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Abstract

We study the impact of technological change on GDP growth, income inequality,
and the interconnectedness of the economy. Technological advances in goods that
complement labor increase productivity but do not change the interdependencies across
sectors nor the relative wages between high-skilled and low-skilled labor. In contrast,
technological advances that (directly or indirectly) substitute for labor (e.g., robots,
AI) change both and have impacts that depend on the state of the economy. As
automation becomes more productive, wages drop for workers employed in automatable
tasks to slow their displacement. With less productive alternative opportunities for
labor, there is a greater drop in the wages of replaceable workers (raising inequality),
and hence less automation, and a lower growth in overall productivity. The growth
effects of technological advances in automation emerge gradually, and propagate both
downstream and upstream (due to wage effects). In addition, as automation progresses,
the production network becomes denser, increasing the centralities of automation good
producers and their (direct and indirect) suppliers. Our findings provide additional
insights into what makes today’s automation different from the previous ones.
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1 Introduction

The production of goods and services has become increasingly complex and networked. Many
involve multiple tasks or parts, some even hundreds or hundreds of thousands. Moreover,
some goods and services used in production substitute for labor. We have seen this histor-
ically, as technological advances reduced the use of labor in agriculture and manufacturing,
and are seeing at present as automation technologies are displacing labor in the production
of an increasingly wide variety of goods and services. For instance, robots and Al substitute
for labor in manufacturing (e.g., assembly lines), distribution (e.g., warehouses and drivers),
and services (e.g., computer-based markets and apps and data collection systems). Similarly,
autonomous vehicles are expected to lead to a large-scale labor displacement as driving and
delivery are some of the largest professions in the world.

In addition, automation technologies transform the economy by altering supply chains.
Such large-scale increases in intermediate good usage make today’s automation technologies
fundamentally different than a generic increase in the capital stock. For instance, different
forms of autonomous vehicles (e.g., self-driving cars, autonomous delivery vehicles, drones)
use different Al technologies that in turn increase the production and use of computer systems
and related services. Similarly, various types of electric batteries, cameras, lasers, radars,
and vehicle-specific computers are used in production of these autonomous vehicles. As a
result, the labor displacement effects of automation are also accompanied by changes in the
input-output structure of the economy.

In this paper, we study the effects of technological advances in such a world that is
extensively networked and in which goods not only complement each other in production,
but can also substitute for other inputs; and, in particular, for labor. Despite the complexity
of such networked production processes, we show that there are tractable formulas that
describe the impacts of various technological advances. Our analysis shows that the effects
of technological advances in the presence of substitution effects differ fundamentally from
the case of pure complements. Thus, traditional input-output analysis, which has focused on
the case of complements and not accounted for how substitution works, offers an erroneous
view of the basic effects of technological improvements on the production network, as well
as overall consumption and relative wages.

A main feature of our analysis is a general equilibrium effect of changes in wages in
reaction to technological advances. These effects counteract the impact of technological
advances that substitute for labor. The extent to which they mitigate such advances depends
on where the labor displaced by new technologies can be re-employed, which depends on the
full production network in a way that we characterize.'

With this intuition in hand, we build an input-output model where intermediate goods
that are complements for, or substitutes to, labor are produced within the economy. Then,
in a general equilibrium framework, we study the underlying forces behind automation and

'We focus on the displacement of labor, but the analysis applies directly to the displacement of other
productive inputs as well.



its overall impact on the economy. There are three main contributions of our study. First,
we show how technological advances translate into increased level of automation and analyze
how long this "transition to automation” takes in an economy. Second, we show how the
macroeconomic consequences of automation, and resulting increases in income inequality,
depend on the alternative uses of labor in the economy. Third, we use the model to analyze
the evolution of the interconnectedness of the economy. Accordingly, by using a network
centrality measure of the impact of productivity changes in different sectors, we discuss how
network centralities evolve with technological progress via changes in the supply chain.

To analyze the substitutability of labor and intermediate goods, we consider two different
types of labor: high- and low-skilled. The difference between these types of labor is that low-
skilled labor performs routine and repetitive tasks that can be substituted by “automation
products” (e.g., robots, software, driverless trucks, drones...), while high-skilled labor instead
complements all other goods used in the production process. Dividing labor into these two
classes” allows us to characterize how different types of labor are affected by technological
changes, and also to identify new types of network effects in how change ripples through the
economy.

After we define our general input-output model, we provide a result on the existence and
the uniqueness of equilibrium. Then, we move to the analysis of a three-sector model that
consists of a final good sector; an intermediate good sector that is a complement to labor
in production of the final good - a “resource sector”; and an intermediate good sector that
can substitute for labor in the production of the final good - an “automation sector”. In the
three-sector model part, we provide the main results of our study, which we later extend and
generalize to an m-sector economy. We first study the implications of small (infinitesimal)
technological changes and, later compare them with the implications of non-small (discrete)
technological changes that involve the full reallocation effects due to automation. Our first
two results fully characterize how small improvements in productivities affect total consump-
tion, low- and high-skilled labor wages, and the relative wage (income inequality); as well as
how these depend on the extent to which substitutable labor is still partly used or whether
that substitution is already complete.

During the substitution (or transition) phase, low-skilled labor is displaced by automa-
tion. In this phase, the demand for low-skilled labor, and hence low-skilled wages, decrease
as the productivity of the automation sector rises. At the same time, the demand for high-
skilled labor can even rise, if automation sector needs high-skilled labor in production. As
a result, the high-skilled to low-skilled wage ratio/gap rises following a technology improve-
ment in the automation sector during the substitution phase. The substitution phase is not
abrupt, but can be prolonged since the wage adjusts and so the adoption of automation is
continuous in the change in its productivity, and this adjustment depends on the alternative
uses of labor in different sectors. The impact of improvements in productivity of the automa-

2The term “high” and “low” skilled are artificial, as what is really relevant is whether a particular form of
labor is substituted for or complemented by a change in some good. We use the terms since it is frequently
the case that this corresponds to skill level.



tion sector on total consumption gradually increases as more labor is replaced, since then
there is less labor left to be displaced and there is less attenuation of productivity growth
due to wage adjustments.

Eventually, the substitution phase is complete and low-skilled labor is no longer used in
this particular production process. Further technological improvements then have a classical
input-output effect (i.e., wages and consumption rise) and have no impact on the relative
wage.

Following these results, we discuss how the new employment of displaced workers de-
pends on the labor productivities in each sector, which thus affect the welfare gains from
automation. In a general equilibrium setting, we show that welfare gains from automation
and how long the “transition to automation” takes depend on labor’s alternative uses. With
less attractive alternatives for low-skilled labor, the substitution phase is more gradual and
greater technological advances are required to produce the same impact on the economy.
Accordingly, we show how the implications of small vs non-small changes in productivities
differ due to changes in labor reallocation. The results provide insight into what makes
recent the implications of recent automation technologies different from previous ones, as
alternative uses of low-skilled labor are lower than with previous displacements.

Following the three-sector model, we extend our analysis to an n-sector economy. Here, we
consider arbitrary substitutable and non-substitutable tasks in each sector. In the general
model, substitution can be quite indirect. For example, a technological advance in the
production of a material like Kevlar can replace metal, which then makes robots lighter and
more efficient, and thus spurs their use in warehouses. So, any good in a long supply chain
can end up affecting the substitution. In this part, we investigate how these direct and
indirect effects end up having overall effects on total consumption, income inequality and
the interconnectedness of the economy.

In the analysis of the general model, we first discuss the indirect effects of how improve-
ments in the productivity of some good in the supply chain of automation can have cascading
effects, as well as automation that involves multiple technologies. Next, we discuss how Hul-
ten’s Theorem [47] relates to our setup. Hulten’s Theorem states that the impact of a small
technological change in a given sector on net-output is summarized by

dlogC _ piYi
dlogA; GDP’
where é’g} is known as the Domar [33] weight of sector i: the ratio of total sales of sector i to

GDP. Our first result in this part shows that a modified version of Hulten’s Theorem extends
to our setting, and the impact of a shock to any sector, including the automation sectors, on
GDP is summarized by its Domar weight. The key difference is that the Domar weights in
our model depend on which of the phases the economy is in. During the substitution phase,
the Domar weights change. Given that Hulten’s Theorem provides a first-order approxi-
mation ®, it becomes inaccurate for non-infinitesimal changes since relative wages change

3See Baqaee and Farhi [18] for the importance of second order effects in a different model.



and thus so do the Domar weights as labor is being replaced. Our last result characterizes
changes in the network influences of sectors due to automation. We show that an increase
in level of automation increases the network influence of automation goods as well as both
their direct and indirect suppliers, but that sectors that are not in the (upstream) supply
chain of automation sectors do not have increased network influences. As a result, as pro-
ductivities of the producers of automation products and/or their direct or indirect suppliers
rise, the production network becomes denser and the weighted interconnectedness between
sectors gets stronger until the substitution of labor is complete. These changes affect the
absolute and relative impacts of future technological changes. For instance, a technologi-
cal advancement in an automation good that increase its usage enhances the impact of the
future technological changes in the same good; but can reduce the impact of technological
advances in other goods due to the wage drop it causes, which in turn mitigate automation
in other tasks.

Lastly, we discuss the overall impact of non-small technological changes while capturing
the reallocation of labor in the n-sector economy, which provides insights into general equi-
librium effects in the general n-sector model. The network effects with substitution differ
from those identified by classical input-output studies that involve only complements (e.g.,
Acemoglu, Carvalho, Ozdaglar, and Tahbaz-Salehi [3]). Our results imply that the prop-
agation of supply-side shocks is not limited to downstream (direct and indirect customer)
sectors. Technological changes affect also the relative demand for different types of labor,
and, therefore, ultimately affect relative wages, which changes the allocation of different
types of labor even for the sectors completely separate from the supply chains experiencing
technological changes.

1.1 Relation to the Literature

Understanding how technological changes can ripple through an economy is more important
than ever, and has been an area of renewed research.* This has been studied both theo-
retically and empirically. For example, Carvalho, Nirei, Saito, and Tahbaz-Salehi [30] show
how the supply chain disruptions in Japan after the Great East Japan Earthquake of 2011
led to wider disruption, both downstream and upstream. Similarly, Barrot and Sauvagnat
[20] and Acemoglu, Akcigit, and Kerr [1] show evidence of network-based propagation of
idiosyncratic shocks. Acemoglu, Carvalho, Ozdaglar and Tahbaz-Salehi [3] showed how id-

4Following Leontief [52], the early (e.g., Hulten [47], Long and Plosser [53], Basu [22], Dupor [33], Horvath
[45, 46], Basu and Fernald [23], and Shea [57]) and recent literatures (e.g., [38], Carvalho and Gabaix [32],
Jones [48, 49], Acemoglu, Carvalho, Ozdaglar and Tahbaz-Salehi [3], Acemoglu, Ozdaglar and Tahbaz-Salehi
[4], Boehm, Flaaen and Pandalai-Nayar [26], Atalay [11], Bartleme and Gorodnichenko [21], Bigio and La’O
[25], Baqaee [16], Fadinger, Ghiglino and Teteryatnikova [35], Baqaee and Farhi [17, 18], Bernard, Dhyne,
Magerman, Manova, and Moxnes [24]) on the macroeconomic consequences of interconnectedness have made
it clear that the productivity changes in one part of an economy can ripple through the economy and have a
wide impact, and that idiosyncratic shocks do not all cancel out, but some can be magnified via the network
(e.g., Acemoglu, Carvalho, Ozdaglar and Tahbaz-Salehi [3] and Acemoglu, Ozdaglar and Tahbaz-Salehi [4]).



iosyncratic shocks can actually become amplified through a production network.

Our advance, as mentioned above, is to extend an input-output analysis to include sub-
stitutes and general equilibrium effects, while remaining tractable. We show how there are
countervailing wage-adjustment forces that slow the impact of technological advances on
the economy. We also show how these depend on the alternative uses for labor, while also
showing how a version of Hulten’s Theorem and expressions for the Domar weights extend
to the substitute setting, but now vary with the level of automation.

In addition, we provide expressions for how inequality grows in response to technological
changes, as well as how growth is attenuated by wage adjustments. The same technological
change can have very different impacts depending on the rest of the economy and production
network.

The role of complements versus substitutes in production has been discussed in important
studies from Griliches [42] and Stokey [58] to Krusell, Ohanian, Rios Rull, and Violante [51],
Autor and Dorn [12], and Hémous and Olsen [44]. For example, Krusell et al. [51] show
how this difference can help explain the growth in income inequality and the growing skill
premium observed over past decades.

Recently, Acemoglu and Restrepo [5, 6, 7] have studied the implications of automation®
empirically and theoretically. The main difference between their modeling of automation
and ours lies in the source of automation. Acemoglu and Restrepo analyze an increase in
automation by considering an increase in the set of different production processes in which
capital substitutes for labor. In our model, we model explicit goods (e.g., robots, software,
etc.) substituting for labor rather than general capital, which is important in our study of
supply chain effects. Also, in our model the automation occurs because those goods become
cheaper to produce, due to some technological advance, rather than having some production
process simply become automatable by capital. Therefore, differently from Acemoglu and
Restrepo [5, 6, 7], we study how technological advances translate into automation in tasks
that were previously performed by labor (e.g., routine tasks, repetitive tasks). Most impor-
tantly, this modeling difference leads our results to be different, and complementary to those
from Acemoglu and Restrepo [5, 6, 7], allowing us to answer questions not addressable with
their formulation. In particular, we detail the automation phase and how wages, produc-
tivity, and welfare change during this phase; as well as how long the phase takes and how
it depends on the broader production processes in the rest of the economy. None of these
questions can be answered in the other models. In addition, our analysis provides a new
and more general form of input-output analysis, and new insight into how Domar weights

5Beyond these papers, there is also a broader literature on the impact of automation that includes Zeira
[59], Autor and Salomons [15], Graetz and Michaels [40], Brynjolfsson and McAfee [29], Brynjolfsson, Rock,
and Syverson [28], Michaels, Natraj, and Van Reenen [43], Frank et al. [36], Peri and Sparber [56], Katz
and Murphy [50], Goos, Manning, Salomons [39], Alabdulkareem et al. [9], Autor, Katz and Krueger [14],
Aghion, Jones, and Jones [8]. In a recent study, Moll, Rachel, and Restrepo [54] analyze the impacts of
automation on income inequality while considering the distributional effects of automation via changing
returns to wealth.



change with automation.

Our model also helps shed light on the Solow Paradox and slow growth in response
to technological advances that seemingly should have a large effect on the economy. For
instance Brynjolfsson, Rock, and Syverson [27] detail the modern version of this paradox,
and examine four explanations. A leading one that they emphasize is that it takes time to
develop complementary technologies that can take advantage of new advances and inventions.
Our model provides a fifth explanation that differs from the four they offer. Ours is that
many recent technological advances substitute in some way for labor or other inputs, and
the wage/price adjustments due to the general equilibrium effects attenuates the impact of
a technological advance.

In our model, we use a Cobb-Douglas production technology, with the twist that some
tasks involve the possibility of substituting one good (e.g., technology) for another (e.g.,
low-skilled labor). This sort of perfect substitutability of machines (or automation) for low-
skilled labor and the unit elasticity of substitution between these two and another type of
labor is used by Autor, Levy, and Murnane [13], who provide a detailed discussion of this
specific modeling choice by giving examples on the characteristics of tasks (i.e. routine vs
non-routine tasks). In a setup capturing different elasticities of substitution between factors,
Krusell et al. [51] find that the key elasticity of substitution between low-skilled workers and
capital is higher than the elasticity of substitution between high-skilled workers and capital.

In addition to the papers already mentioned above, our paper is also related to Baqaee
and Farhi [17]. Both papers focus on the impacts of technological changes that can be
divided into two main categories: a pure technology effect and a reallocative effect. However,
our model can be thought of as a generalization that provides explanations for how given
technological changes have different implications depending on the primitives of the economy.
In other words, we investigate the factors that places one type of technological change into
one category, and another technological change into another category. For instance, our
model provides explanations for how the technological improvements that result in exactly
the same productivity change in a resource good instead of the automation sector might
have different implications. In addition, our model allows us to characterize the changes in
the Domar weights as well as the reallocation effects. A more technical difference is that,
differently from Baqaee and Farhi [17], (and also Baqaee [16], Grassi [41], and Bigio and
La’O [25]), we focus on competitive rather than imperfectly competitive equilibrium. °

Lastly, our study is also loosely related to the literature on the endogenous formation of
production networks, such as Acemoglu and Azar [2], Carvalho and Voigtlander [31], and
Oberfield [55]. In our model, firms do not choose their set of suppliers, yet the production
network changes following technological advances, and so there is a form of endogenous
network. For instance, as the productivity of an automation sector rises, it can start to
supply goods to other sectors, forming new links and increasing the interconnectedness of

60ne could extend our analysis to an imperfectly competitive model or with other sorts of production
functions, but both topics are beyond the scope of the present paper.



the economy.

The remainder of the paper is organized as follows. In Section 2, we provide a preview
of labor-substitution in a general equilibrium framework. In Section 3, we introduce our
production network model and discuss the network interactions. In Section 4, we study the
impact of technological changes on aggregate welfare and income inequality, while incorpo-
rating the reallocation of labor into our analyses. In Section 5, we extend our analysis to an
n-sector model and characterize the implications of technological change. In Section 6, we
conclude.

2 A Preview of Labor-Substitution in a General Equi-

librium Framework

Let us briefly provide some intuition behind our results concerning labor-substitution before
more fully describing our equilibrium analysis.

Consider the production of some good, Y, that uses high-skilled labor, H, low-skilled
labor, L, and an input good that can substitute for low-skilled labor, X. Suppose that the
production function takes the form

Y = (L+ AX)*“H'"®, (1)

where o € (0,1) tracks the relative shares of the high and low-skilled inputs. The good X
(e.g., a robot or AI) substitutes for low-skilled labor at a rate A. A change in A reflects a
technological advance in the input X that makes it a better substitute for labor, for instance
a faster robot, or enhanced abilities of some software. Let us examine the effect of a change
in A on the value of production Y:’

oy
oA “

Y

X(L + AX)a_lHl_a = O{Xm

This expression is decreasing in L and increasing in X. Early in the substitution/automation
process, L is high and X is low, and so the impact of an advance in A is low. As substitution
takes place, L falls and X increases, and thus the derivative increases as well. This shows
the basic force at work: the impact changes depending on the stage of automation and the
values of L and X. As substitution is just beginning X = 0 and L > 0, and so the deriviative
is 0 and there is no effect. As substitution continues, L drops and X increases, and so does

g—f; (as a function of the level of Y, which is also increasing). Eventually, when substitution
is complete and L = 0, then % = oz%, which then looks like a standard complementary
input.

The impact of a change in A, thus depends on the levels of L and X. The second key
insight is that the levels of L and X depend on how productive L is in other sectors of the

7L, H, and X adjust with A, but by the Envelope Theorem, their effect washes out of the derivative.



economy. This is where the general equilibrium analysis is vital. If L is relatively productive
elsewhere, then as A increases, L decreases rapidly in the production of this good and moves
to the production other goods, and correspondingly the use of good X rises rapidly.® If
instead, L is not so productive elsewhere, then the main change is a drop in the wage and
only a slight decrease in L and increase in X. Thus, the changes of L and X in response to

a technological advance depend critically on the overall production network, and therefore
oY
B_A'
Although how Y is impacted by a change in the productivity A of the X input has

so does the relative level of the derivative

general equilibrium effects also for complements, there is a big difference in how this works
with substitutes. If X is a complement to L, then when L has worse alternative uses in the
economy, the derivative of Y with respect to A increases as it becomes easier to attract L in
the current production process. In contrast, in the case of substitutes, as L is less productive
elsewhere, this slows the movement of L to its alternative uses and hence the adoption of
X and which decreases the derivative - at any given level of Y - producing a counter-acting
force. So, the general equilibrium effects of the alternative uses of labor have opposite signs
for complements and substitutes.

3 The Model

3.1 Production Processes

We consider a perfectly competitive economy consisting of a set of N = {1,...,n} sec-
tors/firms, with a representative firm denoted by i.

We use the terms ‘firm’ and ‘sector’ interchangeably.’

We focus on the interactions of labor with other goods in production processes, but with
a simple change of notation one could also allow these to involve substitution effects for
capital.

In particular, a firm uses labor in two forms: high-skilled and low-skilled. We denote the
amount of high and low skilled labor used by firm ¢ by H; and L;, respectively. The difference
is that low-skilled labor can be substituted for by the goods produced in automation sectors
(i.e. robots, software, etc), while high-skilled labor does not have a direct substitute. One
can simply think of defining high and low skills in this way - the words “high” and “low”
have no other particular meaning in our model. We use the terminology since they often
correspond to higher and lower skills in the data - as new technologies tend to enhance
high skilled labor while replacing more routine tasks that are associated with lower skills.
For instance, high skilled labor might include management, R&D, and some engineering,

8The effect is not discontinuous, as one might superficially expect given the linear substitution of X for
L in equation (1), since the low-skilled wage drops as L shifts into sectors where it was initially marginally
less productive. As we show below, that shift is continuous.

9We also abstract away from the use of capital in our analysis. It can be added but is of no particular
consequence in our model.



while low-skilled labor would include warehouse workers, drivers, manufacturing line workers,
various secretarial workers, customer service workers, and so forth. Moreover, there are tasks
which are performed by low-skilled labor in each firm, but do not have a direct substitute.

We thus think of different inputs having different roles in the production process. In
particular, some tasks that low-skilled labor perform can be replaced by some input good -
e.g., a box packer can be replaced by a robot. While there are other input goods, such as
the boxes, that are used in the production process but do not substitute for labor. We thus
divide the inputs in the production by firm ¢ by whether they can substitute for some low
skilled labor, or whether they do not:

e j € a;: “automation” inputs, which can substitute for low-skilled labor in some tasks
(e.g., software, industrial robots),

e j € n;: “non-automation” inputs, the goods from another sector that do not replace
labor (e.g., electricity, raw materials).

The sets a; and n; are sector specific.

We let Y; be the total production of each i € N, and A be a productivity multiplier.
We let X;; denote the amount of input from j € a; Un; that 7 uses in production. We let L;o
denote the amount of low-skilled labor that firm ¢ employs outside of automatable tasks, and
L;; denote the amount of low-skilled labor that can be replaced by the automation input j.
In addition, A? represents the productivity (or quality) of good j. The production function
of each (representative) firm ¢ € N has the form:

[ A9 x)~. (2)

JEN;

€a;

Y; = AP (Lig)*0 (H,)™" LH [Lij + A X))

Production exhibits constant returns to scale and we take the exponents to be non-
negative and to sum to 1:

ol ok + (Zoﬁ]) + (Za@) = 1. (3)
Jj€a; JEN;
We further assume that there is always some use of low and/or high skilled labor in each
sector. Thus, (; aé) + (; &Z—) < 1 holds, which implies that af > 0 and/or aff > 0
j€ai JENS

holds Vi € N.10

3.2 Labor Supply

Each type of labor is supplied perfectly inelastically. The total available supply of low-skilled
and high-skilled labor are constant and denoted by L and H, respectively. In our model, we

10This assumption implies that all elements of the Leontief inverse of a given input-output matrix are
non-negative.



abstract away from labor market dynamics such as changes in labor supply L and H via skill
training in reaction to automation, or labor movement across tasks requiring different skill
types. The analysis of such labor market reactions are left for future research.

3.3 Consumption

The good produced in any firm ¢ is used as an intermediate good in other firms and/or for
consumption by households.

Letting C; denote the amount of production of firm ¢ used for consumption, the total
production of firm ¢ satisfies:

Yi=> X+
JEN

The consumption goods are evaluated by a utility function, or equivalently aggregated

into a single final consumption good by an overall production function, that takes a Cobb-

Bi
e =TI (4%c:)”
€N
where 5; > 0 for alli € N and ) 3, = 1.
€N
CL and C* denote the consumption of the final good by low- and high-skilled labor,

Douglas form:

respectively. Thus, total consumption is given by:

c=ct+c"

3.4 Competitive Equilibrium

In a competitive equilibrium, the representative firm in each sector maximizes profit, and
market clearing conditions hold for each good and each type of labor.

In particular:'!

A competitive equilibrium is a set of prices {p;}ien, wages ,w; and wy, and quantities
{Vi, Hi, {Lij }jeavo, { Xij Yjen, CF, CF L}, such that

I. Firms maximize profits: For each ¢ € N, {L;;};ca,00, Hi, {Xi;}jen solve

I <L¢j + AJQXij> alLJ]

JjE€a;

Il <A§2Xij>“%] )

JEN;

ok o
MaX(L;;}jeau0,Hi{ Xijtjen  Pi (AzP(LiO) o (H;)®

Jj€a; U0 JEN

- ( > wrlij +wgH; + ijXij) «

1With constant returns to scale, profit maximization in equilibrium implies that there are 0 profits, and
so we do not specify who earns the profits, as those shares are irrelevant and would just add more notation.
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II. {CF} (and similarly {C['}) solve the utility maximization problem of the representa-
tive worker:

Bi
max <A?Cf> .
[ery St st o

III. Markets clear:

— goods: YV; = Y X;; + CE + CH,
jEN

— and labor markets: L= > >  L;; and H = ) H,.

iENj€a; U0 iEN

We remark that the utility maximization by the consumers (II) is exactly equivalent to
having a representative firm in a perfectly competitive “final goods” market sell bundles of
goods that solve

Bi
T?Ccf}x ple;Iv (AZQO’L> - sz‘oz‘a

ieN
and then having the low and high-skilled workers consume the bundled final good C' =
Bi

IT (AZQC'Z) such that they exhaust their budgets: p;C* = wyL and p;C? = wyH, and
1€EN
C=ct+Cf.

This alternative formulation allows us to let the price of the final good C be the numeraire
(pf = 1), which enables us to highlight relative changes of the low-skilled labor wage, wy,
and high-skilled labor wage, wy.

For Sections 4.3-5 we maintain the assumption that ; > 0 for each ¢, while in the next
section we allow for some 0’s to simplify some examples.

3.5 The Equilibrium Level of Automation and the Input-Output
Network

We define some notation that tracks the input-output network.
Let ¢;; € [0,1] denote the equilibrium share of expenditures on automation good j € a;
in sector ¢ € N, where
P U
wrLij + p;iXij
The equilibrium share of expenditures on labor in an automatable task j € a; in sector 2 € N
is then 1 — ¢;;. During the substitution phase, ¢;; will vary from 0 up to 1.
We then define two different input-output matrices. One considers all of the possible
structural relationships if automation were complete in the economy, and the other represents
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a current equilibrium (or actual) input-output network, as some automatable tasks might
still have 0 automation at some point.
The “structural” (or most connected possible) n x n input-output network is denoted by

0% ="+ Q.

Q" summarizes the input-output linkages in the economy via the non-automatable tasks.
The 45" entry of the Q" is the weight of non-automatable task j € m; in the production
function of firm 4, oj}. Second, OF summarizes the potential linkages via automatable tasks,
where the ij' entry of the Q" is a;.

The structural input-output network and the equilibrium input-output network might
differ, depending on extent of automation. The equilibrium input-output network is denoted
by

Q=0"+Q

where (% is determined by the equilibrium: €2 = tijoziLj.

As a result, the structural input-output network is the extreme case network where all
substitution is complete and only automation goods are used in each automatable task in
the economy. On the other hand, the equilibrium level of interconnectedness is summarized
by the Leontief inverse matrix:

(I—Q) = -Q— Q9.

The Leontief inverse matrix represents the dependencies across sectors at equilibrium.
Broadly, if there exists a directed path between industry ¢ and industry j at equilibrium,
then the 75" entry of the Leontief inverse matrix is positive, and it is zero otherwise. Thus,
switching to automation in certain tasks increase the connectivity among industries and
creates additional direct and indirect network effects.

In summary, the equilibrium input-output network has the following properties:

i) Qi; = ti;af; € 0,00 for all ij s.t. j € a;.

ii) Qi = o} for all ij s.t. j € n;.

iii) Q;; =0 for all ij s.t. j € N\ a; Un,.

3.6 Equilibrium Characterization

We note that there exists unique equilibrium of prices, {p;}icn, wages, wy and wy, and
quantities, {C;},.y. The uniqueness of the wages, prices and consumption is non-trivial
because of the substitutability of inputs in automatable tasks.

THEOREM 1 There exists unique equilibrium prices, {p; }ien, wages, wy, and wy, and quanti-
ties, {Ci};en» and a generically unique equilibrium set of quantities { Y3, { Lij }jexuo, Hi, { Xij}jen }icn-

12



4 Technological Changes, Total Consumption, and In-
come Inequality in a Three-Sector Economy

We now study how technological changes affect automation decisions of firms, labor alloca-
tion, wages, income inequality, and total consumption in a three-sector economy.

The three sectors are resource sector, an automation sector, and a final good sector;
denoted by n, a, and f, respectively. In particular, the good produced in the automation
sector is a substitute for the low-skilled labor in final good production, while the non-
automation (resource) good is not.

The Cobb-Douglas production functions are:

H

Y, = AaP(LaO)aaL()(Ha)%

L

Y, = AL(L0)* (H, )" (5)
Y = A7 (Lygo)*7o(Hy)™f [Lyq + AZ X o] 72 (AG X p)*in. (6)

In this three-sector setting, we simplify things and set 3, = 3, = 0 while 8y = 1, and so
the only good that is directly consumed is the “final good”. We also normalize A? =1, and
hence Yy = C = CF + CH.

4.1 Technological Changes and Total Consumption

First, we analyze the implications of technological improvements on total consumption, con-
trasting the impact of improvements in the non-automation sector with the automation
sector. We start with Example 1.

EXAMPLE 1 We set the productivity of the final good sector to AY =1, and weight of tasks
in each sector to % We also set L = H = 1. The production functions are as follows:

Yn — APL0'5HO'5

Ya = AP 0505

Yy = (Ly + A9X;,)0 (A2X,,)"°.

The first thing that we examine is how automation progresses as a function of the pro-
ductivity of sector a.

Figure 1 summarizes the transition to automation in sector f and depicts how the use
of the automation input, denoted by t¢,, changes as the automation sector’s productivity
improves. In this case, what matters in terms of the productivity of sector a is the product
of the two parameters: AFA9.

As shown in Figure 1, for sufficiently small productivity values of the automation sector
(AP A@), there is no automation in sector f and sector a produces zero output at equilibrium.
Once the productivity of the automation sector reaches a sufficiently high level (A AQ > A*),
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Figure 1: Technological change and the level of automation in the final good sector in

Example 1

sector f starts to use automation good and firm a starts to produce positive amounts of
output.

Given the Cobb-Douglas production function with constant returns to scale and zero
profit conditions, the final good producer’s total spending for task a at equilibrium is always
equal to ajfzan. Accordingly, for the intermediate levels of productivity of automation sector
(for A* < APAQ < A*), sector f spends a fraction of 0 < ¢y, < 1 of its total cost for
task a on automation and (1 — ts,) fraction of its total spending for task a on low-skilled
labor. In this intermediate range of productivity, as the automation sector becomes more
productive, sector f’s demand for the automation good rises and its demand for low-skilled
labor falls. This is partly offset by a falling low-skilled wage, and a rising high-skilled wage,
which makes this transition continuous. As the productivity increases further and reaches
APAY > A** sector f eventually is fully automated. Note that although the fraction
of automation expenditures in the final good sector is increasing gradually in response to
improvements in productivity of automation sector and replacing some low skilled labor
expenses, the fraction of expenses on the resource good is constant at Oz;}n.

Next, we examine the impact of changes in productivity in Example 1 on overall produc-
tion/consumption, where we hold the automation sector and resource sector to have identical
skill dependencies (ak, = ok, and o = o). Figure 2'* illustrates the following:

e in the pre-automation phase, a technological change in automation sector has no impact
on total consumption, whereas a technological change in the non-automation good

12In Figure 2 panel b, we consider three different levels of productivity of the automation sector that
represent the three phases. We keep the same values for the resource sector in Figure 2 panel a.
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Figure 2: The changes in total consumption in response to technological changes in automa-

tion sector and resource sector in Example 1.

sector increases total consumption,

e during automation, a technological change in automation sector has an increasing
impact on total consumption, but a smaller impact than that of a technological change

in the non-automation good sector,
e in the post-automation phase, technological changes in either sector leads to the same

increase in total consumption.
Example 1 illustrates that exactly the same changes in productivities in different sec-
tors have different implications on total consumption, depending on whether the goods are
complements or substitutes for labor, and how much labor is being used in production.
We now describe how this extends to the more general three-sector model, beyond the

specific parameters of Example 1.

PROPOSITION 1 In a three-sector economy, there exist two threshold levels of productivity
of automation sector A* and A** such that there is no automation in final good sector if
AP AQ < A*; the level of automation gradually increases in between A* and A*™; and the
automation replaces all low-skilled labor employed in the automatable task in final good sector
if AP AQ > A**. The impacts of small technological changes on total consumption during the

pre-automation, automation, and post-automation phases are approximately:
if APAQ < A*

r
1
P:i APAQ aH afll{ aL 050 W a” OLH O¢H
dlogC=:¢ ' + L( o Ao ()7 () ) — _ f";}f 7) dlog(AF AQ) if A* < APAQ < A
all (1+% (A AL (af)~d (ay)a0) o ) ‘
'+ a%adlog(AanQ) if APAQ > A
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where T' = dlog(Af) + o, dlog(A} AZ).

Proposition 1 shows that the macroeconomic impact of technological changes depends
on both the sources of the technological changes and the phase of the economy. During the
automation phase, the change in total consumption in response to technological changes in
automation sector is a function of the labor supply for each type of worker, initial productivity
level in the automation sector, and the weights of low- and high- skilled labor (in all sectors).
In contrast, the change in total consumption in response to technological changes in the
resource sector is constant and equal to its weight in final good production (a%,).

4.2 Technological Changes, Wage Adjustments, and Inequality

Next, we analyze how technological improvements lead to general equilibrium wage adjust-
ments that provide for a continuous and prolonged transition despite the linear substitution
specification; and also increase wage inequality along the way.

We start with an example with just two sectors to make things transparent: so we are
dropping n for now, so that the final good sector uses only the automation good as an
intermediate input.

EXAMPLE 2 aly = off = af, = of =05, and Ay = L = H = 1, and the production

a
functions are as follows:

Ya = AP 0505
Yf = H}]'5(Lfa + AaQXfa)0'5.

As we discussed previously, there are essentially two key phases of automation (beyond a
degenerate one where the automation good is so inefficient not to be used in the automatable
task). The first key phase is when automation takes place and the final good producer uses
both the automation input and low-skilled labor in combination. As this phase progresses,
the demand for low-skilled labor decreases and the productivity gains that arise due to
automation are captured by high-skilled labor. Eventually, the economy is fully automated,
and then any technological change has only the classical input-output effect — all wages and
consumption rise — and there is no impact on relative wages.

Figure 3 panel a summarizes the transition to automation in sector f. Figure 3 pan-
els b,c,d depict how absolute and relative wages change in Example 2 as we change the
productivity in the automation sector.

Table 1 shows the threshold levels of productivities and the wages in Example 2.

Phases ‘ wr, ‘ wy ‘ — ‘
AP AQ <2 (pre-automation) : : 1
2 < APAQ < 2./3 (automation phase) AaPlAaQ A‘ZA‘? (A5;4EQ>2
AP A9 > 24/3 (post-automation phase) | 1 3 3

Table 1. The changes in automation, wages and income inequality in Example 2
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Next, Proposition 2 shows how small improvements in productivity of an automation
process affect wages and inequality, that formalize the numerical example above in the more
general case.

PROPOSITION 2 [n a three-sector economy, the impacts of small (infinitesimal) technological
changes on wages and income inequality (or relative wage) are:

o (pre-automation) for AP AQ < A*, low-skilled labor wage and high-skilled labor wage
change at the same rate, and hence the income inequality (’1’2—2’) remains constant,

e (transition to automation) for A* < APAY < A** high-skilled labor wage Tises at a
higher rate than the low-skilled labor wage, and hence the income inequality increases,

e (post-automation) for AT AQ > A** low-skilled labor wage and high-skilled labor wage
change at the same rate, and hence the income inequality remains constant.

In particular:

r if APAQ < A*
dlogwy, =: { T — (“f*;“g;“) dlog (AP AQ) if A* < APAQ < A
I+ ok, dlog (AF AQ) if APAQ > A**
r if APAQ < A

lfaffa?naf

dlogwgy =: ¢ I' + <aH) dlog (AP AQ) if A* < APAQ < A*

I+ af,dlog (A AZ) if APAQ > A
0 if APAQ < A~
dlog (wH) = Bos(ASAD) p g o AP AQ < A
wr, all a“a
0 if APAQ > A+

where I’ = dlogA} + o}, dlog (A} AZ).

First, as Proposition 2 shows, wage inequality is constant during the pre-automation and
post-automation phases; which follows since technological change in these stages does not
substitute for labor. In contrast, income inequality rises in the automation phase. In that
phase the high-skilled labor wage increases, while the low-skilled labor wage might increase
or decrease depending on whether the productivity effect or substitution effect dominates,
and also on whether there are technological improvements in other sectors. Regardless, the
low-skilled wage continues to fall behind the increase in the high-skilled wage. In response to
small technological changes, a key parameter determining the change in wage gap is the high-
skilled labor dependency of the automation sector. As shown in Proposition 2, for higher
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values of aff | the growth in relative wages in response to small improvements in technology
is lower. However, for higher values of aff, the ultimate change in the wage gap (once
automation is complete) is greater since the good that replaces low-skilled labor is more high-
skilled intensive. This is discussed in more detail in Section 4.4. Second, in response to the
same technological changes, the (constant) rate of change in wages within the productivity
range APAY > A** is weakly higher than the (constant) rate of change in wages within
the productivity range A” A9 < A*. Thus, productivity gains from technological advances
increase as the automation becomes more extensive. Lastly, the low-skilled dependency
of automation sector and low-skilled dependency of other sectors have reversed effects on
the low-skilled labor wage. For higher values of o (equivalently for lower values of ak))
automation happens more slowly, and with a slower change in the wage gap, dlog (g—’;’

In Sections 4.3 and 4.4, we revisit Propositions 1 and 2 for non-small changes. As wages
adjust in equilibrium, the overall effects on total output change, and so the derivatives are
constantly adjusting. The large effects are still tractable, and we compare them to the local
approximations.

4.3 Alternative Uses of Labor and the Duration of Automation

As we have seen, wages adjust as automation improves which attenuates the impact of
technological improvements in automation. The extent to which that happens depends on
how labor can be reallocated, which depends on its productivity elsewhere in the economy.
We begin with Example 3, which illustrates one aspect of this.

EXAMPLE 3 Again, L = H = 1, and now production functions are:
L —aok
Y, = A Ly  Hy =
Y, = A,

aL
Yi=Ap(Ly + Xa)® f"X} e

In this example the low-skilled labor used in the final good production is

_ af,~Aa(af(1-af,)) af,
Lf - f;a-‘—OéL(l afa) 0 < A < —(1 aJ%)
_ %
Lf — 0 Aa Z aL(l afa
and the corresponding final good production is
1—ak " ol +al(1—al ol oL (1—ak
Vi = ApAn 2 (G ) T (o) e fagp (1= af )]0 00 < A, < <—f>
Yf e (Aa)afa (An)lfa%a lf A > (1 o
fa
We can see from the expressions for the labor used in final good production, the threshold

level of A, is lower as ol

increases: the more useful low-skilled labor in the resource sector,
the faster it is substituted for by automation. This then leads to a greater increase in final
good production as well, as we see in the first expression for Y;.

This is then illustrated in Figure 4 which shows how the low-skilled labor dependency of

the resource sector, o, plays a key role in determining the change in total consumption in
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Figure 4: The change in total consumption in response to a change in productivity of the
automation sector for different values of low-skilled labor dependency of the resource sector
in Example 3

response to technological improvements in automation. As shown in Figure 4, the impact
of a technological change in automation on total consumption is increasing in o, because
labor becomes more productive in its alternative uses and the displacement is faster.

Another way to see the interaction between automation and the uses of labor elsewhere
in the economy is to examine how the thresholds A* and A** that define when automation
starts and stops displacing labor as a function of improvements in automation.

First, we revisit Example 1 and consider two different values for % As shown in Figure
5, the threshold levels of productivity in the automation sector to start and stop displacing
labor depend on the ratio of % as well as how important low-skilled labor is in the resource
sector. For instance, as % increases, the threshold levels A* and A** both increase, so that
automation only happens at much higher levels of productivity. For higher levels of %, there
is much more low-skilled labor available and so it becomes relatively cheap and thus is harder
to replace (1;’—5 is smaller and so AP A9 needs to be larger to trigger sector f to switch to
automation). This is depicted in Figure 5 panel b. A similar interpretation also holds for the
skill dependencies in resource sector, as shown in Figure 5 panel a: in which the threshold
levels A* and A** are decreasing in the low-skilled labor dependency of the resource sector,
al. As ol rises, the low-skilled labor wage rises and it is demanded more in the resource
sector, and low-skilled labor is more easily displaced. Table 5 in the Appendix provides the
threshold levels of technology for different levels of labor supply.
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Figure 5: Transition to automation and changes in total consumption in response to tech-

nological changes for different levels of % or skill dependencies in Example 1.

More generally, the threshold levels A* and A** are as follows:

H
n H H Ya
A" = ! L_(afaon +af)
(fh)ed (alky)oe \ H1— (af,all +aff)
and o
1 L (af,0ld +af,af +aff) )"

*k

@) F ket \H 1= (of,afl + a0l +of)
Proposition 3 provides the corresponding comparative statics for the general three-sector

model.

PROPOSITION 3 o A* and A* are increasing in %,

"),

o A* and A** are decreasing in ok (and increasing in ol

e For constant o}, and of,, A* and A** are decreasing in of, (and increasing in off),

o There exists an (ol

) € (0,1) such that A* is decreasing in o for (ak) < ol <1
and A* is increasing in of for 0 < af < (ak), and

* %k . . .
A~ is decreasing in ak, for any

A*

Ogagogl.

We already discussed the first two parts of Proposition 3. Lastly, as shown in Figure
6, the threshold level A* has the maximum value at an interior level of aZ. The reason is
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Figure 6: The impact of labor supply and skill dependencies in automation sector on the
threshold technology levels in Example 1.

that the price of automation good is increasing in both wages and, thus, for given sectoral
productivities, % is minimized at an interior level of aX. Figure 6 also shows how the
interior level for a2 depends on the supply of each type of labor.

As a result, in addition to the input-output network structure, the labor supply and skill
dependencies of each sector play key roles in the level of automation (¢s,), and the com-
pleteness of the automation phase, which altogether determine the macroeconomic impact
of technological changes. In a given economy with Cobb-Douglas production functions, the
productivity parameters of sectors that do not cause any substitution effect have no implica-
tions for the threshold levels of technologies for automation. The change in such productivity
parameters translate into a similar effect for low- and high-skilled labor, which is the classical
input-output effect.

From the expressions for A* and A**, it follows that

A**_( afall +¢ 1—()%

Ax 1—¢—ajpall

where ¢ = a?naf + a? . Then, holding ¢ and aJLca fixed, it follows that:

d(4
) > 0.
do
Thus, % is increasing in the high-skilled labor dependency of the automation sector. On
the other hand, holding af, and o' fixed, it follows that:
d(4+
<dA§ ) >0 iff 2¢ + af,alf > 1.
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Next, we study the implications of non-small improvements in productivity taking into
account reallocation effects.

4.4 Macroeconomic Impacts of Technological Changes under Re-
allocation Effects

Non-small technological changes in our setting work differently from just small changes,
because adjustments in wages and relative prices change decisions of firms as technology
advances. This is important to understand, since it helps understand speed of growth and
when and why growth is slower.

To see this, we compare the changes in total consumption in response to small versus
large technological changes in automation sector, drawing on Propositions 1 and 2.

The expression for consumption change from Proposition 1, due to small changes in the
productivity of the automation sector dlog(AF A%), can be written as :

1—s1 P AQ Ot + af' P AQ
dlogC = ( o )dlog(Aa A7) — (@—H dlog(A, A7)

a a

wr, L
wLL-fl—;wHH
The impact of non-small (discrete) changes in the productivity of automation sector from

where s;, = is the income share of low-skilled labor.

Proposition 4 can be written as:

n H + H
AlogC' = Alog (5) ~ (M Alog(A} AZ) (7)

ST, Oééf
where AlogC = logC%*" — logC/° is the difference between log consumption after and
before the technological change. As one can see from the expressions above, the change in
total consumption for non-small technological changes reflects the changes in wage shares
and, so, the reallocation effects. In contrast, the expression for small-changes in technology
does not capture reallocation effects. In Section 7.7 in the Appendix, we provide further
analysis of AlogC' under various reallocation effects.

Next, we characterize the impacts of non-small technological changes in each phase of
the economy on wages. Here, it turns out that, in contrast to the effect on consumption, the
impacts of small and large changes are captured by the same multiplier.

PROPOSITION 4 Let I' = Alog(AY) + o, Alog (AFAZ).
Then, in a three-sector economy, the change in log consumption and log wages in response
to (non-small) sectoral technological changes are described by:

i) in pre-automation:

Alogwy, = Alogwy = AlogC' =T
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it) during automation :

T

—of ~on 1—aff—aflan,
AlogC =T + Alog (L (Ag?AaP(af )« (ago)aéo) 4 ( AQAP (oH Yo (ago)aﬁo) off )

ol +afan
Alogwy, =T — (f—HnJ%> Alog (A,I;AGQ)
aa
1—all —afan
Alogwy =T + ( L= f") Alog (AL AQ)
aa

iii) post-automation:

Alogwy, = Alogwy = AlogC =T+ oz}aAlog(AaQAf).

As shown in Proposition 4, the net-effect of technological changes during the automation
phase depend on skill dependencies of each sector, supply of both types of labor, and the
level of technology in the automation sector, which becomes especially important whenever
there is an alternative use of low-skilled labor in automation sector. Following Proposition
4, the expressions for the wages can be rewritten as follows:

a a

ol +afan ol +oflan
dlogw;, = I'— (f—H”f"> dlog (AF A9) | and Alogw;, = T'— (f—H”f” Alog (AP A9)
(075 Qg
1— ol —aflan 1—alf —aflan
dlogwy =T+ ( ! 7 = fn) dlog (AaPAaQ), and Alogwy =T"+ ( ! i = fn) Alog (AaPAaQ)
o e

Thus, the changes in log wages in response to technological changes are determined by the
skill dependencies of sectors. The skill dependencies in each sector determine the alternative
usage of labor and hence, the productivity of labor whenever the reallocation occurs.

In Corollary 1, we rewrite the equations for wage adjustments to see how they depend
on initial levels of shares of different types of skilled workers.

COROLLARY 1 During the automation phase:

pre

Alogwy, = — (3%) Alog (AP A9)
(6]

a
pre

Alogwy = (%) Alog (AaPAaQ)
a

a
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implying that

Alog(PHy = (i) Alog (AT AQ) |

wy, all
pre wy H pre __ wr L . ol
where sy~ = g and sp° = ke are the share of high- and low-skilled labor

before any automation occurs, respectively.

Corollary 1 allows us to compare the implications of automation in two different economies
E and E’ having different labor share compositions initially. Consider an economy F that
has a smaller low-skilled labor share than the economy E’. Then, low-skilled labor wage
falls more in the economy E where low-skilled labor has initially relatively smaller share,
under certain symmetry conditions. Similarly, high-skilled labor wage rises less in economies
that initially has relatively smaller low-skilled labor share. Moreover, the change in income
inequality is captured by a single parameter: high-skilled dependency of the automation
sector (afl).

It is important to note that the implications on income inequality here do not capture
the length of the transition phase. A transition can be steeper, but more abrupt, and so the
overall effect depends not only on the derivative of change, but how long that change lasts.
For this reason, it actually turns out that the increase in income inequality due to the full
transition phase is higher for higher o, In particular, by using the equation for %, we can

write the change in income inequality as follows:

<:> SEuk 5)

wr

where Z—IL{ and <Z—IL{>, are the ratio of high-skilled labor wage to low-skilled labor wage before
any automation happens and after the automation (in full) happens, respectively.

More specifically, in Proposition 2, we showed that the change in income inequality in
response to small changes in technology is decreasing in aff. However, when we consider
a technological change from pre automation to full automation, then Equation (8) implies
that the change in income inequality is actually increasing in a!. Therefore, focusing only
on local changes is misleading.

Proposition 5 summarizes how technological changes that lead to a switch from zero
automation to full automation affect income inequality.

PRrROPOSITION 5 Consider two vectors of sector level productivities and technological changes
such that we start with (AP A@)rt and end with (AP A9)"d. And, consider the set of
economies for which before the technological changes, at (AY Al-Q)St‘"’t, the final good sector
only uses labor in the automatable task, and after the technological changes, at (A? A?)e”d,

the automatable task in the final good sector uses no labor. Call this technological change
from (AP A@)start 1o (AP AQyend g5 AJull - Then, everything else held constant:
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- S - ¢
o Afu”log(w—H) is decreasing in <42 and ’;? if s+ s > 1, but increasing in <3 and
f n

n

t
LH Zf spre pos < 1
F

L
o AfUog(¥L) is decreasing in 35 ;

a

and note that in terms of primitives that sb° + sh?* = 2 (af,aff +of) + af,all.

Proposition 5 shows how the ultimate change in income inequality depends on the initial
level of income inequality as well as labor’s role in different production processes.

The results in this section shed some light on what makes automation in the last few
decades different from previous ones. One difference is the differences in the production
processes of labor-substitution technologies. Al technologies, software, and industrial robots
rely on different production processes and skills than production of machines that replaced
labor historically, and thus substitute differently. In addition, the alternative uses of labor
are different now than when automation displaced labor from agriculture, and later from
manufacturing.

5 Technological Changes and Automation in an n-Sector

Economy

With most of the basic insights in hand from the analysis of the three-sector model, we now
extend our analysis to a full n-sector economy.

One added feature is that now improvements in automation can be triggered by an
improvement in any input into the production of an automation good and so supply chains
play a nontrivial role. Another important added feature is that now wage effects impact all
of the production processes, and can have further feedback into production decisions.

In this general version of the model, arbitrary combinations of automatable and non-
automatable tasks are admitted in each sector and the production function of each sector is
of the form:

Yi = AL (L) (H,)™ LH [Lij + AJQXU]&%] [T X
j€a; jeEN,

In what follows, we focus on changes in the basic productivity of various goods A!’s,
and simply normalize the quality parameters, AZQ =1, for all : € N. The analysis of specific
changes in AZQ is an easy extension, and the normalization saves on notation.

5.1 Indirect Automation

An increase in automation might occur via direct and/or indirect network effects. For in-
stance, a productivity increase in some material that is used in the production of industrial
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robots can lead to switches to usage of industrial robots in some sectors. To illustrate this
point, we provide an example. Differently from our previous three-sector analysis, now the
automation sector uses the resource good:

EXAMPLE 4 AT =AY = L=H =1, f; =1 and 8, = f, = 0, and the production functions
are as follows.

Y, — APL,

Ya — HS.EJ(XML)O.S

Yf = H}]'S(Lf + Xfa)O'S

In this example, following technological improvement in sector n, product n gets cheaper,
and hence product a becomes cheaper as well. This causes ripple effects to sector f, which
starts to use product a. More specifically, for AT < 4, sector f uses no automation good,
for 4 < AP <12, good a becomes as cheap as the low-skilled labor and sector f starts to
automate task a, and for AP > 12 sector f is fully automated in task a.

5.2 Multiple Automation

In addition to the indirect effects of technological advances, another interesting consideration
is that automation can happen in multiple tasks in multiple sectors. For a given automation
product, the threshold levels for automation depend on the wage levels, which depend on
the automation levels in other tasks. More specifically, low-skilled labor becomes relatively
cheaper as the level of automation rises for a given automatable task, which then implies
that a higher technology is required for switching to automation in other tasks compared to
the case where there is no automation initially in that given task. These general equilibrium
effects help us to understand how future technological changes together with labor market
reactions shape the automation decisions of firms.
We provide a simple example to illustrate this point.

EXAMPLE 5 L = H =1 and the production functions are:
Y, =A,
Yy = A4
Yy = ApHp(Lgo)*"(Lya + Xga)*Te(Lgy + X )"

In this example, the two different automation technologies a and b are both used in the
production of the final good, and enter in similar ways. In fact, if we set &J’%a = ajfib, then
they are fully identical in the way that they enter into the production of the final good.

Now, consider a case where both technologies a and b begin being unproductive. Let us
suppose that one of them innovates first, so that it makes an advance and gets taken up in
the production of the final good, so for instance b innovates first. Does that make it easier
or harder for advances in a to become adopted?
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To answer this, let us begin by setting A, = 0 and finding the threshold levels for A, for
automation in task b. In this case, the threshold level for completing the automation in task
b is given by

L
o A
b onLcO + oszca
L
Now, let us suppose that the innovation in b is sufficient so that A, > % Now let
fO ' " fa

us consider the automation in task a. The threshold level for completing the automation in
task a is then given by

A** — O'/J%UL
a aL :
fo
For af, = o, it then follows that
A > A

This example shows how earlier automation slows down the next automation. Here the
reason for this is that as b becomes automated, the wages for low skilled labor drop, and
so it becomes less attractive to automate task a. This shows the importance of the general
equilibrium effects on wages, and how they change the impact of technological advancements.

5.3 Hulten’s Theorem

A remarkably simple way to encapsulate all of the direct and indirect effects (in response to
small technological changes) is via Hulten’s Theorem. In particular, Hulten [47] shows that
in competitive economies a total factor productivity (TFP) change for some producer i (a
change in A;):
dlogC' = m;dlogA;,
where C' = )" C; is the total net-output in the economy, and A; is the TFP of producer i.
iEN
The term m; is the Domar weight of producer i; that is,
piY;
mi =S

> piCi

iEN
where p; is the price of good 4, ¥; is the total production of sector i (so, p;Y; is the total sales
of sector i), and Y p,C; is total GDP.

iEN

The key implication of Hulten’s Theorem is that, to a first-order approximation (in
logs), for small changes, one can ignore the full details of the network structure and use the
observable sales shares of each firm/industry to derive the effects of technology changes on
net-output.

If one looks at a competitive economy in which all production processes involve comple-
ments — for instance, a purely Cobb-Douglas version of our model with no substitution — then
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Hulten’s Theorem would extend to hold non-locally. That is, the relative spending shares
would not change in response to a change in some A;, and so the results of the theorem
extend to non-small changes. As Baqaee and Farhi [17] show, however, there are things that
make Hulten’s theorem fail for larger changes, as then second order effects become large as
the Domar weights change. Baqaee and Farhi [17] work in the context of imperfect compe-
tition in which there are various price adjustments that affect those weights. Here we stick
with perfect competition, but show that there are other things that can also lead to changes
in the Domar weights — in our cases the substitution of labor changes relative wages and
spending in different sectors of the economy. Thus, an important effect in our setting is that
(as one can also see from Eq. (36) in the Appendix) the Domar weights change as automa-
tion replaces labor. Therefore, the first order approximation that does not capture the labor
market reactions is only locally valid and is otherwise misleading during the automation
phase, while the theorem applies with no approximation error in other phases.

One can infer from Proposition 1 that a version of Hulten’s Theorem extends to our
setup even though the economy enters into a transition path with changing growth levels.
For the n-sector economy, we start with Proposition 6, which states that a version of Hulten’s
Theorem extends to our general setup.

PROPOSITION 6 In the general n-sector economy, let m; = p"TYi be the equilibrium Domar

weight of sector i: [mi;] = (I — Q/)~! [@] Then, the impact of small (infinitesimal) techno-
logical changes on total consumption and wages are:

dlogC' = > “mdlogA;,

iEN
dlogwy = Zm,-dlogAf + dlog (Zafmi> ,
ieN iEN
dlogwy, = ZmidlogAf + dlog (Zafml> ,
ieN iEN

where af = ok + > (1 —t;) afj is the equilibrium share of low-skilled labor in sector i.
JjEa;

Of course, the Domar weights m; and all the equilibrium values depend on the full pro-
duction network, which determines the levels of automation which are critical in determining
how much of each input is being used where. Still, the implication of the theorem is that to
see the impact of small productivity changes, one can simply look at the current equilibrium
expenditure levels.

5.4 Automation, and the Evolution of the Input-Output Network

Our next result sheds light on how the Domar weights and the network influences change as
the substitution occurs in the economy.
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It is useful to normalize production processes to separate out their productivity, so let
F;, = X_P denote the normalized production process of sector 7.

The following partial order is useful.

Consider two economies F = ({Af} , {E},L,H) and B’ = <{AZP}/,{FZ~},L, H) that
have identical {F;}, L, and H. We say that economy E’ is weakly more automated than
economy FE if the equilibrium share of expenditures on automation in every automatable
task j € a; in every sector i € N is weakly greater in ' than in F. And we say that it is
more automated if in addition, the equilibrium share of expenditures on automation in some

J € a; for some i € N is strictly greater in £’ than in E.

dlogC'

dlogAf'

The network influence of a sector measures the overall growth effect of a productivity

Let the network influence of sector ¢ be defined as

change in that sector. Following Proposition 6, the network influence of any sector is equal
to its Domar weight. Given that the Domar weights evolve during automation phase, we
provide an analysis of the change in sectoral network influences, which can be obtained by
ordering the Domar weights as an economy changes.

PROPOSITION 7 If economy E’ is more automated than economy E, then:

e the network influence of each sector i is weakly higher in the economy E' than in the
economy E, and

e the network influence of sector i is strictly higher in the economy E' than in the economy
E if and only if © is one of the more automated tasks or there exists a directed upstream
(supplier) path from i to at least one of the more automated tasks j # i (i is either
direct or indirect supplier of at least one of the more automated tasks j) in E'.

Proposition 7 shows how interconnectedness in the economy changes following automa-
tion substitution in the economy. As the substitution of labor by automation goods occurs,
the size of the interactions in the economy get larger due to the increasing share of expen-
ditures on automation goods. Proposition 7 shows that following an increase in the level of
automation in a given set of tasks, the Domar weights of the producers of those automation
goods and their direct and indirect suppliers rise. Given that the Domar weights represent
the network influences of sectors, this result implies that the automation good producers
and their direct and indirect suppliers experience a growing network influence over time due
to the substitution effects that results in increased connectivity in the economy.

5.5 Reallocation Effects in an n-Sector Economy

Proposition 6 provides an expression for the (local) macroeconomic impacts of technologi-
cal changes in an n-sector economy, and Proposition 7 shows how these impacts (network
influences) change with automation in the economy. We thus close by examining the overall
impact of non-small technological changes when capturing the reallocation effect.
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With multiple automation goods, supply chains involving automation goods make the
general equilibrium effects more complex. More specifically, decisions to automate depend on
how technological advances propagate in the economy through supply chains as well as how
wages are determined and indirectly affect other sectors. Nonetheless, we can still develop
expressions for these effects.

First of all, similar to the three-sector economy, for parameter regions in which there
is no automation in any sector or each automatable task is fully automated in all sectors,
then productivity changes translate into gains by both types of workers with constant rel-
ative wages: since the input-output network remains fixed for each sector, Z—’L{ also remains
constant. Therefore, if the economy is in the pre-automation or post-automation phase,
then:

AlogC = Alogwy, = Alogwy = Zmi(AlogAf)
ieN

Next, consider an economy for which some automation good j is in the transition phase.
Note that p; = wy. Therefore, any sector ¢ that has this automatable task is indifferent
between using the automation good and low-skilled labor. The equilibrium levels of 5—2 are
thus described by:

—

log <ﬁ) —(I-0)"

-

logB; + alfllog (w—H)]
wr,

B = ((Afxaff)af (afy)™ Lﬂmfj)afj] LH(%;-%D .

jEN jEN

where

For such an automation good 7, log <£—JL> = 0 and therefore the j** entry of the vector of

(I — Q)_l llogBi + afllog (ﬁ—’j)} is equal to zero. As one can see from the equation above,

that entry being zero depends on the task dependencies and productivity parameters of each
sector, as well as the actual automation levels for different automation goods.

Section 7.8 in the Appendix, shows how changes in wages and the overall consumption in
response to technological changes during a transition phase capture the reallocation effects,
and how those depend on the skill dependencies in production processes.

6 Concluding Remarks

We have analyzed the impact of technological change on an economy in which both comple-
ment and substitute inputs are present. Our results show that when there exists different
types of labor and intermediate goods that can substitute for labor, then the input-output
structure, the skill-dependencies and sector level productivities play key roles in determining
the impacts of technological changes on aggregate welfare and income inequality, since these
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factors all together determine the allocation of labor and wages, prices of goods and services,
and the usage of substitutable intermediate goods (low-skilled labor).

Besides the fact that a local version of Hulten’s Theorem extends to our setting, our model

allows us to quantify the changes in the Domar weights following technological changes. Our

model also enables us to provide predictions as to conditions under which the final good
sector will switch to automation, how long the transition to automation phase will last, and

how the overall impact of technological advancements depends on alternative uses for labor.

Our results shed light on productivity paradoxes and wage inequality, and suggest that

understanding the impact of technological change must account for substitution in produc-
tion processes.
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APPENDIX

7.1 Equilibrium in the Three-Sector Model

The cost minimization problem for firm i € {a,n} is

H L
@ 0

min wr, Lo + wg H; subject tol= AZP(Hz) i (Lio)ai

Lio,H;

The Lagrangian function is:
P ot ak
L :wLLio =+ ’LUHH7 — /\L (Az (HL) i (LzO) i0 — 1)
The first order conditions are:

* syaH 1« yal
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s\a /1« L
b gf =1-AP(H;)™ (Lj)™0 =0

i

The FOCs above imply:

L
ol
i:AP(O‘zH)a? ajp
/\;k ' wH wiy,

Then, the zero profit condition implies that A} = wyH + wr L}, = Ci(p, wr, wm, 1) = p;.
The factor demands and prices can be written as follows:

Hp.Y, Hp,Y,
La0: Ay Pata and Ha: Ay Pata
wr, wr
L= PYi gy Y
wy, wH
1 Q/L «
p — wL a0 wH a 9
" ARl T gy v
1 L H

Pn (10)

= w
AR (ol )t (agsg) o

Next, we solve for the cost minimization for firm f.

] L L H X X subj
Lfonyaa@?lemefnwL(Hfo + fLa) twH ! +pa Lfa + Pt fn :ubJect to
1= AR (Hp)*F (Lyo)®5[Lsa + AQX o] e (A9 X p) ¥

The Lagrangian function is:

£:wL(LfO+Lfa) +wHHf +anfa +anfn
H

X (AP )™ (Lgo) "0 Ly + A X pa] T2 (AQX )5 — 1)
The FOCs imply:
H L L n
o 28 = AR(H})7 (L) 1o[Ls, + AQX S, %7 (A9X},) % =1

By plugging the equation above into the other FOCs, we get:

H
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Both ;‘ca and X}‘a can not be zero, otherwise Y; = 0. Then,

L L L
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wrp __ 1
case, -k = —5.
Pa A
L
{\ 3L, 0 if YL <
fwp? ! DPa AaQ
L L
* * . *(lftfa)afa x LraQF, e wp 1
{LfaaXfa} = {>‘f w 7>\f Pa if Pa A9
* Xfa ifwr 1
{07)\f = } if o= > el
The FOCs above together imply:
1 fowr 1
if 2L < =5
H g (ol \°f0[ol 1%fa I Pa > AQ
ol e 0| a f o fn
AP(SLyef (210 fa [AQ fn]
flrwpg wr, wr, " pn
1_ rw 1
Ao e =
F= Y apZiyef (2o “fa AQ S n | I
flwpg L wr, " pn
1 o wp 1
T T lf > Q
H L « L e n Pa AY
AP(‘Lf)“? (m) 1 e fa:| ! [ Qafnrfn
f H L ¢ pa ™ pn
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Under the zero profit

L
L\ %fo
AP(O‘f )a?’ ©fo
WH wr,
L
£

L

oH  H “fo
AJI‘D(wJ;)Q'f< 0)

L

AP(O‘? )a}{ 117
f\wy wr,

Q

~

Q
S

L
r «
a;’a:| fa [A%anP(

H L
Hyaql (oL, )oRo ]

wr (wr) 0 (wrr) ¥

- L

r a H L
a%a fa AQ vftnAP( Hya,! (aﬁo)anﬂ
L “* (we) Fowm)E

> 7

(wr) a0 (w4

conditions and the normalization of p; = 1, it follows that:

n
afn

|
—

n
af,

Il
_

Lastly, by plugging p, and p,, into the equation above, it follows that:

AP(O‘f

wWH

e (4
wi wr,

H L\ %o [ L 1%F P, H L
a
AP(aif)a? (Oéf0> Olfa:| |:AQaan (a )a" (a )ano

L
H L\ %fo [
AP("‘f )a? o
flwy wr,

wL

(wr) w0 (wp) 7

L L n
« r (e «
> o ah] o [AQaanF’(aH)% (ay >} !

wL

(wr)*m0 (wyr)°H
L

n

|
_

(wr)*n0 (wr)°H

Then, the conditional factor demands are:

Ly =:

()0 (wr)H

H L « " L a™
AQafaAP( (I;I)aa (aé‘o)"‘ao] fa {AQOanAP( 71;1)04,” (aﬁo)“n0:| fn o 1

(wr) a0 (w4

o Yy
L - L
H ok \“f0[al 1%fa o',
’WHAP( )af ( ff) ’wf;:| [AS P{ZL:| ‘
a?Y_
L - L
H (ol \*fo[al ]%fa T
wHAP( )af( f;) wf;:| [Ag pj;n]
0
ch Yf
ool it ok \TO[ ok 17Far pan 1o
wHAf(wH) ! wy, Ad Pa |:A" Ilni|
L
aonf
L - L
H L *¥o L *Ffa n a
pof ey (2o °F Q%fn | I
wL AT (4 ( L) wL“ Ay n
L L
afoYy
L - L
oH H (oL \“fo[al T1%fa o Fn
wap Gt () [ [ag 5]
o‘fOYf
L - L
H L \ “fo “f n
pof e [ fo Qof Q %fn|“fn
UJLAf(wH) U wy, Aa paa Ay pT:L

if

if

o aﬂ,
AQafaA”(aH)"a <aa0>aﬁo} fo [A%MA%H)%( L)oo | 40

if 2L

if 2L

=1

if

if ¥&

if

1
A7
1
A7
1
AZ
L l—ai‘o —a
anL wH
ai’o —a
anL wH
1 a{;o «
aDwL wH

=1
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fnYs _ if WL < L
a r a n P A
AP(i)a? oo\ 10 ofa | T yo in ] ¢ °
Py Wy L wr, " orn
oL
O‘fan e wr 1
X H L\ %% oL 1°F if Da  AZ
fn= AR(SL)d (Lo Folafa | T Jo @Fn ] " in “
Pn Ay (“’H wr, wr, ™ pn
L
avaYf wy, 1
” T Nefor n 1ok — ifE> 0
H @ Ja «@ a
Pof e fo Q°f Q%fn | In
pnAf(T) f <“’L> a Paa:| |:A" PT;n:|
L
af, Y
falf .
{ H L OéLZ L ek n ’0} it JE
n a
wr AP af )a? %o f %, fa AQD{fﬂ' fn
L% Vwp wr wr, 2
( (1—tsa)of, Yy tra®faYs }oif
i . oL ol n al al n
{Lfavaa} - AP(O‘? )‘l}q Q%O 0 a%a fa AQa?n “fn AP(O‘?)O‘JIP—I O‘%O o aj%a Ja AQQ}L7L “n
WL Ay (g wr, wr, " Tpn Pafy \wy wr, wr, " oPn
L
0 fa Yy "
{0, PR ol . 1an h e
of la %o QoFf Q*F fn
PaAf(T) s wp Ag pa Ar Pnn

7.2 Proofs of Proposition 1, 2, 3, and 4

Combining the budget constraint and FOCs of the utility maximization leads to:
CL = wLL
CH = ’UJHH

Yy =C=wrL+wgH
By combining the market clearing conditions, factor demands for low-skilled and high-skilled labor, we get:

pnYnakotpsYs(afo+ak,)

3 wp, 1
w1 if e < g
I = PaYaoko+pnYnako+psYe(afy+(1—tsa)af,) ifwr — 1
’ wr Pa Aff
paKLa£0+P'rLYrLa£0+prfa?0 if WL > 1
wy, Pa A(?
pn,Ynaf—i-prfa? if we 1
T em e < ag
H—: paYaaf+pnYn,af+prfoz? if WL — 1
’ wH pa A%
paYoo 4pa Yool 4psYea  ewy o 1

wH Pa A,JQ
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Market clearing for goods, factor demands, and py = 1 together imply:

paYa = anfa = tfaOéfc‘an

and0<tfa§1for—j:ﬁ.

wheretfa_lfor“’—L> AQ,tfa—()for“’—L< ek

Next, we write the condition for ¢y, for further simplification.
Then, by using Eq. (18), Eq. (21), and Eq. (22), we can rewrite the market clearing for labor as follows:

( nUafn—&-(xfO—Q—afa)(wLL+wHH) if WL < 1
wr Pa AQ
L =: (t afa a0+afn n0+af0+(1 tfa)afu.)(wLLJ’_wHH) ifwe — 1
wr Pa AQQ
(afaatotat,anotaf)(we Ltwy H) if w5 L
wr, Pa A,lQ
(afnon +of ) (wr Ltwy H) TECI A
wH Pa AQ
H —: (tfaaf{aaaH-l-a?naf-&-af)(wLL+wHH) g own — 1
wH Pa A?
( ag, aJFO‘an‘n +af)(wLL+wHH) TR 1
WH Pa A?
L _(afnon+ai) if wL o 1
H - ( ’f‘naquaf) Pa AQ
WH _ L (tfaafaaa +o‘fno‘n +af) lf wp
wr, _' H 11— (tfa f;aaaH-i-afn(x{f-i-a ) Pa A?
L _(ofeod +a}, o +af) ifwn > L
H ( ?aaf—&-afnan +af ) Pa Ag

Then, we derive wy, by plugging Eq. (25) into the Eq. (11):

H H n
o ok a a” ay fagag,
p( HY) L\ | L n AP Hoopoql 1% (g 1=(af,an +af)
A (ozf) (ozfo) afg, AQaann( afyew (L yemo T . amral)
nn
H H n
OZH « a i n H H Ay to, Xpn
p( H) L\ | L Q P Lyal, 1% (o = (traafaaq +af, ol +ail)
wr, = n0 i
L Af (af) (O‘fo) g, A aan (o, ) (a ) L (taak,all to}, a 5{+a )
L H n
H L L L H af +a afaJranafn
AP (o) (ar,)™" [T [APal, AP (aff)od (afy)ei i (g1 (ofaod rafa o tail)
! f fo i=a,n fi 0 L (a% H+afnan+a )

where

if AQAP < A*
if A* < AQAP

if AQAP > A+

< A**

(26)
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A* 1

aa
_ L (atnan +af)
= ~H oL n
(ai)od (aLy)ao \ T 1=(a},all +aff)

A*F — 1

( fa a +afnan +af)

L a
(af)™ a(a o) &0 (Hl ( %aaerafnagnLa ))

By plugging Eq. (26) into the Eq. (25), we get:

« ok a”t n H, H l—ay —a ag,
P H L\ 1 P o pogl 1% (efaf +aff)
A7 (o) (ah) [afa} " [Afag, AT (adoyh) T (f ) )

if AQAP < A*
fn n
H_n

AP () (ak ) ot “[AQan AP #0010 yak | (1 (eekiolivag,alivat) N\ T o e
7 laf oo ozfa at, (afyon (oL )ono A= (t;0ak. ol o ol 1) if A* < AFAL < A

fn-mn

P B\ () Q P WAL N ) (ak,af o}, afl +all) l—af —aglaf,—alaf, -
(o) aa n-n .
Af (af ) (af()) i l;ln |:A asz ( ) ‘ (aiO) 7’0:| (H 1— ( ?aaf-i-a Oéf—i-a]’?)) lf AaQAa > A**
Next, we derive the fraction ¢, from Eq. (28):
0 if AQAP < A*
1
H (AP AQ( Hyall (L ol H an H
I (a2 a8l oty o) F (1euoll—of)(fuotltef) e 4 o g pr < gov
(afoc a)(1+H(AQAP<aH)% (aky)a0) H>
1 if AQAP > Ax
We can rewrite it as follows:
0 if AQAD < A
1
tra = #(aae) W om0 ) " (apedved) oae g0 4p < ger
— -1 L . H = a ‘ta =
fa (ak, o) <1+% (A?Af(ag)uﬁ’(ago)aéo) af?) (afooll)
1 if AQAP > A**

Then, we plug Eq.(29) into Eq. (26) and Eq. (28), and get:

L (a?’naera?)
Hl—(afna" +af ) )

L H
a

o = (AT A (et (aky) o) ®
a?uaf—i-a}‘naf-i-a?)

1— ( J%aaaHJra af+a?)

m\h

if AQAP < A
if A* < AQAP < A*
if AQAP > A+

(28)

(30)
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Then, for constant weights and labor supply, by taking the logs and the total derivatives of each side of Eq. (31) (excluding the values for AY AP

where 2 is non-differentiable), we get:
L

0 it AQAP < A*
dlog (w’;’ ) i { Ldog (AAF) it A° < AZAL < A% (32)
0 it AQAP > A%+

Lastly, by plugging Eq. (29) into Eq. (26) and Eq. (28), we get:

oz}‘ﬂ af—&-(x )

H L
_ af ajo H o
wr, AF (%Ifi ) (O[]IJO) {a?a] [AQO‘anP( ) ()
AP (ol o g\ AQ AP T Lyed Gi (g 1-(ak,0fl +a}, 0l +all)
f (af (afo) l:l_a[n [ afl ( ) ' (aZO) ' ] f (a? aH+af"a71;I+a )

a?—&-afu}ln
afnan +af )

if AQAP < A*

f
g if A% < AQAP < A (33)

ay +afa?a+afa?’n

if AQAP > A+

ot ak o n 1- afozfn

A7 (o)™ (o)™ [k, ] [AQay, AR () (k)] ™ (5[ g ;*j_“:; ) it AQAP < A*
Wiy =: p H Oé? I 04%0 I a(}a, Q.n P o aH L O(L a?n, P AQ H L f D‘aH” a?” . * Q AP ok (34)
’ Af (af ) (af()) |:afai| |:An aann (an ) " (anO) "Oi| (Aa Aa ( Qg ) ( aO) ) if A S Aa Aa S A
H L L 1—a—afa ala

ay (e . " L1 [ o tan afyq f a “faT% Xfn .

A7 (o) (aky) ™ 1 [A%ag,AF (@)l (ak)h] <H1((,QL, “Traj aH+Q))) it AQAP > A
1=a,n f non

Then, by taking the logs and the total derivatives of the equation above (we exclude the values for A9 A where wy, and wy are non-differentiable),

we get:

dlogA¥ + a7, dlog (AL AQ)
dlogwy, =: { dlogAF + o, dlog (AL AQ) — (W) dlog (AP AQ)
dlogA¥ + a7, dlog (AL AQ) + ok, dlog (AL AQ)
dlogA¥ + a7, dlog (AL AS)

—afl oo
dlogwy =: { dlogAY + o, dlog (A] AY) + <1faHf> dlog (AP AQ)

dlogA}D + o, dlog (AP AQ) + a}Lcadlog (AFAQ)

if APAQ < A*
if A < APAQ < A
if APAQ > A

if APAQ < A*

if A* < APAQ < A
if APAQ > A*
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This is the end of the proof of Proposition 2.

Next, we derive wg H + wr, L = C by multiplying Eq. (26) by L and multiplying Eq. (28) by H and summing up these two, the consumption
level in three phases are as follows with the ordering of pre-automation, automation, and post-automation phases:

aH al'/ af a’f n H H OtfH-‘r(xfOt?"
Pl HY ' (L) 7° Ja P HYaH (L oLy L HI-(ejpan +a
Af (af ) (afo) |:aslcai| [Aga}lnAn (an )a" (anO)anOi| 17a?7afoc?n (L (o(z?:aff-s-a?f))>
—aH _aHn 1ol aHan
p(oa\ (L[ 4 1% Q. AP(AHYaH (L yaL,]%Fn Q AP ( Hyal (L \ak faé’ = Q AP( H\a" (L \ak faé’ !
C= Af af OéfO O[fan An aann (an) " (anO) no L Aa Aa (aa ) @ (aao) a0 +H Aa Aa (aa ) “ (aaO) a0
H L afraflas tala®,
AP (aH)af (o )% [T [Afaf, AP (alh)! (a.L)O‘fO]aﬁ L i Gt I R
AN 1O) o U T o 1-(ag 0l +ap,all +af) \ T (af,o0f +af, ol +af)
(35)
Then, by taking the logs of and totally differentiating both sides, we get:
dlogAJf’ + a?ndlog(AgAf) if AQAP < A*
—ay —ap afy, l—af,{—a” a?n

dlogC = { dlogAF + a7, dlog(AZAE) + dlog | L (Ag?AaP(af yor! (ago)afo) T 4H (Ag?Afj(af yeud! (ago)aao) : if A* < AQAP < A**

P n P L P : P ok
dlogA} + afndlog(AgAn) + a7, dlog(A; AQ) if AAP > A
—aff —aflan, 1—af —aflay,
H L o H H L ~H
Call L (AZ4F (o) (akg)to) T 4 o (AQAL () (akp)eto) T =B
. dlogB (AZAY) 4B
Nex riv € = feta
ext, we derive G 10 B d(AZAT)
H_ n
i L\ — L H L\ o

. (AQAL (afyod (akyyoao) e (H(l—a? —afla},) (AQAL (af)a (aky)=do) *d +L(—af —ak a’h))
d(AZAP) aHAZ AP
Then,

7QH7QHQn
u p L rin p L\

toss (AQAL (afyod (aky)oa0) e H(1-af —afay, ) (AQAL (af)oa (aky)w0) od +L(=af —alla},)

dlog(ATAT) —of el oy,
ofl (L(A?A;’(af)“f(amﬁo) i 4H(AZAP () (aky)a) ol )
70(H70( a
x L B S H L\
(AQAL (afyod (aky)oao) e H(1-afl —afay,) (AQAL (af)2a (aky)a0) o +1(—aff —alla},)

H_Han

T%F "% %fn 1
af L(AAF (af)oH (afy)h0)  oF (”H(A? AP (attyet (aky) ko) o >
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1

(#0-0f-aag,) (4247 ) (ol oHe) T —(af 4ol

- _1_
aH (1+% (A?Ag(ag)af(ago)aéo) ofl )

Eq. (29)implies that for 0 < ty, < 1:

1
P Hyol 1 \aL H H_ _H H, H
2 (A2aL (@iyed (aky)ow) odf (1-af,al —all)—(a}, 0l +all)

tfaOéJ[{a =

all (1+% (A2 AP (af)H (aky)a0)

_1_
H

Thus, dlogB = tfaoz%adlog(AaQAf) for A* < AQAP < A**. Then, we get

dlogA¥ + o}, dlog(AZ AL) if AQAD < A*
dlogC = ¢ dlogAY + af,dlog(AZAL) + traaf,dlog(AZAL) if A* < AGAL < A
dlogA} + o, dlog(ALAT) + of,dlog(AF AY) if AQAP > A**

This completes the proof of Proposition 1.

Lastly, the expressions in Proposition 4 also follows from Equation (35).

Proof of Proposition 3:

*

Kk __
= T T
(afh)oa (afy)®ao

i) A* and A* are increasing in £

fnn

. H H Qg
1 L (af,an+af’)
H ol _ H H
(at) (aLy)oa0 \ H 1=(a},afl+af)

H L H H H
JA** (L)aa -1 ( af )1—0{5 ApaQq +O‘}Lnan +af
L
oty ~ ) GRS ey, o)
ii) A* and A** are increasing in aff
H H @
o (1 (et |
oa* _ a0 "\ TMi-(ap,edl+odl) >0
A(afl) — (17a?"a5704§[)(a?na5+a?{)

H
L H H, H o
aaH aly n L “fa%a +Q‘yfbno‘n tay ¢
(GE)%a0ag, | & L o Hion oH ioH
gA** L 1—(ak all+ap all+all)

A(ally — (1—a%aaf—a?naf—a?)(a%aaf-&-a’f’naff—i—a?

H
L _H H, H g
1 L (afaaa +a?nan +ch )
H

—(a?aafﬂ—a}‘naffﬁ-af)

0A* L% —1  all \1_qH oy aHJra? o
_ a o \1—a fn%n
= e (i) oo

o
J

)>0
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iii) For constant o, and aJLca, A* and A** are increasing in aJIEI (decreasing in aj%o).

" n o H. H all
2o yaly L (ofnor +of )))
>0

9A* 0‘50 1—(&?'naf+a?
oaf) —  (-ap,all-aff)(af,all +af)
o
(2a yedo [ L (z?aafw?wﬁ%?)) @
L H n H H
aA** a0 1— O’faaa +afnan +af
= >0
H L 7 H L 1 H
8(°‘f ) (I*O‘faaf*a'fbnaffaf )(O‘faaera}Lnar’eraf )

Moreover, the Domar weight of firm a is given by a]%at fa- Thus,

d?logC  _ _d(@futsa)
d2log(AFAS) ~ dlog(AL AZ)
1
HL(AQAF (all) e (aky)a0) & (36)

1 1
L L
o (H(AgAf (aftyod (af)™a0) o +L> (Hwnaﬁw? ~)(A2A7 (@f)H ()60 ) o 4L (o, 0l +a >)

n

As one can see from the equation above, the second order term depends on the high-skilled and low-skilled labor supply, weights of tasks in each
production process and the initial level of productivity in automation sector.

7.3 Proof of Proposition 5

1

) @ w.r.t. related parameters gives the result. I

EES
*

The result follows from Equation (8). Taking the derivative of (f{‘

7.4 Derivations Behind the Examples

7.4.1 Example 2
Ya — APLO.O5HO.5
Vi =HY%(Lgo + AZ X 1a)".
We plug the given parameters into Eq.(27) and Eq. (29), and get:

0 it APAS <2
P AQ\2_ .
tra =: (W) if 2<APAS <23 (37)
1 if APAY >2V3

which can be rewritten as:



Ly

. 2(APAQ)? -8
tq = min { maz | 0, 0w o ,1
(APAZ)? +4

By using the equation for ¢;,, we derive the following equations:

py=1
- if APAQ <2
Da = - if 2<APAQ <23
AL if APAQ >2V3
: if APAQ <2
wy = YV if 2 < APAQ <23
AEASL2 1 . P AQ
L (ﬁ) if APAQ >2V/3
i if APAQ <2
wyy = | 2L if2< APAQ <23
Q
A () i ALA > 23
if APAYQ <2
wWH P AQ)2
FL: (A242) ifQSAQPAaQSQ\/g
3 if APAY >2/3
Phases tra ‘ Pa ‘ Dy ‘ wr, ‘ Wy ‘ 2‘;—;1 Y, ‘ Yy=0C ‘
AP AQ < 2 (pre-automation phase) 0 % 1 i i 1 0 1
) AP AQ) 4 AP AQ AP AQ)? AP AQ)? 4 4+(AP AQ)?
2 < AP AQ < 24/3 (automation phase) | 2 (EAPA§§2+4> % 1 Ag’lA? 2 As ( - ) AP (4(,45,233) 4((A5A§)
. Q P P aQ
AP AQ > 2./3 (post-automation phase) 1 3 ;5 7| 1 1 3 3 A—\/“g 2';1/2




7.4.2 Example 1

The derivations for Example 1 follow from the equilibrium conditions in a similar fashion. Thus, we omit
the derivations for Example 1 here, and provide only the result regarding parameter t¢,. The equilibrium
level of Yy = C' in Example 1 are depicted in Table 4.

Phases ‘ Yy =0C ‘
T
AP AQ < % (pre-automation phase) (55) " (AQAF)>
n " 3
% < AP AQ < 2 (automation phase) 2\1/5 (AQAF)® (AGQAg) F (AEQA“Q> 2)
T
2

1 APAQ > 2 (L)%
’ Cases ‘ Phases ‘ Yy=0C

AP AQ < \4f (pre-automation phase) (%)% (ASAE)% LiHt

Case 1. L=4and H =1 % < AP A% < 4 (automation phase) 2%/5 (ASAE)% <L (A“PQA?) 4+ H (A“PQA‘?) )
APAQ >4 (post—automation phase) 1(4APA g)% (AQAP)% %
APAQ < L (pre—automatlon phase) (%)% (ASAﬁ) t LiH7

Case 1. L=y and =1 % < AaPAt? < 1 (automation phase) 2—\1/5 (AgAf)% <L (%)7% +H (M
AP AQ > 1 (post-automation phase) z (AEA%)% (A(?Aap)% (LH)%

Table 5. Total consumption (or net-output) in Example 1 under two additional cases for
the labor supply.

7.5 Equilibrium in the n-Sector Economy

Proof of Theorem 1 and Corollary 1:
The cost minimization problem for each firm ¢ € N is:
min wr, L +wygH; + X
{Lij}jeour - Hi{Xij}jen je%;;( b " j%]:vp] !
subject tol= Azp(LZo)aﬁ)(HZ)alH H (LU + Xzy) aiLj H (Xij)a?j
Jjea; JeEn;

The Lagrangian function is:
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S
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e
X
1
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Q
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—_ 1
1
—
>
<
;I
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N——

The first order conditions are:

Oé-L- * \a't
o« =1 Al(Ly) s (H) [H (L3 +X35) ”] [,H (X5) ”] =0
J J

j€a;

1= AP (L)) [n (L + ;) ] [ H_(X;jyz;]

jEa; JEN;
oL _ _ Ao
o, — W — g =0
Hr = Aol
WH
oL Al asg
® oL, —Wr— gz =0
x _ Aak
Ly = Twp
oL Afags
o = —p— U=
H{ Xijljen, Pj {Xien;
Xiien = 5
jen; y
{)xf o 0} if % <1
wr,’ Dpj
* . . *(1 t *t:(] ij o wp
b {Lw’ ij}Jeai - {)‘ 7)‘2 pj if E =1
{0, )\* o) if Y > 1
pj

ij»
The FOCs above together imply:
1= AP (A ed (e ol [H (L + X3) ] [ I <>]
J J

ica; ien;

a-tipeal; « L
. Al At 3% Aok Lo Aa \qn
1= AP (Aol (A jol” | [T (22 IT | =5 1T (=52
JEa; JjEa; JEN;

Lastly, profit maximization implies that the unit cost for each 7 is equal to p;. Thus
Af = p; can be rewritten as:

. oz{“o—s—_z (l—tfj)afj oH
pi = B [H (Pj)t“a”] (wg) — o<N (wm)™ (42)

jEN

where
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(AP) (@l )t (o)t [H (afj)a@] [H (ag)%]

jeN jEN

and T™ is the equilibrium expenditure-weight matrix satisfying the following conditions:
t;; = 1forall j €ny

ty; €[0,1] for all j € a;.

Then, the equilibrium input-output matrix, €2, is the Hadamard product of two matrices:

Q=T"cQ°

where Q7 is the structural input-output matrix satisfying the conditions below:
[Q°];; = o > 0 is the task-weight of non-automatable task j € n; in sector i.
[Q%];; = o > 0 is the task-weight of automatable task j € a; in sector 4.

[Q5];; = 0 for any j € N such that j ¢ a; Un;.

Then, we can write the equation for prices as follows:

pi =B LH mw] (wr)™ (wi)™ (44)

jEN

where

o af = ajy+ 3 (1—t)af
jEN

e w;j = t;a; for all pairs (i,7) such that j € a;
e w;; = oy for all pairs (4, ) such that j € n; .

The existence of equilibrium follows from Theorem 1 of Arrow and Debreu [10]. Our
equilibrium definition satisfies the assumptions I-IV defined by Arrow and Debreu [10],
which guarantees the existence of equilibrium in a given competitive n-sector economy.

Proof of uniqueness:

We can rewrite Equation 42 as follows:

pi=D; LH <pj>%] (w2)"" (wn)™

EN

where w;;s are the input output matrix entries with zero automation in each automat-
able task, and al is the sum of low-skilled labor shares in each sector again under
zero-automation. The equation can be rewritten as follows:

20



H

o] ()

eN
log (&> = logB; + Zw_ijlog <p_3) + afllog (%>
wrL jeN wr wrL

In matrix notation,

wr,

log (£> — (-0 {logBl- +aflog (w—H)} (45)

For given B; , at any equilibrium, Q is fixed. Consider two different equilibrium E’
and E” . Then, Equation 45 implies three cases as follows:

/7
"

i) For (ﬁ—’z) = (":}—i’) , log(%) = log(%) holds.

ii) For (Z—i’) > (w—H) , log (pi ) > log (pi ) holds for all i € N

wL wL wrL

ii) For (%4 ) < (2&£
wr, wr,

So, all entries in vector of log(

/7

,log(p") <log<£i) holds for all i € N

wr, L

N
Pi
L

" > move in the same direction with log <Z—H>
L

1"

Then, consider that (w—H> > (“’—H> , which implies there should be at least one

wr, wr,
automatable task which is more automated in equilibrium E’ than in E” | otherwise
Z_IZ can not be higher in E’ than in E”. However, condition in cse ii) implies that

/

log (p : ) > log (p : ) holds for all # € N that implies that automation for each task is

wr, wr

lower in £’ than in E”, which is a contradiction. Similarly, reversed arguments holds

/ 1"

for the reversed case: (ﬁ—f) < (“’—H) )

wr,
Therefore, at any equilibrium 2% is unique. Next, we show that the uniqueness of 2%
L wr,
implies that all prices are unique.

For unique ﬁ—’z, First Welfare Theorem implies that wy and wy are unique as well.
Otherwise, there is always an equilibrium that is Pareto dominated. Then, C' = wy H+
wrL is unique. Moreover, uniqueness of 2 and wy, together imply that {piticn 1s
unique, which is given by Equation 45. Lastly, for constant {3;},., implies that

C; = Bp_C is also unique for all 7 € N.

This is the end of the proof of the uniqueness. The generically uniqueness part follows
from Equation 47. For unique values of {p;},.y, wr, and wg, there exists a generi-
cally unique input-output matrix 2 satisfying Equation 47. Then, this implies that

o1



{m;},cn is generically unique and so there exists a generically unique equilibrium set
of quantities {}/27 {Lij}jGKU07 Hl‘, {Xij}jGN}ieN'
The proof of Corollary 1 follows from the fact that

i) Low- and High-skilled labor wages:

C. = B<
t i
Y — (Z w]zp] ) + BZ(U)LL—FU)HH)
K3
JEN pi pi

pz i (ijlp] j)+ﬁz(wLL+wHH)

In matrlx notatlon

pY, = (I — ) Bilwp L+ wiHY|
Then, we can write p;Y; as follows:
piY; = my(wp L+ wy H)

where m; = > [(I — Q)7 1,6;

alpY; = hg[emZ(wLL +wy H)J
SallpY, = [ [mz(wLLjLwHH)H

iEN 1EN
wpH =Y [ [mi(w L +wy H))|
1EN
wpH =Y [ef'muw L + afmywy H]
i€N
wpH(1 =Y af'm) =% [afmaw, L]
ieN ieN
Thus:
11— Y affm,
Yr _ H —’%:V (46)
wy L S aflm;
iEN

where m; is the Domar weight of firm 4.

7.6 Proofs of Propositions 6 and 7

Proof of Proposition 6.
Proof of part i :
The growth of consumption in response to sectoral productivity growth can be rewritten

as follows:
dlogC __ AT 4c
dlogAl” = C dAF

If we show d(fTCP = p;‘,;f,

then we are done. We derive The social planner’s problem

dAP
is as follows:

pCL+(1 — @) CH+Z)\i (Af)Fi — ZXJZ — Ci) +n (L -> > Lij) +
i j

i j€a; U0

max
{Ci}v{Xij}7{Lij}7{Li0}7{Hi}
H <H - ZHZ>
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For ¢ = %, social planner’s problem is equivalent to

{CH X WLy VA Lok A HiY ( ) Z ; ! 7 ;jeaziuo ’

Then, the envelope theorem implies:
R W
dAT = ~ AP

If —\; = p;, then we are done.

The social planner’s problem also implies that:
ac __ s
X3

dcC;

h/foreover, FOCs of the profit maximization of the representative firm in the final good
sector imply that:

piCi = BipyC, which further implies

> piCi =C.

Thus, j—g = p;. By combining this result with the FOCs of the social planner’s problem,
we get —\; = p;, which completes the proof.

Proof of part ii and iii :

m; is the Domar weight of sector ¢, which implies:

piY; = mi(wL +wy H)

We multiply both sides by a and sum across sectors:

.ZNoziniY,; = 'ZNoszmi(wLL +wyH),
1€ 1€

The FOCs of firm maximization imply that > aZH piY; = wgH. Thus,
ieEN
wpH =Y [aff'mawp L + off'mpwy H]|
iEN
wpH(1 = Y offm) = 3 [afmuw L]
ieEN iEN
and so
11— aflm;
L= H) ‘v
wr, (U)H ) Za{{mz
iEN
For C' = w; L +wyH, it follows that:
U)HH wLL
C=—F— d C=——F—-+—
Saflm,; o 1— > aflm,
iEN iEN

By taking logs of both sides and totally differentiating both sides, we get:

dlogwy = dlogC' + leg(Z%Hmi)

1€EN
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dlogw,, = dlogC' — dlog(1 — Zaf{mi).

ieN
Proof of Proposition 7

Proof of part i)

LEMMA 1 Consider the n x n matriz D = (I —Q')~!, where Q' is the transpose of the given
matrixz Q. Then, the following conditions hold:

D;; =Y Dy, for all pairs [i,j} s.t. i # j
k
Dii = 1+ 3 DSy,
3
Proof of Lemma 1.

For D = (I — V)7, we claim that D = I + DS holds. Suppose it holds. Then, by
plugging D = (I — Q)" Vinto D = I + D', we get (I — )~ =T+ (I — Q)" which can
be rewritten as (I — Q' )~}(I — Q') = I. Thus, our claim holds. Then, D = I + D)’ implies
that:

[Dij]#j = ;Dzkﬁ;ﬁj
k

Then, by using ; = Qi and }; = Qu, we can write:
k

D=1+ ZDiink
k

This completes the proof of Lemma 1.

By Lemma 1,
o Dyi=1+4 > Dy for all 4
kEN
o D;; = Dy + > DSy, for all pairs {7, j} such that ¢ # j and €;; > 0 (i is a direct
ki

supplier of j), and

o D;; = > Dy for all pairs {7,j} such that ¢ # 7 and Q;; = 0 (¢ is not a direct
ki
supplier of j).

Given that €;; > 0 for all pairs {7, j}, the set of equations above imply that each element of
matrix D is

i) non-negative,

ii) non-decreasing in each element of matrix €.
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Proof of part ii):

Denote the initial economy given in part ii) by E° and denote the equilibrium input-
output matrix of economy E° by €.

Then, Q2 has the following properties:

i) [Q],; = tijaf; € [0,a] for alli € N, j € a;.

i) [];; = afj foralli € N, j € n;.

iif) [2],; =0foralli € N, j € N\ {a; Un;}.

In economy E°, consider the set [S})] such that there exists a directed upstream supply
path from each s € 57\ j to j and j € S) as well.

Thus, for any given 7, S]Q is the set of sectors including sector j and its all direct and
indirect suppliers in Economy E°. In addition, denote the set of sectors that has no upstream
supply path to sector j by {SJQ}C. For any given economy, we can find these sets for each
j € N.

Step 1) First, we show that if there exists any j € N such that {S?}C # (), then
DY), = [(I — )], = 0 holds for all pairs {k,{} such that k € {SJQ}C and | € SY.

In order to show this, first, we show the condition below holds:

e D?, > 0if and only if there exists a directed path from & to [.

In order to show this, we use Lemma 1.

Take any k € {S?}C. For any such k, there exists no directed upstream path from £ to
any | € SJQ holds. Otherwise, if there exists a directed path from £ to at least one [ € SJQ,
then k € S) must hold as well.

Then, by Lemma 1:

Dy = Y DyiS for all pairs {k, 1} such that k € {9} and I € S0,

i#k

For an;Qh- >0,i€e8). Ifi €SP, then i € S also holds since there exists a directed
path from ¢ to [ and from [ to j.

Then, for each ordered pair {k,l} such that k € {S?}C and [ € SJQ, we have a set of

equations:
[Drtljeso = 2 Drifh
T iesy
The same argument applies for each k € {S;-)}C. Then, we have a system of equations,
which has a unique solution. Otherwise, for given {2, the matrix D wouldn’t be unique as
well, because Lemma 1 implies that the set of equations above is the full set of equations

that consists any [Dkl]ke{so}c g0
J ’ J

Dy, = 0 for each ordered pair {k, [} such that k € {S})}C and [ € S;-) is a solution, which
gives us the unique values for each such Dy;.

Next, we show that DY, > 0 if there exists a directed path from & to [.

Suppose that there exists at least one directed upstream path from k to [. Consider any
of these directed paths from k to [, and order the firms in a selected directed path as follows:
>0forall0<t<n-—1.

Sl(f)l = {io,il, ig, ey Zn} where io =k and Zn = l, and Qitjrl?it
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Then, by using Lemma 1:

Diyiy = DigioSiyip + j;ODingilj

Moreover, Lemma 1 implies that D;; > 1 for all 7. Thus, for €;,,, > 0, D;,;, > 0 holds.
Lastly, the property D;; = > Dy, for all i,5 : ©;; = 0 (i is not a direct supplier of )
i;4. > 0 holds f]z)flall t <n — 7, which further implies Dy; > 0.

Step 2) Next, consider the economy E* that is more automated than E. Then, the

implies that D;;

following conditions hold for the equilibrium input-output network at the economy E*:

i) [, > [Q],; = tijaf; €[0,a)] foralli € N, j € a;.

i) [Q],; =t} > [Q,; = tijaf; for some i € N for some j € a;.

i) [27];; = [Q];; = of; for alli € N, j € n,.

iv) [Q],; =1[Q],; =0forallie N, j € N\ {a; Un;}.

Take one increase in automation at a time. In order to do that, take any one of the
ordered pairs {i,j} such that [Q"];; > [Q],;.

Consider the matrix Q' such that Q' differs from Q only in its (ij )th element, all else
equal, where [Q'] - = [Q*] .. Call it economy E'.

Similarly, in economy E*, consider the set [S ]1] such that there exists a directed upstream
supply path from each | € SJ1 \ j to the given more automated task j. In addition, denote
the set of sectors that has no direct upstream supply path to sector j by {S ;}C

If there is no change in the set of existing paths from Economy E° to the economy E*,
but only the weight of an existence link increase, then the result in Step 1 above still holds.

Consider that 2;; = 0 and an increase in (};; results in a new upstream link from j to ¢
in Economy E!'. However, in such a case, the set of upstream suppliers of sector j does not
change and the following conditions hold:

0_ ¢l
(71 (s
j j

Thus for any k such that k € {S}}C and | € S, [D% 1y = [D'] 11 = 0 holds.

Next, we show that for each ordered pair {k,} such that k € {S}}C and [ € {S}}C, the
following condition holds.

Diz = Dlgl

In order to show this, first, by Lemma 1:

DYy = DY + 3 Dy S

sZk

D}, = D94 + 3 DL

sZk

For any [ € {SJQ}C and k € {SJQ}C, Q. = Q, and Q; = Qf holds if I # i, where
1 is the sector that uses more of automation good j. On the other hand, if [ = i, then
since Qy; rises, D} ;Qy; enters into the equation above. However since D}, = Dy, = 0 holds,

Dy = Dy Q4 = 0 holds. Moreover, the set {SJQ}C remains same. Thus, the system of

equations above remain same in both Economy E° and economy E'. Similar to the previous
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part, there must exists a unique solution for the system of equations above. Therefore, the
unique solution in Economy E° is exactly the same as in Economy E;.
Lastly, the vector of Domar weights (so the centralities) is equal to m = (I — Q’)*lg.
Thus, in Economy E°, m; = ZD%BJ-, and in economy E', we have m! = ZD}]ﬂj.
j j

For constant (3, for any k € {SJQ}C (z {S]l}c>, S"D}.B; = >-DY.3; holds, which implies
that: ' '

mj = my holds for all k € {S}}C.

Step 3) Next, we show that Dj; > Dy, for all | € SJ , where i is the sector that increases
its automation in task j.

In order to show that,

[D?i]les;? = DpQa + gﬁ:lD?ink
[D}i]iesr = D+ >° D}, which can be rewritten as:
J k#£l

[Dlli]les;? = Dlllell + ZDllezlkr
k#l

For [ = j, we have
Dj; = DjiQ; + ];Djkﬁik
1 _ plol 1Ol
Dj; = Djfu; + kZ#Dijik
Since, each [Dyj], ;. 1s non-decreasing in any element [Qy], v and since Qf > Q5 , we
conclude from above that Dj; > DY,.
Next, consider any [ € S} and [ # j:
[Diiliesor; = DS+ DijSdis + > Dy

=y
[Djiliesn; = Dy + DSy + 3 Dy Qy,, which can be rewritten as
I =y
[Dlli]lesg\j = Dlllelz + Dllezlj + kz;;'DlllcQzlk
i

Next, by combining;:

i) for each I € 59\ j, Dy; > 0,

ii) each [Djj]; ;. 1s non-decreasing in any element [Q], . , and

i) QL > Qy,

we conclude that {D};} > {D{} for each [ € S;.

Thus, any sector k that is direct or indirect supplier of sector j (k € S;-] = 5]1) has a
higher dependency to sector 1.

Lastly, for constant (3, for any I € S§ = S}, > D};8; > > Dp3; holds, which implies that:

m; > m; holds for all [ € S;. Z l

Step 4) We do this iteration one by one for each increase in automation for an ordered
pair {i,j} such that [Q],; > [Q];; > 0 until we reach the equilibrium input-output
network *, where the same results above hold at each step, which concludes the proof.
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7.6.1 An Example with Non Cobb-Douglas Production Function

Here, we consider production technologies different than the Cobb-Douglas form that we
studied so far. We now illustrate how the impact of technological advances depends on how
useful low-skilled labor is in other sectors for other forms of production functions. If low-
skilled labor is very productive elsewhere, then the technological advances in the automation
technology have a higher impact on total consumption.

EXAMPLE 6 The production functions are:
Y, =A,L,
Yo = A,
Yy = ApH7 (Lo + Xpa)' ™% + Xn
We set L=H =1.

Here, we simplify things by having X, enter into the production function of the final good
in an additively separable way rather than in a Cobb-Douglas form. The expressions have
all of the same signs with the Cobb-Douglas form and we report those in the appendix, but
this simplifies the expressions substantially.

We also simplify the automation process not to use any labor at all, so that its increase
does not impact the production of the other goods other than via the technological advance.

7.6.2 Example 6

In this simple economy, the equilibrium can be understood by maximizing™ Yy = A;(L; +
A 7+ A,(1 — Ly) where we use that L = H = 1.
The maximizing Ly is

It then follows that the correspondlng =L st

13Tt is straightforward that the competitive equilibrium in this simple economy is equivalent to a planner
maximizing total final good production.

o8

( o 1/a
Ly=1 if A, < () 1
 ((—a)A\ Ve o [(1—a)A;\ Ve (1—a)A; \
L= (S5220) 7 -4, it (24) 7 1 <4, < (U
A\ /e
Ly =0 if A, > ()
and the corresponding Y7 is then
1/a
Yf = Af(l + Aa)lfa if A < (L)Af> —1
_ (1-a)/a _ 1/a _ 1/a _
vy = A, (U522 4 4, <1 + A, - (L) ) if (Uae) o1 <a, < (U
1/a
yf = Ap(A) 7+ A, if A, > (%) .



_ 1/
DL = (1—a)Ag(1+ A7 if 4, < (S5220) 7 -1,

A, A,
oY, o (=g (1—a)A; \
ﬁ:An 1f< Anf) —1<Aa<< Anf> ,
ay, o : 1—a)A; | V@

D~ (1-a)Ap(A,) if A, > ()

Here, we see directly that during automation the rate at which overall production changes
in response to technological advances in the automation sector are proportional to the use-
fulness of labor in the non-automation sector. That is, g%’; =A,.

Next, we compare the changes in total consumption in different phases. Following the
same rate of increase in A, such that A, becomes zA,, the rate of change in Y; depends
on the phase of the economy. The rate of change in C' = Y during the automation and

post-automation phases are given by:

1 4A2 1 Aautom
(Alogc)autom — lOg ( + n( + 2z a ))

1+ 442 (1 + Agviom)

(AIOgC’)pOSt—autom _ log <(zA£OStaut0m)§ 4 An>

(Agostfautom>% +An

Example 6 shows that the rate of change in total consumption rises as the productivity of
labor on the alternative uses rises. This result is different than the previous Cobb-Douglas
economy example, where only the productivity level of the automation good producer is
important, and the level of productivity in resource sector does not play a role in the real-
location effect. However, when we consider the general case for the Cobb-Douglas economy
including both direct and indirect substitution effects, the actual levels of productivities in
various sectors would play role in determining the reallocation effect. Therefore, as shown in
this example, how low-skilled labor is productive in its alternative usage is the main factor
that determines how reallocation of labor alters the net-effect of technological changes.

These two examples provide an important lens into why it can be that substitution for
labor can have very different effects depending on the alternative uses for labor. These
provides new insights into the Solow Paradox and the findings of Brynjolfsson, Rock, and
Syverson [27], for instance.
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7.7 Discussion of the Reallocation Effects in the Three-Sector Economy

In this part, we consider a discrete technological change in automation sector, A (logAf AaQ), and compare AlogC' (given by
Equation (7)) with ¢g.af,A (logAL AQ), where tractf, is the Domar weight of the automation sector before the technological

change.
,a;[,anHa}L 1*&?*&5&3}
P after H OlaH L OlaLO aaH - P after H af L %0 D‘aH -
L ((APAZ)"" (al)™ (ak)*™) + H ((APAZ)"" (o) (al)™)
AlOgO — log 7(1;—170‘7[7—‘10‘7; 1704?—(151&?”
H

(t/‘aaf{a)befOTe

(AanQ)after

before
(tractf,) AlogA = log —<APAQ> before

AlogC > ty.af,Alog (AP AQ) if :

H H_ n

e R 1 _H__H_n
<(A5A§)after(a§)af (Océ’o)aaLO> aé—l L+H((A5AaQ)after(aaH)aaH (0450)0450) aéf (A[I;,AaQ)after W
log o + log -~ - PR > log —<APAQ),,efm +
fore LN g L+H((APAQQ) © OTE(QH)% (aL )O‘ao) ag a la
((AaPAaQ)befom(af)agI (aaLo)aao) a ‘ ¢ 0

(e k)

_1
l ( (AgAaQ)afteT agl (L«I»H((AaPAaQ)bEfOTe(aaH)aaH (aaLO)a£0> D‘aH )
Og before
(a2 A?)

By further simplification:
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1
(g (o) oty i)

_1
( (AP AQ)™ " ) off (L+H((A5A§)“f"“(ag)“5 (ak0)" ) H)

L+H ((AanQ)afm (af)a“H (aaLO)%LO)
log

L+H((AaPAaQ)bef”e(agf)aﬁI(aL )‘”aLO)

Both sides of the equations are greater than 1, so AlogC' > tfaa . Alog (APAQ) if

H(@fﬁ)"”m(af)af<a£o>a5°)“z{
1 _1
wen((ap a8 ) (ot) B\ g N ot (o (a1 ) o))

L+H((A§AaQ)bef T (o H )l (ago)"‘«?o)

or, equivalently,

1

1
(APAaQ)after L+H APAQ after(a{l_l)a ((Xéb)ago) aaH H<(AaPAaQ)before(aaH>aaH (aﬁ’o)ag()) ‘1{1{
a

efore H L
L+H APAQ bet (all)a (aL )aa0> O‘

_1
o (L+H<(A5A§)befwe(a§)a§ (aéo)%%o) %H)
_1 _1
(a8 (H g8 e ot )TN () ) o)
a

a0
o <
P AQ before 1
( P AQ after b f
Ay Aa) € OTE _ before
(AaPAaQ)before < afte'r‘
afte'r
(AanQ)afte'r B ﬁ afteT - 1786[11fter Siefore Oégl
(AaPAaQ)before - Llislzefore - s%fter 1isliefore
H sliefo're

Then, the condition is:




¢9

1
a,fte'r befo're before before
S, 1-sp
after _ befo're < after
St St

before+AsL) SZEfOTe < slz/efore ﬁ
before+AsL l_slzefore slz/efore_"_AsL

befo're Sbefo're
B L
before before 1_gbefore before before ) 1-sbefere
before
)
1_(Sliefore+AsL) slzefOTe lisliefore
1—s befoo"e befo’re+A s,

which always holds for As;, < 0 and 27" + Asy, > 0.
So, AlogC' > tg.af,Alog (A AZ) always holds.



7.8 Discussion of the Reallocation Effects in an n-Sector Economy

We can rewrite equation 42 as

log (%) (I—Q)"

where € is the equilibrium input-output network. Consider an automation good sector j that

wr,

logB; + aHlog ( H)] (47)

is in transition, which implies that p; = wy. Then, following the changes in productivities,
p; = wg, still holds for any such sector j and, thus, dlog (5—;) = 0 holds. Then, for K =

dlogA

52 Kai o

(I — Q)_1’ we have dlog (TTZ) _ LeNZ—Kﬂ

Next, we show the change in total consumption during a transition phase.
[logpi] = (I —Q)7" [logB; + aFlogwy, + af{long}
We multiply both sides by [@] from left, and get

Zﬁilogpi = ZmilogBi + Z (oziLmi) logwy, + Z (af{mi) logwy (48)
ieN ieN ieN ieN
By taking logs of both sides of 5;C = p;C;, we get:

logC' + logB; = logC; + logp;
By multiplying both sides with §; and summing up, we get:

Zﬁilogc + Zﬁiwgﬁi = Zﬁil(?gci + Zﬁilngi

iEN iEN iEN iEN
C = Cf “implies Y f;logC; = logC, which then implies
ieN

25110951 = Zﬁilogpi (49)
iEN iEN

By plugging this Equation 49 into the Equation 48, we get:

ZBJOQ@ = Zmz'ZOQBi + splogwy, + sglogwy (50)
iEN iEN
Then we get
A (splogwy, + splogwy) = (ZmzlogB >
iEN

A (splogwy, + sylogwy) = Zmi (AlogAP Zlog “fter (Am;)

iEN iEN
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(spAlogwy, + logwi Asy, + sgAlogwy + logwy; Asy) = Zmi (AlogAl) — Zlong (Am;)

1EN 1EN

By using Alogw;, = AlogC + Alog (s1), and Alogwy = AlogC + Alog (sg), we can
rewrite the equation above as follows:

AlogC = Zmz- (AlogAf) —Zlong (Am;)—[sL (Alogsr) + su (Alogsy) + logw] (Asy) + logwy; (Asy)]

iEN ieEN
where
B = 1
aL, n o
(AP (aff ) (afy)oio [H (afy) ”] [H (af}) ”]
JEN jEN
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