812_“05) 1‘7_17 — 16—5,3 + f—: 1‘? for the auction model with random search, and p; = (11 — T41) 1"_”7 +
2 * * * *
% 1‘3 — fjﬁ + £=5 1‘1—$,y for the auction model with directed search.

Figure 5: Expected house price as a function of the probability of sale in ¢t + 1 and as a function
of the probability of sale in t keeping the probabilities of sales in the other periods at the steady-
state level: for the Nash bargaining model with random search from equation (NB), auction
model with random search from (RA) and auction model with directed search from (DA).

—nash bargaining with random search i —nash bargaining with random search

“*I1----auctions with random search /1 *[|—auctions with random search b
| [-=~auctions with directed search /F .ll-=auctions with directed search i
A |

£
I

house prices P,
£

5
T

house prices, P,

probability of sale, = probability of sale, A

t+1

(a) py as a function of 11 (b) p; as a function of 7

All the models intersect at the steady-state value of the probability of sale 7* = 0.67 to fit the
time on the market of 1.5 months targeted in the calibration. Outside of the steady-state, prices
increase linearly with the probability of sale 7;,; in the Nash bargaining model. In the auction
models, prices increase more than linearly, exponentially, as the probability of sale rises. Because
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buyers can get the extreme realizations of the house values, and the prices reflect these extreme
values in the sales prices, the house prices can shoot up significantly in the auction models as
opposed to the Nash bargaining. In the Nash bargaining the increase of prices is limited even
during the housing booms because the probability of sale is below one. Hence, based on this
graph, given the volatility of the probability of sale, the volatility of the prices is expected to
be the highest in the auction model with directed search, and higher in the auction model with
random search than in the Nash bargaining model, which is shown in the Section 4.5 based on
the numerical simulations.

Second, consider the comparison dp;/0m; across models for i = 0, i.e. 9p;/Om, which is
similar to the first case of i > 0. Figure 5b depicts the dependance of prices p; in each of

the models on the probability to sell m;. The plot shows p; = a%% + Offfc,y — l‘isﬁ for the

Nash bargaining, p; = %1(2, + %1?; — f_sﬂ for the auction model with random search, and
Py = ’8(%?)1"_—17 + (£ 1) - f_sﬁ for the auction model with directed search.

In the Nash bargaining, prices do not depend on the contemporanous probability of sale m,
so the graph is flat with respect to m;, whereas in the auction models prices are convex in the
probability of sale m;. This probability influences the prices through the term ¢;/m; that is an
increasing and convex function of m;, see lemma 4 in Appendix B. The functions for the auction
model with the random search and directed search coincide because they both depend on the
same term (;/m;, and other parameters are calibrated so that the prices coincide in the steady-
state. So there is no difference in how these two models react to contemporanous probability
of sale due to calibration, but the auction models react differently to future probabilities of sale
Tyai, Vi > 1. In terms of comparison with the Nash bargaining, the auction models react more to
the current market conditions relative to the Nash bargaining model, because prices in the Nash
bargaining model does not react to the current market conditions, and in the auction models
prices are convex in the current probability of sale.

To sum up, the auction model with directed search is the most sensitive to the changes in
the probability of sale and the Nash bargaining model is the least sensitive. All models can be
calibrated to be in any state of the market, — hot or cold. But if the Nash bargaining model is
calibrated to the cold market, it has trouble producing enough variation in the prices to capture
hot markets, and vice versa. In the auction models, prices vary significantly with the state of
the market, and produce more variation in prices that generates higher volatility.

4.4 Calibration

In this section I calibrate the three models from Section 3 by matching the moments from the
model and the data, and solve these models to study the fluctuations of house prices over time.

The strategy of the moments matching calibration is the following. First, set the basic
parameters to be equal to the same basic values for all models. These basic parameters include
the discount factor (3, the initial value of the influx of buyers d and the rent w, the fraction of
homebuilders, who deliver homes, each period, k, the probabilities to receive separation shocks
requiring a homeowner to leave the city A°, to buy a new house due to depreciation of previous
home 6, to move internally to a different home within the same metro area A, the cost to convert
land to land suited for residential construction c?, and the buyer’s search costs ¢®. Then choose
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the remaining parameters®® so that the steady of each model fits the housing market statistics.
The Nash bargaining model has one additional parameter, — the bargaining power of a seller a.
It is set to equal bargaining weights between a buyer and a seller, following the literature.

The crucial parameter for studying house prices is the dispersion of house values o2. Section
4.3 shows that it directly impacts the level of the house price index. To highlight the compar-
ison of the mechanisms rather than the comparison between fitted dispersion of values o,, this
parameter is calibrated to the same value between models. In particularly, the value of o, is
selected to fit the average house prices in the Nash bargaining model to equal to the average
prices in the data given the baseline value of the seller’s search costs of $10,000 per month. Then
in the auction models, the same value of o, is used but the search costs of the seller have to
adjust to generate the same level of house prices. We know from Section 4.1 that if parameters
of the models are the same, the models generate different moments such as prices and time on
the market. Hence, parameters have to differ between the models to fit the same moments.

The data moments are computed from the house prices in the Los Angeles MSA. The level
of analysis is set to the MSA level, since the MSA is a natural housing market because residents
commute inside MSA for work. Moreover, the house prices swing between booms and busts and
are volatile in the Los Angeles MSA which is used as an example to calibrate the values of rents,
prices, sales and time on the market for buyers and sellers.

The values for calibrated parameters are shown in Table 2. The period in the model is taken
to be a month. The annual discount factor is set to 6% annually (Burnside, Eichenbaum, and
Rebelo (2016)). The calibrated rent w and influx of buyers d are calibrated using the mean of
monthly seasonally adjusted real rent and sales for 2010:M2-2015:M537, correspondingly, from
Zillow.com in Los Angeles MSA. In the steady state the influx of buyers d has to be equal to
sales ¢, adjusted by the separation rates A%, \M §38, to keep the number of buyers constant, so
the average sales are used to calibrate the influx of buyers. The probability of internal move
An s set to 3% annually (around estimates of Piazzesi, Schneider, and Stroebel (2019)), and
probability of moving within the market \° is set to match the overall turnover of 8% annually>’
(Dieleman, Clark, and Deurloo (2000)).

Malpezzi, Ozanne, and Thibodeau (1987) estimates of annual depreciation vary from 0.43% to
0.93% across 59 metro areas with Los Angeles MSA estimates between 0.3% and 0.7% depending

36parameters of the marginal costs of builders ¢!, ¢2, utility V° that a homeowner, who leave the city, gets,

seller’s search costs ¢, the expected value of the homeowner’s housing services j,

37The sales series from Zillow.com starts in 2010:M2. Longer series are available for the rent and price, but the
series are picked to represent the same period.

38d = Ng/(1 — (1 = X0)(1 —0)(1 — AM))), see the steady-state calculations in Appendix A.4

39What happens with the volatility when the turnover increases? To answer this question, I have tried different
experiments with changing targeted turnover from 8% to 4% and 10%. Lowering the value of targeted turnover
from 8% to 4% (10%) increases (decreases) volatility of prices. One possible explanation for this could be that in
the markets with a lot of turnover, resale value is a bigger share of the house price relative to the idiosyncratic
component of house value, which dampens volatility due to the idiosyncratic variation in house values. However,
it is difficult to judge whether this argument is valid, because, when the targeted turnover changes, in addition to
directly changing the probability of moving out of the city \°, it also affects other parameters, o, ¢, ¢*, ¢, Ex,
V0. This happens because they are selected to match given moments for prices, time on the market, and elasticity
of housing supply, given the values of A and 3, w, dy, o, \M, 8, K, cB. Since shift in each individual parameter
could potentially change the quantitative effect, higher volatility could be due to change in the turnover or in
those other parameters. I thank John Leahy for this question inspired by the discussion House and Ozdenoren
(2008) of the idiosyncratic versus resale value in prices of durable goods.
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on the age of the home. More recent estimates of Harding, Rosenthal, and Sirmans (2007) and
Syed and De Haan (2017) are 0.75% and 0.52-0.58%. I use 0.6% for calibrating § which falls
within these estimates. The expected time to build a home of 6 month*® pins down x parameter.

Parameter ¢ shows the sunk costs associated with preparing land for residential construction
such as obtaining permits and land development. This cost ¢ is calibrated to $50,000, but this
choice does not affect the simulated dynamics of prices*!. The intuition behind this neutrality
result is that the simulated economy never faces negative demand shocks large enough to make
the builders regret that they have entered the market and born sunk cost ¢, in which case there
is a perfect substitution between parameters ¢’ and ¢!, so increasing ¢ decreases the calibrated
value of ¢!, leaving the simulated dynamics unaffected. Finally, the buyer’s search costs c? are
calibrated to zero, since the buyer’s search costs are negligible as compared to the sellers costs
of marketing and putting the house on sale.

Table 2 shows the calibrated parameter values for the exponential distribution of the hous-
ing services x. To parametrize the distribution, I consider the exponential cdf F(z) = 1 —
exp(—”"of”iz_’”)]l{mw_%} for the distribution of the value of housing services x as the leading ex-
ample, where pu,, 0, are the expectation and the standard deviation of x, correspondingly. I also
consider the normal distribution z ~ N (p, o*z), and the uniform distribution & ~ U[Zmin, Tmax]
with ft; = (Tmax — Tmax)/2 and 0, = (Tmax — Tmin)/V/12. Parameters of distribution, the ex-
pectation u, and the standard deviation o, are calibrated together with other parameters to
match the data moments. Tables 4 and 6 in Appendix C show calibrated parameter values for
the normal and uniform distributions, correspondingly.

The utility that a homeowner gets upon leaving the city, V°, is calibrated to the steady-state
value of being a buyer V2. The logic behind this calibration is that the homeowner moves
to another identical city and starts over as a buyer. The remaining parameters, that is the
parameter of distribution u,, the parameters of the marginal costs of entry of sellers ¢!, ¢, the
seller’s search costs are jointly calibrated to match mean prices the $450,000, the time on the
market for sellers of one and a half months 7% = 1.5, time on the market for a buyer of three
months, TP = 3, the elasticity of housing supply 555 = 0.63 (Saiz (2010)). The standard
deviation and autocorrelation of process for the inflow of buyers d; is selected to fit the volatility
of house prices for at least one of the models. Since the volatility of the auction model with
random search is the highest on average across simulations, the standard deviation has been
selected to fit this model. The crucial part is that volatility of the auction models is higher than
that of the bargaining model.

40Gurvey of Construction, buildings with 1 unit built for sale, start to completion: https://www.
census.gov/construction/nrc/pdf/avg_starttocomp.pdf and https://www.census.gov/construction/
nrc/lengthoftime.html

41For example, if I decrease ¢ to $25,000 or increase to $75,000, the main results in Figure 6 and Table ?? stay
the same: see Tables 8, 10, 9, 11 and Figures 11, 12 in Appendix D
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Table 2: Moments-matching calibration for exponential distribution

Parameter Symbol  RA DA NB  Targeted moment
discount factor, annual I} 0.94 0.94 0.94 6% annual return

rent, monthly, $1,000 w 2 2 2 mean real rent

inflow of buyers, monthly, 1,000 do 4.76 4.76 4.76  mean sales

bargaining power of seller « - - 0.5  equal bargaining power
prob internal move, annual \M 0.030  0.030 0.030 Piazzesi, Schneider, Stroebel (2019)
prob leave city, annual A0 0.052 0.052 0.052 turnover rate 8%

prob depreciate, annual § 0.006 0.006 0.006 annual depreciation 0.6%
prob deliver, monthly K 0.167 0.167 0.167 6 month construction
fixed land cost, $1,000 @ 50 50 50 land development costs
buyers’s search costs, monthly, $ B 0 0 0 fit oo

standard deviation of d; 04 041 041 041 fit %%

autocorrelation of d;, annual P 0.90 0.90 0.90  costless search

std z, $1,000 Oz 0.46 0.46 0.46  jointly calibrated

seller’s search costs, monthly, oS 2938 475 1000 to match

$1,000

level of marginal costs, $1,000 ¢! -60.23 -54.12 -5542 <" =0.63,

angle of marginal costs, $1,000 c? 36.74 36.74 36.74 V°=VPE p=450K,
mean services z, Ex, $1,000 Ex 13.15 1289 689 TP =3T%=15

utility leave city, $1,000 Vo 1988 1988 799  in LA MSA, Zillow.

Notes: This table shows the calibrated parameters for the auction model with random/directed search in columns
RA/DA and Nash bargaining model in column NB. Each model is individually calibrated to match the same
moments, observed in the data. The distribution of housing service flow x is exponential. See Section 4.4 for
details.

4.5 Quantitative results

In this section I compare the volatilities, generated by the Nash bargaining model and the
auction models, in response to the shocks of the influx of buyers d;, with the moments in the
data. The data comes from monthly Zillow house price index for Los Angeles MSA from 1996:M4
to 2015:M6. To compare the moments from the data and models, each model is simulated 100
times to produce a time-series of 7' = 231 months (to match the length of data), and the average
moments from these experiments are reported in Tables 3 in the text, 5, 7 in Appendix C for
the exponential, normal and uniform distributions, respectively. All simulations start from the
steady-state of the corresponding model. Zillow applies the Henderson filter to the raw data and
then uses a seasonal-trend decomposition (STL) procedure to remove seasonality??. T apply the
same filter to the simulated data.

Figures 6 in the text and 9, 10 in Appendix C illustrate simulations of the house price growth
for each other model in response to the same series of shocks for exponential, normal and uniform
distribution of values x. Visually the volatility of the home prices in the auction models is higher
than in the Nash bargaining models, and it is confirmed by the average moments from the
experiments in Tables 3 in the text and Tables 5, 7 in Appendix C. This is the main quantitative

427illow ZHVI methodology: http://www.zillow.com/research/zhvi-methodology-6032/
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result of the paper. Figure 7 shows side by side Figure la from Introduction and Figure 6 with
the simulations of the auction and Nash bargaining models. The auction models are more volatile
than the Nash bargaining model, and come closer to matching the house price volatility observed

in the data.

Figure 6: The volatility of the simulated prices in the auction models is higher than in the Nash
bargaining model, example of exponential distribution
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Notes: This graph shows an example of simulated monthly series of the house price growth in percent
from the auction model with random search in dashed red line, from the auction model with directed
search in dashed dotted black line, from the Nash bargaining with random search in the solid blue line.
In each model the housing market is subject to the same series of shocks, fixed with the seed. The
housing services x are exponential distributed, x ~ F(z) = (1 — exp(—w“;ﬁ”—;’“))]l{xz,m_%}, where
e, 0, are calibrated to fit the data moments, see text.
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Figure 7: The house price growth from the data and from the simulation in the models
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(a) Los Angeles MSA data (b) Models

Notes: This figure shows the house price growth in panel (a) and the simulation of the auction model with random
search, auction model with directed search, the Nash bargaining with random search in panel (b). In each model
the distribution of house values z ~ F(z) = (1 — exp(—“'%‘;“m))]l{mzﬂm_%}? and each model is hit by the same
series of shocks. The line “data” shows the house price growth from Zillow Los Angeles MSA.

Table 3 also reports the autocorrelations of the house prices on the monthly, quarterly and
annual frequencies in the models and the data. The autocorrelation of the house prices in the
data within these frequencies is a puzzling feature of the housing market (see Guren (2018) for a
summary). As can be seen from the Table, all models generate autocorrelation of the house prices,
overshooting for the monthly and quarterly moments and undershooting for the annual moments.
The auction models produce smaller autocorrelation relative to the Nash bargaining model. This
prediction is consistent with the finding by Genesove and Hansen (2014) for Australia, who show
that the auction prices generate less momentum than the negotiated prices.
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Table 3: The auction house prices are more volatile in the auction models as compared to the
benchmark Nash bargaining model, example of exponential distribution

Data | RA DA/SP NB

O Alogp Monthly 0.0160 | 0.0160 0.0138 0.0090
PAlogp onthly 0.5814 | 0.8147 0.7712  0.8428
OAlogp quarterly, last 0.0388 | 0.0438 0.0377  0.0251
Palogp quarterly, last 0.3830 | 0.5418 04774 0.5951

OAlogp quarterly, average | 0.0370 | 0.0417  0.0358  0.0241
Palogp quarterly, average | 0.4221 | 0.6298  0.5765  0.6694
OAlogp annual, last 0.1026 | 0.1330 0.1157  0.0796
PAlogp annual, last 0.6662 | 0.1491 0.1540 0.2471
OAlogp anNUAl, average 0.1016 | 0.1185 0.1037 0.0714
PAlogps aNNUAl, average 0.7225 | 0.2721  0.2728  0.3549

Notes: This table shows the moments based on Zillow house price growth data in column Data, average
moments from 1,000 simulations of the auction model with random and directed search in column RA
and DA /SP, correspondingly, and random Nash bargaining model in column NB. The SP name of the
column refers to the social planner solution that can be decentralized by the auction model with directed
search. oajogp and pajegp stand for standard deviation and autocorrelation of the change in log prices.
The distribution of values z is exponential F(x) = (1 — exp(—“‘ijiz*’“))]l{wzlm_%}. I have applied
the Henderson filter and STL filter for seasonal adjustment to the simulated series from the models to
make them comparable to the data series from Zillow, see http://www.zillow.com/research/zhvi-
methodology-6032/. The labels “average” and “last” refer to the method of computing the quarterly
and annual series from the monthly data. The quarterly series that are computed as change in the log
prices at the last month in the quarter referred to as “last”, or the average change in the log prices
referred to as “average”. Similarly, for the annual series.

5 Constrained Socially Optimal Allocation

The literature*® on competing mechanisms established that if the seller meets several buyers at
a time, the weakly preferred mechanism for the seller is the second-price auction. Section 1
argues that in housing markets the seller is frequently visited by several buyers and the seller is
using the sales mechanism that is essentially the second price auction with the reservation price.
Section 4.5 shows that if this sales mechanism is built into the search and matching model, the
quantitative predictions of the model differ substantially from the frequently employed Nash
bargaining model.

What is the socially efficient level of house price volatility? This section tackles this questions
through the lens of the search theory. The standard random search models usually are not
constrained efficient, except for the knife-edge case in which the Hosios (1990) condition holds.
In the random search model with auctions from the first part of the paper the seller runs an
optimal auction that may not be socially efficient in the presence of the search frictions. In
contrast, a well-known result from the literature on the directed search in the labor market

43McAfee (1993), Peters (1997)
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(Moen (1997), Shimer (1996)) is that allowing the sellers to compete for buyers, — by posting the
trading mechanism — eliminates the inefficiencies that are present in the random search models.

However, these results may fail to extend if a more general setting is considered. For example,
Guerrieri (2008) shows that the equilibrium in the dynamic directed search model of the labor
market is not efficient once the workers have private information, unless the economy starts from
the steady-state**. However, the private information coupled with the free entry of the sellers
leaves the efficiency results intact in the static model of the housing search with auctions, as
demonstrated by Albrecht, Gautier, and Vroman (2014). In this section I extend this result to a
dynamic setting by building a dynamic equilibrium model of directed search with auctions and
shows that it delivers the socially efficient allocation, constrained by search frictions.

This result is shown in several steps. I start with the framework of Section 3 to find the
socially efficient allocation, constrained by the search frictions with many-to-one matches, and
show that the equilibrium allocation in the random search auction model from Section 3.4 is
not constrained efficient. The reason for the failure of efficiency is a monopoly behavior of seller
in the optimal auction. The monopoly arises when the buyer randomly visits a seller without
knowing the expected terms of the trade. The seller then becomes a monopolist, because if the
buyer fails to transact with the current seller, the buyer has to wait till the next period and go
through the search frictions, which is costly. If the sellers are allowed to advertise and commit to
the terms of the trade beforehand and the buyers - to direct their search to sellers after observing
the promised trading mechanism as in the auction model with directed search, I demonstrate
that the equilibrium model of directed search decentralizes the constrained efficient allocation.

The constrained social optimum allocation is a solution of a social planner problem, con-
strained by the search frictions. In particular, given the current state of the economy S; =
(B, Sy, Ny, Hy, dy), the social planner decides how many new builders N; enter the market, how
many buyers B, and sellers S; are active out of the pool of all buyers B, and sellers S;. Then
previous homeowners are separated from their homes, and, due to the search frictions, each active
buyer is sent to an active seller according to the same Poisson process as in the decentralized
auction and Nash bargaining models. Upon meeting a seller, a buyer draws a realization of the
match-specific value of housing services x. After observing these realizations, the social planner
must decide whether to distribute a house from the active seller today or wait till tomorrow,
and, if the house is distributed, which buyer gets the house.

The efficient distribution of the house prescribes the house to be awarded to the highest
value buyer. Given that, the question is whether to distribute the house to the highest value
buyer this period or keep the house and potentially distribute it the next period. Since the
values for a house are independently and identically distributed over time and over buyers, the
solution is be characterized by the threshold value of housing services Z;, such that if the highest
draw z of housing services exceeds 7;, the house is distributed. The threshold z; is determined
endogenously and can vary over time.

Hence, the social planner chooses a sequence of number of new builders, number of active
sellers and active buyers, the threshold value for distributing a house {N;, Sy, By, Tt }7°,, given
the initial state Sy = (B, So, No, Ho, dp), to maximize the present discounted flow of housing
services from distributed house which includes the outside value V° that separated homeowners

44Geromichalos (2012) shows that when the seller has several goods to sell and capacity constrains the efficiency
of the directed search can also break down.
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get upon leaving the city.

N BE[x Ty = X4
t
max S T 7‘9 N
(N1, S0,Buze, BirSe, Hi Y22 ;6 [Sim(xe, 1) -

+ BAVOH, —wB, — ¢°S; — P B, — "N, — M (N, + N,) — (N, + N,)?]
Bioi =B +di+ (1 =X+ (1= )N H, — Sym(xy, 0)

Sp1 =S+ k(N + N+ (1 =)\ + (1 = XN H, — Sy (xe, 0;)
Hyq= (1= =81 - YH, + Sim(xe, 0;)

Nipr = (1= w8)(N, + Ny)

diy1 = pdy + (1 — p)do + €441

0<5,<85,0<B;<B;,N, >0, and By > 0,5y > 0, Ny > 0, dy given

where x; = max{Zmpi,, Min{Z;, Tmax}} and Symw(x¢, 0;) is the number of distributed homes, and
Elx@yray > xi is the expectation of the highest value of housing services, conditional on value
exceeding the threshold x;. The expectation in Ef[z)|x ) > x4] is taken both over the number
visitors N of the house and over the realized values x of those visitors.

Denote the value function of the social planner in the beginning of period ¢t by ;. Let
VS = ‘g—%,%B = g—%i,X/;N = g—]%, vl = 86—[% be the increase in the social welfare function €,
produced by adding a seller to the stock of sellers S;, a buyer to the stock of buyers By, a builder
to the stock of builders N;, a homeowner to the stock of homeowners H;. Then the proposition

6 summarizes the optimality conditions for the social planner.

Proposition 6. The option value to add a seller V,%, the option value to add a buyer V,”, the
option value to add a builder V¥, and the option value to add a homeowner v, the threshold
value of housing services to distribute the house z;, the probability of transfer m; and the number
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of transfers ¢;, that solve the social planner problem, satisfy
:5‘/2—9&—1 + lufa
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where p7 is the Lagrange multiplier for restriction S; < S,, pP is the Lagrange multiplier for
restriction By < By, x¢ = max{Zmyin, min{Tyax, T; }}

Proof. See Appendix A.5. O

Corollary 6.1. The auction model with directed search decentralized the solution of the social
planner problem constrained by the search frictions.

The comparison of the dynamics of the buyer’s and seller’s value functions from Proposition
1, 2 and 6 suggests that generally the Nash bargaining with random search and auction models
with random search are not socially efficient. The Nash bargaining model with random search
is not constrained efficient because the search frictions in the social planner problem allow for
many-to-one matches while the search frictions in the standard Nash bargaining model do not.

To gain intuition on why the auction model with random search is not socially efficient,
compare the steady-states of the auction model with random search and social planner solution
for the exponential distribution.

The models disagree on how the tightness # and the threshold value for the housing services
Z are determined. Specifically, in the auction model with random search the tightness and the
threshold value of housing services are found as the solution of a pair of equations

1—-

p(0(1—F(2))) = Bon (1= Vs + ) (42)
T =0, + “‘f(_l? ))[(12"”(5”6) B ]+ (1 B(1— )V — BAOVO (43)
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while the social planner would solve

PO = F(@) = 7(2,0) = (1= AV +¢) (44)
@ =B01- ) B o.m(z,0) B * 07,0
5= E G T - o)~ + (1= A=)V =NV ()

to determine 6 and z. In the social planner the first equation for the tightness given z has an extra
—m(Z,0) term. This term represents the monopoly distortion. The social planner chooses higher
adjusted tightness z = (1 — F'(z)) than the adjusted tightness that emerges in the equilibrium of
the auction model, which follows from equations (42) and (44). Because the adjusted tightness
is lower in the auction model, the probability of sale 7(Z,0) = 1 — exp(—=z) is also lower.

The expression for the threshold value in the auction model has additional o, term, making
the threshold value in the auction model higher as compared to the socially efficient allocation.
This comparison is not immediate, because the equations include other endogenously determined
variables, but can be proved, see Appendix A.4 for the proof of part 2 of Proposition 5. Higher
threshold value Z in the auction model is a consequence of the static inefficiency of the optimal
auction. The seller in the auction model behaves as a monopolist, which leads to higher prices,
and hence higher threshold value z for distributing the house. This static inefficiency in the
auction model has dynamic consequences. Because the seller has higher threshold value z, he
keeps the house on the market longer as compared to what the social planner would choose. In
other words, the seller suboptimally chooses to exercise this option value to sell too late. Board
(2007) finds a similar prediction, although in a different setup.

6 Discussion

What have we learned so far? The choice of the price determination mechanism is important for
qualitative and quantitative properties of house prices. Bidding wars between buyers in auctions
produce more volatile house prices than the benchmark Nash bargaining model, which is closer
to the data. If search in auctions is directed, then an equilibrium allocation in the auction model
decentralizes the solution of the social planner problem, constrained by search frictions. Hence,
high volatility in the auction model with directed search in this sense is efficient.

There are many other ways to interpret these results. First, there are competing mechanisms
for selling houses. The seller or society can choose among these mechanisms. The model in the
paper shows the differences in the outcomes depending on the type of mechanism employed in
the dynamic search environment.

Second, the models can be used to study the time-series properties of house prices in a local
housing market. One way to accomplish this is to study similar houses sold via auctions and via
bargaining. Then the models are informative on the time-series properties of prices determined
in auctions and bargaining. In the time series we observe fluctuations between booms and busts.
One can argue that houses can be sold using auctions during booms and using bargaining during
busts. However, both booms and busts can be captured by the auction model. During the
booms, inflow of many buyers spurs bidding wars, described by auctions, and during the busts,
the auction model works as the price posting. The seller posts the reservation price, and if a
buyer with high enough valuation visits the seller, the seller sells at the reservation price to this
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buyer. In this case the auction model behaves similar to the bargaining model in which the seller
makes take-or-leave it offer without knowing the valuation of the buyer.

Third, the models can quantify differences in the housing market statistics in the cross-
section of local housing markets, for example, across neighborhoods, cities, or metro areas. Some
markets can have higher incidence of auctions due to attractive local amenities, for instance great
schools, or short supply due to geographical or zoning restrictions (Saiz (2010)). In these cases
the auction model can be applied to both types of markets. In hot markets, such as Palo Alto,
CA, the model can be calibrated to have higher ratio of buyers to seller, as compared to the cold
markets, such as Detroit, MI, with lower ratio of buyer to sellers.

Another way to think about the price determination mechanism is to use bargaining for
standardized houses and auctions for unique houses. But both types of houses can potentially
attract multiple interested buyers, and auctions is a useful way of modeling the price formation
in these situations. If a house is sold through bargaining and multiple buyers arrive, then
it is possible to apply models of multilateral bargaining, in which the outside option in the
current negotiation is the payoff from bargaining with the next interested buyer. Using models
of multilateral bargaining allows to account for the competition between buyers, which is the main
idea of the paper. Technically, it is easier to use auctions to model this process of competition
between buyers.

The auction model can be extended in several dimensions to accommodate other important
aspects of the housing market. In the current setup the house values are private and independent,
however, common values are potentially important in the housing market. If one buyer has high
value for a particular house, that probably means that other buyer also has high value. The
current setup can be applied to a homogenous set of houses or a segment of a local housing market
where differences between houses are idiosyncratic. If the common values are used instead of
private values, then the details of the auction protocol matter for the seller’s revenue and house
prices, because the revenue equivalence theorem might not apply. In this case a researcher has
to make a judgement call on what is the appropriate auction format**. The auction model
can also be extended to accommodate the risk-averse agents and budget constraints, in which
case the model may lose tractability, but allow to understand the bidding pattern of risk-averse
buyers who are pre-approved to borrow up to a certain limit. Finally, the model can be used for

structural estimation to recover the distribution of house values to inform housing policies*S.

7 Conclusion

Auctions are widely employed in housing markets. In hot markets sellers are confronted with
multiple interested buyers and run informal auctions, inviting bids and rebids until a single
buyer remains. In some cases, notably in Australia, UK, New Zealand, Singapore*” and in US
for foreclosed properties®®, the auctions take standardized forms. This paper studies the role of

45The English ascending auction is used frequently in housing markets, which can be a starting point.

46For instance, given the distribution of house values, what is the welfare cost and benefit of mortgage interest
rate deduction.

47See Maher (1989), Lusht (1996), Genesove and Hansen (2014) for Australia, Dotzour, Moorhead, and Winkler
(1998) for New Zealand, Merlo and Ortalo-Magné (2004), Merlo, Ortalo-Magné, and Rust (2015) for UK, Chow,
Hafalir, and Yavas (2015) for Singapore

48Mayer (1998), Quan (1994)
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auctions in housing markets, comparing a model with auctions to the standard model, where
only one-on-one bargaining determines prices.

During the booms each seller attracts multiple buyers, an auction is highly effective at se-
lecting the buyer with the highest valuation. Optimal selection results in higher prices for the
seller in the auction model. In contract, in the Nash bargaining model a seller picks one of many
interested buyers at random and negotiate only with that buyer. This price-finding process is
not optimal for the seller, because the randomly selected buyer is probably not the buyer who
places the highest value on the house, so prices are lower. During the busts it is common for only
a single buyer to be interested in a house, so the seller picks a reservation price and the buyer
decides whether to buy at that price or not.

There are alternative price-finding processes that arise in the housing market that are be-
yond the scope of this paper, but deserve further attention from researchers. First, other auction
formats may be used to sell houses. If the buyers are risk neutral and their values are indepen-
dently and identically distributed over time and over bidder, then, by the revenue equivalence,
the expected revenue for the seller is the same. But studying housing auctions with affiliated
and correlated over time housing valuations and risk-averse buyers could impact the implica-
tions of the search model. Second, in cold markets, where many houses are available to a buyer
without competition from other buyers, the buyer effectively runs an auction by considering
the prices of the suitable houses that are currently on the market and picking the lowest one.
Third, another alternative-price finding process is alternating-offer bargaining. In setting where
one-on-one bargaining occurs, it takes the alternating-offer form. Not only this process is seen
in the real world, its game-theoretic foundations are stronger than the Nash bargain and proved
to change the implications of the job search model (Hall and Milgrom (2008)). Finally, auctions
and bargaining can be combined. In the housing market, the seller first picks the buyer with the
highest valuation and bargains with this buyer one-on-one. In used-car auctions, it is common
for the winning bid to fall short of the seller’s hidden reserve price. In that case, the winning
bidder and the seller engage in bargaining to see if the seller will agree to a price below the earlier
reserve or the buyer will agree to a price above his winning bid (Larsen (2015)).

This paper focuses on the price-finding and is stripped down in other respects. It makes no
claim to do justice to all the complexities of the housing market. Rather, it points out that the
model used for price-finding has important consequences for the volatility and responsiveness
of the house prices to exogenous shocks. The amplification of the housing market shocks in
the auction model as compared to the Nash bargain model comes from the heterogeneity in the
house values and rule for selecting the winning buyer. In the Nash bargaining, the buyer is chosen
randomly so the sales price is determined by the average house values. In the auction models
the buyer is chosen as the highest bidder so the sales price is determined by the second highest
value. During the booms, when there are many buyers, the highest values increase significantly
as compared to the average values which contributes to the higher volatility of the house prices,
helping to resolve the puzzle of the excess volatility of the prices in the housing markets.
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A  Proofs

A.1 Proof of Proposition 2

Proof of Proposition 2. Consider a seller who listed a house at date t for an auction with the
reservation price p;, or equivalently, the reservation value x;. Then expected sales price is

En[pP(Sale at py|N) + E[b(2)|Sale at by, N|P(Sale at b2y | V)]
Pt =
P(Sale)
where N is the number of buyers who visited the seller.

The probability of sale is the probability that none of N buyers has placed a value higher
than the reservation value Z;:

— (0F(z,))N : .
P(Sale) _ EN<1 . F(J_?t)N> —1_ 0 § % — 1 — e OtttF (@) — 1 _ o=0(1-F(T)) = 7T<jt; Ht)
N=0 ’

The seller makes a sale at the reservation price p; (reservation value Z;) if one and only one
buyer can bid above the reservation price. This probability, given the number of buyer, N, who
visited the seller, is

P(Sale at p;|N) = NF(z,)V 11 — F(z:)) 1 y>1,
P(Sale at p;) = ExP(Sale at py|N) = Ex[NF(2,)V 7' (1 — F(z,))] =™ Z N%(l — F(z,)) =

= et - re) Y LD

— 0,(1 — F(:zt))e—et(l—:mt)) — 0,1 — F(z))(1 — 7(z+,0)).

= e (1 — F(z,)e""™) =
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The probability that the seller sells at the second highest bid is

P(Sell at bz)) = 1 — P(not sell at all with reservation valuez;) — P(sell at reservation value z;) =

—1— (1= 7(3,0)) — 01 — 7(70,0))(1 — F(,)) = 7(71,0) — (1 — 7(7,,0))(1 — F(z)).

To derive an expression for E[b(2)|Sale at by, N], consider the cdf of the second order statistic
of values, given the number of buyers N:

‘N)Fwwwl—fwx»Ni1N>2=

N
Plow <al) = 3 (1
i=N-—1

= [(NA_[ 1) F(z)" (1 = F(x)) + (x) F(z)¥ lyse = [NF(2)V 11 = F(2)) + F(2)Y 1y

J/ N J/

TV TV
highest value above x and second below  all values below x

The pdf of the second order statistic of values, given the number of buyers N, is

frop ) = PO N EF@ Dy ) - NV = 1)) - P )~

= NF(2)"" f(2) + NF(2)" 7 f(2)[1yz2 = [N(N = D) F(2) (1 = F(2))f(2)]1x>2.
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Taking the expectation over N, I get the unconditional pdf of the second order statistic is

fuio @) = Bl al)] = e 3 A= D= Fal)

— N!
=aﬁa—F@»ﬂmg;@%Nfgﬂ_ = 02" (1 = F(2)) f ()" ") =

=07 f(2)(1 = F(x))e "0 = 02 f(2)(1 = F(2))(1 = 7(x,6,)),
which is related to the probability to sell at the second highest value as:

fuy (@) = 02 f(2)(1 — F(x))(1 — n(x.0,)) = _6P(Sell at xo))  O(m(z,0;) —0,(1 — F(x))(1 — m(x,6)))

ox ox

Then the expectation of the second order statistic of bids b(z) = i+ ot = VB s

1 Tmax
Ebay|Sale at b)) = ﬁ/ [, ([Sale at bea)))dx + ol —VE =
Xt

1 Tmax {L‘fz@) ((L‘) I B
= d -V
1—~J,  P(Sale at b)) T T Ve

and

1 Tmax
Ebey|Sale at b)) P(Sale at b)) = T T fo (T)dx + (v, — V2 ) P(Sale at b)) =
Xt
1 Tmax
=1 Ja (@)dz + (v — V{1 [m(3e, 0) — 0(1 — 7(74,0)) (1 — F(z0)))-
Xt

Then apply the integration by part to the first term to get:

[ g twrin = [ g AR =B A = e B))

e ox

:_/%“mh@ﬁa—@ﬂ—F@»U—ﬂ%@m:

|dx =

t

t

=—MMa@—@a—ﬂwm—wm@MQ“—/hﬂﬂam—@u—mmm—wm@mmw:
=—emw%@wwﬂ—meu—ﬂ%@m—/wﬁﬂam—@u—ﬂmm—wm@mm=

— (71, 0,) — 0,1 — F(@))(1 — 7(30, 6,))] + / m(z,0,) — 0:(1 — F(2))(1 — 7(x, 6,))]dz
Hence,

1
E[b(g)t\Sale at b(g)]P(S&le at b(2)t) = 1_ fth[T['(it, 9,5) — Qt(l — F(ft))(l — W(ft, 9,5))]—1—

b [ 00— 00— @) (e 60+ (0l — ViEIR,6) — 601 — n(z,0)(1 — F(z)] =
= (a0 = 01 = F(@))(1 = w(z1,00)] + + 72— " r e, 00 — 01— F@)(1 - n(a, 0,))d
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The numerator of the price equation is

En[peP(Sale at p|N) + E[b2)|Sale at by, N|P(Sale at b2y V)]

= POy (1 — F(2))(1 — (24, 0)) + pe[m(T4, 0;) — 0:(1 — F(2,))(1 — 7

1 Tmax

+ —7 [W(flf, et) - 9,5(1 - F(x))(l - 7T($’ et))]daj =

1 Tmax

= pm (T, 0) + —— [m(x,0;) — 0,(1 — F(x))(1 —7(x,0;))]dx

fy Xt

The price equation is then

P (Zy, 0;) + = f;tm"x [m(x,0;) —0;(1 — F(x))(1 — 7(x,6,))|dz

1—y

b= (71, 0,)
1 f;tmx [7(x,0,) — 0,(1 — F(2))(1 — n(x,6,))]dzx
1—7x 7(Zy, 04)

:ﬁt_’_

5o— Xt H B
where p; = s U5 — ViZi

The connection between the price and the seller’s surplus is the following. Since

S8 = (1= (xt, 0:) (Xt — 24)+
/IW m(x,0,) — 0,(1 — 7(,6,)) (1 — F(x))}dx — %)
X yp L e 6) = 00— F(@)( (. 00))d
be=71"7 v = Vi 11—~ (¢, ;)

and since p; is defined iff SS; > 0, i.e sales prices exist only if sellers list their houses, so

1 f;max[ﬂ(x, 0;) —0,(1 — F(x))(1 — w(x,6))]dx

s s Xt H B
pt:‘/lf-i—l_v;f—&—l_'_?_‘_vt—&-l_vz;—&-l_'_ 1_7 W(a_?t,et)
B R 1 Jomedn(a,0:)—0:(1—F(2)) =7 (z,0¢))]dx
— VS + /Bﬂ-(xt7 9t>[Xt - xt] + /BE = w(:ftﬁt) —
tH Bl —7)m B
SS; + ¢
s t
= Vet —5—
The relationship between the prices and seller’s surplus:
SSt + CS
=Vi +—
t+1 671}
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A.2 The seller’s Bellman equation from the primitives

The right-hand side of the Bellman equation for the seller, without accounting for the search
costs ¢°, is

B(1 — P(Sale))V,5, + BP(Sale at p;)p; + BP(Sale at b)) E[b)|Sale at bes)] =
= B(1 — (24, 0,))V,3, + BO(1 — 7(Z4,0,)) (1 — F(z,))p, + BP(Sale at b)) E[bz)[Sale at by,
where P(Sale) = (%, 6,), P(Sale at p;) = 0,(1—7(Z¢,0,))(1—F(Z;)), and P(Sale at b(9)) E[b2)|Sale at b)) =
Dl (T, 0;) — 0, (1 — F(Z)) (1 — 7 (T, 0;))] + ﬁ f;max [7(z,0;) —0:(1 — F(x))(1 —m(x,0;))]dz from
Appendix A.1. The right-hand side of the Bellman equation is then
B = 7(24, 00)Vi51 + BO(1 — (24, 60,)) (1 — F(2,))pet
+ 5(1 X f = VEDIm(Ze, 00) — 0,(1 — F(2,)) (1 — (T4, 0))]+

/6 Tmax
1y /Xt [w(x,0:) = 0,(1 — F(2))(1 = m(,0))]dx

Let p, = % + v, — V&, where Z; could be out of bounds [Zmin, Tmax] if this is required (in
random auctions optimal reservation value is within these bounds while it could be out of bounds
in directed auctions). Then the right hand side of this equation is

B%i—ﬂﬂ@ﬁMWi+ﬂ@O—W@u®XP—N@DQ?7+Wﬁrﬂﬁﬁ+
+ 5( + vl = VA (@, 0:) — 0,1 — F(2,)) (1 — 7(24, 6)) )+

/%m (z,0;) = 0,(1 — F(2))(1 — m(x, 6;))]de.

Then adding and substracting 86;(1 — F(z;))(1 — 7(Z,6,))V,3,, rearranging, using notation
B = (1 =) (VE + V5L —vily), gives

—
[ (1, 0r) — 0,(1 — F(2)) (1 — 7 (24, 0)) ]+

/%m (2, 00) = 6:(1 = F(2))(1 = 7(, 0,))]dor.

BV, — 59t(1 — (2, 0,))(1 — F(Z))

+5

So the most general expression for the seller’s surplus before the seller optimally selected the
reservation value Z; is

SS; = (5X1t:jt [7(Z4,0p) — 0p(1 — F (7)) (1 — (24, 0;))] — Ba_jlt : jtet(l — (24, 0;))(1 — F(2¢))+

3 Timax S+
b [ ) - 00 @) - (0l -
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In the auction model with random search x; = Z; € [Zmin, Tmax], then the expression simplifies
to

as in Section 3.4.

A.3 The steady state equilibrium: positive slope of the free-entry
condition and negative slope of the price setting condition in
(z,0) axis

Two curves in (Z,0) determine the steady state equilibrium:

1. Free entry condition:

/8 Tmax

FE(:Z’,@) = —(1 — B)VS* + (m

[7(2,0) — (1 — F(x))(1 — n(x,0))]dx — )

T
2. Price setting:

o e A —m(x r—cB)—w
PS(:E,G)=—£+(1—ﬁ(1—A°))(1_”fx Sl ))1(1—6 Sl el

+ (1= B =)V - AV

The slope of free entry:

oy T ~(r(z.6) ~ 6(1 ~ F(@))(1 -~ n(z.0))
aFE /m (1— F(@)2(1 — n(z,0)))dz
aa;| 8552 91‘““*(1 F@)?(1 - n(@,0)ds
" a—E —1—[ m(z,0) — (1 — F(2))(1 — 7(z,0))
0L PP =l 0)de

[w(aze)—ea— F)(1 = 7(z,0))

where the denominator [7(z,0) — 0(1 — F(z))(1 — 7(Z,0))] is positive because 7(z, ) is concave
in 0 so w(x,0) > 020 = 9(1 — F(2))(1 — n(x,0)).
The slope of price setting:
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ors :_[1+5(1—5(1—)\0))
oz 1=p501 =)
oPS _ BB =A)) (™ n 2 oV
00 (1_5)“—7)/35 (1= F(x))*(1 = m(x,0))d

_ - 0 mmax
gp, s EEg (1 - F(2))(1 - w(e,0))da

|PS - 0)
09" = TS T T BUSBN (1~ (7)) (1 — (7, 0))
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At S (= F(@)P (1= (. 6))de
(2.6))

B(1=B(1-X9))
L+ S (= F@)( =

(1= F(@)(1—n(z,0))]

A.4 Proof of Propositions 4 and 5

The number of homeowners and builder, the number of sales and the option value
to sell

First, prove part 4 of Proposition 4 that the sales g, the option value to sell V¥, the number
of homeowners H and builders Ny + N are the same in all models. I will use the equations
for the dynamics of the number of buyers, the number of homeowners, the number of builders,
and the Bellman equation for the option value to become a builder that are common to all
models. Summing equations (7) and (10) in the steady-state gives the steady-state number of
homeowners of H = 5%, and the number of sales ¢ = (1 — (1 — A%)(1 — 0)(1 — AM)){% from
(10). The total number of builders from the dynamic equation for the number of sellers (8) is
Ny+ N = A From the dynamlc equation for the value of becoming a builder V, in equation
(5), if BF;VS—i-ﬁ(l KJ)VN (ct4+c(N+N)) > °, then new builders will continue to enter which
decreases V'V towards ¢°. They will enter until BKVS + B(1 — k)VN — (' + A(N + N)) =

Hence, in the steady—state.

N=BrVI+ 1 —r)VN — (" + AN+ N)) = (46)
The steady-state value of the option value to sell from (46) is

s 1 5d
Vv —E[(l—ﬁ(l—n))c +c+c m] (47)

Sufficient condition to compare the house prices, the number of active sellers, the
probability to sell, and the time on the market

The steady-state value of v depends on the steady-state values of V' and V? throught the

Bellman equation for v as

=g f 7[(1 — A8 + (1= O)AM)VE 4 AVO 4 (1= §)(A? + (1 — A)AM V9]

o4



After plugging this into the definition of &, we can eliminate v, and % is then
g=(1-B1=XNVE+(1-5(1-68)V5—pAV° (48)
BS _ _w_
1-8 1-8
depends on (z, ) through the buyer’s surplus. This surplus depends on the price-determination
process. Equation (48) is referred to as the price-setting equation in Section 4.1.

To simplify the comparison of the models, I assume that in the steady state of all models
the threshold value of housing services * is above the minimum of the range of the probability
distribution function f(x) of z, i.e. T* > xp,. Since, T > Z in all models, the sufficient condition
for T = Ty = fe — 04 1S T > Tyin = Mz — 0. The buyer’s surplus is non-negative in all models
BS > 0, so the sufficient condition for z > u, — o, from equation (48) is

where V¥ is at the steady-state value from (47), and the option value to buy V¥ =

(181 =)
(1-5)

Assume (49) is satistied, then & > zy, = py — 0, and T = & > u, — 0, in the auction model
with directed search and in the Nash bargaining model.

What about the auction models with random search? Equation for Z is the same and BS > 0,
so the same condition is sufficient for £ > 2, = p: — 0,. In the auction model with random
search this means that z = 1}2()1) +2=0,4+2 >0, + gy — 0 = |z, and in the auction model
with directed search z = 2 > u, — o,.

(11— -a)V ~ — BAVO >y — 0, (49)

The house prices

If (49) is satistied, then then & > z,;, and thus y = Z, and E[z|x > Z] = max{Z, u, — 0, } + 0, =
T+ 0,. The seller’s surpluses and the house prices in the Nash bargaining and the auction model
with random search, given the exponential distribution of values, are

SGNB _ Bao_l’ﬂ_NB s

c
L=y
GGRA _ Box  Rra &S
et
§GDPA _ Bo, (SODA _ ﬂ_DA) _ S
L=~
NB Sx Oz
=V 50
p o (50)
RA
RA S O ¥
=V —_— 51
Y Ty 1)
RA
DA S Oz P
— v LA 52
p G (52
Since % > 1 for any z > 0 by lemma 2 in Appendix B. And further £ > 1 > o, p®4 > pNB.

The probabilities of sale and the time on the market
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Since V°* > 0, and the seller’s surpluses must be the same in the steady-state:

anNB = pRA — DA _ DA
Moreover, since 7¥8 > ar™B and pf4 > 784 the probabilities of sale can be compared as
7NE > opNB = pRA > pRA

To compare the auction model with random search and directed search, notice that

RA DA _ _DA DA
o= T <9

ol < HPA
LRA _ DA
It immediately follows that 774 < 774 because 7(2) = 1 — e is increasing in z.

The times on the market for a seller are inverse of the probabilities to sell, so they are related
in the opposite directions.

The number of active sellers
The number of active sellers is S = %, then

*

STA = min{Sy, %} > SVB = min{S, a }
m

TNB
s T s @
SRA — min{S,, 7rRA} > SP4 = min{S,, m}

The threshold value in the auction model with random search and directed search

In the auction model with random search the price-setting equation for the threshold value

zh4 g

1—6(1=M\0
=, LB
and in the auction model with directed search it is

pa_ (1=BA=X%) B o,m(@"4,074)
sy G g

1—7 grA

— Py —w]+ (1= B(1 =)V — BAVO

— Py —w] + (1 - B(1 — &)V — AV

The difference between them is

—B(1 — )0 o m(FRA gRA
FRA _gDA _ o 4 (1 f(_l 5 ) 1 6791%;(1(_ };éRA))) (1— F(zR4))—
(1-B1-=X%) B  o.m(@P4,6P4)

N 1-p 1_79DA<1_F(3—:DA)>(1_F(f ))a

where the buyer’s surpluses are multiplied and divided by (1—F(Z)) to get the adjusted tightness
z2=0(1-F(x)).
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Notice that the function 7(z)/z is decreasing * in z, hence 7(2%4) /24 > 7(2P4)/2P4. Now
prove that zP4 < 274 by contradiction. Assume that 274 > 24, and thus F(zP4) > F(zf4)
(or 1 — F(zP4) <1 — F(z%4)), then

_RA _ DA _ 1-BA=X)) B our(z") R
A P =g, + -3 1—~ A4 (1-F(z A))_
L-BA=X\Y)) B our(zP)

- =5 [ oA (1—F(zPY) <0

Because o, > 0, it has to be
(1-B1=X%)) B oum(z™)
1-p 1—y R4

W(Z;ZA) (1 _ F(ERA)) < DA)

1-BA=AY)) B oum(z")

—=RA
(].—F(I >>_ 1_& 1_7 ZDA

(1—F(@PY) <0

7(z
DA

(1 F@@")

Using that 1 — F(zP4) < 1 — F(zR4)

W(ZRA (ZRA)

_ m _ _
~RA (1 - F('I.DA)) < ~RA (1 - F<$RA)) < DA (1 - F(xDA))a
we get
W(ZRA) W(ZDA>
ZRA < zDA

contradicting the previous finding that m(zga)/2ra > 7(2pa)/2pa. Hence, Tpa < Tga.

A.5 Proof of Proposition 6

Before the proof of Proposition 6 is discussed, it is helpful to calculate the conditional expectation
of the maximum value of housing services in lemma 1:

Lemma 1. Assume the hazard rate A\(xz) = f(z)/(1 — F(z)) is weakly increasing, then the

expectation of the maximum value of the housing services, conditional on this value exceeding
. S0 m(,0r)dx
the threshold 7y, is Elz|za) > x¢] = x¢ + %T

Proof. The expectation of the maximum value of the housing services, conditional on this value
exceeding the threshold yy, is

Ensy [T zdFN (2) Ensy [T e NF(z)N7! f(z)dx
Elzaylray = X = > = =

P(N > 1and zqy > xt) 7(zy, 0;)
49 (71'(2))/ _ w'(z)z;w(z) _ efzzf(;fefz) _ e’z(zgl)fl <0
z /z z z z
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where the denominator, from Appendix A.1, is
P(N > 1 and xny > x¢) = P(Sale;) = 7(Zy, 0;)

and the numerator can be simplified by using Fubini theorem to interchange the integration and
expectation:

Tmax

Ens>1 /Zmax eNF(x)N 7 f(z)de = / tEns1 NF(z)N 7 f(z)dx

t t
00 G"F( )n !

Ex[NF(z)N7YN > 1] —e—ﬁz P(N >1)

N>1)

— fe —0 Z n = 1 _ 06—9€€F(5L‘) _ 96—9(1—F(x))

Combinining those, we need to find

Tmax —0:(1-F(z)) Tmax B
Eloanloqy > 7 = D" f)de _ [ ot = (o 0))fx)do
= (%4, 0,) (T4, 6;)

where On(z,0;)/0x = —0,f(x)(1—m(x,0;)). The integral in the numerator can be further written

down as
Tmax Tmax a 9
/ 20, 07F@) () dw = —/ x—ﬁ(:c’ t)dx
e e ox

Taking the intergral by parts:

_ /X N xwdx = (=1)[am(z, 650 — /X - m(x,0;)dx] =

t t

— / m(x, 0r)dx — xm (2, 0,)| 70
X

t

where lim, ., x7(z,0;) = lim,_,,__ x(1 — exp(—6,(1 — F(x))).
If xmax 18 finite, then this limit is zero:

lim 27 (z, 0;) = Tmax(1 — e @O F@ma))y — g (1 — e %0) =0

T—>Tmax

If Zpmax = 00, we use the L'Hopital rule and weakly increasing hazard rate A(x) to show that
this limit is still zero:

x 1
lim z7(z,0;) = lim T = lim — =
—00 ’ T—00 T—00 =01 f(x) exp(=0:(1—F'(x)))
- T o ChF@) Y T e (LB - FG))
QB0 F@)? (1 —ep(—h( - F@)
z—o0 Oy f (x) exp(—0,(1 — F(z))) a—oo O\ (x)
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Thus, the integral is

max 0 Tmax
- /Xt x%dx - /Xt m(x,0;)dx — zm(x, 6;) irtnax —

Tmax

_ / (z,0)dz — (0 — xom(F, 0,)) = / w(z,0,)dz + yo (T2, 00)
X

t Xt

Finally, the expectation of the maximum value the housing services, conditional on this value
exceeding the threshold y, is

f;max m(x, 0r)dx + xim(Zt, Or) [Fme e (, 0,)d

Elzyvlzoye > 2] = = X¢ +
[Ty]ray > T4 (z4,0,) Xt (T4, ;)

Now we are ready for the proof of Proposition 6.

Proof of Proposition 6. The first term in the social planner problem can be rewritten as

Tmax

StE[x(l)t‘x(l)t Z Xt]Tl'(J_Jt, Qt) = St’ﬂ'(i't, Qt)xt + St/ 7T(]}', Ht)dx

Xt

Then the recursive formulation of the social planner problem is

Q(Bt, S, Ny, Hy)) =  max Sy (Ze, 0r) Xt + 5 St/ (. 0,)dt
{S¢,B¢,Ni 3t} 1 — y 1 — N y

+ BAVOH, — wB, — ¢°S; — P B, — N, — /(N, + N,) — (N, + N,)*+

+uf (B — By) + 15 (Sy = Si) + 1 Be + 07 S+ mp Ny + 8% 41(Bryx, Segr, Ny, Hipa)]
Biyi=Bi+di + (1 =20+ (1 — )N H, — Sym (4, 0;)

Si1 =S+ k(N +N)+ (1 =0) (A + (1 = \ONMYH, — Syn(z4,6,)

Hiq = (1=X(1=06)(1 = MM)YH, + Syn(z4, 6,)

Nipr = (1= r)(Ne + Ny)

der1 = pde + (1 = p)do + €¢11

0<5,<85,0<B;<B;,N;, >0, and By > 0,5y > 0, Ny > 0, dy given

where 0/, uf, 07, uf,nY > 0 are the Lagrange multipliers for the restrictions 0 < B, < B,
0< S, <5, and Ny > 0, correspondingly.

Envelope conditions

Let V;° = g—gt, VP = 5_5%7 VN = g—]%, "= (,;9—]% be the value of adding a seller, a buyer, a builder,
and a homeowner, correspondingly. The value of adding a homeowner g—% is denoted as v/, not
V1 because in the social planner function the present value from living in the house is captured
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instantenously when the buyer becomes a homeowner but not the temporal value through, for
example, separations. Hence, the value of additional homeowner to the stock of homeowners is

vH here rather than V;¥. Then the envelope conditions are

VP = —w+uf + V5,

VtS = Nf + ﬁ‘/;il

ol = BAVO + B(1 = A)(0 + (1 — HNHVE +

+ A1 =)\ + (1= XMV + (1= A) (1 = 8)(1 = A vty

-~

=7

VN = 5’1‘/;51 + B(1 - ”)V;fi\[l — (' + E(N + V)

(53)
(54)

(55)

(56)

First order conditions with respect to the number of active buyers and

sellers

In order to write the first order condition with the respect to the number of active buyers, define

function m?(B) as:

m/(B) = j(l — F(Z)(1 = m(Z4, 0:)) (xe — Te)+

s [ P - w0 - e

—_

1=~/
Then the first order condition with respect to the number of active buyers B; is

If m?(B,) > 0, then B, = B, and u” = m”(B,)
If m?(B,) = 0, then B, € [0, By] is found from p? = m®(B,) =0
If m?(B,) <0 for all B, € (0, B,] then B, = 0 and p” =0

In any of the cases above

py = max(m”(B;),0) = m”(B,)* = (%(1 — F(2)(1 — m(Z4,00)) (xe — 2e)+

3 Tmax B+
e [T P (e b))~ )

Similarly, the first order condition with respect to the number of active sellers .S; is

s
11—~
+ L/ “““(W(x, 0,) — 0,(1 — m(x,6,))(1 — F(x)))dx — c°

t

m®(S) = (m(Z¢, 0r) — On(1 — (T4, 04)) (1 — F(Z4))) (X — o)+
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If ms( 7t) > 07 then St = St and ,uf = mS(S't)

If m®(S;) = 0, then uf = m”(S;) = 0 determines S, € [0, ]
If m®(S,) <0 for all S, € (0,5,], then S; = 0 and zf =0

In any of these cases,

B

py = max(mg (S;),0) = my (S,)* = (7= (@, 0r) = 0:(1 = 7(, 6))(1 = F(20))) Oxe = 20)+

B Tmax S\+
15 / (w(,01) = 0,(1 — 7(.6,))(1 — F(x)))dar — )

First order condition with respect to the threshold value of housing
services

If Z; € (Tmin, Tmax), then x; = &, and the first order condition with respect to the threshold
value of housing services is

5
=~

0,(1 —m) f(zy)[—7¢ + 2] = 0,

SO Ty = &y within (Zmin, Tmax)-
If Z; € (Zmin, Tmax), then the objective function and constraints do not depend on the choice
of x; so any 7, is optimal including z; = ;.

First order condition with respect to the number of new builders

If N; > 0, then the first order condition is

VY = BrVE L + 81— m)VE — (¢ + AN+ Ny)) = ¢
If N; = 0, then the first order condition is

VY = BrVEL + B = m)VE) — (¢ + A(Ne+ Ny)) <
We can combine these as

V' =min{c’, BrVE, + B(1 - )V = (¢ + (N + Np))}
B’fvtil +B(L—r)VE - =

Nt == maX{O, 02 — Nt}
So the total number of builders evolves according to
_ _ BrVS L+ B —r) VY, = =
Nt + Nt = maX{Nt, 6 ast 6( 62 ) ast }
_ _ KV, + B —r)VEY, — =t
Ny + Ny = max{(1 — k)(Ny_1 + Ny_1), PV 5 2 Vs }
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Summary of all conditions characterizing the socially optimal alloca-
tion

Ty = &, where & = (1 —7)(VE, + V3 — v/

Biy1 =By +di+ (1= X) (6 + (1 =N H, — ¢

Spp1 =S+ k(N +N)+ (1 =) (AN + (1 = \ONH, — ¢,

Hipp = (1=X)(1—=68)(1 - XH, + ¢

5“‘/ti1 + B(1 — “)Vtﬂ\:l — =
CQ

N; = max{0,
Ny = (1 —k)(Ny—1 + Ni_y)

V;fN = min{ﬁ(,{Vﬁrl + (1 — “)thﬁ - (Cl + CQ(Nt + Ny)), CO}
v =yl 4+ BAVO + B(1 = A (S + (1 — H)N)VE +
+B(1 =)\ + (1= ANV,

V=BV 4, VP = BVE + i —w
m=1—exp(—0,(1 — F(T,))), q¢ = Sym(Zy, 0;)

_ Nt}

where
py = (1 (m(Z4,0¢) — 04 (1 — (T, 0)) (1 — F(2¢))) (X¢ — T¢)+
+ % /X (2 0,) — 0,(1 — 7, 6,))(1 — F(2)))dar — ¢5)*
i = (2 (= 7(@,00) (1~ PE)) (e~ 7+
t s [0 w - P -y
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B Properties of functions ¢ and ¢/7

Lemma 2. p(z) > n(z) for all z > 0

Proof. Let the adjusted tightness z = 0(1 — F(z)) and ¢(z) = [; 17;_@, dy. We can now express

(z
the probability of sale in auction models as 7(z,0) = w(z) = 1 — exp(—=z) and conclude that

() (1 —exp(=2))/2

exp(z) —1 - exp(z)

m-——= = lim = lim =1l =1
2—0 7T(Z> 2—0 exp(—z) 20 z 2—0 1
p(0) = 7(0)=0
p 1—e* _, 1—=(I+z)e~
(o) ~ () = P L G
z z
Hence, ¢(z)/m(z) > 1.
[
Lemma 3. ¢(—log(l —)) is an increasing convex function of 7
Proof.
890(_ log(l B ﬂ-)) o 0 — log(l B 77) o / 1 7
where
S = 1 — e (log(1=m) _l—exp(log(l—m) =0
—log(1 —m) —log(1 —m) log(1 — )
Op(—log(l —m)) _ 7T
— 1 — e
o A=) =~ =y =)
so that
on T (log(1 —m))?
where the numerator is
(1—7m)—(—1)m T 7+ log(1 — )
log(1 — -
G-mp A T T
where log(1 — 7) < —m so that the
dp(—log(l—m)) B T B log(l—m)+7
o =P/ = == (A —m)log—m)) "
and the curve is convex in 7.
[

Lemma 4. ¢(—log(l — 7))/7 is an increasing convex function of 7.
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Proof.

dp(=log(l —m))/m _ gEm—¢

o 2

Since o(—log(1—m)) = ¢(7) is convex function in 7, it is true that p(0) > ¢(7w)+¢'(7)(0—).
Hence, ¢(m) < ¢'(m)7, so

Op(~log(l—m))/n _gEm—¢
on A

which means that the function ¢(7)/7 is increasing.
The function is also convex in 7, because

Pp(~log(l = m)/m _ &(Bem — ) — 2m(4em — )

om? it

The numerator can be further simplified as

(a) o(2) (b) £

25 25

0.5 q

0 Il Il Il Il Il Il Il Il Il |
0 0.5 1 1.5 2 25 3 3.5 4 45 5 1
Adjusted tightness z

L L L L L L L L
0 0.5 1 15 2 25 3 35 4 4.5 5
Adjusted tightness z
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C Addition calibration tables and results for Section 4.5

Tables 4 and 6 in Appendix C show calibrated parameter values for the normal and uniform
distributions, correspondingly. Figures 9 and 10 show the simulations for cases when the housing
services are distributed according to Normal and uniform distributions, correspondingly. Tables
5 and 7 show the average moments for those two cases as well.

C.1 Normal distribution

Table 4: Moments-matching calibration for Normal distribution

Parameter Symbol  RA DA NB Targeted moment
discount factor, annual I} 0.94 0.94 0.94 annual return 6%
rent, monthly, $1,000 w 2 2 2 mean real rent
inflow of buyers, monthly, 1,000 dy 4.76 4.76 4.76 mean sales
bargaining power of seller «@ - - 0.5 equal bargaining power
prob internal move, annual M 0.030 0.030 0.030 Piazzesi, Schneider, Stroebel (2019)
prob leave city, annual 0 0.052 0.052 0.052 turnover rate 8%
prob depreciate, annual 6 0.006 0.006 0.006 annual depreciation 0.6%
prob deliver, monthly K 0.167 0.167 0.167 6 month construction
fixed land cost, $1,000 o 50 50 50 land development costs
buyers’s search costs, monthly, $ B 0 0 0 fit 62‘;3}3
standard deviation of d; o4 045 045 045 fit Gpo%
autocorrelation of d;, annual p 0.90 0.90 0.90 costless search

std x, $1,000 O 0.41 041 041 jointly calibrated
seller’s search costs, monthly, oS 2378 367 10.00 to match

$1,000

level of marginal costs, $1,000 ct -61.32 -53.85 -55.42 Efs =0.63,

angle of marginal costs, $1,000 c? 36.74 36.74 36.74 VO =VEB p=450K,
mean services z, Ex, $1,000 Ex 9.05 8.74 6.85 TB =3 T%=15
utility leave city, $1,000 Vo 1205 1205 799 in LA MSA, Zillow.

Notes: This table shows the calibrated parameters for the auction model with random/directed search in columns
RA/DA and Nash bargaining model in column NB. Each model is individually calibrated to match the same
moments, observed in the data. The distribution of housing service flow z is Normal. See section 4.4 for details.
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Figure 9: The volatility of the simulated prices in the auction models is higher than in the Nash
bargaining model, example of normal distribution
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Notes: This graph shows an example of simulated monthly series of the house price growth in percent
from the auction model with random search in dashed red line, from the auction model with directed
search in dashed dotted black line, from the Nash bargaining with random search in the solid blue line.

In each model the housing market is subject to the same series of shocks, fixed with the seed, and the
_ (x—ﬂx)2
e 2%  where pu,,o0, are

1
2mo .

same exponential distribution of the values, x ~ N (g, 02), f(z) =
calibrated to fit the data moments, see text.
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Table 5: The auction house prices are more volatile in the auction models as compared to the
benchmark Nash bargaining model, example of normal distribution

Data | RA DA/SP NB

O Alogp Monthly 0.0160 | 0.0160 0.0133 0.0109
PAlogp Monthly 0.5814 | 0.8376  0.7960  0.8394
OAlogp quarterly, last 0.0388 | 0.0441 0.0367  0.0304
Palogp quarterly, last 0.3830 | 0.5662 0.5185  0.5876

OAlogp quarterly, average | 0.0370 | 0.0422  0.0351  0.0291
Palogp quarterly, average | 0.4221 | 0.6452  0.6082  0.6640
OAlogp annual, last 0.1026 | 0.1344 0.1153  0.0958
PAlogp annual, last 0.6662 | 0.1535 0.1700 0.2126
OAlogp anNUAl, average 0.1016 | 0.1195 0.1033 0.0861
PAlogps aNNUAl, average 0.7225 | 0.2788  0.2879  0.3248

Notes: This table shows the moments based on Zillow house price growth data in column “Data”, average
moments from 1,000 simulations of the auction model with random and directed search in column “RA”
and “DA/SP”, correspondingly, and random Nash bargaining model in column NB’. The “SP” name
of the column refers to the social planner solution that can be decentralized by the auction model with

directed search. oajogp and pajegp stand for standard deviation and autocorrelation of the change in
(z—pg)?

log prices. The distribution of values x is normal N (p.,02), f(z) = \/%U e 202 . I have applied

the Henderson filter and STL filter for seasonal adjustment to the simulated series from the models to
make them comparable to the data series from Zillow, see http://www.zillow.com/research/zhvi-
methodology-6032/. The labels “average” and “last” refer to the method of computing the quarterly
and annual series from the monthly data. The quarterly series that are computed as the prices at the
last month in the quarter referred to as “last”, or the average monthly prices referred to as “average”.
Similarly, for the annual series.
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C.2 Uniform distribution

Table 6: Moments-matching calibration for uniform distribution

Parameter Symbol  RA DA NB Targeted moment
discount factor, annual I3 0.94 0.94 0.94 annual return 6%
rent, monthly, $1,000 w 2 2 2 mean real rent
inflow of buyers, monthly, 1,000 do 4.76 4.76 4.76 mean sales
bargaining power of seller Q@ - - 0.5 equal bargaining power
prob internal move, annual M 0.030  0.030 0.030 Piazzesi, Schneider, Stroebel (2019)
prob leave city, annual 0 0.052 0.052 0.052 turnover rate 8%
prob depreciate, annual § 0.006 0.006 0.006 annual depreciation 0.6%
prob deliver, monthly K 0.167 0.167 0.167 6 month construction
fixed land cost, $1,000 o 50 50 50 land development costs
buyers’s search costs, monthly, $ B 0 0 0 fit G2
standard deviation of d; o4 044 044 044 fit G2
autocorrelation of d;, annual P 0.90 0.90 0.90 costless search

std x, $1,000 O 0.35 0.35 0.35 jointly calibrated
seller’s search costs, monthly, oS 3008 399 1000 to match

$1,000

level of marginal costs, $1,000 ct -62.64 -53.93 -55.42 553 = 0.63,

angle of marginal costs, $1,000 c? 36.74 36.74 36.74 VO =VE p=450K,
mean services z, Ex, $1,000 Ex 8.05 7.69  6.87 TB =3,T%=15
utility leave city, $1,000 Vo 1000 1000 799 in LA MSA, Zillow.

Notes: This table shows the calibrated parameters for the auction model with random/directed search in columns
RA/DA and Nash bargaining model in column NB. Each model is individually calibrated to match the same
moments, observed in the data. The distribution of housing service flow x is uniform. See section 4.4 for details.
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Figure 10: The volatility of the simulated prices in the auction models is higher than in the Nash
bargaining model, example of uniform distribution

6 ]

I I
‘--0-- auction with random search - auction with directed search ——nash bargaining‘ ?
-
!
e ] g -
; o
i 1% e ! Hyj
ah 9 g st ,\
2 B HE VR =
VE Dt ik ! 1 8
; A i 41 0
D fir ) i 8
g i \ N\ 7\ |
g ° ) 1 ) I A H
g ; ! g AW 5\ A\
# 1 A H ] ] |
H 8 ,ll ! b h| 4
2P i || P ¥ "3' . 1 , f -
1 1] B F4y
i WY& i N
. "e o s 1es
E -]
id i :
' d
5 \ \ \ } \
0 50 100 150 200 250

months

Notes: This graph shows an example of simulated monthly series of the house price growth in percent
from the auction model with random search in dashed red line, from the auction model with directed
search in dashed dotted black line, from the Nash bargaining with random search in the solid blue line.
In each model the housing market is subject to the same series of shocks, fixed with the seed, and the
same exponential distribution of the values, * ~ U[Zmin, Tmax), Where Tpin, Tmax are calibrated to fit
the data moments, see text.
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Table 7: The auction house prices are more volatile in the auction models as compared to the
benchmark Nash bargaining model, example of uniform distribution

Data | RA DA/SP NB

O Alogp Monthly 0.0160 | 0.0160 0.0133 0.0105
PAlogp Monthly 0.5814 | 0.8473 0.8118 0.8411
OAlogp quarterly, last 0.0388 | 0.0444 0.0369  0.0293
Palogp quarterly, last 0.3830 | 0.5808 0.5459  0.5916

OAlogp quarterly, average | 0.0370 | 0.0426  0.0354  0.0282
Palogp quarterly, average | 0.4221 | 0.6558  0.6295  0.6672
OAlogp annual, last 0.1026 | 0.1363 0.1175  0.0930
PAlogp annual, last 0.6662 | 0.1571 0.1809 0.2194
OAlogp anNUAl, average 0.1016 | 0.1210 0.1054 0.0835
PAlogps aNNUAl, average 0.7225 | 0.2827 0.2994 0.3315

Notes: This table shows the moments based on Zillow house price growth data in column “Data”, average
moments from 1,000 simulations of the auction model with random and directed search in column “RA”
and “DA/SP”, correspondingly, and random Nash bargaining model in column NB’. The “SP” name
of the column refers to the social planner solution that can be decentralized by the auction model with
directed search. oajogp and pajegp stand for standard deviation and autocorrelation of the change in log
prices. The distribution of values x is uniform x ~ U[Zmyin, Tmax]- I have applied the Henderson filter and
STL filter for seasonal adjustment to the simulated series from the models to make them comparable to
the data series from Zillow, see http://www.zillow.com/research/zhvi-methodology-6032/. The
labels “average” and “last” refer to the method of computing the quarterly and annual series from the
monthly data. The quarterly series that are computed as the prices at the last month in the quarter
referred to as “last”, or the average monthly prices referred to as “average”. Similarly, for the annual
series.
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D Results with ¢’ = 25,000 and ¢’ = 75, 000

D.1 Results with ¢’ = 25,000

Table 8: Moments-matching calibration for exponential distribution, ¢ = 25,000

Parameter Symbol  RA DA NB Targeted moment
discount factor, annual I3 0.94 0.94 0.94 annual return 6%
rent, monthly, $1,000 w 2 2 2 mean real rent
inflow of buyers, monthly, 1,000 do 4.76 4.76 4.76 mean sales
bargaining power of seller Q@ - - 0.5 equal bargaining power
prob internal move, annual M 0.030  0.030 0.030 Piazzesi, Schneider, Stroebel (2019)
prob leave city, annual 0 0.052 0.052 0.052 turnover rate 8%
prob depreciate, annual § 0.006 0.006 0.006 annual depreciation 0.6%
prob deliver, monthly K 0.167 0.167 0.167 6 month construction
fixed land cost, $1,000 @ 25 25 25 land development costs
buyers’s search costs, monthly, $ B 0 0 0 fit g%
standard deviation of d; o4 041 041 041 fit G2
autocorrelation of d;, annual p 0.90 0.90 0.90 costless search

std x, $1,000 O 0.46 0.46 0.46 jointly calibrated
seller’s search costs, monthly, oS 9038 475 10.00 to match

$1,000

level of marginal costs, $1,000 ct -55.96 -49.85 -51.15 553 = 0.63,

angle of marginal costs, $1,000 c? 36.74 36.74 36.74 VO =VE p=450K,
mean services =, Ex, $1,000 Ex 13.15 12.89  6.89 TB =3,T%=15
utility leave city, $1,000 Vo 1988 1988 799 in LA MSA, Zillow.

Notes: This table shows the calibrated parameters for the auction model with random/directed search in columns
RA/DA and Nash bargaining model in column NB. Each model is individually calibrated to match the same
moments, observed in the data. The distribution of housing service flow x is exponential. See section 4.4 for
details.
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Figure 11: The volatility of the simulated prices in the auction models is higher than in the Nash
bargaining model, ¢ = 25,000
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Notes: This graph shows an example of simulated monthly series of the house price growth in percent
from the auction model with random search in dashed red line, from the auction model with directed
search in dashed dotted black line, from the Nash bargaining with random search in the solid blue line.
In each model the housing market is subject to the same series of shocks, fixed with the seed. The
housing services = are exponential distributed, z ~ F(z) = (1 — exp(—mjf%))]l{mzum,%}, where
le, 0 are calibrated to fit the data moments, see text.
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Table 9: Volatilities and autocorrelations in the data and models, ¢ = 25, 000

Data RA DA/SP NB

O Alogp Monthly 0.0160 0.0160 0.0138 0.0090
PAlogp Monthly 0.5814 0.8147 0.7712 0.8428
OAlogp quarterly, last 0.0388 0.0438 0.0377 0.0251
Paiogp quarterly, last 0.3830 0.5418 0.4774 0.5951
OAlogp quarterly, average 0.0370 0.0417 0.0358 0.0241
PAlogp quarterly, average 0.4221 0.6298 0.5765 0.6694
OAlogp annual, last 0.1026 0.1330 0.1157 0.0796
PAilogp annual, last 0.6662 0.1491 0.1540 0.2471
OAlogp aNUAl, average 0.1016 0.1185 0.1037 0.0714
PAlogps @annual, average 0.7225 0.2721 0.2728 0.3549

Notes: This table shows the moments based on Zillow house price growth data in column Data, average
moments from 1,000 simulations of the auction model with random and directed search in column RA
and DA /SP, correspondingly, and random Nash bargaining model in column NB. The SP name of the
column refers to the social planner solution that can be decentralized by the auction model with directed
search. oajogp and pajegp stand for standard deviation and autocorrelation of the change in log prices.
The distribution of values x is exponential F(x) = (1 — exp(—wifiw_‘””))]l{wzllrgz}. I have applied
the Henderson filter and STL filter for seasonal adjustment to the simulated series from the models to
make them comparable to the data series from Zillow, see http://www.zillow.com/research/zhvi-
methodology-6032/. The labels “average” and “last” refer to the method of computing the quarterly
and annual series from the monthly data. The quarterly series that are computed as change in the log
prices at the last month in the quarter referred to as “last”, or the average change in the log prices
referred to as “average”. Similarly, for the annual series.
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D.2 Results with ¢ = 75,000

Table 10: Moments-matching calibration for exponential distribution, ¢® = 75, 000

Parameter Symbol  RA DA NB Targeted moment
discount factor, annual I3 0.94 0.94 0.94 annual return 6%
rent, monthly, $1,000 w 2 2 2 mean real rent
inflow of buyers, monthly, 1,000 do 4.76 4.76 4.76 mean sales
bargaining power of seller «@ - - 0.5 equal bargaining power
prob internal move, annual \M 0.030 0.030 0.030 Piazzesi, Schneider, Stroebel (2019)
prob leave city, annual 0 0.052 0.052 0.052 turnover rate 8%
prob depreciate, annual 9 0.006 0.006 0.006 annual depreciation 0.6%
prob deliver, monthly K 0.167 0.167 0.167 6 month construction
fixed land cost, $1,000 o 75 75 75 land development costs
buyers’s search costs, monthly, $ B 0 0 0 fit 62%}}
standard deviation of d; 04 041 041 041 fit GR35
autocorrelation of d;, annual p 0.90 0.90 0.90 costless search

std z, $1,000 Oz 0.46 0.46 0.46 jointly calibrated
seller’s search costs, monthly, oS 2938 475  10.00 to match

$1,000

level of marginal costs, $1,000 ¢l -64.51 -58.40 -59.70 ell” = 0.63,

angle of marginal costs, $1,000 c? 36.74 36.74 36.74 VO=V8 p=450K,
mean services z, Ex, $1,000 Ex 13.15 1289  6.89 TB=3,T%=15
utility leave city, $1,000 Vo 1988 1988 799 in LA MSA, Zillow.

Notes: This table shows the calibrated parameters for the auction model with random/directed search in columns
RA/DA and Nash bargaining model in column NB. Each model is individually calibrated to match the same
moments, observed in the data. The distribution of housing service flow x is exponential. See section 4.4 for
details.
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Figure 12: The volatility of the simulated prices in the auction models is higher than in the Nash
bargaining model, ¢ = 75,000
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Notes: This graph shows an example of simulated monthly series of the house price growth in percent

from the auction model with random search in dashed red line, from the auction model with directed
search in dashed dotted black line, from the Nash bargaining with random search in the solid blue
line. In each model the housing market is subject to the same series of shocks, fixed with the seed.

The housing services = are exponential distributed, = ~ F(x) = (1 — exp(—*t%e—Hz))

— D a>pe 0}
where pu;, 0, are calibrated to fit the data moments, see text.
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Table 11: Volatilities and autocorrelations in the data and models, ¢® = 75,000

Data RA DA/SP NB

O Alogp Monthly 0.0160 0.0160 0.0138 0.0090
PAlogp Monthly 0.5814 0.8147 0.7712 0.8428
OAlogp quarterly, last 0.0388 0.0438 0.0377 0.0251
Paiogp quarterly, last 0.3830 0.5418 0.4774 0.5951
OAlogp quarterly, average 0.0370 0.0417 0.0358 0.0241
PAlogp quarterly, average 0.4221 0.6298 0.5765 0.6694
OAlogp annual, last 0.1026 0.1330 0.1157 0.0796
PAilogp annual, last 0.6662 0.1491 0.1540 0.2471
OAlogp aNUAl, average 0.1016 0.1185 0.1037 0.0714
PAlogps @annual, average 0.7225 0.2721 0.2728 0.3549

Notes: This table shows the moments based on Zillow house price growth data in column Data, average
moments from 1,000 simulations of the auction model with random and directed search in column RA
and DA /SP, correspondingly, and random Nash bargaining model in column NB. The SP name of the
column refers to the social planner solution that can be decentralized by the auction model with directed
search. oajogp and pajegp stand for standard deviation and autocorrelation of the change in log prices.
The distribution of values x is exponential F(x) = (1 — exp(—wifiw_‘””))]l{wzllrgz}. I have applied
the Henderson filter and STL filter for seasonal adjustment to the simulated series from the models to
make them comparable to the data series from Zillow, see http://www.zillow.com/research/zhvi-
methodology-6032/. The labels “average” and “last” refer to the method of computing the quarterly
and annual series from the monthly data. The quarterly series that are computed as change in the log
prices at the last month in the quarter referred to as “last”, or the average change in the log prices
referred to as “average”. Similarly, for the annual series.
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