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ABSTRACT. We propose simultaneous mean-variance regression for the linear es-
timation and approximation of conditional mean functions. In the presence of
heteroskedasticity of unknown form, our method accounts for varying dispersion
in the regression outcome across the support of conditioning variables by using
weights that are jointly determined with the mean regression parameters. Simul-
taneity generates outcome predictions that are guaranteed to improve over ordinary
least-squares prediction error, with corresponding parameter standard errors that
are automatically valid. Under shape misspecification of the conditional mean and
variance functions, we establish existence and uniqueness of the resulting approx-
imations and characterize their formal interpretation and robustness properties.
In particular, we show that the corresponding mean-variance regression location-
scale model weakly dominates the ordinary least-squares location model under a
Kullback-Leibler measure of divergence, with strict improvement in the presence of
heteroskedasticity. The simultaneous mean-variance regression loss function is glob-
ally convex and the corresponding estimator is easy to implement. We establish its
consistency and asymptotic normality under misspecification, provide robust infer-
ence methods, and present numerical simulations that show large improvements
over ordinary and weighted least-squares in terms of estimation and inference in
finite samples. We further illustrate our method with two empirical applications to
the estimation of the relationship between economic prosperity in 1500 and today,

and demand for gasoline in the United States.
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1. INTRODUCTION

Ordinary least-squares (OLS) is the method of choice for the linear estimation and
approximation of the conditional mean function (CMF). However, in the presence
of heteroskedasticity the standard errors of OLS are inconsistent, and subsequent
inference is therefore unreliable. As a way of achieving valid inference, practitioners
instead often use the heteroskedasticity-corrected standard errors of Eicker (1963,
1967), Huber (1967) and White (1980a). Although valid asymptotically, numerous
limitations of this approach have been highlighted in the literature such as bias and
sensitivity to outliers, incorrect size and low power of robust tests in finite samples
(MacKinnon and White, 1985; Chesher and Jewitt, 1987; Chesher, 1989; Chesher and
Austin, 1991). These findings in turn generated a large number of proposals in order
to reconcile the large-sample validity of the approach and its observed finite-sample

limitations, surveyed in MacKinnon (2013).

The finite-sample limitations of OLS-based inference essentially originate from the
fact that OLS assigns a constant weight to each observation in fitting the best lin-
ear predictor for the regression outcome. Hence the least-squares criterion does not
account for the varying accuracy of the information available about the outcome
across the covariate space. This yields point estimates and linear approximations
that are sensitive to high-leverage points and outliers, which in turn generate bi-
ased estimates of the residuals’ second moments used in the calculation of the robust
variance-covariance matrix of OLS parameters. In finite samples, uniform weighting
not only compromises the validity of OLS-based statistical inference in the presence

of heteroskedasticity, but also the reliability of OLS point estimates.

In this paper, we propose simultaneous mean-variance regression (MVR) as an al-
ternative to OLS for the linear estimation and approximation of CMFs. MVR char-
acterizes the conditional mean and variance functions jointly, thereby providing a
solution to the problems of estimation, approximation and inference in the presence
of heteroskedasticity of unknown form with five main features. First, it incorpo-
rates information from the second conditional moment in the determination of the
first conditional moment parameters. Second, simultaneity generates approximations
with improved robustness properties relative to OLS. Third, the resulting approxi-
mations have a formal interpretation under shape misspecification of the conditional
mean and variance functions. Fourth, MVR solutions are well-defined, i.e., exist and

are unique. Fifth, standard errors of the corresponding estimator are automatically



valid in the presence of heteroskedasticity of unknown form, and reduce to those of
OLS under homoskedasticity.

The MVR criterion can be interpreted as a penalized weighted least-squares (WLS)
loss function. The presence and the form of the penalty ensure global convexity of
the objective function, so that MVR conditional mean and variance approximations
are jointly well-defined. This differs from the usual WLS approach where a sequential
procedure is followed, obtaining the weights first, and then implementing a weighted
regression to determine the parameters of the linear specification. Our simultane-
ous approach allows us to give theoretical guarantees on the relative approximation
properties of MVR and OLS. We use MVR to construct and estimate a new class
of approximations of the conditional mean and variance functions, with improved
robustness and precision in finite samples. We establish the interpretation of MVR
approximations, we derive the asymptotic properties of the corresponding MVR esti-
mator, and we give tools for robust inference. We also illustrate the practical benefits
of the MVR estimator with extensive numerical simulations, and find very large finite-
sample improvements over both OLS and WLS in terms of estimation performance
and heteroskedasticity-robust inference.

This paper generalizes the results of Spady and Stouli (2018) for the primal problem
of the dual regression estimator of linear location-scale models. We provide a unified
theory allowing for a large class of scale functions. This paper is also related to the
interpretation of OLS under misspecification of the shape of the CMF. OLS gives
the minimum mean squared error linear approximation to the CMF, an important
motivation for its use in empirical work (White, 1980b; Chamberlain, 1984; Angrist
and Krueger, 1999; Angrist and Pischke, 2008). MVR introduces a class of WLS
approximations accounting for potential variation in the outcome across the support
of conditioning variables, and with weights that have a clear interpretation under
misspecification. Our approach thus complements the textbook WLS proposal of
Cameron and Trivedi (2005) and Wooldridge (2010, 2012) (see also Romano and
Wolf, 2017), who advocate the reweighting of OLS with generalized least-squares
(GLS) weights and further correcting the standard errors for heteroskedasticity.

This paper makes three main contributions. First, we show existence and uniqueness
of MVR solutions under general misspecification, thereby introducing a new class of
location-scale models corresponding to MVR approximations. The results in Spady
and Stouli (2018) did not cover the case of misspecified conditional mean and variance

functions. Second, we establish favorable approximation and robustness properties of



MVR relative to OLS. We show that MVR is a minimum WLS linear approximation
to the CMF, with weights determined such that the MVR approximation improves
over OLS in the presence of heteroskedasticity under the MVR loss. For our main
specifications of the scale function, we further show that OLS root mean squared
prediction error is an upper bound for the MVR weighted mean squared prediction
error. We then extend this result to show that under a Kullback-Leibler informa-
tion criterion (KLIC) the proposed MVR location-scale models weakly dominate the
OLS location model, with strict improvement in the presence of heteroskedasticity.
These results provide theoretical guarantees motivating the use of MVR over OLS,
and are not shared by alternative WLS proposals. Third, we derive the asymptotic
distribution of the MVR estimator under misspecification and provide robust infer-
ence methods. In particular we propose a robust one-step heteroskedasticity test that
complements existing OLS-based tests (e.g., Breusch and Pagan, 1979; White, 1980a;
Koenker, 1981).

The rest of the paper is organized as follows. Section 2 introduces MVR under cor-
rect specification of conditional mean and variance functions. Section 3 establishes the
main approximation properties of MVR under misspecification, including existence
and uniqueness. Section 4 gives asymptotic theory. Section 5 reports the results of an
empirical application to the relationship between economic prosperity in 1500 and to-
day, and illustrates the finite-sample performance of MVR with numerical simulations.
All proofs of the main results are given in the Appendix. The online Appendix Spady
and Stouli (2018) contains supplemental material, including an additional empirical

application to demand for gasoline in the United States.

2. SIMULTANEOUS MEAN-VARIANCE REGRESSION

2.1. The Mean-Variance Regression Problem. Given a scalar random variable
Y and a random k£ x 1 vector X that includes an intercept, i.e., has first compo-
nent 1, denote the mean and standard deviation functions of Y conditional on X by
w(X) = E[Y | X] and o(X) := E[(Y — E[Y | X])? | X]'/2, respectively. We start
with a simplified setting where the conditional mean and variance functions take the

parametric forms
(2.1) w(X) = X'B, o(X)? = 5(X")?%,

for some positive scale function ¢ — s(t), and where the parameters 3y and -y, belong
to the parameter space © = R*x 0., with ©, = {y € R¥ : Pr[s(X"y) > 0] = 1}. Two



leading examples for the scale function are the linear and exponential specifications

s(t) =t and s(t) = exp(t), with domains (0, c0) and R, respectively.

The parameter vector 6y := (fo,70)" is uniquely determined as the solution to the

globally convex MVR population problem

A (o) o form).

2

(2.2) min F
e

When the functions = +— u(z) and x — o(x)* satisfy model (2.1), they are simul-
taneously characterized by problem (2.2). As a consequence, MVR incorporates in-
formation on the dispersion of Y across the support of X in the determination of
the mean parameter 3. We show below that problem (2.2) is formally equivalent to
an infeasible sequential least-squares estimator of the conditional mean and variance
functions for model (2.1). Problem (2.2) is a generalization of the dual regression
primal problem introduced in Spady and Stouli (2018), for which the scale function
is linear. Considering scale functions with domain the real line, such as the exponen-
tial function, allows the transformation of the dual regression primal problem into an

unconstrained convex problem over © = R2*k,

Inspection of the first-order conditions confirms that 6, is indeed a valid solution to
problem (2.2). Denoting the derivative of the scale function by s (t) := 9s(t)/0t and
letting e (Y, X, 0) := (Y — X'B)/s(X"7), the first-order conditions of (2.2) are

(2.3) E[Xe(Y,X,0)]=0
(2.4) E[Xsi((X){e(Y,X,0)° - 1}] =0.

These conditions are satisfied by 6, since specification (2.1) is equivalent to the

location-scale model
(2.5) Y =X'By+s(X'v)e, Ele|X]=0, E[*|X]=1.
Therefore, the parameter vector 6y also satisfies the relations
Ele(Y,X,00) | X]=FE[e| X]=0
Ele(Y, X, 00" = 1| X| = E[&* = 1] X] =0,

which imply that F[h(X)e(Y, X, 0p)] = 0 and E[h(X){e(Y, X, 0y)* — 1}] = 0 hold for
any measurable function x — h(x), and in particular for A(X) = X and h(X) =
Xs1(X'y).



2.2. Formal Framework. Let X denote the support of X, and for a vector u =
(uy,...,ug) € RF let || - || denote the Euclidean norm, i.e., |[ul| = (u? + ...+ u?)/?;

we define a compact subset ©¢ C © as
0 = {9 €O - |lfl] < Coand inf s(a') > CS},

for some finite constant Cy and some constant Cy; > 0, with interior set denoted
int(©°¢). The second and third derivatives of the scale function ¢ — s(t) are denoted
by s;(t) := d7s(t) /0, j = 2,3. We also denote the MVR objective function in (2.2)
by Q(0) := El[{e (Y, X,0)" + 1}s(X'y)/2].

Our first assumption specifies the class of scale functions we consider.

Assumption 1. For a = 0 or —oo, the scale function s : (a,00) — (0, 00) is a three
times differentiable strictly increasing convex function that satisfies lim;_,, s(t) = 0

and limy_,., s(t) = 0.

Assumption 1 encompasses several types of scale functions such as polynomial speci-
fications s(z'y) = (2/7)* with @ = 0 and Pr[X’y > 0] = 1, or exponential-polynomial
specifications s(z'y) = exp(a’v)* with a = —oo, for some a@ > 0. For a = 1, we

recover the linear and exponential scale leading cases.

The next assumptions complete our formal framework.

Assumption 2. The conditional variance function x — o(z)? is bounded away from

0 uniformly in X.

Assumption 3. We have (i) F[Y*] < oo and E||X|[* < oo, and, (ii) for all v € O,,
E[|IX" 52(X")%] < 00, E[IX]|® s5(X"7)?] < 0o and E[[|X||° s1(X"7)?s2(X"7)?] < o0.

Assumption 4. For all v € ©,,, E[XX’/s(X"y)] is nonsingular.

Assumptions 1-4 are sufficient conditions for global convexity of the MVR criterion

over the parameter space 0, and therefore for problem (2.2) to have a unique solution.

Theorem 1. If Assumptions 1-4 hold, and the conditional mean and variance func-
tions of Y given X satisfy model (2.1) a.s. with 0y € int(©°), then Oy is the unique

minimizer of Q(0) over ©.

Theorem 1 applies when the conditional mean and variance functions are well-specified,

and thus provides primitive conditions for identification of #, in the location-scale



model (2.5). This extends the uniqueness result in Spady and Stouli (2018) for ob-
jective (2.2) with a linear scale function to the class of scale functions defined in

Assumption 1.

Remark 1. In the linear scale case, s1(t) = 1 and s;(t) = 0, j = 2,3, so that Assump-
tion 3 reduces to Assumption 3(i). In the exponential scale case, s;(t) = exp(t), j =
1,2,3, so that Assumption 3(ii) reduces to the requirement that E[||X||° exp(X’~)"]
be finite. This is satisfied for instance if X is bounded. ([l

2.3. Simultaneous Mean-Variance Regression Interpretation. Problem (2.2)
is equivalent to an infeasible sequential least-squares estimator of conditional mean

and variance functions. The first-order conditions of (2.2) can also be written as

X ol

(2.6) E [S(X/7> Y - X 5)] = 0
SI(X/W) I AN2 1 \2 _

(2.7) E [XS(XWV {(v = X'B)? — s(X"7) }] = 0.

Given knowledge of 79, WLS regression of Y on X with weights 1/s(X"7,) has first-
order conditions (2.6), with solution 5. Moreover, given knowledge of 5y, nonlinear
WLS regression of (Y — X’f3)? on X with weights 1/s(X"yy)® and quadratic link
function has first-order conditions (2.7), and therefore solution ~.

Proposition 1. If Assumptions 1-4 hold, and (i) E[Y*] < oo, E[|X|"] < co and
E[s(X'y)Y < oo for all vy € ©,, and (ii) the conditional mean and variance functions
of Y given X satisfy model (2.1) a.s., then the MVR population problem (2.2) is

equivalent to the infeasible sequential estimator with first step

: 1 ! 2\2

and second step
_ : 1 / 2 I \2 2

(2.9) WO—arg%éTiE[W{(Y—Xﬁo) — 5(X") } :

An immediate implication of the Law of Iterated Expectations and Proposition 1 is
that MVR implements simultaneous weighted linear regression of p(X) on X and
weighted nonlinear regression of 0(X)? on X by solving for 3 and v such that the
weighted residuals (u(X)—X'8)/s(X'y) and {o(X)?*—s(X'y)?*}/s(X'y)? are simulta-
neously orthogonal to X and Xs;(X'y), respectively. Proposition 1 thus establishes

the simultaneous mean and variance regression interpretation of problem (2.2).



3. APPROXIMATION PROPERTIES OF MVR UNDER MISSPECIFICATION

Under misspecification, OLS provides the minimum mean squared error linear approx-
imation to the CMF. For the proposed MVR criterion, existence of an approximating
solution and the nature of the approximation are nontrivial when the shapes of the
conditional mean and variance functions are misspecified. In this section, we first
establish existence and uniqueness of a solution to the MVR problem under misspeci-
fication, and then characterize the interpretation and properties of the corresponding

MVR approximations.

3.1. Existence and Uniqueness of an MVR Solution. Assumptions 1-4 are suf-
ficient for characterizing the smoothness properties, shape, and behaviour on the
boundaries of the parameter space of the MVR criterion @(6). Under these assump-
tions 0 — Q(0) is continuous and its level sets are compact. Compactness of the level
sets is a sufficient condition for existence of a minimizer in ©, and is a consequence of
the explosive behaviour of the objective function at the boundaries of the parameter
space. The objective Q(0) is a coercive function over the open set ©, i.e., it satisfies

HelﬁglooQ(@) =00,  lim Q(f) = oo,

where 00O is the boundary set of ©. Thus the MVR criterion is infinity at infinity,
and for any sequence of parameter values in © approaching the boundary set 0O, the
value of the objective is also driven towards infinity. Therefore, the level sets of the
objective function have no limit point on their boundary, ruling out existence of a
boundary solution, and continuity of § — Q(#) is then sufficient to conclude that it
admits a minimizer. Continuity and coercivity of the objective function are the two
properties that guarantee existence of at least one minimizer in ©.! Assumptions 1-4
are also sufficient for § — Q(0) to be strictly convex, and therefore further ensure

that Q(0) admits at most one minimizer in ©.

Theorem 2. If Assumptions 1-/ hold, then there exists a unique solution 0* € © to
the MVR population problem (2.2).

Theorem 2 is the second main result of the paper. It establishes that the MVR

problem (2.2) has a well-defined solution, and an immediate corollary is the existence

IThe boundary set of © may be empty, for instance for the exponential scale specification. In that
case the coercivity property reduces to lim|g|— o Q(6) = c0.



and uniqueness of the MVR location-scale representation
Y = X'B*+s(X'v")e, E[Xe]=0, E[Xs(X'y*)(e*—1)]=0.

This result clarifies further how MVR generalizes OLS by establishing the existence
and the form of the MVR location-scale model when no shape restrictions are im-
posed on the conditional mean and variance functions. The OLS location model is a

particular case with the scale function restricted to be a constant function.

Although a unique MVR approximation exists irrespective of the nature of the
misspecification, the interpretation of the MVR approximating functions z +»
(o' 8%, s(z'v*)?) depends on which of the conditional moment functions is misspec-

ified. We distinguish two types of shape misspecification:

(1) Mean misspecification: the CMF z — u(x) is misspecified.
(2) Variance misspecification: only the conditional variance function = + o(z)?

is misspecified.

The case when both the conditional mean and variance functions are misspecified is

a particular case of mean misspecification.

3.2. Interpretation Under Mean Misspecification. The location-scale represen-

tation
(3.1) Y =uX)+0o(X)e, Ele|X]=0, E[]|X]=1,

provides a general expression for Y in terms of its conditional mean and standard de-
viation functions, and is always valid, as long as first and second conditional moments
exist. Substituting expression (3.1) for Y into the MVR objective function Q(f) gives

rise to a criterion for the joint approximation of x — (u(z), o(x)?).

The criterion () can also be appropriately restricted in order to define the cor-
responding OLS approximations. Letting ©,15 = {y € R : s(y) > 0}, define
Ors = R* x O, 15. Upon setting s(X’y) = s(7) in the MVR problem (2.2),

05 )]

is a particular case of MVR. Since the OLS solution 01 := (s, s, Ox—1)" belongs

, '=arg min F
(Brs, TLs) g (BB

to the parameter space ©, uniqueness of 6* implies that the OLS approximation of
the conditional moment functions z — (u(z),o(x)?) cannot improve upon the MVR

approximation, according to the MVR loss.



Theorem 3. If Assumptions 1-4 hold, then the MVR population problem (2.2) has
the following properties.

(i) Problem (2.2) is equivalent to the infeasible problem

() o] 3255

2 [s(X"™)
with first-order conditions

() -

oo (5 )] o

(ii) The optimal value of problem (2.2) satisfies Q(0%) < Q(Ors), with equality if and
only if 0% = 0.

(3.2) min —F

(3.4) E

Theorem 3(i) shows that under misspecification the function z — z’5* is an infeasible
MVR approximation of the true CMF penalized by the mean ratio of the true variance

over its standard deviation approximation. An equivalent formulation is

1 1 1 o(X)?
3.5 in —F | ———(u(X) — X'B)? -F 1ps(X'
(3.5) b6 2 S(X"}/>('U( ) = X'B) ] "2 HS(X’WJr }8( 7)1’

the penalized WLS interpretation of the MVR problem (3.2).

The penalty term in (3.5) is a functional of a weighted mean variance ratio of the
true variance over its approximation. The first-order conditions (3.3)-(3.4) shed addi-
tional light on how the weights are determined as well as on the form of the penalty,
by characterizing the optimality properties of MVR approximations. Because X in-
cludes an intercept, when both functions x + pu(x) and z — o(z)? are misspecified,
[* and v* are chosen such that the sum of the weighted mean squared error for the
conditional mean and the mean variance ratio error is zero, balancing the two ap-
proximation errors. When the scale function is linear the two types of approximation
error are equalized. For the exponential specification, the two types of approximation
error weighted by exp(X'y) are equalized. The MVR solution is thus determined by
minimizing the weighted mean squared error for the conditional mean, while simul-

taneously setting the weighted mean variance ratio as close as possible to one.

10



Theorem 3(ii) formalizes the approximation guarantee of MVR in terms of the MVR
criterion. For the linear and exponential scale function specifications, the improve-
ment of the MVR solution relative to the OLS solution in MVR loss further guar-
antees that optimal weights are selected such that the weighted mean squared MVR

prediction error for Y is not larger than the root mean squared OLS prediction error.

Corollary 1. If the scale function t — s(t) is specified as s(t) =t or s(t) = exp(t),

then .
E W(Y - X’ﬂ*)zl <E[(Y - X'Bus)?|”,

with equality if and only if 0* = 0.

[

Compared to OLS, improvement in MVR loss is also related to a key robustness
property of MVR under a Kullback-Leibler measure of divergence. Define the scaled
Gaussian density function

(3.6) Jo (Y, X) = s(;’v)d} (i&ﬁf) ’

where ¢(z) = (21) /% exp(—22/2). The OLS solution maximizes a restricted version,
Ellog fo (Y, X)]|,_,=0, of the expected log-likelihood E[log fy (Y, X)] over Org, where
the components of v except the first are set to zero. The corresponding expected
log-likelihood value Eflog fy, (Y, X)] is no greater than the value of the expected
log-likelihood at the MVR solution:

(3.7) E[log fos (Y, X)] < Eflog fo- (Y, X)].

The MVR solution 6* formally corresponds to an improvement of the expected log-
likelihood value over OLS, and therefore corresponds to a probability distribution
that is KLIC closer to the true data probability distribution fyx(Y | X).

Define the quantity € := F [log (075/s(X’v*)?)], which is positive as shown in Appen-
dix B.6. Our next result summarises the key implication of (3.7).

Theorem 4. Suppose that E[|log fyx(Y | X)|] < oo, E[e(Y, X, 60*)?] < 1+¢, and the
scale function t — s(t) is specified as s(t) =t or s(t) = exp(t). Then the probability

distribution fg« corresponding to 0* satisfies

(3.8) E [log (Wﬂ =k [log (Wﬂ |

with equality if and only if 0* = 0.

11



For the linear scale specification, the MVR first-order conditions include the con-
straint F[e(Y, X,0%)2 —1] = 0 so that the bound on F[e(Y, X,6*)?] is satisfied
by construction. For the exponential specification, the corresponding constraint is
E [exp(X'y*) {e(Y, X,0%)* — 1}] = 0 which can result in a value for F [e(Y, X, 6*)?]
that differs from one under misspecification. The bound then characterizes the devi-

ations from unit variance that preserve the validity of (3.8).2

The approximation guarantee (3.8) is a general result that holds under misspecifica-
tion of the conditional mean and/or variance functions. When the mean is misspec-
ified, it formally establishes that the MVR approximation for the mean corresponds
to a better model than the OLS location model according to the classical KLIC for
model selection (e.g., Akaike, 1973; Sawa, 1978). Similarly to the classical argument
motivating the use of maximum likelihood (ML) under misspecification, Theorem 4
thus provides an information-theoretic justification for the use of MVR and a formal

characterization of the robustness to misspecification of MVR relative to OLS.

3.3. Interpretation Under Variance Misspecification. If the CMF is linear,
Theorem 3 has important additional implications for the robustness and optimality
properties of MVR, solutions. The k orthogonality conditions (3.4) are then suffi-
cient to determine the scale parameter v* since condition (3.3) is uniquely satisfied
by 8 = By. Thus in the classical particular case of the linear conditional mean model,
the MVR solution for 5 is fully robust to misspecification of the scale function. Con-
sequently, when the CMF is correctly specified the OLS and MVR solutions for
coincide. In the special case of linear scale specification, Xs1(X’y) reduces to X.
Because X includes an intercept, the scale parameter v* is then chosen such that
the MVR conditional variance approximation also satisfies the remarkable property

of zero mean variance ratio error.

Corollary 2. If Assumptions 1-4 hold and u(X) = X'fy a.s., then * = By and v*
15 solely determined by the k orthogonality conditions

o(X)?
3.9 E | Xs (X' ——————1,;| =0.
39) e {750 1]
In particular, for the linear specification s(t) = t, the conditional variance approximat-
ing function x v+ (2'v*)? satisfies the optimality property E[{o(X)*/(X'v*)?}—1] = 0.

2For the numerical simulations in Section 5.2 the typical sample mean of an estimate e(Y, X, é)Q we
observe is smaller than or equal to one, when the scale function is specified as s(t) = exp(t). It is
an open question whether the bound E [e(Y, X, 9*)2] < 1+ € can be binding.

12



When the CMF is correctly specified an optimal characterization of 5y that will lead
to an efficient estimator can be formulated by GLS. Define

1 (Y-XB
A0 = o ()

In the population, GLS maximizes the expected log-likelihood E[log fg (Y, X)] with

respect to 3, with solution 3y. Then we further have
(3.10) E[log fo- (Y, X)] < E [log f}, (V. X)],

and inequalities (3.7) and (3.10) together imply that, compared to OLS, the MVR
solution #* formally corresponds to a probability distribution that is KLIC closer to
the reference probability distribution fgo (Y, X)) associated to the GLS model.

Theorem 5. Suppose that E[|log fy|x(Y | X)|] < oo, Ele(Y,X,0%)*] <1+¢, and
the scale function t — s(t) is specified as s(t) =t or s(t) = exp(t). If Assumptions
1-4 hold and p(X) = X'By a.s., then fo« also satisfies
(Y, X (Y, X
log fﬂo( ) ) log f50< ) ) ’
Jo,s(Y, X)

(3.11) E <E

Jo- (Y, X)

with equality if and only if 6* = 0.

When the mean is correctly specified, all of the likelihood improvement comes from
selecting a better approximation for the standard deviation function than OLS. Rel-
ative to the efficient GLS model for the mean, inequality (3.11) formally establishes
that the OLS location model is rejected against the MVR location-scale model accord-
ing to a likelihood ratio criterion (e.g., Vuong, 1989; Schennach and Wilhelm, 2017).
If the true conditional variance is not constant then the improvement in (3.11) is
strict and the MVR model is closer to the efficient GLS model than the OLS location
model.

In the presence of heteroskedasticity, MVR optimality and approximation properties
(3.9) and (3.11) under correct mean specification provide a theoretical justification
for the largely improved MVR-based inference relative to OLS-based inference in the
numerical simulations of Section 5 and the Supplementary Material. In view of its
interpretation and since it always admits a well-defined minimizer, the MVR criterion

thus offers a natural generalization of OLS for the estimation of linear models.

13



3.4. Connection with Gaussian Maximum Likelihood. MVR provides one cri-
terion for the simultaneous approximation of conditional mean and variance functions.
A related criterion is the KLIC of the scaled Gaussian density fy (Y, X) defined in
(3.6) from the true conditional density function fyx (Y | X), which is minimized at
a ML pseudo-true value (White, 1982). Define for 0 € O,

(312)  L(0) = —Elog f, (Y, X)] = ;log (27) + E {h)gs(x’y) + ;e (Y, X, 9)2] ,

with first-order conditions

s1(X"y)
s(X"y)

(3.13) E Léwe(xx, 9)] -0, E [X

In general the MVR solution 6* need not satisfy equations (3.13), and therefore cannot

{e (Y, X,0)* — 1}] = 0.

be interpreted as a ML pseudo-true value. Compared with the MVR criterion, an
important limitation of criterion (3.12) is its lack of convexity. The second-order

derivative of £ (6) with respect to the first component v; of 7, i.e., for fixed 3, v_q, is
9°L (0) 1
=E Y, X,0)*—1
50 - b s et )]

which is strictly negative for all # € © such that e (Y, X,0)* < 1/3 a.s. The non
convexity of (3.12) in ~; implies that £ (#) is not jointly convex®, and that a ML

pseudo-true value might not exist; even if there exists one, it need not be unique. In
the latter case, some solutions may only be local minima of (3.12), not endowed with
a KLIC-closest interpretation and thus no longer guaranteed to improve over OLS

and MVR in a meaningful way.

These observations together with Theorems 4 and 5 clarify the relationship between
ML, OLS and MVR approximating properties. The ML pseudo-true value is the
parameter value associated with the distribution which is KLIC closest to the true
data generating process, but is not well-defined due to the objective’s lack of convexity.
The OLS pseudo-true value is well-defined, but it maximizes a restricted version of the
Gaussian expected log-likelihood resulting in a relatively lower likelihood. The MVR
loss function strikes a compromise by providing a well-defined convex alternative to
Gaussian ML, and relative to OLS by selecting a pseudo-true value that corresponds
to a distribution which is KLIC closer to the true data generating process, and KLIC

closer to the efficient GLS model under correct mean specification.

30wen (2007) also noted the lack of joint convexity of the negative Gaussian log-likelihood when the
scale function is specified to a constant, i.e., for the case s(X'y) = o € (0,00) in (3.12).
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4. ESTIMATION AND INFERENCE

We use the sample analog of the MVR population problem (2.2) for estimation of its
solution #* in finite samples. We establish existence, uniqueness and consistency of
the MVR estimator. We also derive its asymptotic distribution allowing for misspeci-
fication of the shapes of the conditional mean and variance functions, and discuss the
robustness properties of its influence function. Finally, we provide corresponding tools

for robust inference and introduce a one-step MVR-based test for heteroskedasticity.

We assume that we observe a sample of n independent and identically distributed
realizations {(y;, x;)}7, of the random vector (Y, X). We denote the n x k matrix
of explanatory variables values by X,,. We define 6, = RF x ©,,, with ©,, =
{v € R¥ : s(2ly) > 0,4 = 1,...,n}, the sample analog of the parameter space ©.
For v € ©,,, we let Q,(v) = diag(s(z}v)), an n x n diagonal matrix with diagonal

elements s(z}v),...,s(z!,v). We also define the MVR moment functions

1 '
m1(yi,l’i,9) = xie(yiaxhe)v m2<yi:$i79) = §$i51($i7){€(yi,$i,9)2 - 1}7

and the corresponding vector m(y;, x;, 0) := (mq(y;, z;, 0), ma(y;, x,0))".

4.1. The MVR Estimator. The solution to the finite-sample analog of problem
(2.2) is the MVR estimator

1 &1 [y —2ip 2
. A - i by !
(4.1) 0 = arg Inin — ¢E:1 5 { <s(xh) > + 1} s(zv).

For a = 0 in Assumption 1, the sample objective in (4.1) is minimized subject to the
n inequality constraints s(z}y) > 0,7 = 1,...,n. For a = —oo, the parameter space
simplifies to ©,, = R*** and problem (4.1) is unconstrained. In terms of implemen-

tation, this constitutes an attractive feature of the exponential scale specification.

We derive the asymptotic properties of 0 under the following assumptions stated for

a scale function in the class defined by Assumption 1.

Assumption 5. (i) {(y;,x;)}, are identically and independently distributed, and
(ii) for all v € O, ,, the matrix X/, (v)X,, is finite and positive definite.

Assumption 6. E[Y®] < oo, E[||X||?] < 0o, and for all v € 6., E[|| X||® s2(X'7)] <
0.
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Assumption 5(i) can be replaced with the condition that {(y;,z;)}?, is stationary
and ergodic (Newey and Mc Fadden, 1994). Assumption 6 is needed for asymptotic
normality of estimates of 6*. When the scale function ¢ — s(t) is specified to be linear,
this assumption simplifies to the requirement that E[YS] and E[||X|°] be finite.

Letting e = e(Y, X, 0*), the variance-covariance matrix of the MVR estimator 6 is
G71SG!/n, where

G Giu1 Gio - [ S())(({Yl*) ,S(?;ﬁ;*)sl(X,V*)e ]
Ga1 Gas essi(Xy)e XX {EE — Ly (X7y) (€2 — 1)}
and
| S S| [ X X'e? X X's1( X"y )e(e? — 1) ]
So1 Sao | %XX’Sl(X’W"‘)e(e2 —1) iXX/{sl(X’V")(e2 —1)}2

The exact form of each component of matrices G and S depends on the specification
of the conditional mean and variance functions, and simplifications of the variance-
covariance matrix occur according to the type of misspecification. Under mean mis-
specification, the form of the variance-covariance matrix of the MVR estimator is not

affected by the specification of the conditional variance function.

Define estimates of G and S by G = n 'Y, dm(y;, ;,0)/80 and S =
n Iy, m(yi,xi,é)m(yi,xi,é)’ , respectively. The next theorem states the asymp-

totic properties of the MVR estimator.

Theorem 6. If Assumptions 1-6 hold, then (i) there exists 0 in © with probability
approaching one; (ii) 0 =P 6*: and (iii)

(4.2) n'2(0 — 0*) =4 N(0,G1SG™Y).

If (X)) = X'5* a.s., then the following simplifications occur

(4.3) Gia = Go1 = O, S12 = So1 = ;E[XX’sl(X"y*)e?’].

If W(X) = X'B* a.s. and 0(X)? = s(X'v*)? a.s., then the following additional sim-
plifications occur
(4.4)

XX’
GQQ =F [

1
S(X"y*)sl(X/V*)] » Sn=EXX], 8 = JEXX si(X'y) (e’ — 1))

Moreover, G-18G~! P G-1SGL.
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Theorem 6 allows the construction of confidence intervals and the implementation of
hypothesis tests for # under each type of model specification using standard errors
constructed from the corresponding variance-covariance matrix. The various forms
of the variance-covariance matrix in Theorem 6 provide a basis for the construction
of a range of specification tests, similarly to the information matrix equality test in
ML theory (White, 1982; Chesher and Spady, 1991). Inference using the general
asymptotic variance formula in (4.2) will automatically be robust to all forms of

misspecification, and therefore to the presence of heteroskedasticity of unknown form.

For the linear homoskedastic model Y = X'y + U with E[U | X] = 0 and Var(U |
X) = 02, the MVR and OLS variance-covariance matrices coincide asymptotically,
and MVR is efficient. Our numerical simulations in Section 5 and the Supplemen-
tary Material illustrate that there is close to no finite-sample loss in estimating
linear homoskedastic models using MVR instead of OLS. If both the conditional
mean and variance functions are correctly specified, then GLS with weights 1/02(x)
is an efficient estimator for fy. Letting ¥ := Y/s(X'v*), X := X/s(X'y*) and
$(X"y) == s(X'y)/s(X'v*), define the weighted MVR objective

e

If 02(X) = s(X'v)?, then v* = 7y and QWMVR(#) has first-order conditions for
a@WMVR(e) [ X ‘|
—————=—-F e(Y,X,0)| =0,
85 S(X/’)/()) ( )
which are satisfied by 6 = 6 and coincide with the GLS (and ML) first-order condi-

tions for $ at a solution. In general, the functional form of the conditional variance
function is unknown, and the MVR and weighted MVR solutions will differ.

QWMVR(Q) — B

.y B le(v.X,0 +1} s(XH) ] .

s(X'7%)

An important implication of Theorem 6 is that the influence function of the MVR

estimator for ( is proportional to both moment functions m; and msy:
[F3(y,x,0) = —(Gn — G1aGay Gor) " ma(y, 2, 0) — GraGayma(y, 2, 0)].

The quadratic term my dominates and an influential observation is defined as having
(y;—x3)? large enough for e(y;, x;, 0)? to be large. Observations that are influential for

[ are influential relative to the dispersion of Y, accounting for mean misspecification.
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When the CMF is well-specified, the variance-covariance matrix takes the form
Gigat — | CnSuGin GiSuGn |
Gop 521G Gy 522G

The influence function of S is then proportional to m; only, and the influence function
of v is proportional to ms only, since the off-diagonal blocks of G are then Oy . For the
mean parameter (3, an observation (y;, ;) with large influence will be such that y; is
large enough for the standardized residual e(y;, ;, 0) to be large. Because 3 and A are
determined simultaneously, the influence of outliers on the mean parameter is limited
by the restriction that the sample second moment of e(y;, z;, ) must remain close to
one, and be exactly one if the scale is linear. In sharp contrast with OLS, the scale
parameter will simultaneously compensate an increase in Y dispersion so as to keep
the variance of e(y;, x;, ) constant. The MVR influence function although unbounded
for a fixed value of v thus robustifies OLS through the simultaneous reweighting of
the residuals, downweighting regions in the covariate space where the information on

Y is imprecise, as measured by s(z’y), in the calculation of the regression fit.

In summary, the MVR estimator does not robustify OLS through the bounding of
the influence function (Koenker, 2005), but by incorporating information about the

dispersion of Y across the covariate space in the definition of an influential outlier.

Remark 2. (Implementation.) Under our assumptions, the MVR objective is globally
convex in 6, and therefore in 3 for any v € ©,,,. This implies that for any v € ©,,
there exists a unique corresponding minimizer B (7). This observation forms the basis

of our implementation, and letting y = (y1,...,y,)’, we first obtain 4 by solving

A~ 2
nq ; — . R L o
miy 53 (W) FLps(ain), B0) = X027 )X X2 (),

st. s(xly) >0, i=1,...,n, ifs(t) <0 for some t € R.

Concentrating out [ for each 7 provides a convenient implementation of the MVR
estimator 4, with the final estimate for 8 defined as /3 := /3 (9). O

4.2. Inference. Given the MVR estimator § = (B ,%), inference is performed based
on the estimated asymptotic variance-covariance matrix V := G~1SG!, which can

be partitioned into 4 blocks

[T T
Vo1 Vi
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The specific form of V depends on the specification assumptions made on the condi-
tional mean and variance functions. For Bj and 4; the jth components of B and #,

respectively, MVR standard errors are obtained as

1

1
N A 2 . 1ra 2
se () 1= (n [V“L;J) , sey) = (n [V”L‘,J) ’
with resulting two-sided confidence intervals with nominal level 1 — a,
Bt @ (1—a/2) xse(B), 4+ 0 (1—a/2) x s.e.(d,),

where ®~!(1 — a/2) denotes the 1 — /2 quantile of the Gaussian distribution. A

significance test of the null 5; = 0 and «; = 0 can then be performed using the test
statistics (3;/s.e.(5;) and 4; /s.e.(%;).

Simultaneous significance testing or hypothesis tests on linear combination of multiple
parameters can be implemented by a Wald test. For h < 2 x k, letting R be an
h x (2 x k) matrix of constants of full rank hA and r be an h x 1 vector of constants,
define

Hy: RO —r =0, H;:RO"—1r#0,

the null and alternative hypotheses for a two-sided tests of linear restrictions on the
location-scale model Y = X'5* + s(X'v*)e. It follows from asymptotic normality of
0 in (4.2) that the corresponding MVR Wald statistic Wyvr satisfies

Wavr = (Ré - T)/[R(V/W)R/]_I(Ré =)~ X?hw

under the null H,.

The Wald statistic Wyyvr can be specialized to formulate a one-step robust MVR-
based test for heteroskedasticity. Letting

h=Fk-— 17 R = Ok—l,k—l-l Ik:—l ] y = Ok—h

the statistic Wyvgr gives a robust test of the null hypothesis Hy : 75 = ... =7 = 0.

Remark 3. When the CMF is linear, robust MVR inference on B uses the closed-form

variance formula
Var(8) = n~ ' (X0, (3)X) " (X0 X0) (X0, (9) X0) 7
where ¥, = diag(é?). O
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5. NUMERICAL ILLUSTRATIONS

All computational procedures can be implemented in the software R (R Development
Core Team, 2017) using open source software packages for nonlinear optimization
such as Nlopt, and its R interface Nloptr (Ypma, Borchers and Eddelbuettel (2018)).

5.1. Empirical Application: Reversal of Fortune. We apply our methods to
the study of the effect of European colonialism on today’s relative wealth of former
colonies, as in Acemoglu, Johnson and Robinson (2002). They show that former
colonies that were relatively rich in 1500 are now relatively poor, and provide ample
empirical evidence of this reversal of fortune. In particular, they study the relationship
between urbanization in 1500 and GDP per capita in 1995 (PPP basis), using OLS
regression analysis. The sample size ranges from 17 to 41 former colonies, allowing

the illustration of MVR properties in small samples.

We take the outcome Y to be log GDP per capita in 1995 and in the baseline spec-
ification X includes an intercept and a measure of urbanization in 1500, a proxy
for economic development. We implement MVR with both linear (¢-MVR) and
exponential (e-MVR) scale functions, and report estimated standard errors robust
to mean misspecification according to (4.2). We also report OLS estimates, with
heteroskedasticity-robust standard errors. In the Supplementary Material we also
provide results including standard errors with finite-sample adjustments suggested by
MacKinnon and White (1985), and we also report MVR standard errors calculated
under correct mean misspecification. Our findings are robust to these modifications.

Table 1 reports our results for urbanization in the baseline specification across 5
different sets of countries, and for 4 additional specifications? including continent
dummies, and controlling for latitude, colonial origin and religion®. A striking feature
of the results is the robustness to scale specification of MVR point estimates and
standard errors. They are nearly identical across all specifications, except for Panel
(3). Compared to OLS, MVR point estimates are all smaller in magnitude, suggesting
a negative bias of OLS away from zero while standard errors are of similar magnitude,
making it more likely to find a significant relationship with OLS estimates in this
empirical application. The urbanization coefficient loses significance with MVR in 4
specifications, mainly as a result of the change in point estimates.

4We exclude two specifications of Table IIT in Acemoglu, Johnson and Robinson (2002) for which

not all types of OLS and MVR standard errors are well-defined.
5See Acemoglu, Johnson and Robinson (2002) for a detailed description of the data.
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Specifically, we find that MVR provides supporting evidence of a significant statis-
tical relationship between urbanization in 1500 and GDP per capita in 1995 in the
whole sample, but also dropping North Africa, including continent dummies, and
controlling for latitude and for colonial origin. However, the relationship between
urbanization in 1500 and GDP per capita in 1995 is not statistically significant in
the four remaining specifications. When the Americas are dropped (Panel (3)), when
only former colonies from the Americas are considered (Panel (4)), and when control-
ling for religion (Panel (9)), the urbanization coefficient is no longer significant with
MVR. These results are robust to implementing finite-sample adjustments. Specifi-
cation (6) drops observations for neo-Europes (United States, Canada, New Zealand,
and Australia), and only the e-MVR estimate is significant at the 10 percent level

when no finite-sample adjustments are implemented, and loses significance otherwise.

MVR results provide renewed empirical support for a subset of the specifications, but
overall show that the mean relationship in this empirical application is weaker and
less robust than first suggested by the OLS-based analysis®. These findings illustrate
that MVR can substantially alter the conclusions obtained using OLS in practice.

5.2. Numerical Simulations. We investigate the properties of MVR in small sam-
ples and compare its performance with OLS and WLS by implementing numerical
simulations based on the experimental setup in MacKinnon (2013). In the Supple-
mentary Material, we provide additional results for models featuring a nonlinear CMF
and report simulation results from an experiment calibrated to a second empirical ex-
ample. We find that using MVR approximations does not result in a loss in the
quality of approximation of nonlinear CMFs compared to OLS, and MVR estimation
and inference finite-sample properties compare favorably to both OLS and WLS.

5.2.1. Design of Ezperiments. The data generating process is
Y = Bo+ X161 + Xofo + X3fs + Xufs +0e, e ~N(0,1)
o =z(a) (0 + X1 + Xoye + Xzys + Xy)®, a€{0,0.5,1,1.5,2},

where all regressors are drawn from the standard log-normal distribution, and z(«) is
chosen such that the expected variance of o¢ is equal to 1. The log-normal regressors
6We also implemented WLS and found that the magnitude of most WLS coefficients is smaller than
MVR point estimates. In addition to specifications (3), (4), (6) and (9), specification (5) is also

found to be not statistically significant. We report the results in Section 3 of the Supplementary
Material.
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ensure that many samples will include high-leverage points with a few observations
taking extreme values. This feature of the design distorts the distribution of test
statistics based on heteroskedasticity-robust estimators of OLS standard errors. The
parameter coefficient values are set to 3; = v; = 1 for j = 0,...,4.” The index «
measures the degree of heteroskedasticity in the model, with a = 0 corresponding to
homoskedasticity, and a = 2 corresponding to high heteroskedasticity. The numerical

simulations are implemented for sample sizes n = 20, 40, 80, 160, 320, 640 and 1280.

For each o and sample size, we generate 10000 samples, and implement OLS, WLS
and MVR. We implement MVR with both linear (.-MVR) and exponential (e-MVR)
scale functions. For WLS we follow the implementations proposed by Romano and
Wolf (2017, cf. equation (3.4) and (3.5), p. 4). Denote the OLS estimator by g and
let &; = (w13, T9i, T3i, T4;)'. We form the OLS residuals 4; := y; — x;BLS, i=1,...,n,

and perform the OLS regressions
log(max (6%, 43)) = v + o' |&| + n;,

for WLS with linear scale (/~-WLS)® and

log(max(52, @f)) = v+ 7' log(|Z:]) + ms,

for WLS with exponential scale (e-WLS), where § = 0.1 as in the implementation of

Romano and Wolf (2017), and with estimates (7, 7). The WLS weights are formed
‘.

as W; 1= U + '|%;| and @f := exp(? + 7" log(|Z;|)), and the WLS estimators are

B\%LS = [X;(WrT)_IXn]_lX;L(Wr?l)_lyv W;Ln = diag(w;n% m=/e,

where y = (y1,...,yn)’, X, is the n x 5 matrix of explanatory variables values, and
diag(!) and diag(#¢) denote the n x n diagonal matrices with diagonal elements

~0 ~0 ~ ~ .
wy, ..., w, and 0y, ...,0;, respectively.

In all experiments the results for 8 to (4 are similar and we thus only report the
results for G, for brevity. Also, throughout the relative performance of MVR and
WLS is assessed by comparing -MVR to ¢-WLS, and e-MVR to e-WLS.

5.2.2. Estimation results. Tables 2 and 3 report the ratio of MVR root mean squared
errors (RMSE) across simulations over the OLS and WLS RMSEs for the coefficient

"This departs slightly from the original MacKinnon (2013) design where 8; = 74 = 0. We are
grateful to James MacKinnon for suggesting this modification that preserves heteroskedasticity in
Xy

8This regression is performed imposing the n constraints v + m|Z;| > 9,41 =1,...,n, using the 1sei
R package (Wang, Lawson and Hanson, 2017).
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parameter (4, each sample size and value of heteroskedasticity parameter «, in per-
centage terms. Denoting an estimator Bf) of B4 for the sth simulation, the RMSE is
computed as {% S5 (B — B4)2}2, for S = 10000.

Table 2 shows that the performance of both MVR estimators relative to OLS improves
as n and « increase. As expected, for the homoskedastic case o = 0 the performance
of MVR and OLS estimators is very similar, and the ratios converge to 100 from
above, reflecting the efficiency of the OLS estimator in that case. The performance of
MVR then becomes markedly superior as n and « increase, with ratios that reach 31.7
for .-MVR and 22.9 for e-MVR. The estimator -MVR dominates e-MVR slightly
for n = 20. The performance of the estimator e-MVR then becomes superior as the
degree of heteroskedasticity and sample size increase, showing higher robustness of

the exponential scale specification in more extreme designs in these simulations.

In Table 3, we find that the relative performance of both MVR estimators relative
to WLS also improves as n increases and as « increases from 0.5 to 2. For the
homoskedastic case @ = 0, an interesting feature of the simulation results is that
the relative performance of MVR and WLS estimators now converges to 100 from
below. This reflects the fact that for homoskedastic designs MVR weights are better
able to mitigate the cost of reweighting in small samples compared to WLS weights.
For other designs with a > 0, the relative performance of both MVR estimators
dominates the performance of WLS with ratios that reach 76.2 for .-MVR and 43.5
for e-MVR. For @« = 1, WLS with linear scale is efficient and dominates slightly
(-MVR as n increases. Compared to OLS and the results of Table 2, these results
show that in this experiment WLS also improves over OLS, that -MVR improves
over WLS as n increases and « deviates from 1, with little loss for « < 1, and e-MVR

yields substantial additional gains over WLS as both n and « increase.

5.2.3. Inference. In order to study the finite-sample performance of MVR inference
relative to heteroskedasticity-robust OLS and WLS inference, we first compare the
rejection probabilities of asymptotic t tests of the null hypothesis 5, = 1 based on

. We then compare the lengths of the confidence

the standard normal distribution
intervals constructed for the coefficient parameter 55. MVR standard errors are calcu-
lated under mean misspecification according to (4.2). OLS and WLS standard errors

used in the construction of confidence intervals and tests statistics are the asymptotic

9We also performed simulations with and tested for 8, = 0, and calculated rejection probabilities
using a t,_j distribution. The relative performance of the methods remains similar.
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¢-MVR e-MVR
o 0 0.5 1 1.5 2 0 0.5 1 1.5 2

n = 20 105.5 104.1 989 919 849 106.7 105.2 99.7 924 844
n = 40 103.7 100.1 90.9 79.6 69.2 103.4 100.0 91.1 79.5 67.2
n = 80 102.3 96.7 84.0 69.7 585 102.1 969 84.3 69.1 54.6
n = 160 101.7 94.0 774 60.5 49.5 101.50 942 774 589 43.2
n = 320 101.1 91.3 71.5 5H53.0 426 1009 914 70.7 50.2 34.6
n = 640 100.7 89.5 66.8 47.1 37.3 1006 89.6 66.1 44.1 28.7
n=1280 100.5 86.6 61.1 40.8 31.7 1004 &86.6 60.1 37.3 229

TABLE 2. Ratio (x100) of MVR RMSE for 34 over corresponding OLS
counterpart.

¢-MVR e-MVR
a 0 0.5 1 1.5 2 0 05 1 1.5 2

n = 20 98.7 99.0 99.2 987 971 973 984 994 99.6 97.8
n = 40 97.1 978 98.6 974 931 949 96.2 974 96.5 90.2
n = 80 96.5 98.1 99.7 96.2 89.6 97.2 98.0 97.8 93.6 82.5
n = 160 96.7 99.2 101.7 944 86.7 979 96.9 93.1 85.0 70.1
n = 320 96.9 100.3 102.1 924 852 99.0 96.0 89.0 77.8 59.8
n = 640 974 101.3 1034 91.0 804  99.8 95.8 85.7 71.0 50.8
n=1280 98.1 102.3 104.1 88.8 76.2 99.8 94.2 81.6 64.7 43.5

TABLE 3. Ratio (x100) of MVR RMSE for 4 over corresponding WLS
counterpart.

heteroskedasticity-robust standard errors. For completeness, in the Supplementary
Material we also compare rejection probabilities and confidence intervals based on
standard errors with finite-sample adjustments suggested by MacKinnon and White
(1985), and we also replicate all experiments using MVR, standard errors calculated

under correct mean misspecification with the simplifications in (4.3).

Figure 5.1 displays rejection probability curves of asymptotic ¢ tests of the null hy-
pothesis 34 = 1 for each sample size and value of the heteroskedasticity parameter a.
The nominal size of the tests is set to 5%. Figures 5.1(a)-(d) show that MVR addresses
overrejection of the OLS- and WLS-based tests in the presence of heteroskedasticity
(v > 0). A striking feature of MVR rejection probability curves is that they flatten
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very quickly across a as n increases, a feature somewhat more pronounced for -MVR
curves. This is in sharp contrast with OLS and e-WLS rejection probability curves
that are increasing with the degree of heteroskedasticity a. For /-WLS the rejection
curves are distorted around o = 1, for which it is efficient, and overall the rejection
probabilities are much larger than for /-MVR. The curves for /-MVR and ¢-WLS co-
incide only for the case where (-MVR is efficient (o« = 1) at moderate sample size and
above (n > 320). The ¢-MVR rejection probability curve for n = 20 (black curve)
is not placed above the other curves although it is above the nominal level for all
values of . This feature disappears when finite-sample corrections are implemented

(Figures 2.1-2.3 in the Supplementary Material).

In order to further investigate the relative performance of MVR-based inference, Ta-
bles 4 and 5 report the ratio of average MVR confidence interval lengths across sim-
ulations over the average OLS and WLS confidence interval lengths for 5, for each
sample size and value of heteroskedasticity index «, in percentage terms. We find
that in the presence of heteroskedasticity, the length of MVR confidence intervals is
shorter for all designs compared to both OLS and WLS confidence intervals for some
n large enough. The only exception is relative to ¢~-WLS for a = 0.5, 1, as expected
for a = 1 from -WLS being efficient in that case. The relatively larger average length
of the confidence intervals for -MVR when n = 20 in Tables 4 and 5 is very much

reduced with finite-sample corrections (Tables 1-4 in the Supplementary Material).

Overall these simulation results demonstrate that MVR achieves large improvements
in terms of estimation and inference compared to OLS in the presence of heteroskedas-
ticity, and compared to WLS when the conditional variance function is misspecified.
Our numerical simulations confirm MVR robustness to the specification of the scale
function, and both -MVR and e-MVR perform very well in finite samples. In the
presence of heteroskedasticity rejection probabilities for MVR are much closer to nom-
inal level than those for OLS and for WLS with misspecified weights. MVR achieves
these improvements while simultaneously displaying tighter confidence intervals in all
designs for sample sizes large enough. They are also shorter than their WLS counter-
part with misspecified weights for sample sizes large enough. The precision of MVR
estimates measured in RMSE is also largely superior to OLS under heteroskedasticity
and to WLS with misspecified weights, with lower losses than WLS relative to OLS
under homoskedasticity. These results and the simulations in the Supplementary Ma-
terial illustrate the higher precision, improved finite-sample inference, and favorable

approximation properties of MVR compared to classical least-squares methods.
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0.0 1

0.0

(¢) .-MVR vs (-WLS. (D) e-MVR vs e-WLS.

FIGURE 5.1. Rejection frequencies for asymptotic ¢ tests calculated
with asymptotic standard errors: /-MVR and e-MVR (solid lines), and
OLS and WLS (dashed lines). Sample sizes: 20 (black), 40 (red), 80
(green), 160 (blue), 320 (cyan), 640 (magenta), 1280 (grey).
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(-MVR e-MVR

o} 0 0.5 1 1.5 2 0 0.5 1 1.5 2

n = 20 204.1 193.8 1799 167.2 158.7  114.7 121.8 123.2 1234 1219
n = 40 121.0 117.5 109.8 100.0 91.0 104.2 109.8 108.8 103.1 94.1
n = 80 106.7 1059 97.7 855 75.0 101.6 106.0 100.7 89.1 74.3
n = 160 102.9 101.8 90.1 74.8 64.0 100.9 103.3 929 76.4 59.1
n = 320 101.4 985 83.1 656 553 100.6 100.0 84.8 65.1 47.3
n = 640 100.6 952 76.2 57.5 478 100.2 96.3 770 55.6 38.2
n=1280 1004 92.1 70.1 50.5 41.3 100.2 93.0 70.3 479 31.1

TABLE 4. Ratio (x100) of MVR average confidence interval lengths
for (4 over corresponding OLS counterpart. Confidence intervals con-
structed with asymptotic standard errors.

¢-MVR e-MVR

Q 0 0.5 1 1.5 2 0 0.5 1 1.5 2

n =20 245.2 226.0 210.7 201.3 1974  136.1 143.3 149.8 158.7 165.9
n = 40 140.4 128.8 1234 120.1 117.0 113.0 1188 126.1 132.7 133.8
n = 80 120.5 111.5 109.8 107.5 103.2  105.7 110.7 116.1 1194 113.5
n = 160 112.7 105.7 106.3 101.9 96.7 102.8 106.8 108.6 107.2 96.1
n = 320 108.7 103.4 1054 98.3 927 101.4 103.9 102.0 96.5 81.8
n = 640 105.5 102.7 105.1 95.3 89.0 100.7 101.2 95.8 87.0 70.1
n=1280  103.4 102.7 1049 93.0 854 100.4 989 905 794 60.9

TABLE 5. Ratio (x100) of MVR average confidence interval lengths
for 8, over corresponding WLS counterpart. Confidence intervals con-
structed with asymptotic standard errors.

6. CONCLUSION

We introduce a new loss function for the linear estimation and approximation of
CMF's. The proposed alternative generalises OLS, resulting in more robust approxi-
mations under misspecification and large improvements in finite samples. Given the
importance of the least-squares loss in econometrics and statistics, and the common
occurence of heteroskedasticity in empirical practice, the range of applications for
simultaneous mean-variance regression will be vast. Examples of natural avenues
for future research include the method of instrumental variables, GARCH models,
and flexible specification of the conditional variance function for efficient estimation.

These extensions will be considered in subsequent work.
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APPENDIX A. THEORY FOR THE MVR CRITERION

A.1. Notation and Definitions. We define

MXJw%:;{<i&if>+ﬂ}dXW%

and

7 1{EKY—X%V|X]

L(X.0) =5 S0 -+4Xwﬁ.

so that by iterated expectations the objective function can be expressed as

Q(6) = E[L(X,Y,0)] = E[L(X,0)], 6¢€o.

We denote the level sets of Q(0) by B. = {0 € © : Q(0) < ¢}, ¢ € R, with boundary
set OB.. We also define the compact set B = Bg x B, C ©, where Bz and B, are
compact subsets of R¥ and ©.,, respectively, and the boundary set of ©

00 =R* x 00,, 00, ={y€R" : Pr[s(X'y) = 0] > 0} .

For any two real numbers a and b, a V b = max(a,b). For two random variables U
and V', U denotes the support of U, defined as the set of values of U such that the
density fy(u) of U is bounded away from 0, and U, is the conditional support of U
given V = v, v € V. Throughout, C' is a generic constant whose value may change

from place to place.

A.2. Preliminary Results. This section gathers two preliminary results used in

establishing the properties of Q(0).

Lemma 1. Let V be a random k vector such that E[V'V'| exists and is nonsingular.
Then, for every sequence (7,) in R* such that ||v,|| — oo, there exists v* € V such

that limj|, |0 [7,0*] = 00 a.s.

Proof. Consider a sequence (7,) in R* such that ||v,|| — oo, and define 4, = T
The sequence (0,,) is bounded, and by application of the Bolzano-Weierstrass theorem
there exists a convergent subsequence 9,,, n; — 00 as [ — oo, with limit d,. More-
over, E[VV’] nonsingular implies that it is positive definite, so that E[(V'd,)?] =

SE[VV']s, > 0. It follows that V'6, # 0 on a set of positive probability, and
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there exists a value v* € V such that 0)v* # 0 a.s. Therefore, §,, =

fies d,,v* — d,v* # 0 as | — oo, which implies that lim; . [7;, v*| — oo:
. ! x| 12 !/ * _ !,k 3 —
Jim 0| = Jim (8%, o) o = [(050°) i [l = oo
The stated result follows.
Lemma 2. Suppose that Assumptions 1, 2 and 4 hold. Then the matrix
XX’ XX’ /
e e =251 (X'v)e(Y, X, 0
Vo) =E| xx S(i( v Xi(c)'(r i ! /7) ( ) 2 |
soys(X)e(Y, X, 0) =5 {s1(Xy)e(Y, X, 0);

defined for all 0 € B, is positive definite.

Tng
H’YTLZ ||

satis-

Proof. The proof builds on the proofs of Lemma S3 in Spady and Stouli (2018) and
Theorem 1 in Newey and Stouli (2018). Positive definiteness of E[X X'/s(X"y)] for
v € B, under Assumption 4 implies that ¥(6) is positive definite for all § € B if and
only if the Schur complement of EF[X X'/s(X'y)] in ¥(#) is positive definite (Boyd

and Vandenberghe, 2004, Appendix A.5.5) for all § € B, i.e., if and only if

T(0)i= B | s (X el X.0)]
_ Léﬁﬁ*ﬂW”“”ﬂELéiﬂ1EL&2WQWMKK”1

satisfies det{Y'(#)} > 0, for all # € B.

Letting
XX’ xx 1
20)=F|——s51(X'7)e(Y,X,0)| &
0= | S xnerxo| B[ 225
for all 0 € B, T(0) is equal to
5 ;%ﬂxdeXﬁj_q) X XaQ%%OﬁKﬁ_:() '
R ) 6 S IE | S ) RN OO
a finite positive definite matrix, if and only if for all A # 0 and all § € B there is no
d such that
NX , I X '

this is an application of the Cauchy-Schwarz inequality for matrices stated in Tripathi

(1999).
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Positive definiteness of E [X X'/s(X'y)] for v € B, under Assumption 4 implies that
E[{NX}?/s(X'y)] > 0 for all A\ # 0, which implies that Pr[NX/s(X'y)/2 # 0] > 0
for all A # 0. Also, by Assumptions 1-2, we have Pr[s;(X'y) > 0] = 1 and

(Sl(X/'Y))Qvar(Y | X) > 0] = 1.

Pr [Var(sl(X,’y)e(K X7 0) | X) > O] =Pr S(X/’}/)

Thus for all A # 0, by Z(0) being a constant matrix for all § € B, there is no d such
that (A.1) holds, and the result follows. O

A.3. Main Properties of Q(0).

Lemma 3. [Continuity] Suppose that Assumptions 1 and 3 hold. Then 6 — Q(6) is

continuous over B.

Proof. We first show that E[supgcg |L(X,Y,0)|] < oo for all # € B. By the Triangle
Inequality,

(A.2) 2|L(X,Y,0)] < [e(Y, X, 0)*s(X"y)] +[s(X"7)].

Compactness of B, implies that there exists a constant C' such that sup,cg 1/s(X"y) <
C < oo a.s. Thus for # € B, the bound

(A3)  e(Y, X,0)%s(X"y)] < C[2Y* +2(X'B)"] < 20[y* + Sup 181111,
€bg

and supgep, ||8]] < oo together imply that Elsupgeg |e(Y; X, 0)%s(X"y)|] < oo requires
E[Y?] < oo and E||X]|]* < oo, which hold under Assumption 3(i).

It remains to show that Efsup,cz [s(X'7)|] < co. For v € B,, some 0 < € (a,0)

and some intermediate values 7, a mean-value expansion about (k,0x_1)" yields
[s(X'Y)] = |s(k) + s (XN X"y — k)| < s(k) + sup VI ]2 (X7).
YESy

With s(,%),supq/elg7 7] < o0, E[Supvegw |s(X'y)|] < ocorequires E||X||s1(X'7)] < o0,
which holds under Assumption 3(ii).

Bound (A.2) now implies that E[supyeg|L(X,Y,0)|] < oo, and continuity of Q(f)
then follows from continuity of  — L(X,Y,6) and dominated convergence. U

Lemma 4. [Continuous Differentiability] If Assumptions 1 and 3 hold, then, for all
0 € B, Q(0) is continuously differentiable and OE[L(X,Y,0)]/00 = E[0L(X,Y,0)/00].
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Proof. We first show that E[supgeg ||0L(X,Y,0)/00]|] < co. Computing
OL(X,Y,0)/00 = —Xe(Y,X,0), OL(X,Y,0)/0y = —;Xsl(X’v){e(Y, X,0)* —1}.

Compactness of B, implies that there exists a constant C such that
sup,ep, 1/8(X"y) < C < oo a.s. Thus for 0 € B, the bound

1 Xe(Y, X, 0)[] < ClIX|IY = X'8| < CIY| ]| X]] - sup 181X,
B

and supgeg, |[B]] < oo, imply that Efsupyes||0L(X,Y,0)/0B]|] < oo requires
E[[Y]]|X]|]] < oo and E||X||* < oo, which hold under Assumptions 3(i).

We now show that E[supyeg ||0L(X,Y,0)/07|]] < co. Since —1 < e(Y, X,0)*—1 a.s.,
for 0 € B,

[ X5 (X ey, X,0 = 11 < [IX 151X Je(Y, X, 0)° — 1]
(A.4) < JIX[ s (X) [V 20(Y? + sup 18111 11%)]-
5
For v € B,, some 0 < k € (a,00) and some intermediate values 7, a mean-value
expansion about (x,0x_1)" yields
(A5)  [s1(X ) =ls1(k) + 52(XF)XTy = 5)[ < s1(8) + sup [[]] | X]I2(X7).
TEDy
This bound and (A.4) together imply
[ X1 (X ey, X, 0 = 11| < 11X 1) + sup 19111 ls2(X7)]
TEDy
(A.6) x[1V2C(Y? + sup ||B]]*||X|[*)].
ﬁGBB
Since B is compact and 0 < s1(k) < oo, E[supgeg||V,L(X,Y,0)||] < oo requires

E||X|P < oo, E[Y?||X]|] < oo and, for all v € B,, E[||X]|*s2(X"7)] < oo and
E[Y?||X||?s2(X"y)] < oo, which hold under Assumption 3.

We have shown that Efsupgeg ||0L(X,Y,0)/06||] < oo and it now follows by Lemma
3.6 in Newey and Mc Fadden (1994) that Q(#) is continuously differentiable over B,

and that the order of differentiation and integration can be interchanged. U

Lemma 5. [Convexity] Suppose that Assumptions 1, 3 and 4 hold. Then 6 — Q(0)

is strictly convex over B.
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Proof. () is differentiable for all # € B and the order of integration and differen-
tiation can be interchanged by Lemma 4. In order to show that 0Q(6)/00 is dif-
ferentiable for 6 € B, we show that E[supyeg ||0*°L(X,Y,0)/0000||] < oo. Direct

calculations yield

P*L(X,Y,0) o o (X )e(Y, X, 6)
0006 %SI(XW)e(Y,X,H) %{SI(X’V)e(Y,X,G)}Z
4 kak 0k><k
Ok xk —%XX’SQ(X’W){e(Y, X,0)* -1}
= W(X,Y,0) + ho(X,Y,0).

We first consider  E[supgeg||0%h1(X,Y,0)/0000||]. Steps  similar  to
those leading to (A.3) imply that FE[supyeg||0*hi(X,Y,0)/0808|] <
oo is satisfied since FE||X||[? < oo and B is compact. Moreover,

E[supgep ||0°h1 (X, Y, 0)/0807||] < 0o and Elsupyeg [|0%h1 (X, Y, 0)/070B||] < oo are
implied by E[supyeg ||0*h(X,Y,0)/07v07]|] < oo.

Steps similar to those leading to (A.6) yield, for 6 € B,

XX’ , 9
m{&(){ Y)e(Y, X,0)}

< ClX]s1(X"y)?[Y? + sup [|6]*[1X]]%).
6685

This bound and expansion (A.5) together imply, for some 0 < k € (a, 00) and some

intermediate value 7,
XX’

m{sl(X/W)e(Y, X,0)}

< ClIX]|* [s1(r)* +2 SUp [YIX N s1(X ) s2(X'7)]
YELy
x [Y2 + sup ||8]]7]|X]]?).
,BEBB

Since B is compact and 0 < s1(k) < 0o, E[supyeg ||0%h1(X,Y,0)/0v07||] < oo re-
quires E|| X|[* < oo, E[Y?||X||?] < oo and, for all v € By, E[|| X|” s1(X"7)s2(X'y)] <
oo and F [Y2]|X][3s1(X"y)s2(X"7)] < 0o, which hold under Assumption 3.

We now show that E[supyeg||02ha(X,Y,0)/0000||] < oo. It suffices to show that
Elsupgeg ||0%h2(X, Y, 0)/0vD||] < oo. Steps similar to those leading to (A.6), yield,
for 6 € B,
(A7)
X s (X eV X0 = 1] < X Psa (X1 v 200V 4 sup 181X
s
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For v € B, a mean-value expansion about (x,0;_1)" yields
[s2(X )| = [s2(rk) + s3(X7)(X'y — K)| < s2(k) - sup (Y[ ]55(X"7)
This bound and (A.7) together imply
X200 (e, 67 = 13| IXIP o) + sup (11Xl (X7)
x[1V2C(Y? + sup [|8]]7]|X| ).
BeBg

Since B is compact and 0 < so(k) < 00, Elsupyeg ||0%h2(X,Y,0)/0v07||] < oo re-
quires E||X|[|* < oo, E[Y?[|X|[?] < oo and, for all y € B, E[||X||” s3(X'y)] < oo and
E[Y?||X|]?s3(X"y)] < oo, which hold under Assumption 3.

We have shown that E[supyep||0°L(X,Y,0)/0000]|] < oo and it follows by Lemma
3.6 in Newey and Mc Fadden (1994) that 0Q(6)/06 is continuously differentiable over

B, and that the order of differentiation and integration can be interchanged.

Letting H,(0) := E[h(X,Y.0)] and Hy(0) := Elh(X,Y,0)], for all 8 € B, the
Hessian matrix of Q(0) is H(0) := Hy(0) + Hy(#), which is positive semidefinite if
H(0) and Hy(0) are positive semidefinite (Horn and Johnson, 2012, p.398, 7.1.3.
observation). And if either one of H;(f) and Hy(0) is positive definite (while the
other is positive semidefinite), then H(6) is positive definite. All principal minors
of Hy(#) have determinant 0 for all § € B, and H(0) is thus positive semidefinite.
Applying Lemma 2 with ¥(0) = H;(6), we have that H;(0) is positive definite for
all 0 € B. We conclude that H(0) is positive definite for all # € B, and the result
follows. O

Lemma 6. [Level Sets Compactness] If Assumptions 1, 3 and j hold then the level
sets of 0 — Q(0) are compact.

Proof. We show that the level sets B, ¢ € R, of § — Q(0) are closed and bounded.
The result then follows by the Heine-Borel theorem.

Step 1. [B. is bounded]. We show that every sequence in B, is bounded. Suppose the
contrary. Then there exists an unbounded sequence (6,) in B, and a subsequence
(0n,), m — 00 as | — oo, such that either ||, || — oo or ||y, || — oo.

Step 1.1. If ||yy,|| = oo, then E[X X’| nonsingular implies that there exists a value
r* € X such that |y, 2*| — co as [ — o0, a.s., by Lemma 1, which implies s(,,2*) —
0 or oo by definition of ¢ — s(t) in Assumption 1.
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Moreover, for z* € X such that |7}, #*| — oo as | — oo, we have that E[(Y — X'j)* |
X = 2*] < oo for all 8 € R* under Assumption 3(i). It follows that for all 3 € R¥,

E[(Y = X'B)? | X =z* 1
( B | vl + = lim s(v/, z*) = o0.
o) 3 <O

~ 1
(A.8)  lim L(z*,,v,) = = lim
=00 2 >0

Since L(X, 0) is positive a.s. for all @ € © and the density fx () is bounded away from
0 for all 2 € X by definition of X, (A.8) implies that Elimy_s L(X, 5, 7,,)] = 0.

Since E[L(X,0)] = Q(0), Fatou’s lemma then implies that lim; . Q(5,vn,) = o0, for
all 3 € R*. Therefore ~ is bounded.

Step 1.2. If ||8,,|| = oo, then E[X X'] nonsingular implies that there exists a value
r™ € X such that |3 2| — oo a.s., by a second application of Lemma 1. Thus
(Y = B,2%*)* = 0o as | = 00 a.s.

Moreover, for z** € & such that |3;, **| — oo as | — oo, we have that E[lim; (Y —
X',,)? | X = 2] = oo, and Fatou’s lemma then implies that lim;_,., E[(Y —X'3,,)? |
X = 2] = oo. Also, s(y'z**) is finite and positive for any v € ©.,. It follows that
for all v € ©,,

o 1. E[Y—-XBy)?| X =a"
*% > L =
(A.9) llggloL(a: O ) 2 zliglo s(y/z**) >~

Since L(X, 6) is positive a.s. for all @ € © and the density fx () is bounded away from
0 for all z € X by definition of X, (A.9) implies that E[lim;_,e L(X, Bn,,7)] = o0.
Fatou’s lemma then implies that lim;_, E[E(X, By 7)) = limy00 Q(Br,,y) = oo for
all v € ©,. Therefore 3 is bounded.

Step 2. [B. is closed]. We examine the behaviour of 6 — @Q(6) on the boundary set
00 in order to determine whether B, is closed. We show that for every sequence in
B. converging to a boundary point in 00, 6 +— (@) is unbounded. Continuity of
0 — Q(0) established in Lemma 3 then implies that B, is closed.

Consider a sequence 6, in B, such that 6, — t, € 00 as n — oo. Then, there

exists z* € X such that v/z* — 0 as n — oo a.s., by definition of 0©. Moreover,
E[(Y — X'B8)?|X] > 0 a.s. for all 3 € R* under Assumption 2. Thus

~ 1 E[(Y = X'B8,)? | X =a*
(A.10) lim L(2*,6,) = & lim 21 G | X =]

Since L(X,6) is positive a.s. for all # € © and the density fx(z) is bounded away
from 0 for all z € X by definition of X', (A.10) implies that E[lim,_,., L(X,6,)] = cc.

Fatou’s lemma then implies that lim, ., F[L(X,6,)] = lim, ,, Q(,) = oco. This
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yields a contradiction since Q(6,,) < ¢ for 6,, € B.. Moreover, continuity of 6 — Q(6)
implies Q(t,) = lim,,_,, Q(0,,) < c. Therefore, t, € B, and B, is closed. O

APPENDIX B. PROOFS FOR SECTIONS 2 AND 3

B.1. Proof of Theorem 1. Under Assumptions 1-4, the order of integration and
differentiation for the MVR population problem (2.2) can be interchanged by Lemma
4. Therefore the first-order conditions of problem (2.2) are (2.3)-(2.4), which are
satisfied by 6. Uniqueness follows from strict convexity of Q(#) over compact subsets
of © established in Lemma 5, and compactness of the level sets of the objective
function Q(0) established in Lemma 6. O

B.2. Proof of Proposition 1. The first-order conditions (2.3)-(2.4) of the MVR

population problem (2.2) can be written as

(B.1) E Léw (Y—X/ﬁ)] _ 0
51<X,7) /22 1 N\2 _
(B2 2 [x 20 o s —seep)] = o

with unique solutions 5y and 7y, by Theorem 1.

Under the stated assumptions, the first-order conditions of problem (2.8)-(2.9) are

(B.3) EL(XX)(Y—X’B)] = 0
s(X'y)s1(X'y) 1o 2 2]
(B.4) —AE lX L {(Y = X'Bo)* = s(X") }] = 0.

By assumption the variance of Y conditional on X is correctly specified and o(X)? =
s(X'v)? a.s. Conditions (B.3)-(B.4) are therefore satisfied for (3,v) = (5o, 70), and
are then equivalent to the MVR first-order conditions (B.1)-(B.2) evaluated at the

solution (8,7) = (Bo, Y0)- O

B.3. Proof of Theorem 2. Step 1: Ewistence. Pick ¢ € R such that the level set
B.={0€©: Q) < c} is nonempty. By Lemma 6, B, is compact. Continuity of
0 — Q(0) over compact subsets of © established in Lemma 3 then implies that there
exists at least one minimizer to Q(€) in B, by the Weierstrass extreme value theorem.
Minimizing Q(#) over © is equivalent to minimizing Q(€) over any of its nonempty

level sets, which establishes existence of a minimizer 6* € ©.
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Step 2: Uniqueness. By Lemma 5, we have that 6 — Q(0) is strictly convex over

compact subsets of ©, and thus over B, so that Q(f) admits at most one minimizer

in B.. This establishes uniqueness of a minimizer 6* € ©.

B.4. Proof of Theorem 3. Proof of part (i). For § € O, define the function

S Ao U
“) "2/{( () ) * “} b

We show that Q(6) is equal to Q(6) for all 6 € ©.

The location-scale representation (3.1) for Y | X implies that, for § € ©,

() - (e

_(m(X) = X'BY’ uw(X) = X'BY o(X) o(X)* ,
() = () 2 ) e e
and the change of variable formula
(B.6) st 1) = s (A ) (g )
hold a.s.

The definition of Q(#) and expressions (B.5)-(B.6) together imply, for 0 € O,
— 2B

o) - { ) }8($'7)fY|x(y|$)ddeX($)

[
_ {(?/ — 56’5) } s(/9) fax <y;(l;§x) | x) ((j(lx)> dydFx (z)
("

_ { () —x’6> +2< (af)—x’ﬂ) o) "@Zem}

(z'y) ) s(z'y)  s(a'y)

xs(x'y) fox (e | ) dedFx ()

_ 1 pz) —a'f o(x)? s(z! 7) =Q
B 2/{( s(x'y) ) +S(x/,y)2+1} ('y)dFx (x) = Q(6),

O

where the final step uses the law of iterated expectations and the mean zero and unit

variance property of & conditional on X. Since 6* is the unique minimizer of Q(6) in

O, it is also the unique minimizer of @(9) in ©.
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Proof of part (ii). Since Ors C O, and 0* and fg are the unique minimizers of Q(6)
over © and Opg, respectively, it follows that Q(0*) < Q(Ors). O

B.5. Proof of Corollary 1. For the linear scale specification s(¢) = ¢, conditions
(2.4) imply E[(X'v")e(Y, X,0%)?] = E[X'y*]. For the exponential scale specifica-
tion s(t) = exp(t), because X includes an intercept, conditions (2.4) imply that
Elexp(X'v")e(Y, X, 0%)?] = Elexp(X'y*)]. It follows that for the linear and exponen-
tial scale specifications, E[s(X'y*)e(Y, X, 0*)?] = E[s(X'~y*)], and

Q%) = SEHe(Y, X,0°) + 1}s(X'+")] = Bls(X'")].

We have shown that for the linear and exponential scale specifications, Q(0%) =
Ele(Y, X, 0%)?s(X'y*)]. For OLS, conditions (2.4) simplify to Ele(Y, X, 015)*> —1] = 0,
which implies that s(y.s) = E[(Y — X'Bs)?]'/?, and
1
Qb1s) = S E[{e(Y, X, 0us)” + 1}s(yus)] = s(s).

We have shown that for the constant scale specification Q(f1s) = E[(Y — X'Bs)?]"/2.
The result then follows by Theorem 3(ii). O

B.6. Proof of Theorem 4. By Theorem 3(ii) we have that E [s(X'7")] = Q(0*) <

Q(0rs) = ors. This and Jensen’s inequality for concave functions imply that
(B.7) E [log s(X'v*)] <log E [s(X'v*)] < log (o1s) ,
by monotonicity of the logarithmic function. Thus

e = 2{log (o1s) — F [log s(X'y*)]} > 0.

By definition (3.6) of the Gaussian density, inequality (B.7), and E[e (Y, X, f.5)°] = 1,
the bound E [e(Y, X, 0%)?] < 1+ ¢, implies
1 1
—Elog fo- (Y, X)] = 3 log (2m) + E |log s(X'v*) + 56(}/, X, 0%)?
1
< 5 [log (27) + 1] + log (o1s)
(B.8) = —FElog fo.(Y,X)].

Therefore, upon adding Eflog fy|x (Y | X)] to each side of the inequality, we obtain
inequality (3.8). O
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B.7. Proof of Corollary 2. By assumption u(X) = X'f3 a.s., and by definition 6*
satisfies conditions (3.3)-(3.4). Then the first-order conditions (3.3) are satisfied by
B = By, and v* must satisfy
2

(B.9) E [Xsl(X/y*) {Sm - 1H = 0.

If there exists a pair (3,7) € © satisfying all 2 x k conditions (3.3)-(3.4) simultane-
ously, then this pair is unique, by strict convexity of 6 — Q(0). It follows from the
existence proof of Theorem 2 that the restriction ¢(v) := Q(6)|s=s, has a minimizer in
©.,, i.e., there exists v* such that (B.9) holds. Since v — ¢(7) is also strictly convex,
¢(7y) admits a unique minimizer v*(f) in ©,. Therefore, the pair (5o, 7*(5o)) is the
unique minimizer of Q(0) when u(X) = X'5, a.s. O

B.8. Proof of Theorem 5. Letting L'(X) = {¢ : [ |[¢(2)| fx(z)dx < oo}, define

the set of admissible conditional standard dev1at10n functions as

—{ve ') : Prfw(X) > 0 =1}

We first show that (X)) is a minimizer of the MVR criterion

1[/y - X’B0>2

] +1;9X
2 { o )
Assuming that the order of differentiation and integration can be interchanged, as in

Lemma 4, and setting ¢, (X) := 0(X) + atp(X) and e, (Y, X) := (Y — X'Bo) /1o (X),

we have

aQO (wa)
Oa

Qo) :=FE , peS.

deq (Y, X)

Oa Yol X) +

E [Qea(Y, X) WalX )ea(Y, X)?+ a%(X)}

Ja Oa

a=0

1
2
1

=S E [_8@&5((5() {ealy, X)? - 1}1

)

a=0

upon using that de, (Y, X)/0a = —en (Y, X){00a(X)/0a}{1a(X)} L. Therefore

IQ0(Va 1 , Y — X'6,
8(04> _ - §E [—Q/J(X){G(Y, X)* — 1}} =0, e(Y, X) == W’

for each ¢ € S since E[e(Y, X)? | X] = 1 implies that E [h(X){e(Y,X)*—1}] =0

for any measurable function of X, and in particular each ¢ € S.

We next show that Qo(1)) is strictly convex and thus admits at most one minimizer.

Assuming that the order of differentiation and integration can be interchanged, as in
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Lemma 5, we have

for each ¢ € S. Therefore o(X) is the unique minimizer of Qy(¢) in S.

Under correct specification of the CMF, we have that 5* = [, by Corollary 2. By
s(X'v*) € § and o(X) being the unique minimizer of Qy(¢) in S we have that
Qo(o) < Q(0%). By Qo(0) = E[o(X)] and Q(0*) = E [s(X'v*)], we have shown that
Elo(X)] < E[s(X'y*)]. This and Jensen’s inequality for concave functions imply

(B.10) Elogo(X)] <log FE[o(X)] <log E [s(X'y")],

by monotonicity of the logarithmic function.

By iterated expectations and using that z — 2z — 1 —log 2z is a positive-valued strictly

convex function for z > 0 gives the bound

(B.11)
( o )2
s(X'*)

By definition of the Gaussian density, inequality (B.10), and Ele (Y, X)*] = 1, bound
(B.11) implies

Ele(Y, X, 07| = E > 1+ 2{E[loga(X)] — E [log s(X'v*)]} .

—FElog fo- (Y, X)] = 1log 2m)+ E {log s(X'v) + ;e(Y, X, 0%)?

[}

>~ flog (2m) + 1) + £ [log o(X)
(B.12) = —E[log f}, (v, X)].

Upon combining (B.8) and (B.12) we obtain inequality (3.11). O
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APPENDIX C. ASYMPTOTIC THEORY

Lemma 7. Suppose that Assumptions 1, 3 and 5 holds. Then Q,,(0) is strictly convex

over B.

Proof. For e; = e(y;, x;,0), the Hessian matrix H,(0) of @, (0),

3 { ST G 1 (@i)e: }

Hn(@ =

ZT;x

s(x;fy)sl(xi’Y)ei s(x;fy){sl(xh)ei}Q

= Hy,(0) + Ho,(0),
Ok —3iisa(xiy)(ef — 1) ] nl0) onl0)

1 zn: [ kak kak
defined for @ € B, is positive definite. Steps similar to the proof of Lemma 2 show
that Hy,(0) is positive definite for all § € B. Moreover, all principal minors of Hs, ()
have determinant 0 for all # € B, and Hs,(#) is thus positive semidefinite. Since
H,(0) = Hy,(0) + Ha,(0), we conclude that H,, is positive definite for all § € B (Horn

and Johnson, 2012, p.398, 7.1.3. observation), and the result follows. [l

C.1. Proof of Theorem 6. Proof of part (i)-(ii). By Theorem 2, 6* € © is the
unique minimizer of Q(¢), and the identification condition (i) in Theorem 2.7 in
Newey and Mc Fadden (1994) is thus verified. Since O is convex and open, existence
of * € O established in Theorem 2, as well as strict convexity of Q,,(f) established
in Lemma 7 imply that their condition (ii) is satisfied. Finally, since the sample
is i.i.d. by Assumption 5, pointwise convergence of Q,(0) to Qo(#) follows from
Qo(0) bounded (established in the proof of Lemma 3) and application of Khinchine’s
law of large numbers. Hence, all conditions of Newey and McFadden’s Theorem 2.7
are satisfied. Therefore, there exists 6 € © with probability approaching one, and
0 —v 0. O
Proof of part (iii). The sample MVR solution  can be equivalently formulated as the
Method-of-Moments estimator

n =

Z m(yza L, 9)] )
=1

The asymptotic normality result n'/2(d — 6*) <% N (0, G"1S(G~')") then follows from
this characterization upon verifying the assumptions of Theorem 3.4 in Newey and Mc
Fadden (1994), for instance. Block symmetry of G then implies that V = G™1SG~L.

S|

f = arg min
EE
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By Theorem 2, 6* is in the interior of © so that their Condition (i) is satisfied. The
mapping 6 — m(Y, X, 0) is continuously differentiable, by inspection, so that their
Condition (ii) is satisfied. By definition, 6* satisfies E[m(Y, X,0%)] = 0, hence the
first part of their condition (iii) is satisfied. Moreover, bound (A.6) in the proof of
Lemma 4 and the steps below show that E[||m(Y, X, 6*)||?] is finite under Assumption
6, verifying their Condition (iii). Finally, under our assumptions, from the proof of
Lemma 5, E[supyce ||[0m(Y, X,0)/00||] = Elsupyee ||0?L(X,Y,0)/0006||] is finite and
G = E[om(Y, X, 0%)/00] is nonsingular. Their Conditions (iv) and (v) are satisfied.

If w(X) = X'p* as., then E[(Y — X'6%)/s(X'v*) | X] = 0. Therefore, by iterated
expectations, the off-diagonal blocks of G and S simplify to (4.3). If u(X) = X'p*
a.s. and 0%(X) = s(X'v*)? a.s., then E[e? — 1| X] = 0. Therefore, repeated use of

iterated expectations imply

XX’ /L% 2 1 / /% 2 _ XX’ I %\2
E W{sl(Xv e} 1 - F {2XX So(X'y*)(e” — 1)] =F [s(X’v*)SI(X7 )71,

which yields Gy in (4.4), and Sy; and Soy in (4.4).

Application of Theorem 4.5 in Newey and Mc Fadden (1994) implies that
G~15G~1 =P G1SG!. Under Assumption 6, steps similar to the proof of Lemma 4
show that for a neighborhood A of 6* we have E[supye |[|m(Y; X, 0)||*] < oo: bound
(A.6) implies, for all § € N,

2 ) 2
| X s (X {e(y, X,002 = 13| < {CUIX]| + [IX]|s2( X DY + [1X]2)}
< 2C[||IX(1* + | X[[Ps2(X3) Y + [1X]1%),
and E[supgep ||m(Y, X, 0)|]?] < oo requires E[Y*||X|]?] < oo, E[||X||?] < oo, and,
for all v € ©,, E[Y*||X||*s2(X"7)?] < oo, and E[||X||®s2(X"y)? < co. By Holder’s
inequality E[Y*||X|*] < oo and E[Y*||X||?s2(X"7)?] < 00 if E[Y®] < 0o, E[[|X||?] <
oo, and E[||X][®s2(X"y)%] < oo, which hold under Assumption 6. Moreover, 6 >

m(Y, X, 0) is continuous at 6* a.s. The result follows. O
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SUPPLEMENTARY MATERIAL FOR
“SIMULTANEOUS MEAN-VARIANCE REGRESSION”

RICHARD H. SPADYT AND SAMI STOULI?

1. SUMMARY

This Supplementary Material presents further simulation results and an additional

empirical example for “Simultaneous Mean-Variance Regression”.

In Section 2 we give additional results for the simulations based on MacKinnon (2013)
in order to study further the finite-sample properties of MVR. We compare the finite-
sample inference performance of MVR, OLS and WLS when finite-sample correc-
tions are applied to the standard errors of each estimator. For completeness we also
replicate all experiments under the assumption that the conditional mean function
(CMF) is correctly specified and the variance is misspecified, imposing the simpli-
fications shown in equation (4.3) in the calculation of the MVR standard errors in
Theorem 6 of the main text. Overall we find that the favorable theoretical properties
of MVR translate into very substantial finite-sample gains over both OLS and WLS
in terms of estimation performance and largely improved inference. In summary, for

the numerical simulations based on MacKinnon (2013) the main findings are:

e MVR-based inference brings very large improvements relative to inference
based on the asymptotic heteroskedasticity-robust standard errors. We find
that in the presence of heteroskedasticity rejection probabilities for MVR are
much closer to nominal level than those for OLS and for WLS with misspec-
ified weights. These relative gains of MVR remain large when finite-sample
corrections of the standard errors are implemented for all estimators.

e MVR achieves the improvements above while simultaneously displaying tighter
confidence intervals in all designs for sample sizes large enough. When MVR
standard errors are calculated under the assumption that the CMF is correctly
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specified, then average MVR confidence interval lengths across simulations are
shorter than their OLS counterpart for all sample sizes and designs. They are
also shorter than their WLS counterpart with misspecified weights for sample
sizes large enough. The relative gains of MVR are then also larger when finite-
sample corrections of the standard errors are implemented for all estimators.
e The precision of MVR estimates in root mean squared error (RMSE) is
largely superior to OLS under heteroskedasticity and to WLS with misspecified
weights, with lower losses than WLS relative to OLS under homoskedasticity.

In Section 3 we give a full set of additional results for the reversal of fortune appli-
cation, reporting standard errors with finite-sample adjustments and with and with-
out assuming correct specification of the CMF. We find that in this example MVR
standard errors are robust to finite-sample corrections and standard errors assuming

correct specification of the CMF tend to be slightly smaller.

In Section 4, we report an additional empirical application to demand for gasoline
in the United States, and additional numerical simulations calibrated to this exam-
ple. In particular, we study the finite-sample approximation properties of MVR by
implementing simulations calibrated to the demand for gasoline empirical example
with a nonlinear CMF. Overall, all experiments confirm the favorable finite-sample

estimation, inference and approximation properties of MVR.

2. ADDITIONAL RESULTS FOR THE NUMERICAL SIMULATIONS BASED ON
MACKINNON (2013)

2.1. Finite-Sample Corrections. In this Section we compare rejection probabili-
ties and confidence intervals based on standard errors with finite-sample adjustments
proposed by MacKinnon and White (1985), for the numerical simulations in Section
5 of the main text. For an estimator 3 of 3, define the sample residuals @; := 1; — x;B ,
i = 1,...,n. The first correction (HC1) uses a degrees-of-freedom adjustment by
rescaling the squared sample residuals by the factor n/(n — k) in the calculation of
the heteroskedasticity-robust standard errors. The second correction we consider ap-
proximates a jackknife estimator (HC3) for the robust variance-covariance matrix, as
suggested for small samples by Long and Ervin (2000), for instance, where for each
i = 1,...,n, the ith squared sample residual is rescaled by the factor 1/(1 — h;),
where h; is the ith element of the hat matrix X,,(X/ X,,)"'X/. The same corrections

are applied to the standard errors of OLS, WLS and MVR.



As in the main text we consider rejection probabilities for £4. Figure 2.1 shows
that when degrees-of-freedom corrections (HC1) are implemented, the OLS and WLS
rejection probabilities improve but MVR-based inference continues to yield large im-
provements for all sample sizes in the presence of heteroskedasticity, with the excep-
tion of OLS rejection probability for n = 20 and o = 0.5 which is slightly lower than
its e-MVR counterpart (Figure 2.1(b)). Figures 2.2-2.3 compare rejection probabil-
ity curves when the HC3 correction is implemented. For clarity of representation
the curves for MVR and OLS/WLS are shown on different figures and the scale has
been modified compared to Figure 2.1. Overall, the rejection probabilities are largely
reduced for all estimators, and MVR-based inference continues to yield substantial
improvements in the presence of heteroskedasticity relative to both OLS and WLS.
The main exceptions are for n = 20, and partly for n = 40, where the OLS rejection
probability curves are not placed above the other curves and show rejection probabil-

ities closer to the nominal level than the corresponding MVR curves (Figures 2.2(b)
and (d)).

In order to further investigate the relative performance of MVR-based inference with
finite-sample corrections, Tables 1-4 report the ratio of average MVR confidence in-
terval lengths across simulations over the average OLS and WLS confidence interval
lengths for (3, for each sample size and value of heteroskedasticity index «, in per-
centage terms. Tables 1 and 3 show that the relatively larger average length of the
confidence intervals for /-MVR when n = 20 in Tables 4-5 in the main text is very
much reduced with finite-sample corrections. With HC3 corrections, Tables 2 and
4 show that in the presence of heteroskedasticity shorter average MVR confidence
interval lengths across simulations are obtained for all sample sizes and all designs,
except for e-MVR with o = 0.5. These results show that finite-sample corrections

substantially reduce the average MVR confidence interval lengths relative to both

OLS and WLS.

Although the finite-sample corrections for MVR should be regarded as experimental,
the simulation results we report indicate that additional improvements relative to
OLS and WLS can be achieved and should be explored further in future work.
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FIGURE 2.1. Rejection frequencies for asymptotic ¢ tests calculated
with standard errors with HC1 correction: MVR (solid lines), and OLS
and WLS (dashed lines). Sample sizes: 20 (black), 40 (red), 80 (green),
160 (blue), 320 (cyan), 640 (magenta), 1280 (grey).
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FIGURE 2.2. Rejection frequencies for asymptotic ¢ tests calculated
with standard errors with HC3 correction: MVR (solid lines), and OLS
(dashed lines). Sample sizes: 20 (black), 40 (red), 80 (green), 160
(blue), 320 (cyan), 640 (magenta), 1280 (grey).
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FIGURE 2.3. Rejection frequencies for asymptotic ¢ tests calculated
with standard errors with HC3 correction: MVR (solid lines), and WLS

(dashed lines).

Sample sizes: 20 (black), 40 (red), 80 (green), 160

(blue), 320 (cyan), 640 (magenta), 1280 (grey).




(-MVR e-MVR
o} 0 0.5 1 1.5 2 0 0.5 1 1.5 2
n = 20 109.8 111.0 109.4 105.3 100.7  101.7 106.5 107.4 105.2 101.0
n = 40 106.0 107.7 103.6 95.6 87.0 101.7 107.0 105.9 99.9 90.8
n = 80 102.6 104.3 97.0 851 741 101.0 105.3 100.0 88.5 73.9
n = 160 101.4 101.5 90.0 748 63.3 100.7 103.0 92.7 76.3 59.1
n = 320 100.8 985 83.0 655 547 100.5 100.0 84.8 65.1 47.3
n = 640 100.4 952 76.2 574 474 100.2 96.3 77.0 55.6 38.1
n=1280 100.3 92.1 70.1 50.5 41.1 100.2 93.0 70.3 479 31.1

TABLE 1. Ratio (x100) of MVR average confidence interval lengths
for 84 over corresponding OLS counterpart. Confidence intervals con-
structed with standard errors with HC1 correction.

¢-MVR e-MVR
o) 0 05 1 1.5 2 0 05 1 1.5 2
n = 20 93.5 90.5 848 779 T71.3 934 91.1 8.0 79.0 71.5
n = 40 97.9 939 849 742 64.2 98.6 94.7 8.0 75.3 63.9
n = 80 99.8 942 822 68.3 56.9 100.0 945 82.8 684 54.2
n = 160 100.5 93.0 77.7 61.5 50.0 100.4 93.3 78.1 60.8 45.1
n = 320 100.5 91.3 73.0 55.1 44.3 100.5 91.7 73.2 53.6 37.5
n = 640 100.3 89.5 68.7 49.8 39.6  100.3 89.9 68.6 47.7 31.7
n=1280  100.3 87.7 64.4 448 351 100.2 88.0 64.1 42.2 26.8

TABLE 2. Ratio (x100) of MVR average confidence interval lengths
for B4 over corresponding OLS counterpart. Confidence intervals con-
structed with standard errors with HC3 correction.



(-MVR e-MVR

o} 0 0.5 1 1.5 2 0 0.5 1 1.5

2

n = 20 131.9 129.5 128.1 126.8 125.3  120.7 125.3 130.5 135.3 137.5
n = 40 123.1 118.1 116.3 1149 1119 1103 1158 122.6 128.6 129.2
n = 80 1159 109.8 109.1 107.0 102.0  105.0 110.0 115.3 118.6 112.8
n = 160 111.0 105.4 106.2 101.8 95.7 102.6 106.5 108.4 107.0 96.0

n =320 108.0 103.4 1054 98.2 91.7 101.3 103.8 101.9 96.5 81.7
n = 640 105.3 102.7 105.1 95.3 88.2 100.6 101.1 95.7 87.0 70.1
n=1280  103.4 102.7 1049 93.0 85.0 100.4 98.9 90.5 79.4 60.9
TABLE 3. Ratio (x100) of MVR average confidence interval lengths
for 54 over corresponding WLS counterpart. Confidence intervals con-
structed with standard errors with HC1 correction.
-MVR e-MVR
« 0 0.5 1 1.5 2 0 0.5 1 1.5 2
n =20 100.7 102.5 103.0 101.6 98.3  105.8 108.6 111.5 112.2 109.0
n = 40 101.3 105.3 106.2 103.5 97.7  104.7 107.5 110.1 109.9 103.9
n = 80 101.8 105.9 106.7 101.7 93.5  103.0 104.2 105.2 103.0 93.1
n = 160 101.7 105.6 106.6 98.6 89.3 101.9 101.2 99.3 94.1 81.0
n =320 101.2 104.9 106.1 96.0 86.6 101.1 99.2 94.6 86.6 70.7
n = 640 100.9 104.1 105.7 934 828 100.6 97.5 90.1 79.6 62.0
n=1280  100.6 103.6 105.3 91.1 79.2 100.4 96.0 86.4 742 554

TABLE 4. Ratio (x100) of MVR average confidence interval lengths
for 8, over corresponding WLS counterpart. Confidence intervals con-
structed with standard errors with HC3 correction.



2.2. Inference under Variance Misspecification. In order to complete this study
of the finite-sample performance of MVR inference relative to heteroskedasticity-
robust OLS and WLS inference, we also compare the rejection probabilities and the
lengths of the confidence intervals when MVR standard errors are calculated under the
assumption of correct specification of the CMF, imposing the simplifications shown

in equation (4.3) in the main text.

Figure 2.4 shows that the rejection probability curves for .-MVR and n = 20,40
are now placed well above the curves for larger sample sizes. MVR leads to smaller
rejection probabilities than OLS for a« > 1 with n = 40, and in the presence of
heteroskedasticity for all larger sample sizes. The MVR curves are now closer to
WLS curves although the overall improvements remain substantial, in particular rel-
ative to e-WLS. The finite-sample corrections results in Figures 2.5-2.7 do not alter

substantially the main conclusions.

In terms of relative confidence interval lengths, Tables 5-7 show that assuming correct
specification of the CMF lead to average MVR confidence interval lengths that are
shorter for all sample sizes and designs compared to OLS. The degrees-of-freedom
corrections HC1 do not affect the relative length of the confidence intervals. Compared
to WLS, Tables 8-10 again show shorter average MVR confidence interval lengths for

n large enough and all designs where the conditional variance function is misspecified.

Overall these simulation results under correct specification of the CMF further il-
lustrate the large MVR finite-sample improvements for inference in heteroskedastic

designs.



0.4 4

0.4

0.0 1

0.0

(¢) .-MVR vs (-WLS. (D) e-MVR vs e-WLS.

FIGURE 2.4. Rejection frequencies for asymptotic ¢ tests calculated
with asymptotic standard errors under correct specification of the CMF:
MVR (solid lines), and OLS and WLS (dashed lines). Sample sizes: 20
(black), 40 (red), 80 (green), 160 (blue), 320 (cyan), 640 (magenta),
1280 (grey).
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FIGURE 2.5. Rejection frequencies for asymptotic ¢ tests calculated
with standard errors with HC1 correction, under correct specification
of the CMF: MVR (solid lines), and OLS and WLS (dashed lines).
Sample sizes: 20 (black), 40 (red), 80 (green), 160 (blue), 320 (cyan),

640 (magenta), 1280 (grey).
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FIGURE 2.6. Rejection frequencies for asymptotic ¢ tests calculated
with standard errors with HC3 correction, under correct specification
of the CMF: MVR (solid lines), and OLS and WLS (dashed lines).
Sample sizes: 20 (black), 40 (red), 80 (green), 160 (blue), 320 (cyan),

640 (magenta), 1280 (grey).
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FIGURE 2.7. Rejection frequencies for asymptotic ¢ tests calculated
with standard errors with HC3 correction, under correct specification
of the CMF: MVR (solid lines), and OLS and WLS (dashed lines).
Sample sizes: 20 (black), 40 (red), 80 (green), 160 (blue), 320 (cyan),

640 (magenta), 1280 (grey).




(-MVR e-MVR

o 0 0.5 1 1.5 2 0 0.5 1 1.5 2

n = 20 824 84.6 84.1 81.3 775 823 853 848 81.6 T76.7
n = 40 86.6 91.5 90.3 84.4 76.8 89.2 93.0 91.1 85.0 76.1
n = 80 90.2 96.0 91.5 81.0 70.1  93.0 96.5 914 80.8 67.6
n = 160 93.3 975 88.0 734 61.6 954 974 879 T2.7 56.7
n = 320 954 96.8 824 651 538 969 96.6 822 63.5 464
n = 640 97.1 944 76.1 571 46.6 98.0 944 757 549 378
n=1280 983 91.8 70.1 50.2 404 98.8 91.8 69.6 47.5 30.9

TABLE 5. Ratio (x100) of MVR average confidence interval lengths
for B4 over corresponding OLS counterpart. Confidence intervals con-
structed with asymptotic standard errors, assuming correct specifica-

tion of the CMF.

¢-MVR e-MVR

o 0 05 1 1.5 2 0 05 1 1.5 2

n = 20 824 84.6 84.1 81.3 775 823 853 848 816 T76.7
n = 40 86.6 91.5 90.3 844 76.8 89.2 93.0 91.1 85.0 76.1
n = 80 90.2 96.0 91.5 81.0 70.1  93.0 96.5 914 80.8 67.6
n = 160 93.3 975 88.0 734 61.6 954 974 879 T2.7 56.7
n = 320 954 96.8 824 651 538 969 96.6 82.2 63.5 464
n = 640 97.1 944 76.1 571 46.6 98.0 944 7T5.7 549 378
n=1280 983 91.8 70.1 50.2 404 98.8 91.8 69.6 47.5 30.9

TABLE 6. Ratio (x100) of MVR average confidence interval lengths
for B4 over corresponding OLS counterpart. Confidence intervals con-
structed with standard errors with HC1 correction, assuming correct
specification of the CMF.

¢-MVR e-MVR

o) 0 05 1 1.5 2 0 05 1 1.5 2

n = 20 88.9 85.7 79.7 725 659 873 85.0 795 723 64.6
n = 40 93.1 838 80.1 69.5 59.9 93.3 8.9 80.1 69.3 58.0
n = 80 95.3 90.3 79.0 65.7 54.8 95.7 89.9 783 644 50.8
n = 160 96.7 90.5 76.1 60.4 49.3 97.1 899 75.1 585 43.6
n = 320 97.7 89.9 724 548 442 98.0 89.3 T1.3 524 36.8
n = 640 98.3 88.9 685 49.7 398 98.6 834 675 47.1 31.5
n=1280 989 874 644 44.8 355 99.0 87.1 63.5 41.9 26.6

TABLE 7. Ratio (x100) of MVR average confidence interval lengths
for B4 over corresponding OLS counterpart. Confidence intervals con-
structed with standard errors with HC3 correction, assuming correct
specification of the CMF.
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(-MVR e-MVR

o 0 0.5 1 1.5 2 0 0.5 1 1.5 2

n =20 99.0 98.7 985 979 964  97.7 100.3 103.1 104.9 104.5
n = 40 100.5 100.4 101.4 1014 98.7 96.8 100.7 1055 109.4 108.3
n = 80 101.8 101.1 102.9 101.8 96.5 96.7 100.8 105.4 108.2 103.2
n = 160 102.2 101.3 103.8 99.9 93.1 97.2 100.8 102.7 102.0 922
n = 320 102.2 101.5 1045 975 90.2 97.7 100.3 98.8 94.1 80.2
n = 640 101.9 101.9 1049 948 86.8 984 99.1 941 859 69.5
n=1280 101.3 102.3 1049 92,5 835 989 97.7 &89.6 788 60.6

TABLE 8. Ratio (x100) of MVR average confidence interval lengths
for 54 over corresponding WLS counterpart. Confidence intervals con-

structed with asymptotic standard errors, assuming correct specifica-
tion of the CMF.

(-MVR e-MVR

o) 0 0.5 1 1.5 2 0 0.5 1 1.5 2

n = 20 99.0 98.7 985 979 964  97.7 100.3 103.1 104.9 104.5
n = 40 100.5 100.4 101.4 1014 98.7 96.8 100.7 105.5 109.4 108.3
n = 80 101.8 101.1 102.9 101.8 96.5 96.7 100.8 1054 108.2 103.2
n = 160 102.2 101.3 103.8 99.9 93.1 97.2 100.8 102.7 102.0 922
n = 320 102.2 101.5 1045 975 90.2 97.7 100.3 98.8 941 80.2
n = 640 101.9 101.9 1049 948 86.8 984 99.1 941 859 695
n=1280 101.3 102.3 1049 925 835 989 97.7 896 788 60.6

TABLE 9. Ratio (x100) of MVR average confidence interval lengths
for B4 over corresponding WLS counterpart. Confidence intervals con-

structed with standard errors with HC1 correction, assuming correct
specification of the CMF.

(-MVR e-MVR
a 0 05 1 15 2 0 0.5 1 15 2

n = 20 95.8 971 969 94.5 909 988 101.3 103.2 102.7 98.5
n = 40 96.3 99.6 100.1 97.0 91.2 99.0 101.0 102.4 101.1 94.3
n = 80 97.2 101.5 1027 979 90.1  98.6 99.2 995 969 87.3
n = 160 97.8 102.7 104.5 97.0 8.1 985 975 955 90.6 78.2
n = 320 98.4 103.3 105.2 95.5 8.5 98.6 96.7 922 84.7 69.4
n = 640 98.9 103.3 1054 93.3 834 989 958 888 787 61.5
n=1280 99.1 103.2 1053 91.2 80.0 991 949 856 73.6 552

TABLE 10. Ratio (x100) of MVR average confidence interval lengths
for B4 over corresponding WLS counterpart. Confidence intervals con-
structed with standard errors with HC3 correction, assuming correct
specification of the CMF.
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3. REVERSAL OF FORTUNE: ADDITIONAL RESULTS

We complement the analysis for the reversal of fortune empirical application in the
main text by reporting standard errors with finite-sample corrections (HC1 and HC3
as described in Section 2.1) and results for WLS in Table 11. The exponential scale
specification, e-WLS, cannot be used in this empirical application due to several
regressors taking value zero for some observations, so that the log transformation
cannot be applied to those regressors. Thus we only report the results for WLS with
linear scale, (-WLS.

The results in Table 11 further strengthen the main conclusions in the main text
with all standard errors increasing slightly when finite-sample corrections are applied,
except for MVR when the Americas are dropped (Panel (3)) where the urbanization
in 1500 coefficient remains insignificant. For WLS we find that the magnitude of WLS
coefficients is smaller than MVR point estimates (except for Panel (3)). In addition to
specifications (3), (4), (6) and (9), specification (5) is also found to be not statistically
significant with WLS, due to a large drop in the coefficient estimated value relative
to both OLS and MVR.

We also report MVR standard errors assuming correct specification of the CMF with
and without finite-sample corrections in Table 12. The results confirm that in this
example MVR standard errors are robust to finite-sample corrections, and standard

errors assuming correct specification of the CMF tend to be slightly smaller.

Overall, we find that our main qualitative conclusions are robust to implementing
finite-sample corrections and assuming that the CMF is correctly specified in the
calculation of standard errors. Although the numerical simulations in Section 5 of the
main text and Section 2 suggest some caution in using -WLS inference in such small
samples, the results in Tables 11-12 provide additional evidence that the relationship
between urbanization in 1500 and GDP per capita in 1995 (PPP basis) is weaker and
less robust that found using OLS.
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4. DEMAND FOR GASOLINE IN THE UNITED STATES

4.1. Empirical Application. To illustrate our methods further, we consider a sec-
ond empirical application to the parametric approximation of demand for gasoline
in the United States. We use the same data set as in Blundell, Horowitz and Parey
(2012), which comes from the 2001 National Household Travel Survey, conducted
between March 2001 and May 2002'. Blundell, Horowitz and Parey (2012) perform
both parametric and nonparametric estimation of the average demand function, and
provide evidence of nonlinearities. The data set for their main specifications is large,
with a sample of 5254 individual households, and contains household level variables,
including gasoline price and consumption, and demographic characteristics. We use
these features of the data set to compare the approximation properties of MVR and
OLS , to implement our inference methods under misspecification and to calibrate

our numerical simulations.

We consider an MVR approximation for the demand for gasoline function
Y = B+ X161+ Xof + X303 + s(70 + Xam1 + Xy + X373)e,

where e satisfies the orthogonality conditions F[Xe] = 0 and E[X s;(X'y)(e?—1)] = 0,
with X = (1, Xy, Xo, X%)" and v = (70, 71,72, 75)’. We take the outcome Y to be log
gasoline annual consumption in gallons, X is log average price in dollars per gallon in
county of residence, and X, is log income in dollars with each household assigned to
1 of 18 income groups. Following Blundell, Horowitz and Parey (2012), the baseline
specification only includes log price and log income, and further covariates are added
in other specifications. The vector of additional controls X3 includes the log of age of
household respondent, household size, number of drivers and workers in the household
(specification (2)), as well as a dummy for public transport availability (specification
(3)), 4 urbanity dummies (specification (4)), 8 population density dummies and 9

regional dummies (specification (5)).

Table 13 reports estimates and standard errors for the average price and income elas-
ticities obtained by OLS, /-MVR and e-MVR across the 5 linear specifications. In
the baseline specification, MVR price elasticities are —0.89 and exactly coincide with
the average price elasticity found by Yatchew and No (2001) and West (2004), and
differ slightly from the OLS point estimate —0.93 in this sample. For specifications
(1)-(4), MVR price elasticities are slightly smaller than OLS estimates, and the price

1See Blundell, Horowitz and Parey (2012) and ONRL (2004) for a detailed description of the data.
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Dependent variable is log of annual household gasoline
demand in gallons

Log price coefficient Bl Log income coefficient 5’2
OLS (¢-MVR e-MVR OLS ¢-MVR e-MVR

(1) Baseline specification
-0.925 -0.892 -0.888 0.289 0.283 0.283
(0.150) (0.144) (0.144)  (0.0190) (0.0173) (0.0172)

(2) With demographics
-0.879 -0.857 -0.854 0.246 0.244 0.244
(0.143) (0.137) (0.137)  (0.0183) (0.0169) (0.0167)

(3) With demographics and public transports
-0.830 -0.820 -0.816 0.269 0.268 0.268
(0.143) (0.137) (0.137)  (0.0187) (0.0172) (0.0171)

(4) With demographics, public transports and urbanity
-0.495 -0.483 -0.478 0.298 0.301 0.301
(0.141) (0.135) (0.134)  (0.0190) (0.0174) (0.0173)

(5) With demographics, public transports, urbanity
and regions
-0.358 -0.415 -0.408 0.297 0.302 0.302
(0.270) (0.256) (0.256)  (0.0199) (0.0181) (0.0181)

TABLE 13. Demand for gasoline. Asymptotic heteroskedasticity-
robust OLS standard errors and MVR standard errors are in paren-
thesis.

elasticity drops sharply in specification (4) which adds indicators for urbanity and
population density. Adding regional dummies (Panel (5)) results in a further reduc-
tion in price elasticities and a loss of significance, although to a much smaller extent
for MVR estimates?. Given the large sample size, it is interesting to note that for all
specifications MVR and OLS standard errors still differ, with MVR standard errors

>The p-values for price elasticities increase to 0.185 for OLS and to 0.105 and 0.111 for MVR
estimates.
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smaller than heteroskedasticity-corrected OLS standard errors, which is a reflection

of the heteroskedasticity detected for all specifications®.

4.2. Numerical Simulations. We assess and illustrate the finite-sample properties
of our estimators in a Monte Carlo experiment calibrated to our second empirical
example. Our models feature a linear CMF, and we implement OLS and MVR with

linear and exponential scale functions.

The explanatory variables included in the simulations are chosen according to speci-
fication (4) in the demand for gasoline example, the preferred linear specification in
Blundell, Horowitz and Parey (2012) (the log price coefficient is no longer significant
in specification (5)). We report estimation and inference simulation results for log
price and log income, but include all covariates in the simulations. All designs are

calibrated to specification (4) by Gaussian maximum likelihood.

Design LOC. Our first design is the homoskedastic model
YZﬁo—f-Xlﬁl—i-XQﬁz—FXéﬁg—i-O'&, é‘NN(O,l)

Design LIN. Our second design is a set of heteroskedastic models with linear-

polynomial scale functions
Y:ﬁo—l-Xlﬁl+X262+X§63+(X/7)a6, ENN(O,1>, o€ {05,1,15,2}

Design EXP. Our third design is a set of heteroskedastic models with exponential-

polynomial scale functions
Y:60+X161 +X262+X563+GXP(X/’Y>Q€, €NN(O,1), o€ {05,1,15,2}

For all experiments, we set the sample size to n = 500, 1000, and 5254, the sample
size in the empirical application, and 5000 simulations are performed. For n = 5254,
we fix X to the values in the data set, whereas for the smaller sample sizes we draw
X with replacement from the values in the data set and keep them fixed across
replications. The location design LOC serves as a benchmark for comparing the
relative performance of MVR and OLS when OLS is efficient. For a = 1, /-MVR
is correctly specified for the design LIN, and e-MVR is correctly specified for design
EXP. Designs with o = 0.5 feature low heteroskedasticity, whereas o = 2 corresponds

to high heteroskedasticity.

3For each specification we implemented the tests of Breusch and Pagan (1979), White (1980) and
Koenker (1981)) for heteroskedasticity for OLS and the MVR-based test introduced in Section 4 of
the main text. All tests reject the null of homoskedasticity for all specifications.
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Design LOC LIN EXP

o 0 0.5 1 1.5 2 0.5 1 1.5 2

Log price coefficient j3

n = 500 102.1 100.5 96.0 89.0 80.6  100.6 96.1 &89.0 80.3
¢-MVR n=1000 100.5 98.7 936 854 T75.0 98.8 93.6 853 75.2
n =95254  100.1 98.5 934 852 745 98.5 934 849 738

n = 500 102.1  100.4 959 89.1 80.5 100.4 95.8 88.7 79.5

e-MVR n =1000 100.5 98.7 93.6 8.9 764 98.7 93.5 8.3 74.8
n =5254  100.1 98.5 93.6 86.0 76.5 98.5 934 8.1 74.3

Log income coefficient [,

n = 500 101.6 99.6 93.7 8.1 75.1 99.4 928 829 71.2
¢-MVR n=1000 101.4 98.2 894 770 63.5 97.4 86.0 70.3 53.9
n=5254  100.3 96.8 88.1 76.2 63.2 96.0 852 70.6 55.3

n = 500 101.7 99.8 93.8 84.8 739 99.6 92.6 81.9 683
e-MVR n =1000 101.4 98.3 89.1 75.8 61.1 97.3 849 674 48.9
n=>5254  100.3 96.7 876 749 61.0 95.8 84.0 67.7 504

TABLE 14. Ratio (x100) of MVR RMSE for 8, and 5 over corre-
sponding OLS counterpart.

Table 14 reports a first set of results regarding the accuracy of our estimators. We
report the ratios of RMSEs for 3; and 35 of /-MVR and e-MVR over RMSEs of OLS, in
percentage terms. The results show that MVR estimators achieve large gains relative
to OLS in the presence of heteroskedasticity, with ratios that reach 73.8 for Bl and 50.4
for (3, under heteroskedasticity, with e-MVR outperforming (-MVR slightly in this
example. Gains in estimation precision increase with the degree of heteroskedasticity
and sample size. In the homoskedastic case where OLS is efficient, there is close to
no loss in precision from using MVR, with ratios ranging from 100.1 to 102.1. OLS

and MVR become equivalent as sample size increases for the homoskedastic case.

Table 15 reports ratios of /-MVR and e-MVR average confidence interval lengths
across simulations for 3; and fy over OLS average confidence interval lengths, in

percentage terms. In these simulations MVR yields substantially tighter confidence
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Design LOC LIN EXP
a 0 05 1 15 2 05 1 1.5 2
Log price coefficient 31
n = 500 98.8 98.1 96.1 92.8 88.6 98.1 96.1 92.8 88.3
¢-MVR  n = 1000 99.2 98.3 95.8 91.6 86.0 98.3 95.8 91.6 85.7
n = 5254 99.8 98.9 96.3 91.9 8.0 989 96.3 91.8 85.6
n = 500 98.6 97.9 958 92,5 8.1 979 958 92.3 875
e-MVR n = 1000 99.1 98.3 95.8 92.0 869 983 958 91.6 859
n = 5254 99.8 98.9 96.4 924 87.2 98.9 96.3 91.9 859
Log income coefficient BQ
n = 500 98.9 98.2 955 91.3 86.3 98.0 95.0 90.1 84.0
¢-MVR n = 1000 99.2 98.0 939 87.7 80.1 97.5 923 84.1 744
n = 5254 99.8 98.3 93.9 87.5 79.9 979 924 84.3 T4.7
n = 500 98.7 97.8 949 904 846 97.7 943 88.8 81.6
e-MVR n = 1000 99.1 97.8 93.5 86.8 785 97.3 91.5 82.2 70.8
n = 5254 99.8 98.2 93.6 86.8 784  97.8 91.7 825 T14

TABLE 15. Ratio (x100) of MVR average confidence interval lengths
for 81 and (5 over corresponding OLS counterpart. Confidence intervals

constructed with asymptotic standard errors.

intervals compared to OLS in the presence of heteroskedasticity, with confidence in-
terval lengths ratios that reach 78.4 for Bl and 70.8 for BQ, while not incurring any loss
in precision for the homoskedastic data generating process. The relative performance
of e-MVR improves with the degree of heteroskedasticity.

For completeness we also report results for confidence intervals constructed assum-
ing correct specification of the CMF. Table 16 reports ratios of .-MVR and e-MVR
average confidence interval lengths across simulations for $; and (3 over OLS aver-
age confidence interval lengths, in percentage terms. MVR confidence intervals are
slightly more favorable to MVR compared to the results obtained with standard er-

rors robust to mean misspecification reported in Table 15, while not incurring any

loss in precision for the homoskedastic data generating process.
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Design LOC LIN EXP
o 0 0.5 1 1.5 2 0.5 1 1.5 2

Log price coefficient 31

n = 500 96.8 96.1 939 90.5 86.0 96.1 94.0 90.5 85.8
¢-MVR n = 1000 98.4 97.6 95.0 90.7 84.7 97.6 950 90.6 84.5
n = 5254 99.7 98.8 96.2 91.8 858 988 96.2 91.7 854

n = 500 97.4 96.3 942 91.0 86.7 96.3 942 90.8 &6.1
e-MVR n = 1000 98.6 97.6 952 914 864 976 952 91.1 854
n = 5254 99.7 98.8 96.3 924 871 98.8 96.2 91.9 858

Log income coefficient [,

n = 500 96.5 95.8 93.1 88.9 83.7 95.7 92.7 87.8 81.8
¢-MVR n = 1000 98.1 97.1 932 87.0 79.5 96.7 91.6 83.6 T4.0
n = 5254 99.7 98.2 93.8 874 798 978 923 84.2 T4.7

n = 500 97.1 95.8 929 88.4 827 956 923 86.9 79.9
e-MVR n = 1000 98.6 97.0 92.7 86.0 77.8 96.5 90.7 81.6 70.4
n = 5254 99.7 98.1 93,5 86.7 784  97.7 91.7 825 T14

TABLE 16. Ratio (x100) of MVR average confidence interval lengths
for 81 and (5 over corresponding OLS counterpart. Confidence intervals

constructed with asymptotic standard errors assuming correct specifi-
cation of the CMF.

4.3. Additional Simulations: Nonlinear CMF. We present the results of a sec-
ond set of experiments in which we compare the approximation properties of MVR to
those of OLS under misspecification of the CMF, in RMSE. The designs of our sim-
ulations are modified to incorporate a nonlinear relationship between X; (log price)
and Y (log gasoline annual consumption). We specify the nonlinear relationship in

X1 by means of trigonometric basis functions
f(zq,01) = 01121 + 12 8in(27x1) + 013 cos(2mwy) + d14 sin(4dmwxy) + 15 cos(dmxy).

All designs are calibrated to specification (4) by Gaussian maximum likelihood.

Design LOC. Our first design is the homoskedastic model

Y = 6o+ f(X1,51) + Xof2 + X555 + oe.
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Design LOC LIN EXP

o 0 0.5 1 1.5 2 0.5 1 1.5 2

n = 500 101.2  100.9 100.0 98.5 96.5  100.9 100.0 98.6 96.5
¢-MVR n=1000 100.7 100.0 979 94.6 90.1 100.0 97.9 94.1 88.9
n=5254  100.1 99.6 97.8 95.0 91.6 99.5 975 941 89.6

n = 500 100.8  100.6 99.9 98.6 96.8 100.6 99.8 983 96.2
e-MVR n =1000 100.6 99.9 978 94.5 90.2 99.9 97.7 93.8 88.3
n =95254  100.1 99.6 97.8 95.0 91.6 99.5 974 939 89.1

TABLE 17. Ratio (x100) of average MVR RMSE for u(x) over corre-
sponding OLS counterpart.

Design LIN. Our second design is a set of heteroskedastic models with linear-

polynomial scale functions
Y = Bo—i_f(Xla 61)+X262+Xé53+8(70+f()(1a 71)+X272+Xé73>a€7 (OS {057 17 157 2}

Design EXP. Our third design is a set of heteroskedastic models with exponential-

polynomial scale functions
Y = Bo+f(X1, B1)+XoBa+ X5 03+5(v0+f (X1, 1) +Xov2+X373)%, a € {0.5,1,1.5,2}.

where ¢ ~ N (0,1). For all designs we implement MVR and OLS for the same sample
sizes and X values as in Section 4.2, with the number of simulations set to 5000.

Table 17 reports results regarding the accuracy of OLS and MVR linear approxima-
tions of the p(z, B) = fo + f(x1, B1) + 202 + 2403, evaluated at the n sample values
x1; of X1, and at fixed values of the remaining variables.* For each data generating
process we report the ratios of average estimation errors across simulations of -MVR
and e-MVR relative to OLS in percentage terms. Estimation errors are measured for

each simulation in RMSE, and then averaged across simulations.

In these simulations MVR yields more accurate approximation of nonlinear CMF's

than OLS, measured in RMSE. Thus, in presence of heteroskedasticity the minimum

4The non binary variables X5, X31,... X34, are evaluated at their modal values. These variables
are the log of household income, age of household respondent, household size, number of drivers
and workers in the household, respectively. We fix the value of the remaining indicators for public
transport availability, urbanity and population density included in X3 to one.
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mean squared error OLS property does not necessarily translate into more accurate

CMF approximation in finite samples relative to MVR.
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