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Abstract

We present a new perspective on the Synthetic Control (SC) method as a weighted least
squares regression estimator with time fixed effects and unit weights. This perspective sug-
gests a generalization with two way (both unit and time) fixed effects, and both unit and
time weights, which can be interpreted as a unit and time weighted version of the standard
Difference In Differences (DID) estimator. We find that this new Synthetic Difference In
Differences (SDID) estimator has attractive properties compared to the SC and DID esti-
mators. Formally we show that our approach has double robustness properties: the SDID
estimator is consistent under a wide variety of weighting schemes given a well-specified
fixed effects model, and SDID is consistent with appropriately penalized SC weights when
the basic fixed effects model is misspecified and instead the true data generating process
involves a more general low-rank structure (e.g., a latent factor model). We also present
results that justify standard inference based on weighted DID regression. Further general-
izations include unit and time weighted factor models.
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1 Introduction

Synthetic Control (SC) methods, introduced in a seminal series of papers by Abadie and coau-
thors [Abadie and Gardeazabal, 2003, Abadie, Diamond, and Hainmueller, 2010, 2015, Abadie
and L’Hour, 2016], have quickly become one of the most popular methods for estimating treat-
ment effects in panel settings. By using data-driven weights to balance pre-treatment outcomes
for treated and control units, the SC method imputes post-treatment control outcomes for the
treated unit(s) by constructing a synthetic version of the treated unit(s) equal to a convex
combination of control units.

In the current paper, we build on these ideas to provide a different perspective on the SC
approach and to propose a new estimator with improved bias properties. First, we show that the
SC estimator can be viewed as a weighted least squares regression estimator with unit-specific
weights, where the regression model includes time fixed effects. We then propose adding unit
fixed effects to this regression representation of the standard SC set up to add flexibility, as
well as time weights to ensure that the weighted periods resemble more closely the period(s) for
which we are imputing the counterfactual. We show that this leads to a doubly weighted, or
local, version of the standard Difference In Differences (DID) estimator [e.g., Bertrand, Duflo,
and Mullainathan, 2004, Card, 1990]. We then establish that the resulting estimator, which
we call the Synthetic Difference In Differences (SDID) estimator, has attractive bias properties
compared to both the SC and DID estimators. In particular the estimator satisfies a form of
double robustness that both the SC and DID estimators lack: the estimator is consistent if
either the model is correctly specified, or if the weights are well choosen, but consistency does
not require both those conditions.

Consider the simplest case of a balanced panel with N units and T time periods, where
outcomes are denoted by Yj;, and exposure to the binary treatment is denoted by W, € {0, 1}.
Initially suppose that W;; = 0 unless (i,t) = (IV,T), so that only unit N is treated, and only
in period T. Suppose also that there are no covariates. In that case, the SC estimator for the
causal effect is 7% = Yy — Yﬁ,‘% where ?ﬁfT is a weighted average of the period 7' outcomes
N=1 ~sc

wY;r, with the weights @;¢ chosen to make the weighted

for the control units, Y35 = SN 1 &

average of the controls in the pre-treatment period approximate the corresponding value for

the treated unit, >, &Y, =~ Yy, for all t = 1,...,7 — 1. In this paper, we introduce a novel



characterization of the SC estimator 75 as a weighted least squares regression estimator:

(i1, B,7°) = arg minz Z (Yie — pu — By — Wyer)? &5, (1.1)

The regression has time fixed effects and unit-specific weights. In comparison, the standard DID
estimator 744 for the treatment effect is
T

N
(f, d,B,f'did = arg min ZZ(Yt

a T
B, i=1 t=1

w— o — Py — Z]ﬂ')2 . (1.2)

Our characterizations (1.1) and (1.2) make clear that relative to the SC estimator, the DID
estimator adds a unit fixed effect to the specification of the regression function, but it removes
the (unit) weights in the estimation. Contrasting the SC and DID estimators in this way suggests

a natural modification. Specifically, we propose the SDID estimator 7544, formally defined as:

N T

(1,6 5, 70) = arg min > (Vi = p— s = fi = War)” i (1.3)
The regression in (1.3) includes both unit and time fixed effects as well as weights, where the
weights are the product of unit weights w; and time weights 5\t, with both sets of weights are
derived from the data. In the spirit of the SC approach, these time weights A could be chosen
so that within a unit, the weighted average outcomes across periods approximate the target
period, Zthl MYy & Yip for all § = 1,..., N —1. Alternatively, one may wish to choose the time
weights partly to put more emphasis on recent periods. Thus, the proposed SDID estimator
differs from the DID estimator by allowing for both unit and time weights, and it differs from
the SC estimator by including unit-fixed effects and allowing for time weights.

Many approaches to SC settings, including Abadie, Diamond, and Hainmueller [2010, 2015],
Doudchenko and Imbens [2016], Xu [2017], Athey, Bayati, Doudchenko, Imbens, and Khosravi
[2017], Carvalho, Masini, and Medeiros [2018], Li and Bell [2017], can be thought of as either
focusing on constructing balancing weights, or focusing on modeling the conditional outcomes.
Ben-Michael, Feller, and Rothstein [2018] is an interesting exception. Their Augmented Syn-
thetic Control (ASC) estimator uses a model for the conditional expectation of the last period’s

outcome Y;r in terms of the lagged outcomes, in combination with the SC balancing weights,



in the spirit of unconfoundedness type methods, and in particular residual balancing methods
[Robins, Rotnitzky, and Zhao, 1994, Athey, Imbens, and Wager, 2018]. Their method also has
double robustness properties, but it cannot be characterized as a weighted regression estimator.
The importance of combining such outcome modeling and balancing/weighting and the associ-
ated double robustness are prominent features of the general program evaluation literature [e.g.,
Chernozhukov, Escanciano, Ichimura, Newey, and Robins, 2018b, Hirshberg and Wager, 2018,
Imbens and Rubin, 2015, Newey, Hsieh, and Robins, 2004, Scharfstein, Rotnitzky, and Robins,
1999], and most of the currently recommended estimators in that literature combine them.

An attraction of our regression set up is that it generalizes naturally to the case with multiple
treated units and multiple treated periods. We can in that case choose the unit weights for the
control units to balance the average of the treated units during the pre-treatment period, and
the time weights for the pre-treatment periods to balance the average post-treatment outcomes
for the control units. The regression set up can also easily accomodate covariates that vary by
unit and time by including them in the regression function. Unit-specific but time-invariant
covariates, which cannot be accomodated in the standard DID set up can be accomodated here
by adjusting the unit weights so the weights also balance these unit-specific covariates, and
similarly for time-varying covariates common to all units.

In the second half of the paper, we establish asymptotic properties of the SDID estimator
in a regime where both N and T are large. Establishing formal asymptotic properties for
estimators has been a major challenge in the SC literature. Throughout, we take the perspective,
common in panel data settings, that Y is a noisy estimate of an underlying signal matrix L, i.e.,
Yy = Ly+Wyt+e;, where Wy, denotes treatment assignment and € is noise. The matrix L could
have a simple two-way fixed effect form, or have more generic low-rank structure (e.g., interactive
fixed effects, latent factor models) as in Athey, Bayati, Doudchenko, Imbens, and Khosravi
[2017], Bai and Ng [2002], Bai [2009], Bonhomme and Manresa [2015], Li and Bell [2017], and
Xu [2017]. We prove a variety of consistency results under different assumptions to highlight
the double robustness properties of our proposed estimator. One consistency result makes weak
assumptions on the weights but relatively strong assumptions on the outcome model L, while
another makes weak assumptions on the conditional outcome model but stronger assumptions
on the weights.

Ideally, the weights @ and A would balance out the rows and columns of the underlying

signal matrix L in a way that eliminates bias, and moreover the weights would not depend
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on the noise €. This is essentially what occurs in the analysis of balancing methods under
unconfoundedness, where pre-treatment covariates are taken to be noiseless [Athey, Imbens, and
Wager, 2018, Graham, de Xavier Pinto, and Egel, 2012, Hainmueller, 2012, Imai and Ratkovic,
2014, Zubizarreta, 2015]. Here, however, the weights & and \ are optimized to balance Y, not
L, and have a rich dependence on the noise € that cannot be eliminated via sample splitting.
In Section 4.3, we use tools from modern empirical risk minimization theory to address both
challenges and to show that, despite being optimized to balance the observed Y, and despite the
fact that balancing the Y is a major challenge because the number of units is of the same order
as the number of time periods, the weights @ and A balance the unobserved L well enough to
achieve consistency. In addition to proving consistency of the SDID estimator, our results also
allow us to establish conditions under which the original SC estimator is consistent given a low-
rank L. The conditions on the weights for consistency of the SC estimator are stronger than
those needed for consistency of SDID because the latter has a double bias removal property
thanks to the time weights. Our asymptotic results require that we modify the original SC
weights using penalization to ensure that the number of units with positive weights increases in
large samples.

Finally, we present conditions that justify calculating the standard error for 7594 using stan-
dard robust inference methods for DID regressions; we show that the standard robust standard
errors are valid despite the fact that they take the weights as fixed, that is, they do not algo-

rithmically account for dependence of the weights on the data.

2 Synthetic Panel Methods

Suppose we have a balanced panel with observations on an outcome Yy, i = 1,...,N, t =
1,...,T, with some units treated in some periods, and the binary treatment indicator denoted
by Wi € {0,1}. Throughout this paper, we assume that the outcomes Y;; are generated as Y;; =
Liy + Wyt + £44, where g;; is a noise term (potentially with correlation over time, that is, within
rows of the matrix Y'), and L is a baseline expected response matrix that may be correlated with
W,t. The methods proposed here can also be generalized to allow for heterogeneity in 7, e.g.,
perhaps treatment intensity depends on the number of time periods for which a unit has been

exposed to treatment. We refer to Athey and Imbens [2018] for a design-based interpretation of



these estimands using potential outcomes.

As motivation for our approach, consider models that parametrize the conditional expecta-
tion of the full set of unit and time period pairs: L = g(6), where g : © — RY x R” models the
conditional expectation of the control outcomes in terms of an unknown parameter 6. Examples

of such panel data models include

9(0)i =0, (constant)

g(p, o, B)ie = p+ a; + By, 0= (u,a,p), (two-way fixed effect)
R

9(A, B);y = ZAirBtra 0= (A, B), (factor model).
r=1

(In the two-way fixed effect and factor models we also need some normalizations, e.g., a; =

p1 = 0.) Now, given such a g(+), a natural approach would be to fit # and 7 on all the data:

N T

(é, %) = arg m@in ZZI ;(Yu —g(0); — TWZ't>2. (2.1)
In the case with g(0); = u+ a;+ By, this leads us to the basic difference in differences estimation
strategy.

A challenge with this approach, however, is that if both N and T are large it may be difficult
to find a simple specification of g(-) that fits well over the entire panel. But accurately estimating
the entire matrix L is more difficult than the actual challenge: in order to estimate 7, we only
need the expectation L; locally, that is, for the control potential outcomes in the treated cell
or cells. Here, we propose addressing potential misspecification of g(-) through weighting. We
apply weights @; to the units and A to the time periods to form a “synthetic panel” on which
the model g(-);; is approximately unbiased for L;;, and then we build a model of the conditional

expectation on this weighted panel:
N T )
nsdid  ~sdid : ~ 3
= Yie — it — TWi > i AL- 2.2
(9 , T ) argmelnztzl< ¢ — g(0)i — Wi ) @i (2.2)

We can qualitatively think of the SDID estimator as relaxing the parallel trends assumption

in the DID estimator. Instead of assuming parallel trends for all units and all time periods,



the SDID estimator assumes that there exist unit and time weights such that the averaged
treated unit and the weighted average of the control units satisfy a parallel trends assumption,
and satisfy it not for all time periods but only for the averaged post-treatment period and the
weighted average of the pre-treatment periods.

One of our main findings is that, if we use synthetic control weights @; and A, then rely-
ing on a simple two-way fixed effect model for g(-) in (2.2) allows for consistent (in the large
N and large T sense) estimation of 7, even if the two-way fixed effects model may be badly
misspecified over the full panel. This finding is in line with a key insight from the program
evaluation literature is that often methods that combine weighting/balancing the treated and
control units with modeling the control outcome distribution outperform methods that only
model the outcomes, as well as methods that only balance treated and control units. “Bet-
ter” here includes both formal bias properties, as well as simulation evidence. A key formal
property is that of double robustness, where misspecification of only the balancing weights or
the conditional outcome model does not lead to inconsistency of 7 [Athey, Imbens, and Wager,
2018, Belloni, Chernozhukov, and Hansen, 2014, Chernozhukov, Escanciano, Ichimura, Newey,
and Robins, 2018b, Hirshberg and Wager, 2018, Imbens and Rubin, 2015, Newey, Hsieh, and
Robins, 2004, Scharfstein, Rotnitzky, and Robins, 1999].

Before discussing our choice of weights further below, we note that (2.2) not only allows for
practical estimation of 7, but can also be used to build confidence intervals for 7. In the case of

two-way fixed effects with covariates,

T
(6, ,3,7%) = arg min 337 (Vi = o = o = By = Xy = Warr) i (2.3)
K ——

there is a wide variety of standard error estimates that that have been studied in the literature;
see Arellano [2003], Bertrand, Duflo, and Mullainathan [2004], Hansen [2007], Liang and Zeger
[1986], and Stock and Watson [2008] for examples and discussions. We present both formal
and simulation evidence that we can obtain valid confidence intervals for 7 by applying these
methods directly to (2.2), treating the weights & and A as fixed, despite the fact that these
weights depend on the Yj;; see Section 5 for details.



2.1 Weighting for Synthetic Panels

In this paper, we focus on weighting in a generalization of the basic synthetic control setting of
Abadie, Diamond, and Hainmueller [2010]. We assume that exposed units i > Ny get treated
in time periods t > Ty, i.e Wy = 1{i > Ny and t > Tp}. The weighting component of our
approach focuses on weights to balance the sample towards the treated unit / time period pairs.
A critical feature of our approach, appropriate to our treatment pattern W, is that we impose a
factor structure on the weights: v;; = w; ;. In addition to the factor structure we impose some
restrictions on the unit and time period weights. The weights are non-negative, and weight
Eroups Wi:Ny, W(No+1):N» ALy, A(To+1):7 all sum to one. Moreover, we give equal weight to all the

exposed units and time periods. Formally, the set of weights we consider satisfy

No
1
Wz{wERN w; > 0; ;wizl; WNo+1, ""“NZM}’
= (2.4)
To 1
L=<{XeR" |\ >0; N=1; Mi1, oy Ap = .
{ € t = U5 ; To+1 T T—TO}

One possible choice for the weights is the SC weights Abadie, Diamond, and Hainmueller [2010,
2015], which Doudchenko and Imbens [2016] show, for the case without covariates, can be written
as (in the basic form we consider, synthetic control analyses only have one exposed unit, i.e.,
Ny = N — 1 and only one exposed time period, T, = T' — 1; however, the generalization is

immediate)

T-1 /N-1 2
W = arg minz ( w; Y — YNt> ) (2.5)

=1

In the current paper we modify these weights slightly by putting an Ly (ridge) penalty on the
weights to ensure that in larger samples there will be many units with non-zero weights, which is
important for the asymptotic properties of the estimator. Note that using an L; (lasso) penalty
does not work because the weights are nonnegative and sum to one. We also consider the time

equivalent of the SC weights, which do not appear to have been considered in this literature:

) N—1 /T—-1 2
N = argmin » (Z Yy — }QT> . (2.6)

AeL 5 =1



The time weights play somewhat of a different role than the unit weights. In some cases one may
wish to explicitly put more weights on recent periods than on distant periods, and not solely
have these weights determined by the similarity, in terms of outcomes, to the current period.
We may also wish to regularize the time weights to avoid putting most of the weight on a very
small number of units or time periods.

In cases where the data exhibit substantial trends, the SC time weights would tend to
concentrate on the most recent values. One modification in that case is to allow for an intercept

in the regression, and solve

2
Aise — arg min Z ()\0 + Z ANYi — ) ) (2.7)

A ER, >\6]L

The intercept Ao is not needed for weighting, as the time dummies 3; will be able to absorb any
time trends during the modeling stage. We refer to these weights as the intercept weights S\;SC,
and note that these weights are invariant to adding in any global time trend to our observations,
Yie < Y + f(2).

An alternative, for both the unit and time weights, is to use kernel weights. For example, if

there is only one exposed unit / time period, we could use

Yor-n—Yvar-
@%{ernel ~ K< (1.T-1) N(1:T 1))

. Yoin_1: —
; )\};ernel x K( (L:N=1)t

Yon-ur
2.8

Y

for some kernel function K(-), e.g., K(a) = exp(—a'a). We allow the tuning parameter to be
different for the unit and time dimension. We also consider nearest neigbor weights, where we
given constant weights to the K, nearest units and the K, neast time periods [e.g., Abadie and
Imbens, 2006].

Using nearest neighbor methods to construct weights stresses the challenges in obtaining
formal large sample properties for the resulting estimators, and this explains partly the limited
nature of large sample results in the SC literature. If N is large, it is impossible to obtain a
“close” match for Y{;.x_1)r because we are matching on N —1 variables with only 71 potential
matches (e.g., Abadie and Imbens [2006]). Similarly, if 7" is large it is impossible to obtain close
matches for Yy (1.7—1) because there are only N — 1 potential matches and T" — 1 variables to

match on. With both N and 7' large it is impossible to obtain close matches in either direction.



Nevertheless, under some assumptions on the outcome model, the closest matches may be good
enough, in the sense that they match closely on the relevant underlying variables. For example,
if the data are generated by a two-way fixed effect model for L, matching on all the lagged
outcomes will not give a close match in terms of all the lagged outcomes. But, in large N and
large T' such matching methods will lead to matches that are close in terms of the unit-fixed
effects, which is what matters. Our formal results show that this holds in general factor models

for L.

3 Panel Estimators as Bias Reduction Methods

In the previous section, we introduced SDID as a flexible approach to estimating causal effects in
panels where both N and 7" are moderately large. To gain further intuition about the method,
we focus here on the behavior of the SDID estimator in the case where we fit a two-way fixed
effects model without any additional covariates, and only unit N in time period T gets treated.
In this case, the SDID estimator allows for a simple, closed form solution that allows for a
transparent comparison with the SC estimator.

We use the following notation. Partition the N x T matrix of observed outcomes Y, and

other comformable matrices, by treatment group and pre/post treatment period:

Y — Y YT ’
YN: YNT

where Y., Yir, Yy., and Yyr are (N —1) x (T'—1), (N—=1) x 1, 1 x (T'—1), and 1 x 1 matrices
respectively. Also define Y;. to be a T'— 1 dimensional row vector and define Y;; to be a N — 1
dimensonal column vector, each with typical element Y;;. Define the averages for the three sets

of control outcomes,

N—-1T-1 N-1
<>C,pre

1 <>C,post 1
Yo = Yo, V7= Vi,
(N—1)(T—1)ZZ ! N-—1 4

i=1 t=1 i=1
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and

1 T-1
~t,pre

Y = — Yn:.
T-1 ; e

In this setting, the basic difference in difference estimator (1.2) can be written as

79 = Yy — Y7 (0),
S-did c ,pre ~t,pre <>C,pre <>C,post <>C,pre <3 1)
VHR0) = i+ a + B = V7 4 (V0 = 750) 4 (V7 - 7).

We can see the DID estimator as doubly bias-adjusting the simple average Y ', with the first
bias adjustment, Y bere _ v

Y taking into account stable differences between the treated unit

~>C,post ~>C,pre

and the control units and the second bias adjustment, Y™ —Y 7 | taking into account stable
differences over time for the control group. The main weakness of this basic DID estimator,
however, is of course that it is only valid under a well-specified two-way fixed effects model,

which is a very strong assumption when both N and 7" are moderately large.

3.1 Synthetic Control as a Single Bias Reduction Method

The main idea of the SC approach is to re-weight the control rows ¢ = 1, ..., N —1 of the matrix
Y with weights @ such as to make the time trends among the weighted controls and the treated
unit track each other. In the spirit of (3.1), we can write the SC estimator (1.1) as a weighted

bias-reduced estimator:

N-1T-1

= = Vg — Vi (0), Vil H;;m n+2“°< T_TlZY”>
The bias adjustment uses a weighted average of the post-treatment control outcomes, with
weights @ minus a doubly weighted average of the pre-treatment control outcomes.

The SC estimator presents an obvious improvement over the DID estimator in its use of
weights to address potential misspecification of the basic two-way fixed effects model. However,
unlike (3.1), the estimator (3.2) appears to be “missing” a second bias correction term of the
form 1/(T —1) 321 (Ve — SN T @5°Y;;) that seeks to correct for a potential systematic failure

of the weights w;° to achieve balance in the pre-treatment periods. It is interesting to note that
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if the weights w;® were to balance the pre-treatment periods perfectly, so that
N-1
Yve— ) @Y =0, forallt=1,...,7 —1, (3.3)
i=1

then the second bias correction term would be numerically zero, and so SC could implicitly be
seen as a double-bias reduction method.! Typically, however, perfect balance as in (3.3) does
not hold, and so the lack of this second bias-correction term may affect the properties of the SC

estimator.

3.2 Synthetic Difference In Differences as a Double Bias Reduction
Method

The SDID estimator addresses the case where the synthetic control adjustment does not com-
pletely balance the underlying signal in the pre-treatment periods. In the special case with only
unit N treated in period 7', the SDID estimator (1.3) can be thought of as bias-adjusting the

SC estimator based on the pre-treatment discrepancies, weighted by 5\2‘7:

T-1 N-1
70 = Viyr — YRF(0), YRF(0) = VR (0) + YA (Ym - ) -
t=1 =1

We can also write the SDID estimator as a symmetric version of (3.2), with

N—-1T-1 T—1 N—-1 N—-1 T—1
TR0) = 3 3 e+ 3 A (YM “Y e ) Y (Y - ZA@C”) Y
=1 t=1 t=1 =1 =1 t=1

That is, compared to the simple weighting estimator Y]f;;ight there are two (weighted) bias

adjustments,

T—-1 N-1 N-1 T-—1

\sc ~SC ~SC \sc
E A Y — E w; Yt and E w; YiT—E A Y |
t=1 i=1 =1

t=1

LAn equivalent statement of this fact is that if (3.3) were to hold, then adding row fixed effects to to the
synthetic control estimator (1.1) would not change the point estimate 7.



whereas the SC estimator has only one bias adjustment (the second one), similar to the way the
DID estimator has two bias adjustments in the unweighted case.

The problem of turning synthetic controls into a double-bias removal style estimator has also
been recently considered by Ben-Michael, Feller, and Rothstein [2018]. Their main proposal,
the augmented synthetic control (ASC) estimator, involves fitting a model for the conditinoal
expectation m(-) for Y;r in terms of the lagged outcomes Y;q.(r_1)), and then using this fitted

model to “augment” the basic synthetic control estimator

N—

N-—
YiE(0) = Z zT+< (Yx) Z (Y- 1>>))

— (Z ASC( it — (Y- 1))))) :

(3.5)

The first representation of the ASC estimator emphasizes its interpretation as a modification
of the SC estimator. It uses a cross-section model for the last period’s outcome to remove
biases from the standard SC estimator. The second representation stesses the connections to the
unconfoundedness literature. The starting point is a model for the potential outcomes in the last
period as a function of lagged outcomes. On its own this would suggest the estimator 7 (Yy.); the
ASC estimator then robustifies this using a weighted average of the residuals. This construction
is related to the residual balancing estimators in the original double robust literature [Robins,
Rotnitzky, and Zhao, 1994] or in high-dimensional settings [Athey, Imbens, and Wager, 2018],
where now the SC weights can be interpreted as a type of covariate-balancing inverse-propensity
weights. Such adjustments make the estimator doubly robust under appropriate conditions. A
more recent paper, Chernozhukov, Wuthrich, and Zhu [2018¢], takes a similar approach to Ben-
Michael, Feller, and Rothstein [2018]; however, they swap the role of units and time periods and
present formal results under strong time-homogeneity assumptions that, in particular, rule out
the low-rank model Y;; = L;; + Wy + €44

The second representation of the ASC estimator makes clear that its formal justification
would be standard under a unconfoundedness assumption with the lagged outcomes playing the
role of the pre-treatment variables, given a fixed number of pretreatment periods and large N.
By the same token it would make the justification more difficult under general factor structures

and with large T'. This representation also highlights the feature of this estimator that it includes
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the lagged outcomes in exactly the same way that pre-treatment variables would be included in
unconfoundedness-type analyses.? This is in contrast to many panel data models such as fixed
effect and factor models that incorporate lagged outcomes in the model in a way that is similar
to the way the last period outcomes are treated, namely as noisy measures of the underlying
unobserved components that are critical for prediction.

Despite their different motivations, ASC and SDID share an interesting connection: In the
special case with a single treated unit / period and with a linear m(-) model, the SDID estimator
in (3.4) and the ASC estimator in (3.5) are very similar. In fact, they would be equivalent
if we impose the additional restriction on the ASC estimator that the slope coefficients are
nonnegative, positive and to sum to one. This connection suggests that weighted double bias-
removal methods are a natural way of working with panels where we do not believe the basic DID
approach to be appropriate. This being said we emphasize that, once we move past the most
basic model, e.g., we have covariates or multiple treated units and periods, or we use more flexible
specifications for m(+), then the connection between the two methods breaks down. Moreover,
as Ben-Michael, Feller, and Rothstein [2018] motivate their estimator using unconfoundedness
type arguments, they do not provide consistency results for the type of factor models considered
here. In addition the ASC estimator does not have a weighted least squares interpretation,

which is helpful in accommodating covariates.

4 Formal Results

In this section, we develop the properties of the SDID estimator. First, we consider properties
that hold when the DID model is correctly specified; second, we discuss robustness properties
provided by weighting. For simplicity, in this section we focus on the single exposed unit / time

period setting. In this case, we can write the SDID treatment effect estimate 7 as

#=Ynr — Lyt ZNT=ﬂ+dN+BT, (4.1)

2Ben-Michael, Feller, and Rothstein [2018] also propose a suite of methods that can be used when both
unit-specific covariates and lagged outcomes are available. For example, they propose first projecting out the
component of the outcomes that can be explained using the unit-specific covariates, and then running ASC on
the residuals.
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where the parameters [i, @ and B are as defined in (1.3). Here, we provide several results
establishing convergence of Lyt to L N1, implying that the error of 7 is asymptotically fully
determined by the intrinsic noise in Yy7. In the following section, we then build on these results
to provide methods for inference about 7 in settings with more than one treated unit. Recall
that we assume that Y, is generated as below, and we follow the convention that “:” always

indexes over unexposed units or time periods.

Assumption 1. We have N, T — oo, and there is a deterministic matrix L such that Y;; =

Lit + Wyt + €4 with Wy = 1{i = N,t =T} and ;s ~ N (0, ¢?), independently for each cell
(i, 1).°

We consider two distinct sets of conditions: First, we examine the case where the two-way
fixed effects model is well specified, i.e., Ly = pu+a;+ B4, and show that SDID is consistent under
very flexible conditions. The main point here is that using data-adaptive weights @w and A does
not break DID when the outcome model is well specified. Second, we consider the generalized
fixed effects model, i.e., where we make only weak assumptions on L. Here, basic DID is
inconsistent; however, we show that SDID with penalized SC weights is consistent whenever

L is well-approximated by a matrix of rank » < min(N,T") and can be consistent at the rate

\/ log(T")/ min(N, T) if it is well-approximated by a matrix of fixed rank.

4.1 Properties in the Well-Specified Two-Way Fixed Effects Model

Our first result shows that SDID is consistent and asymptotically normal in the well-specified

model, that is, where L;; = u + a; + ;. Here we consider the following kernel weights:

o ({ &Y -Yelb<ed) o T({FH1Ye - Yalb <)
i 1 2 ) t — 1 2 y (42)
Pion L ({75 1Yi = Yivll; < e }) Sl ({35 1Y~ Yal2 <))
fori=1,..., N—landt=1, ..., T—1, where ¢, and ¢, are tuning parameters. For our result,

we also make generative assumptions that let us characterize the behavior of nearest neighbor
matching with noisy data; see Bonhomme, Lamadon, and Manresa [2017] for related results on

the behavior of clustering panel data.

3We make this assumption for simplicity of exposition only. In Section 8.3 of the appendix we state and prove
results for heteroskedastic and auto-correlated subgaussian errors, and also for choices of weights W, A that we
do not consider here.
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Assumption 2. Ly = p+ o; + Bi; 6ai i= |y — an| and dg; == |Br — Bi| are i.i.d. random

variables such that corresponding densities fs, and fs5, are bounded at zero.

Theorem 1. Suppose Assumptions 1 and 2 hold and im N/T = p € (0, 1); then for the weights

@i and \; defined above we have the following: ZNT s consistent, that 1s,
Lyt — Lyt —, 0,

and

1

= (ENT — LNT> — N(O, 0'2) (43)
€[l + [IA: 2

provided ¢,, = 02+aN7T%, co = 0*40(1), anr — 00, and ¢y = 02+bN7T%, ey = 02+0(1),

bN,T — OO

Note that matching discrepancies ¢y and ¢, in (4.2) do not go to zero, instead they go to o2,
because with N and T large all rows and columns of Y will have distances that concentrate at
o? away. We also note that the weighting function considered here is approximately equivalent
to k-nearest neighbors weighting, where k,, = T/c,, — 02 is approximately the number of units
that we average over and ky = T/c) — 02 is the approximate number of used time periods.

4.2 Double Robustness Part I: The Fixed Effects Model with Gen-
eral Weights

Next we show that, if fixed-effects model is correct, then our method is consistent essentially
regardless of the weights we use. Instead of requiring a specific functional form for the weights,
we only ask that we not use the T-th time period when picking the row weights w, and we
not use the N-th row when picking ;\, and that the weights are not too concentrated on a few
units or time periods. All algorithms considered in this paper, ranging from synthetic control

weighting to nearest neighbor matching, satisfy this condition.

Assumption 3. We choose weights such that . 1L Y.r and 5\: 1L Yy..
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Theorem 2. Under Assumption 1, suppose moreover that Ly = p+ «; + 8;. Then, provided we

use weights w and A satisfying Assumption 3 such that

llla, Al =5 0, /max{N, T}l [lo[|A:]l2 = 0, (4.4)

we have Lyt — Lyt —, 0.

4.3 Double Robustness Part I1: The Approximate Factor Model with
SC Weights

In this section we relax the modeling assumptions from the above section, and simply require
that L be approximable by a low-rank matrix. This type of model was used to motivate the
SC approach by Abadie, Diamond, and Hainmueller [2010], and has also been studied in other
contexts by, e.g., Athey, Bayati, Doudchenko, Imbens, and Khosravi [2017] and Bai [2009]. Our
goal is to show that, with well chosen weights, SDID remains consistent. Here, we focus on a

form of penalized synthetic control weights:

A*(ay) = arg min
AeL

T—1 N—1 2

5 (a.) = rgmiy z(m—zm) Moy < V.
t=1 =1
N—1 T—1 2
z<m-zm> AL <o b
=1 t=1

where a) and a,, are tuning parameters. The penalization is important to ensure that in large
samples there will be many units and time periods with positive weights.

The key difficulty in showing that these SC weights & and A were chosen to balance rows and
columns of Y; however, what we really need for useful inference with an approximately low-rank
L is for & and ) to balance the the rows and columns of L. Furthermore, the weights defined in
(4.5) have a complicated dependence on the noise ¢ = Y — L, and the panel structure means that
we cannot address this challenge via sample splitting as in, e.g., Chernozhukov, Chetverikov,
Demirer, Duflo, Hansen, Newey, and Robins [2018a]. Here, we establish conditions under which
our SDID estimator with data-dependent weights (4.5) is consistent in the approximately low-

rank model. As an additional benefit, we also prove that the basic SC estimator is consistent in
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the motivating model from Section 2.2 of Abadie, Diamond, and Hainmueller [2010].
In order to spell out our result, we first define infeasible SC weights that balance the under-

lying effect matrix L rather than the observed matrix Y':

T

_ 2
w*(a,) = arg min Z(Lm sz Zt) Clwdly, <aw g,
weW

(4.6)

A€L

N 2
X () = arg min Z( ZT—Z& ) Al < ax g

We then the following identification assumption in terms of these weights. Specifically we ask
that these population weights succeed in obtaining balance, i.e., the last row and column of the
matrix can in fact be usefully represented via a convex combination of other rows. Given this

assumption, SDID with penalized SC weights is consistent.

Theorem 3. Given Assumption 1, and that we choose weights via (4.5) with a,, and ay satisfying

0y = ”LN: - W;*(aw>/L::||§
o= ||Lr — LA (an)|;

sdia = | Lt — (W (aw) Ly + Ly A (ay)) — w(ay,) L.\ (ay)] -
Then for ry,r, defined in Lemma 4,

Lyt — Ly = Op <5Sdid + ay [(L + o min{y/log(N), aw\/ﬁ}}
+ ay, [& + o min{+/log(T), aA\/T}]

+ min(a,r), a)\rw)).

In the case that N/T — k € (0, 00), 0 = O(1), L has exact (rather than approximate) low rank,
and we choose ay, a,, = O(1/v/N), this bound simplifies to

~ max {log(N), rank(L), d, 6
Lyt — Lyt = Op (5sdid+\/ x {log(N) (L) /\}>

N
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The key technical result underlying Theorem 3 is the following lemma, which establishes
convergence of the feasible SC weights (4.5) that balance Y to the infeasible weights (4.6) that
balance L. We emphasize that our result does not rely on the weights w. and . converging to
w’ and 5\* respectively at a particularly fast rate. In our analysis, we only use the trivial bounds
&, — ¥ < ||@.]| +[|@7 ||, ete., and in fact the weights &. and A, do not appear to be particularly
stable empirically. Rather, our result only relies on the feasible and oracle weights having similar

“balancing” properties, i.e., for L. (&;, — w¥) and L. (X, — A*) to be small as established below.

Lemma 4. Given Assumption 1, choose weights via (4.5) with ay,ay. Then in terms of 6,0y

defined in Theorem 3,
IL(@, = wi(au)ls = Op(rn) and |[L.(A. = X:(ax))ll2 = Op(ry),
where
T, = max ((id, o+/approx-rank ,
J\/aw max (\/N, m> log(N), 0VTay, o min {m, aw\/ﬁ} );

r)N = max ((5)\, o4/ approx-rank,,
a\/a,\ max <\/T, Vv NT) log(7T), oV Nay, amin{ log(T), a,\ﬁ} )

Here approx-rank, and approx-rank, are lower bounds on the rank of L.. that ignore small

nonzero singular values,

rel,2,...

approx-rank, = min { r > ¢ 'min | a, /Z $%, Sp41min {\/log(N), aw\/ﬁ} ,
k>r

rel,2,...

approx-rank, = min ¢ 7> o 'min [ ay /Z $2, Sp41min {\/log(T), a,\\/f} ,
k>r

where s1, So, ... 1S the decreasing sequence of singular values of L...

Finally, as discussed above, we can also use Lemma 4 to prove consistency of SC estimation
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in the approximately low-rank model under the assumptions of Theorem 3. The main difference
between Theorem 5 and Theorem 3 above is that the error depends on the performance of an

oracle SC estimator rather than that of the the oracle SDID estimator.

Theorem 5. Given Assumption 1, choose @w wvia (4.5) with constant a,. Then in terms of

0se = |wi(ay) - L.y — Ly7| and 1y, defined in Lemma 4,
[@:(a0) - Yir = Lvr| = O, (cxc g+ min Xz + oL - LAHQD . (4.7)
c T—1

4.4 Asymptotic Properties with Multiple Exposed Units and Time
Periods

We will now consider the problem of inference in a simple setting with N; exposed units and
T exposed time periods, in which all exposed units start treatment at the same time Tf + 1.

Relative to the setting of the previous section, we also consider autocorrelated errors.

Assumption 4. We have Ny, Ty — oo, and there is a deterministic No+ N1 x To+T matriz L
such that Yy = Ly + Wyt + € with Wy, = 1{i > Ny, t > Ty} and the rows of € are independent
and distributed according to the gaussian AR(1) process €;141 = peit + &y with p € [0,1) and
iid shocks &, ~ N(0,0%).

In this setting, our essential result is that our estimator 7 is asymptotically normal and
unbiased when our total number N7} of treated observations is small relative to the number of
untreated observations and our number of treated units N; is small relative to our number of
post-treatment periods T;. The following theorem formalizes this. Its proof, as well as a more

complete discussion of our estimator in this setting, appears in Section 8.5 of the appendix.
Theorem 6. Under Assumption 4, let T be defined as in (4.1) with weights

To 1 Ny No 2
W= arggg% ; (ﬁ Z Yit — Z;%Yit) Flwlly < aw g
= 1=

1 i=Nop+1

A N-1 1 To 2
A = arg min Z (T Z Yit — Z /\th't) A < an
t=1

A€L i=1 L e To+1
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In terms of the correponding oracle weights w*, \* defined by substituting L for'Y in the defini-

tions above, let

No+N1
0w =IINT" > Li — WL,
i=No+1
To+T
=T Y Lu— LA,
t=Tp+1
N0+N1 To+T1
Ostia = [(MT1)™ Y Y Ly~ (W.Lg+ Ly —

i=No+1t=Tp+1

If we choose a,, < Ny 1/2 and ay STy 1/2 , then

~Y

No+N1 To+T1

2. 2 cntoll

i=No+1t=Tp+1

VINT (T —

N1T1

provided the following conditions hold:

N T |
< mln{dgdid’ max {3, 1} max{dﬁ,l}}’

N, N1/2
NIT? € min g ety
Ty log(Ty) 1og(To)
No

N1 < min Tl, 12
approx-rank (L T, / )

WL )|

The asymptotic characterization (4.8) implies that under the stated conditions, our estimator

is asymptotically normal with variance V, on the order of (N;T})™!

5 Large-Sample Inference of Treatment Effects

In the literature on synthetic controls, the dominant approach to uncertainty quantification is

via placebo tests [Abadie, Diamond, and Hainmueller, 2010, 2015]. The main idea is to consider

the behavior of synthetic control estimation when we replace the unit that was in fact exposed to
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the treatment with different units that were not exposed. Such a placebo test is closely connected
to permutation tests in randomization inference. However, in many applications of synthetic
controls, the exposed unit was not chosen at random, in which case placebo tests do not have the
formal properties of randomization tests [Firpo and Possebom, 2018, Hahn and Shi, 2016], and
so may need to be interpreted via a more qualitative lens. Here, we take a different perspective,
and consider inferential methods motivated by large sample asymptotics. Our proposal builds on
methods for robust inference in large panels that were originally developed for the well-specified
two-way fixed effects models [e.g., Arellano, 2003, Hansen, 2007, Liang and Zeger, 1986].

As shown in Theorem 6, the synthetic difference in differences estimator is asymptotically

Gaussian under appropriate conditions,
(F—7) /V}?=N(0,1), (5.1)

where the asymptotic variance V; is determined by the sampling errors {e;; : i > Ny, t > Ty} of
the observations under treatment and does not depend on the noise in the synthetic control
weights w or A. The uphot is that we can estimate V, and build confidence intervals for 7 using
standard methods for large-sample inference for weighted panels, while treating w and ) as fixed.
Here, we focus on estimating V. by applying the jackknife [Miller, 1974, Efron and Stein,
1981] to the weighted regression (2.3)—again, with @ and ) treated as fixed. Following Bertrand,
Duflo, and Mullainathan [2004], we seek robustness to errors that may be correlated within rows,
and so we repeatedly run the regression (2.3) with one row i omitted at a time to get #(~?), and
use the variation of these 7(~") to get an estimate the variance V, of the original treatment effect
estimate 7. Although we do not do so here, one could also estimate V, via other methods for
heteroskedasticity-consistent variance estimation [Efron, 1982, MacKinnon and White, 1985].
In terms of connections to the literature, we note that a qualitatively result was used by
Bonhomme and Manresa [2015] to provide large-sample inference for panels with grouped fixed
effects: They rely on clustering to discover groups, but then show that inference remains asymp-
totically valid while ignoring the effect of clustering. Meanwhile, Chernozhukov, Wuthrich, and
Zhu [2017] propose a method for inference in synthetic control problems with a single treated
unit that relies on the prediction residuals Y;; — f)it over the control units being representative

of the counterfactual untreated residuals L;; + €54 — L;; over the treated units.

Finally, we note that although the above discuss has focused on inference that is robust to
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within-row correlations, our jackknife-based procedure can be flexibly adapted to reflect different
sampling assumptions. If we believe that the ¢; were all independent, we could also apply a
cell-wise jackknife (i.e., where the jackknife omits one cell rather than one row at a time),
potentially allowing for power gains when there are few treated units. Meanwhile, if we believe
the e;; may be correlated within rows but that the noise process eventually mixes (i.e., there are
no long-range correlations), we could consider and intermediate solution that divides each row

into blocks and then applies a block-wise jackknife [Kunsch, 1989].

6 Empirical Evaluation

6.1 Placebo Evaluation: Predicting the Prevalence of Smoking

In one of the original studies on synthetic control methods, Abadie, Diamond, and Hainmueller
[2010] focus on estimating the causal effect of anti-smoking legislation in California (Proposition
99). As discussed above, when only a single cell (N, T') is treated, synthetic control methods
can be understood as producing a prediction Lyt of what the unit-N time-T" outcome would
have been without treatment, and then estimating 7 = Yy — ENT. This suggests a simple
placebo procedure for evaluating various synthetic control methods in a realistic environment:
If we run synthetic control methods while singling out as “treated” a cell (n, t) that did not
actually receive treatment, we should expect L, to be a good prediction of the realized outcome
Y,:. Here, we benchmark difference in differences, synthetic controls, and synthetic differences
in differences against each other by running such a placebo analysis, and comparing the errors
of each method in predicting Y.

The original dataset of Abadie, Diamond, and Hainmueller [2010] had observations for 39
states (including California) from 1970 through 2000, where California is treated from 1989
onwards. We follow Abadie, Diamond, and Hainmueller [2010] in using per capita smoking as
the outcome. Here, we focus only on time periods 1970-1988, in which none of the units were
treated, and seek to predict the outcome of a focal cell using all data from earlier years as well
as data from different states in the target year by running different methods with the focal cell
considered as “treated”. For example, when predicting the outcome for Arizona in 1985, we run
the methods under comparison with the other 38 states used as the “control states” and the

years 1970-1984 used as the “pre-treatment years” (and we do not used any data from 1986 or
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synthetic diff-in—diff RMSE

Figure 1: Comparison of the per-state root-mean squared error for SDID and SC. California
is highlighted in blue.

later).
Given this setup, we make predictions for all states in years 1980-1988 (i.e., we run DID, SC

and SDID separately for each focal state-year pair), and calculate the square root of the average

squared error:

| loss e
RMSE = |5 > (Yi—Lu) .

t=1980

for all 39 states. In this example, we use Lo-penalized SC weights

= N-1 2
W* =argmin { —— Yn: — w;Y; + ¢ ||lw|l? , 6.1
gind 3 (e T ) 4t 61
where we set ¢ to be the average of (Vi1 —Y;;)? over the pre-treatment data. For time weights
5\, we use an analogously penalized version of the intercept weights A*¢ to deal with the trends
in smoking rates.

We report the results on the RMSE in Figure 1 for each state and the average over all 39
states; Table 3 in the Appendix has detailed results. We find that the SDID method does
substantially better than the SC and DID method in terms of predictive accuracy, with the
SC outperforming the DID method: in Figure 1 almost all the pairs of RMSE lie above the 45
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degree line, showing that the average RMSE based on the SDID estimator is lower than that
based on the SC estimator, for almost every state. The median improvement of the state-wise
root-mean-squared error of SDID over the state-wise root-mean-squared error of SC is 15% (and
the corresponding improvement over DID is 50%).

We can gain further insight into the behavior of different methods by comparing the one-
step-ahead predicted trajectories f)i,t to the true ones Y;;. We see that SC struggle when a
state doesn’t fit neatly within the convex hull of other states (e.g., in the case of Utah), whereas
difference-in-differences does poorly when the temporal pattern of a state doesn’t match the
average temporal pattern (e.g., in Alabama). Of course, it is unlikely that practitioners would
use SC to study a state that does not fit within the convex hull of other states, as is the case of
Utah here, as standard goodness of fit checks would flag SC as an inappropriate method to use
here. However, we find that SDID out-performs SC in states where the latter are appropriate

(such as California), and remain robust in cases where the latter are not (such as Utah).

6.2 Simulation Results: Point Estimation

In this section we assess the properties of the proposed SDID estimator relative to the DID
and SC estimators in finite samples using a simulation study. As in the above placebo study,
we consider a setting with no treatment effect, and run all methods as though a single unit in
cell (N, T') had been treated; then, we measure the accuracy of L NT as an estimate for Lyr.
In all our examples, the data is drawn as Yj; ~ N (L, 02), independently for each (i, t) pair.
Meanwhile, the N x T signal matrix L is low rank, L = UV ", where U € R¥*® and V ¢ RT*F
for a rank parameter R.

The key choice is in how we generate this low-rank matrix L. First, we consider a simulation
where the N-th row and the N-th column of L are “typical”; formally, we generate L via an
exchangeable process, such that U; ~ Exp(1l) and V; ~ Exp(1) independently for each (i, [)
and (¢, [). Second, we consider a case where the focal row and column are not “typical”, and
in particular the rows and columns are not exchangeable. Here, we draw U; ~ Pois(\/i/_N ) for
each (i, 1), and V;; ~ Pois(y/t/T) for each (t, [). Note that the N-th row and T-th column will
on average have relatively large observations.

In all our simulations, we use consider penalized SC weights as in (6.1), with ¢ set to the

sample variance of the Yj;. Below, we first generate a random L, and then simulate Y 20 times
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Figure 2: Predictions for per capita smoking rates for selected states, using as training data
all years prior to the year indicated on the x-axis. The true yearly per-capita smoking Y, is in
black. SDID estimates are in red. SC estimates are in blue. DID estimates are in teal.
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given this L. This lets us separate the contributions of bias and variance to the error. We
report for the two designs, for different values of ¢? and the rank R, and for different pairs
of (N, T), the root-mean-squared-error and mean-absolute-bias for the three estimators, DID,
SC, and SDID. We report results in Tables 1 and 2. In the Appendix, we also show results for
unpenalized SC (¢ = 0), in Tables 4 and 5. We find that in all cases the SDID estimator has
substantially better bias properties than the DID and SC estimators, and in most cases also has

better root-mean-squared-error.

6.3 Simulation Results: Confidence Intervals

Finally, we study the properties of confidence intervals derived via the weighted regression per-
spective of SDID. We work in the same data-generating distribution as for the “non-exchangeable”
example in Section 6.2, except now with multiple treated units. Units 1 : ..., Ny are control
units, and units No+1,..., Ng+ N; = N are treated from period Ty + 1 onwards. Writing W,

for the treatment indicator, we draw data as
Yie = Lis + Wat + €, e~ N (07 02) .

We use weights w; = 1/N; for i = Ny + 1, .., N, and

1 Do N No 2 ¢ No
t=1 j=No+1 =1 =1

and pick A analogously. As above, we set ( to the sample variance of the Y;; The, given these

weights, we estimate

T = arg min {Z (Kt - U —o; — Bt — mt’r)Q wzj\t} . (63)
it
We perform inference via heteroskedasticity-consistent standard error as provided in the R pack-
age sandwich [Zeileis, 2004]. We estimate variance via the jackknife [Miller, 1974], which corre-
sponds to HC3 standard errors of MacKinnon and White [1985]. We run the weighted regression

as though @; and A\ were deterministic and did not depend on the data.
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root-mean sq. error | mean absolute bias
N T o rank |DID SC SDID | DID SC SDID
50 50 0.5 2 1.56 0.47 024 |0.86 0.21 0.07
50 50 05 5 1.96 1.10 0.57 | 1.40 0.70 0.33
50 50 2 2 1.45 1.04 0.89 | 0.87 044 0.24
50 50 2 5 220 1.54 1.15 | 1.52 0.92 0.52
50 200 0.5 2 1.22 039 0.17 | 0.79 0.11 0.04
50 200 0.5 5 2.09 0.65 044 | 1.46 0.41 0.22
50 200 2 2 1.22 0.64 068 |0.75 026 0.16
50 200 2 5 240 1.17 1.04 | 1.52 0.66 0.42
200 200 0.5 2 1.38 0.29 0.11 | 0.87 0.11 0.02
200 200 0.5 5 219 077 030 | 1.56 0.44 0.13
200 200 2 2 1.27 0.51 0.53 | 0.81 0.21 0.11
200 200 2 5 238 1.12  0.72 | 1.64 0.58 0.24

Table 1: Simulation study with an exchangeable distribution for L and penalized SC weights.
Results are aggregated over 400 draws of the low-rank L matrix and 25 draws of Y for each L
(for a total of 10,000 simulation replications).

root-mean sq. error | mean absolute bias
N T o rank|DID SC SDID | DID SC SDID
50 50 05 2 1.70  0.58 0.31 | 1.08 0.29 0.09
50 50 05 3 [199 095 046 | 135 0.51 0.20
50 50 2 2 1.55 1.07 1.00 | 1.03 0.58 0.33
50 50 2 3 |17 130 114 |1.22 075 044
50 200 0.5 2 1.40 030 0.19 | 1.01 0.14 0.05
50 200 0.5 3 [208 065 037 |[137 029 0.12
50 200 2 2 1.49 0.83 0.83 | 0.98 040 0.25
50 200 2 3 1202 107 096 | 142 0.62 0.37
200 200 0.5 2 1.86 0.67 0.18 | 1.14 0.17 0.03
200 200 0.5 3 |207 053 021 |1.35 0.24 0.06
200 200 2 2 1.63 0.70 0.64 | 1.09 0.35 0.16
200 200 2 3 | 189 088 0.68 |1.31 049 0.21

Table 2: Simulation study with an non-exchangeable distribution for L and penalized SC
weights. Results are aggregated over 400 draws of the low-rank L matrix and 25 draws of Y
for each L (for a total of 10,000 simulation replications).
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Figure 3: Standard Gaussian QQ-plot of the standardized errors (7 — 7) /\//a\r [7]"/2, for the
independent design for both DID and SDID, aggregated across 10,000 simulation replications.
Points along the diagonal (dashed) would indicate perfectly calibrated Gaussian standard errors.
Points along a centered line with a slope shallower than 45 degrees indicate that confidence
intervals are conservative.

We generated data as in the non-exchangeable case above, with N = 100, N; = 20, T =
120, T3 = 5, 0 = 2, 7 = 1, and rank set to 2. It appears that SDID confidence intervals
were well calibrated albeit slightly conservative: Nominal 95% confidence intervals achieved
98% coverage. The slight conservativeness may be due to the well-known mild upward bias of
jackknife variance estimates [Efron and Stein, 1981]. In contrast, a basic difference-in-differences
regression (6.3) but without weights @ and A did poorly: Nominal 95% confidence intervals
achieved 82% coverage. Figure 3 shows a Gaussian QQ-plot of the standardized errors of both
DID and SDID, mirroring the observation that SDID confidence intervals are well calibrated
where DID ones are not.

To address a well-known critique of Bertrand et al. [2004] we also consider a design with
dependent errors. The data is generated in the same way as above, but now the errors are

correlated:
Elewea] = pI'™"
We set p = 0.7 leaving all other parameters the same. To deal with the correlation in errors, we
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Figure 4: Standard Gaussian QQ-plot of the standardized errors (7 — 7) /\//a\r [7]"/2, for the
correlated design for both DID and SDID, aggregated across 10,000 simulation replications.
Points along the diagonal (dashed) would indicate perfectly calibrated Gaussian standard errors.

estimate the variance using row-based jackknife. We run the weighted regression as though @;
and )\, were deterministic and did not depend on the data.

Nominal 95% confidence intervals based on SDID now achieve 93% coverage, while those
based on simple DID estimator achieve 88%. Figure 4 shows a Gaussian QQ-plot of the stan-
dardized errors of both DID and SDID, indicating that again SDID is better calibrated than
DID.

7 Conclusion

We present a new estimator in a Synthetic Control setting, he synthetic difference in differ-
ences (SDID) estimator, which can be interpreted as a doubly weighted DID estimator. We find
that the new estimator has attractive double robustness properties compared to the SC and
DID estimators, both in simulations, in an application, and based on formal large N and large
T symptotic results. By putting the new estimator as well as the original SC estimator in a
weighted regression framework it allows us to connect the SC methodology to regression meth-
ods, which suggests alternative ways for accomodating time-invariant as well as time-varying

covariates, as well as generalizations from two-way fixed effect models to factor models.
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8 Appendix

(12

Notation. Throughout the proofs section, we omit the subscript from w and A when there
is no risk of ambiguity. In addition, we write w, and A, with the same meaning as w* and \*
where conventient. We will use ¢ to denote a universal constant, which may differ in value in
each instance. Many of our bounds are phrased in terms of the gaussian width of a set S C R",
w(S) = Esup,cg (g, s) where g € R™ is a vector of iid standard gaussians, as well as the radius

rad(S) = sup,s||t|| and diameter diam(S) = sup, yc¢lls — §'||. We will use results which, in

our references, may be phrased in terms of variants of gaussian width, v(S) = Esup,c4|(g, 5)|

and h(S) = \/ Esup,.q (g,5)%, and will express them here without comment in terms of either
w(S) or w(S —S) for S — 8§ := {s— 5 :s5,5 €S} using equivalences discussed in Vershynin
[2018, Section 7.6]. Unless otherwise specified, ||v|| will mean the euclidean norm ||v||y for a
vector v and [|A|| will mean the operator norm [[A|l,, = supy,,<i[[Az|s for a matrix A. The
Lo norm, subgaussian norm, and subexponential norms for a scalar random variable Z will
be written ||Z||L,, ||Z|y, and [|Z||y,, and we extend them to random vectors Z by defining
1Z||z, = supyz=11£Z, x|, and the others analogously as in Vershynin [2018].

8.1 Proof of Theorem 2

When the fixed effects model is correctly specified, we can check that synthetic difference in
differences perfectly captures the signal for any set of weights, and the error depends only on
the noise e:

LNT — LNT =w - e + /\ CEN: — @,5:;)\.

Next, by Assumption 3, we know that
@-eq|@~N(0, ?@]3),

and so by the first part of (4.4) the term w-e.7 converges in probability to 0; the same argument

also applies to A - €,.. Finally, for the last term, we invoke Cauchy-Schwarz to check that

DA < @ lallesllopllAllz = Op(I@ll2llAll2 v/ max{N, T}),
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DID SC  SDID
Alabama | 12.95 3.41  2.46
Arkansas | 16.24 5.03  2.81

California | 8.79 3.37 1281
Colorado | 7.18 4.66  3.81
Connecticut | 6.25 2.79  2.40
Delaware | 3.89 526  3.04
Georgia | 12.68 3.61  2.42
Idaho | 7.60 255 2.24

Illinois | 2.40 3.07 3.08
Indiana | 6.31 4.36 3.46

lIowa | 4.45 477 5.12

Kansas | 6.29 3.92  3.59
Kentucky | 9.24 18.52 4.62
Louisiana | 5.42 2.71 2.48
Maine | 4.25 5.01  5.62
Minnesota | 6.43 3.56  3.72
Mississippi | 8.09 2.31  1.88
Missouri | 5.98 2.14  1.82
Montana | 6.98 4.31 3.41
Nebraska | 2.84 1.31 1.40
Nevada | 27.34 8.10 7.90

New Hampshire | 42.52 48.37 8.72
New Mexico | 1.75 2.38  2.65
North Carolina | 30.35 9.96  5.10
North Dakota | 6.98 537  4.15
Ohio | 9.59 2.58 1.33
Oklahoma | 811 4.88  4.27
Pennsylvania | 855 247  2.32
Rhode Island | 6.58 6.90 6.73
South Carolina | 8.74 2.69 2.24
South Dakota | 3.44 228 241
Tennessee | 17.22 594  3.15
Texas | 7.93 4.21  3.58

Utah | 4.26 23.59 3.89
Vermont | 6.49 3.85 4.05
Virginia | 2.18 251  2.39

West Virginia | 4.34 4.13  3.42
Wisconsin | 5.57  3.36  3.30
Wyoming | 12.27 8.15  6.87

Table 3: Root-mean squared error for one-step-ahead predictions made by difference in differ-
ences regression, SCs, and SDID. Results are averaged over the time period 1980-1988.
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root-mean sq. error | mean absolute bias

n T o rank | DID SC SDID | DID SC SDID
50 50 0.5 2 1.56 0.32 0.33 | 0.8 0.09 0.05
50 50 05 5 1.96 0.82 0.47 | 140 0.38 0.14
50 50 2 2 1.45 1.15 1.20 | 0.87 0.39 0.25
50 50 2 5 220 1.51 142 | 152 0.73 043
50 200 0.5 2 1.22 038 027 |0.79 0.07 0.04
50 200 0.5 5 2.09 050 042 | 146 0.19 0.09
50 200 2 2 1.22 0.84 098 |0.75 0.25 0.18
50 200 2 5 240 1.22 124 | 1.52 054 0.35
200 200 0.5 2 1.38 0.27 0.21 | 0.87 0.06 0.04
200 200 0.5 5 219 058 0.30 | 1.56 0.19 0.05
200 200 2 2 1.27 0.63 0.79 | 0.81 0.18 0.14
200 200 2 5 238 1.10 096 | 1.64 045 0.21

Table 4: Simulation study with an exchangeable distribution for L and unpenalized SC
weights. Results are aggregated over 400 draws of the low-rank L matrix and 25 draws of Y for
each L (for a total of 10,000 simulation replications).

root-mean sq. error | mean absolute bias

n T o rank |DID SC SDID | DID SC SDID
50 50 05 2 1.70 047 0.36 | 1.08 0.16 0.07
50 50 05 3 [199 080 046 |135 0.32 0.12
50 50 2 2 1.55 1.15 1.26 | 1.03 0.51 0.32
50 50 2 3 | 176 136 1.38 | 1.22 0.65 041
50 200 0.5 2 1.40 030 0.28 | 1.01 0.09 0.05
50 200 0.5 3 |208 057 040 |1.37 017 0.08
50 200 2 2 1.49 097 1.06 | 0.98 0.37 0.25
50 200 2 3 2.02 1.16 1.17 | 142 0.56 0.34
200 200 0.5 2 1.86 0.61 024 | 1.14 0.12 0.04
200 200 0.5 3 |207 042 027 |1.35 0.13 0.05
200 200 2 2 1.63 0.75 0.84 | 1.09 0.30 0.17
200 200 2 3 | 189 089 0.88 |1.31 041 0.20

Table 5: Simulation study with an non-exchangeable distribution for L and unpenalized
SC weights. Results are aggregated over 400 draws of the low-rank L matrix and 25 draws of
Y for each L (for a total of 10,000 simulation replications).
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recalling that, under Assumption 1, it is known that E [||e.[|2,] = O(max{N, T7}).

8.2 Proof of Theorem 1

We start with the following high-level lemma.

Lemma 7. Suppose that Assumption 1 is satisfied, further assume that the following conditions

hold:

lwill2 = of1)

[Acllz = o(1)
1A= A2 = 0p ([ Aell2) (8.1)
[ — willz = op([|wsll2)
[0 — willi = 0p(1/+/10g(T"))
1A= Alls = 0,(1/1/log(N))
Then we have the following result:
W' A = op(max{ w2, [ Adl2}) (8:2)

Proof. We decompose &7\ into a sum of four terms &1+ & + &+ &4 and bound each term:

~

WTed =we +we.d=A) + (@ —w)e A+ (@ —w)e.(A—\) (83)

*

Our goal is to show that these terms are negligible:

& = op(max{lwy]2, [[All2}) (8.4)
For the first term we get the following:

&1~ N(O, [lwlZIA12) = & = Op(llwillzlIAll2) = 0p (max{flwallz, [Al2}) (8.5)

The second term &, is bounded, via Holder’s inequality, by [|w’e.:|lso||A — Ac]1. The first factor
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is the maximum of 7' — 1 independent mean-zero gaussians with variance o?|lw||2, which is
Op(||w]l2y/10g(T)), and the second is 0,(1/+/log(T)) by assumption, so the product is o, ([|ws||2)-
The third term &3 is analogously o, (|| A]|2)-

To bound the fourth term &,, we use Chevet’s inequality [Vershynin, 2018, Theorem 8.7.1],

E sup 2'ey <rad(X)w(Y)+ w(X)rad(Y).
zeX,yey
In essence, this is a uniform version of the same Holder’s inequality bound, allowing us to bound
the simultaneous supremum over X and Y as if either x € X were a constant vector of length
rad(X) or y € Y were a constant vector of length rad(Y’). Here we can take X to be a set
of the form {z : ||z; < a/\/log(T),||z|2 < bllws||2}, for a — 0, which will contain & — w,
with high probability under our assumptions, and define Y analogously in terms of A and A,.
Then w(X) < a/y/log(T) - \/log(T) — 0 and rad(X) < |lws| and analogously w(Y) — 0 and
rad(Y) < [[A.]|, which shows that £ = o, (max{||ws||2, || Ac]]2})- O

We now move to prove the claimed result. Define deterministic weights:

= UG <)

=S ({5 Bre < (8.6)

TS l{(w —an)? < )

where ¢, = ¢, — 02 and &, = ¢, — o>

First we verify that conditions for Lemma 7 hold for @ and w*. Results for A and \* follow

in the same way. Define the following random variables:

K=> 1({(t; —an)* <é&.})

1#=N

(8.7)
K=>1 ({— 1Y — Yl < cw}>
1#N
By definition we have the following;:
i S
. 8.8
o {3 <o} 88)
R
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A~ 2 . :
where 67 = 715 ||V — Y[, = 67 + 0% + &, where &; is a mean-zero random variable. Define

the following random variable:
= [lw" = wllo (8.9)
By definition [ is the sum of n — 1 i.i.d. binary terms thus:

[ = Op (MN)

A (8.10)
v 1= (N = DE [1{1{& < @)} £ 1{5? < .1}

Since 5]2 = (592 + 0% + &, where & = O, (\%) we get the following:

iy =0 ((N - 1)%%)) (8.11)

Since fs2(z) = f“\(/‘?), and using the fact that ¢, = o(1) we get:

o, (22 512

By construction we have the following:

K=0, ((N - 1)F5]2_(5w)) (8.13)
and since ¢, = o(1) and ¢, = aN,Tlof/%V) we have K = O,((N — 1)4/¢,) — oo. This implies the
following:

N 1
[w*ll2 = —= = 0,(1) (8.14)

VK

We have the following relationship:

K — K| <1
; ] (8.15)
=0 (77) = o)
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that implies

=0 (14 %) =oaram =0, (8.16)

As a result, we get that ||0]|2 = Op(]|w*||2). Define the following weights (different normaliza-

tion):
2 < o
0; = 0, ;{ ) (8.17)
We have bounds on the squared norms:
~ * 1 [ *
I -1 = % () = onl1IB) .
e a1 AN L IN '
lo-alf =& (g -=) <z (g) —olls—wI)
Finally, we have the following:
~ * 2 " [ log(N)
o=y T = Toog ) = 0, (g 10e(0) =0, (D) =) 19

As |Illi < IIFll2v/lI]lo, this implies that the conditions of Lemma 1 are satisfied. Thus, our

estimator has the following decomposition:

ENT —Lyr=w-eq+ A EN: — @/8;;5\
=wer+Neny +(@—w) e+ (5\ — X)) - en. + op(max{||w*||2, [N\*|l2})

=W eq + A en: + op(max{[|w 2 [[A"]|2})

where the last equality uses the fact that ||w* —&||s = 0,(||w*[2), [|A* = All2 = 0p(]|A*]|2) and the

fact that @ is independent of .7 and )\ is independent of ey.. This proves the result.
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8.3 Generalizations of Theorem 3 and Lemma 4

In this section, we will replace Assumption 1 with the following generalization, which allows
for heteroskedastic and autocorrelated errors. In this setting, we consider the behavior of our
synthetic difference-in-difference estimator when we use least squares weights @, A subject to

arbitrary constraints.

Assumption 5. Y = L+ ¢ is an N x T matriz where L is deterministic and Ec = 0; the rows
of € are independent and subgaussian; and E€l.e;. =3 for alli < N — 1. Here subscripting by :

takes the rows or columns fori < N,j <T.

Theorem 8. Under Assumption 5, consider the least squares estimators
& = argmin||w'Y, — Yy.||? and X = argmin||Y. A — Yir||?
weN AEA
and the oracle estimators wy, A\, defined analogously with L substituted for 'Y and define

5w = ||LN: - W1L||a
5>\ = ||L:T - L)\*Ha

5sdid = |LNT - (w;L:T + LN:)\* - WLL)\*)l .
Then, for ry defined in Lemma 9,

e — Lo <o) |8, + 0, (IEI 4 w(@) malclle, )|
1<
+ diam(€) {& +0, <1333<Var[€m | ]2+ w(A) Ig%\lﬁz:l!wzﬂ

+0sdia + Op (diam(Q)rx + [[wieslly, w(A) + [lle Al + [Elecr [ €:]lls,] w(€2)

/ / /
+ |€N:)\* + W er — W*gz:)\*|

If the elements of €.. are independent and identically distributed, we may substitute
min{diam(Q)ry, diam(A)r,} for diam(Q)ry, where 1, is defined analogously to ry, as the bound

established by Lemma 9 on ||(&0 — wy)'L.||.
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Lemma 9. Under Assumption 5, for any subset A of RT=1, the least squares estimator and

oracle least squares estimator
N - 2 x o N — TlI2
A=min[VoA = Yirll; and A" =minf|L.A — L[l
satisfy the bound ||L..(\ — \*)||2 = Op(ry) where

r) = max (||L::)\* — L.7|,

:E\/approx-rank(L::,:v) fO?“ T = ||5::)‘*||¢2 + ||5:T||w27

sup [7/0],
se

\/diam(A) max <\/T, vV NT) log(T") max||ir s 1€ || o+
j
VNS diam(A) + [l ]|, 157 VIIZ] W(A))-

Herey = (N—1)"! Z@]\:l Eeirei; w(A) is the gaussian width of the set A; and approx-rank(L.., )

is an approximation to the rank of L.. that ignores small nonzero singular values, defined

approx-rank(L.,, x) :=min{ 7 € 1,2,... | r > 2 ' min | diam(A) /Z sz, Spy1W(A)
k>r

in terms of the decreasing sequence of singular values sy, So, ... of L...
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8.3.1 Proof of Theorem 8

Our estimator’s error is the difference between our estimator and the corresponding infeasible

estimator, plus the infeasible estimator’s error d,4;q, i.€.

zNT - LNT
- [YN:S\ O Y — wY)\] (Y — en)A @ (Yir — ) — (Yo — 29N + Suaia
= YA = ) + (@ — w,) Yo — [(a W)Y (A=A F Wl Vi (A= M) + (@ — w) YA,
+ Osdid — En. A — WeE + WheL
= (Vi — Y (A= ) + (@ —w.) (Ve — Vi) — (@ — wl)Ya(A = \)
+ Osdid — En. A — WET + WiEL,
= (Liy — W L) A = XN) 4 (@ — w) (L — LAy + Osaia
+ (en: —we) A= A) + (0 —w) (e — e hy) — (@ — w) e (A= \)

- E/N:)\* - UJL&T + CU;E;:)\*

- ((;} - w*),L:;(S\ — )\*)

We bound each line.

1. The first line is bounded by 4, diam(A) + J, diam(€2) 4+ d54:4, which follows by applying

Cauchy-Schwarz to the first two terms.

2. The second line is

op<diam<A) [||zy|1/2 +w(Q) ngllei;\lwg]

+ diam(92) [max Varle;r | €Y + w(A) I}l%{||5i:||¢2:|

i<N
Hlwiellv, wA) + [l Adllvs + [Elear | e:]ll,] w(€)
(a) The first term is the sum of two pieces, €. (A — \,) and —wle.(A — \,). The first

piece is O,([|||'/?diam(A)). Because the row ey, is independent of the noise sub-

matrices ¢.., .7 that are used to define 5\, it has mean zero and variance bounded by
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||| diam(A)? conditional on A. The second piece is Op(||w.e.||ly, W(A)), as the vec-
tor wle.. is subgaussian, and by Talagrand’s comparison inequality [Vershynin, 2018,

Corollary 8.6.3],

E sup |wie.d| <cKw(A—\);
dEA—),

K'= sup |lwiea(z = y)llw/llz =yl < wicell,-

T, yeEA—A4
The second term is the sum of two pieces, (w —wy)'e.r and (W —w,)’e..As. The second
piece, by Talagrand’s comparison inequality as above, is O,(|le. Ay, w(£2)). The
first piece is
0, (im0 g Varler | e + WS [Eler | ]l
1<
with terms bounding those in the decomposition

(@ —wy)er=(0—w) (er—Eler | e.]) + (& —w) Eler | €.].

The bound on the second of these terms follows from Talagrand’s comparison in-

equality as above, and the first of them has a conditional Chebyshev bound

p (|(°t) - W*)/(gtT - E[g:T | E::]>| >1 | 5::75N:)

N-1
<t Zl(d) —w,)? Var[eir | €] <t diam(Q)? rlgz}efc\/ar[gﬁ | €:.].

The third term is O, (max;<n||€::||y, [diam(Q2) w(A) + diam(A) w(£2)]). This follows

from Chevet’s inequality for random matrices with iid subgaussian rows,

E sup 2'ey < cme}%cHgi;Hw [rad(X)w(Y) + w(X)rad(Y)].

rEX yey 1<

The proof of Vershynin [2018, Theorem 8.7.1], which addresses the case of random
matrices with iid subgaussian elements, can be adapted for iid subgaussian rows by

applying Hoeffding’s inequality (i.e. Vershynin [2018, Proposition 2.6.1]) to row sums
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rather than elementwise when bounding the increments of this subgaussian process.

3. The third line is included in the bound.

4. The fourth line is O,(diam(€2)ry). This follows from the Cauchy-Schwarz bound |jw —
w.|[|| (A = A)|| and Lemma 9. If the elements of ¢, are iid, then Lemma 9 implies a

bound ||(& — w,)'L..|| < 7, and we can also bound this term by ||(& — w,)'L..||[|A — A.]|, so

the fourth line will be O, (min{diam(2)r,, diam(A)r,}).

Collecting all of these results yields our claimed bound.

8.3.2 Proof of Lemma 9

To simplify our notation in this proof, we will write N and T for the dimensions of Y.., which
are called N — 1 and T'— 1 in the lemma statement.
Our proof is based on the well-known isomorphic bounds argument in empirical risk mini-

mization [see e.g. Lecué and Mendelson, 2013, Mendelson, 2014].

0> YA = Yir|3 — [V A — Yir |2

= [IVA5 = 1YaA = 2V Ya(A = )

~

Z ||Y<5\ - )\*)Hg + 2(Y)\~k - }/PT)/S/(X - )\*) + 1{A:conV(A)} . Q(L;T - L;;)\*)/L ()\ — )\*)

> V(A = A5 +2 (Yade = Yr) Yi(A = A) = Liaceonvapy (LA — L) L(A = \,).

~~ ~~

Q(A-A) M(A=X)
(8.20)

Here the addition of the term 1{s—conv(a)} - 2(Lir — L:;)\*)’L;;(j\— A,) in the third line is justified by
its negativity. This is a consequence of the convexity of the set L..A when the term is nonzero:
L.y — L.\, points ‘outward’ from the projection of L. onto L.A to L.y itself, whereas
L;;(j\—)\*) points ‘inward’ toward another element of L..A [see e.g. Peypouquet, 2015, Proposition
1.37].
Let A — )\, be the set of possible deviations from A,; 5 = A—\, be the realized deviation; and
r2(8) = ||L..6]|*. We will show that, with probability tending to one, (8.20) cannot be satisfied

A

if r(0) > r,. This implies our claimed bounds.
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To do this, we will show that with probability tending to one, we have a uniform quadratic

lower bound on ((¢) and a corresponding upper bound on ‘M (5)’,

>1-1, (8.21)

)
wp MO

seA=X, T (5)
r(8)>rx

<(1-n)/2 (8.22)

These bounds are implied by simpler bounds of the form

nf Q(0) = (1 - nrs, (8.23)
(sseuja IM(0)| < (1—n)/2-72 (8.24)

where A, = {0 € [0,1](A — \,) : 7(6) = r,}. To see this, consider § € A — A\, with () > r, and
observe that because @) is quadratic and L is linear and dr,/r(0) € A,, (8.23) and (8.24) imply
that

Q(6) = (r(0)/r.)*Q(dre/r(8)) = (r(0)/r)* - (L —m)ri = (1 —n)r(8)*;
[M(8)] = (r(8) /r) M (3r /r(8)] < (r(8)/r.) - (1 —n/2)rd < (1 —n/2)r(6)*.

We now move on to the core of our proof, which involves proving these bounds (8.23) and (8.24).

The lower bound (8.21). Much of our proof will rely on .0 being small relative to L..0.
For .. having independent rows with the same correlation structure, i.e. Eele; = 3 with

ll€i:|ly, < K, we can establish this using the matrix deviation inequality of Liaw et al. [2017],
E sup |0 — \/NH\/%H’ < | STHVISIE® w(AL). (8.25)
6EA
For simplicity, we use Markov’s inequality rather than subgaussian concentration to derive a tail

bound from this, letting it hold on an event A.
By the triangle inequality, this controls the degree to which r, = ||L..d|| can exceed ||Y.d||,
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as
[1L::0]) = Yoo < L6 = Yoo = Jle-o]]-
In particular, every § € A, satisfying
VN[VES| + el = P(A) T EET VI wiA) < 5/2-
, will also satisfy the bound ||L..0|| — ||Y.0|| < n/2-r,. For
e = 207 /NSl rad(A) + (1 — PCAY) ' K25 /TR w(A,), (8.26)

this latter bound will be satisfied for all § € A,. And rearranging it gives (1—n/2)||L..5|| < ||Y.4]l,
which implies (8.23). Thus, (8.21) holds on the event A for r, above.

The upper bound (8.22).

M((S) = (YA* - YT)/Y5 - 1{A:COHV(A)}<LZZ>\* - L:T)/L J

= Iiazconv(n)y (LA — Lr) L0 (8.27)
+ (L. A\ — Lp)e.0 (8.28)
+ N Lo (8.29)
+ Nee:d (8.30)
— &, L6 (8.31)
— elre.d. (8.32)

The first term (8.27) is deterministic, and has the Cauchy-Schwarz bound

1{A7€conv(A)}HL::)\* - L;T”T* for 6 € A*.
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The second term (8.28) has straightforward bound based Cauchy-Schwarz and (8.25). On A,
|(L. A\ — Lop)e.d| < ||L.X\ — Ll - (n/2)r, for § € A,.

Similarly, Cauchy-Schwarz, (8.25), and the analogous bound

El[led ]| = VNIVELI| < cll=T VIR w{0,A}) < IS VISR A (8.33)

suffice to bound (8.30). They imply that for § € A,, on the intersection of A and the analogous
event on which the bound above holds with probability P(.A),

INeled| < lexAddllled]|
< [\/NHEWHH)\*H +(1=P(A) e 27|y ||Z||K2||>\*||] [(n/2) - 1]

< (/2 rZ A/ rad(As).

The third term (8.29) is the supremum of the inner product of a subgaussian random vector
.\, and a vector L..0 in the intersection of the image of A, under L.. and the |[|-||2 ball of radius

ry. and via Talagrand’s comparison inequality [Vershynin, 2018, Corollary 8.6.3],

E sup [(e.\)z] < cK'w(L.\,)

CUEL::A*

K'= sup [(e:\) (@ = 9)llpa/llz = yllz. < llecdulli,-
€L Ay
To bound the gaussian width w(L..A,), we split L.. into two pieces, a low rank approximation
L r defined as the sum of the first R terms in the singular value decomposition L., = ), oruyy,
and the remainder. Lpd is contained in a R-dimensional ball of radius r,, so in terms of a

standard gaussian vector g

w(L.A\) = Esup ¢'L..6 <Esup ¢'Lpd + Esup ¢ (L. — Lg)d < eV Rr, + w((L.. — Lg)A,).
0EA 0EAL 0EA

The fifth term (8.31) is analogous, with the difference that we substitute .7 for €.\, so in

the corresponding bound we have K' = ||e.r||y,.
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To bound the sixth term, ||e/;¢..0]|, we begin by characterizing the vector /... Because the
rows of € are independent, e/;e; = ). e;re;; is a sum of independent subexponential random
variables with |le;reiille; < |l€ir|lysll€isllw, [Vershynin, 2018, Lemma 2.7.7]. In terms of the
averaged autocorrelation y; = N1 > i Eeireij, €lpe. = Ny+Z where Z; = €lpe.; — N7, is a sum
of independent subexponential random variables with mean zero and ||Z; ||y, < cllgir ||y, l|€ijllws-

By the Triangle inequality and Cauchy-Schwartz,
[lred] < N3'8] + 126 < N [7/6] + 2rad(A)] 2],

and by Bernstein’s inequality [Vershynin, 2018, Theorem 2.8.1],

2

J
YillearllF,lles %, maxz'llwl\wg||6ijl|w2>> ’

P(|Z;] > t;) <2exp (—cmin (

so we have a bound of the form 2rad(A,)||Z|| < &r2 by the union bound for )7 ¢ < £y /(4rad(AL)?).
Simply taking t7 = &%} /(4rad(A,)*T) yields

P(2rad(A,)] Z]] = &r7)

<2 Z exp cmi & Ers
= - m )
j rad(A*)QT Zl||€ZT||12/’2||6”H12/12 rad(A*>ﬁmaXngiT’WQH‘gij”iﬁz

J

<2Te i fzrfj frf
< xp | —cmin , .
rad(A)2TN maxg;l|eir (|7, €117, " rad(A) VT max;||eir ||, || €6 ]|

Putting everything together, our claims on M (4), as well as our claims on () from the
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previous section, hold with high probability when n < min{1,4rad(A,)/||\]|} and r, satisfies

Ty 2 cmax ([1{A;ﬁc0nv(A)} + 77}(1 - 7’])_1||L::>\* - L:T”a

\/ (1 =) lleAellus + el [VRr, +w((L: = Lr))],

\/<1 —n)~N sup |59],
0EA,

¢ (1= )~ rad(A) max (VT VNT ) maxleir i log (1)

0~ VN|IE rad(A) + max|leq[3, 1127 ||E||W(A*))‘

Here the constraint on 7 comes from (8.30), the first line in r, comes from (8.27) and (8.28),
the second from (8.29) and (8.31), the third and fourth from (8.32), and the fifth incorporates

(8.26) from the lower bound section.

Simplifications This is a fixed point condition, as r, appears in the second line of the right
side explicitly in the third line and implicitly throughout, as A, is a function of r,. To eliminate
the dependence of the right side on r, through A,, we simply substitute for w(A,) and rad(A,) the
upper bounds w(A) and diam(A). This also allows us to drop the constraint n < 4rad(AL)/|| Al
as because A\, € A, it becomes vacuous if we perform this substitution.*

This leaves us with an expression on the right that depends on r, only through the second
line, which will have the form C\/JI[\/ET’* +w(R)] for x = (1 = ) lle. Mellgs + lle7]|0) and
w(R) = w((L. — Lg)A). To obtain the claimed result, we simplify this fixed point condition to
a bound, observing that r2 > cz[v/Rr, + w(R)] if 7, > 2czy/max(R, zLw(R)). In addition, we
bound w(R) = w((L.. — Lg)A) by the minimum of || L.. — Lg|| w(A) and the gaussian width of the
ellipse with axes diam(A)opy1, diam(A)ogya, . .., which is proportional to diam(A)\/>",- ;07

[see e.g Vershynin, 2018, Section 7.6.1], and we minimize this bound over R.

4To justify this, we can check that this constraint would not have arisen from our bound on (8.30) had we
made this substitution earlier.
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8.4 Specializing Theorem 8 and Lemma 9

In this section, we will prove more concrete versions of the results of the previous section. This
includes Theorem 3 and Lemma 4 from Section 4, which make the assumption that g;; ~ N(0, 0?)
is independent for each cell (i,t), and allowing us to dramatically simplify our bounds. We also
prove Theorem 5 from Section 4, a variant of Theorem 3 which characterizes the synthetic

control estimator under the same assumptions.

Proof of Lemma 4. In the bound of Lemma 9, we simplify several expressions under Assump-
tion 1: HEZIA*sz = ”Eii)‘*dez = U”)‘*H? ||€1TH1/)2 = HgiT“l/)?. =0, HeiTsz”Ein¢2 = 02? V ”EH =0,
leallZ, IEHIVIE] = 0?07?06 = 0, and 5 = 0. With these simplifications, as well as the bounds
2a,, > diam(Q), 2ay > diam(A), and min{/log(N), a,vVN} = w(Q), min{/log(T), axv'T} >

w(A), the bound of Lemma 9 reduces to that of Lemma 4. O

Proof of Theorem 3. In the bound of Theorem 8 for iid noise, we substitute Ele.pr | €.] =
0; @ = @; [|Z)Y? = maxen|Var[eir | e/
ollwyl; ap 2 diam(Q) + [|w,]| and ay > diam(A) + |[A.]|; min{y/log(N), a,vV N} 2 w(Q) and
min{/log(T),axv/T} 2 w(A); and ey )\, + wier — wie A = Op(a|| M| + oflwsl). We do

not have an O, (o||w|/[[A|]) term in our bound corresponding to the third term wje.. A\, in this

= 0; llesAdlle, = oAl and flwiefly, =

last expression because the bounds for the other terms suffice: [|[A]] < 1 for A\, € A C L, so

Al < allwdl- O

Proof of Theorem 5. We can express our estimator as
&Yy — Lyr = (W,Ly — Ly) + (& — wy) Ly 4+ &'er.

The first term above is simply 0., while the last is O,(a,), as it is gaussian with standard
deviation ||@|| < a, conditional on €., ey.. It remains to bound the middle term. To do so, note

that for any A,

(@ —w) Ly = (& — wy) Lo+ (& — w,) <L:T _ LA)

<L (@ = wdll

A+ 19 = wall

L:T - LS\H

=0, (rw

XH2+aw

o)
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where the last line follows from Lemma 4. O

8.5 Proof of Theorem 6

We will now consider the problem of inference in a simple setting with N; treated units and 73
treated time periods, in which all units with ¢ > N, start treatment at the same time T + 1.
Our estimator (4.1) is, in this setting, of essentially the same form as those we’ve discussed
for a single treated unit and time period. Having observed such an Ny 4+ N; x Ty + T} matrix

Y =L+ g, we define a Ng+ 1 x Ty + 1 variant Y = L + € in which treated units and rows are

averaged,

- , -
}/vl:No,l:To Tl Zt>TO X/vl:No,t
-1 ¥ -1 ¥
Nl Zi>No Y;,I:To (NITI) Zn>No,t>To Yie

Y = (8.34)

In these terms, letting N = No+1and T =Ty + 1, 7 = Ynr — L. Thus, the problem
of estimating the averaged unobserved control potential outcome in this setting is essentially
the same as the problem we’ve considered in the previous section, in which we had only one
unobserved potential outcome. It differs only in that this averaging results in heteroskedasticity
in the errors €, making the elements of 5. and .7 small relative to those of .. Furthermore,
because averaging drives eyr to zero, it is possible for our estimator 7 to be consistent in
this setting, whereas in the previous section the constant order variance of Yyr made this
impossible. Our core result is that, under Assumption 4 and some restrictions on Ny and T}, 7
is approximately normal with bias negligible relative to variance Var(7) &~ Var(enr).

Our first step is to establish a formal equivalence between estimation of 7 under Assumption 4

on Y and under a specialization of Assumption 5 on Y. This is straightforward.

Proposition 10. IfY satisfies Assumption 4, then'Y defined in (8.34) satisfies Assumption 6

with 0 = 0} /(1 — p*) and the estimator 7 (4.1) based on Y is the same as the one based on'Y .

Assumption 6. We have N = Nyg+ 1, T =Ty + 1 — 00, and there is a N x T deterministic
matriz L such that Yy = Ly + Wyt + €y with Wy, = 1{i = N,t =T}, and the rows of € are

independent gaussian vectors with, for i < N,
1. Cov (gi,ei) = 0?p"™F for j <k <T,
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2. Cov (ey,r) = Ty 'o? YopLy p7 7 = T o ot 19 (1 = pT) /(1 = p) for j < T,
3. Var () = Ty Yok, Yopky o2plh=1,

for p >0 and, for i = N, the corresponding terms are N; ' times these quantities.
Thus, as our estimator’s error is

T—T= (YNT — LNT) + (LNT - f/NT) =ENT + Op<LNT - ENT):

a specialized version of Theorem 8 under Assumption 6 is sufficient to establish conditions under
which the second term is negligible relative to the first, i.e. conditions under the latter term is

0,((N1T1)~1/2). Our general result, of which Theorem 6 is a corollary, follows.

Lemma 11. Under Assumption 6, consider the least squares estimators
& = argmin||w'Y, — Yn.||? and X = argmin||Y. A — Y2
weN AEA
and the oracle estimators wy, A\« defined analogously with L substituted for Y and define

(5w - HLN: - WLL::H;
5)\ = ”L:T - L)\*H7

5sdid = ‘LNT - (W;L:T + LN:)\* - wiL::)\*” .

If o = O(1) and limsupy .. p < 1, and we take diam(Q2) = O(1), then ‘/[:NT—LNT‘ =
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op((N1T1)~Y2) if

Y

NITI < min { 5§dzd
1

diam(Q)% max {63, w2(A)}’
1

diam(A)? max {62, w?(Q)}’

1
diam(Q2)? diam(A)2 Ny }’
1

NTY? < :
i diam(Q)? diam(A) max { Ty, v/ NoTp } log(Tp)

1
N1<<min{ —, — }
w(€) diam(§2)2 approx-rank (L::, max { A, T })

This follows from Corollary 13 and Corollary 14 below by a straightforward calculation.
These corollaries are specializations of Lemma 9 and Theorem 8 respectively, which follow from

our more general results with a few calculations collect in Lemma 12 below.

Lemma 12. Under Assumption 6 for p > 0, letting ¥ be the covariance matriz Ee;.€,. and ~y

be the vector of autocovariances E€l ..,
1. %] < JZHZ
2. I <o l_f’
3. < T e (1= p)~H (1 = p?)~/2
4 eilly. = IZI1M? < V20(1 = p)=2.
5. lleslly, = IZIM2IA < V20 (1 = p) 72 [IA]]
0. |lwiexllv, = ollw
7. exllv, = lleirlle, < V2T Po(1—p)7/2

8. [Bler | ealllv. = [Eleir | eally. < T 'pM2(1 = p) 720
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9. Var[eir | £:]V? = O, <T1_1/20(1 — p)*1/2>

10. en o+ wies T = wheahe = Op ([NT PN + T2 ) + fooall AW o1 = p)7172).

Corollary 13. Under Assumption 6, for any subset A of RT~L, the least squares estimator and

oracle least squares estimator
N o - 2 L N — T2
A=min|VA =Yl and A" =minf|LA — L[l
satisfy the bound ||L..(A — X*)||s = Op(ry) where, for approx-rank defined in Lemma 9,

r\ = max (HL::)\* — L.7|,

x+/approx-rank(L..,z) for x = max {H)\*H,Tflﬂ} o(1—p) 12,
Ty Y% diam'?(A) - op(1 — p) 21— p?) A,

T1_1/4\/diam(A) max <\/T0, {‘/W) log(Tp) - o(1 — ,0)_1/4,

Ny diam(A) - o(1 = p) V2,

o a(122)")

Corollary 14. Under Assumption 6, consider the least squares estimators

& = argmin||w'Y, — Y. ||? and X = argmin||Y. A — Yir|?
we AEA
and the oracle estimators wy, A« defined analogously with L substituted for Y and define

6w == ”LN: - wiLH,
5)\ = ||L:T - L)\*Ha

5sdid - |LNT - (WLL:T + LN:)\* - WLL)\*)l .
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Then, for ry defined in Corollary 13,

‘ENT - LNT‘ < diam(A) [0, + O, (o(1 — p)~? max {1, w(Q)})]
+ diam(Q) [0y + O, (o(1 — p)”Y? max {17, w(A)})]

+(Ssdid + Op (dlam(Q)m + 0'(1 — p)71/2p1/2Tf1 W(Q)) .

8.6 Proof of Lemma 12

Because all random variables involved are gaussian, the subgaussian norm |||, is equivalent

to |||z, Furthermore, for a random vector v of identically distributed elements v;, ||v||L, =
SUp =1 v/ 22 77 Bl = (v ..

1,2. Our bounds (i-ii) are determined by upper and lower bounds on the maximal and minimal
eigenvalues of the correlation matrix ¥3/0? respectively, which for our AR(1) process are

no larger than %Z and no smaller than %Z respectively [see e.g. Trench, 1999, Section 1].

To

> ATt
j=1

1— pTl 21 _ pQTO
1—0p 1—p?
ST (1= p) (L= p) T

4,5,6. For any vector v, ||g..v|ly, = |5 722Y 20|, = [|ZY%0|| < v20(1—p)~/2||v]|, reducing
our problem to one about an identically distributed vector and in the last step using our
bound (i) and substituting 2 > 1 + p. Similarly, ||[v'c. ||y, = ||u'e. X725, < |1S|]u] <

V20 (1 = p) 2.
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7. |lexlly, = lleir||r,, as it’s a vector of identically distributed gaussian elements, and

T T
HgiTH%Q _ T172 Z Z 0.2p|k7€|
k=1 ¢=1
T1—1
=T ?0? (Z 2(Ty — s)p® — T1>
s=0
T1—1
< Ty %0210 Z p* < 2T 0% (1 — p) =t
s=0
8. For the same reason, |Eler | &.]ll, = [[Eleir | &illliar and [Eleir [ eillz, = 177" 30L, pfeim [, =

— —pT — _
T pityo < T P(1 = p) oo

9. EVar[eir | g:] < Ee2, < 2T '0%(1 — p)~L

10.

-~ —1/2 — _
I8 Allze = N2 IEY20 ) < V2N 2 N lo (1 — p) 722
~ ~ —1/2 _
||y = lwalllEirlls < V2T 2 ||willo (1 — p)~1/*

lwsgaAllz, = ko lIZ2A < V2l Ao (1~ p) 772,

29



8.6.1 Proof of Lemma 11

Substituting the bound of Corollary 13 into that of Corollary 14,

‘ZNT — LNT‘ =0sdid +
Op( diam(A) max {d,,, w(Q)}

+ diam(§2) max {dy, w(A)}

+ diam(2) max { H)\*H,Tfl/2} \/approx—rank (L::, max { 1Al Tfl/z})
+ diam(Q)T; "/? diam'/?(A)
+ diam(Q) T V4 \/ diam(A) max <\/TO, \4/N0T0> log(Ty)

+ diam(Q)]\fé/2 diam(A)

+ T W(Q)>.

Several of the terms in this bound can be ignored, as they are bounded by others:

diam(Q)|| Al \/approx—rank (L::, max { Ak ]]s Tfl/2}> < diam(Q)]\fol/2 diam(A);

diabm(Q)Tl_l/2 diam'/%(A) < diam(Q)T1_1/2 \/approx—rank <L::, max {||)\*||,T1_1/2}>.

Under the stated conditions on N; and T}, each of the remaining terms is o((N,T7)~%/2).

1. The condition on N;7T} in the lemma statement arises from terms in the expression above

with no factors of Ny, T;. It is equivalent to the condition

(NlTl)_1/2 > max {dsdid;

diam(A) max {0, w(2)},
diam () max {0, w(A)},

diam(2) diam(A)N&/Q}.
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2. The condition on NlTll/ ? in the lemma statment arises from the term above with the

leading factor of Tl_l/ *

3. The condition on N; arises from the terms above with leading factors of Tl_l/ *and Ty .
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