Online Appendix for Risk Premia and the Real Effects of
Money

By SEBASTIAN DI TELLA

This Online Appendiz contains omitted proofs, the extension with
EZ preferences, and the contractual environment.

I. Ommited Proofs

PROOF OF PROPOSITION 1:

The properties of A and o, are straightforward from equation (8), noticing only
that p — ((1 = A\)o)? =r — (& — 6) > 0 in equilibrium. First, for 3 > 0, A € (0,1)
because k¢, and m;+ hy are strictly positive. The left hand side of (8) is increasing
in A\ while the right hand side is decreasing. Since the right hand side is increasing
in o, it follows that A is increasing in . When o = 0, (8) simplifies to A\ = 3,
while in the limit as 0 — oo, since A > 0 we must have (1 — ) — 0.

The right hand side is increasing in the idiosyncratic consumption risk o, =
(1 — M)o, so since A is increasing in o, so must o.. When o = 0 we have A = 3,
s0 0. = 0. When ¢ — 0o we have A — 1, s0 0. = (1 — Ao — /p(1 — 3) > 0.

For 8 = 0 we clearly have A =0 from (11). H

PROOF OF PROPOSITION 2:
Straightforward from equilibrium conditions r =a —3§ —c? and & =a — p. B

PROOF OF PROPOSITION 3:

We know from Proposition 1 that A and o, = (1 — A\)o are increasing in 0. So
the real interest rate r = a — 6 — (1 — \)o? falls when o increases, but less so than
without money, since in that case r = a — § — 0. Investment & falls because the
term p% > 0 is increasing in A.

If o =0, we have r =a— 9, A = % = 3, and & = a — p which coincide with
the non-monetary economy. H

PROOF OF PROPOSITION 4:

The inflation target = does not appear in equations (14), (15), and (8) for r, &,
and A. It only appears in equation (9) for 7.

Targeting the nominal interest rate is accomplished by picking the inflation
target m so that ¢ = r + 7 is constant. Since m does not affect r, or any other real
variable, we can do this to hit any ¢ > 0. Notice that targeting ¢ introduces the
usual indeterminacy in the price level, since only the expected inflation is pinned
down.
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Finally, since nothing real is affected by changing the inflation target, and i =~ 0
maximizes the utility from money services m, the optimal inflation target delivers
the Friedman rule. Wl

PROOF OF PROPOSITION 5:

From individual optimization we know that the expenditure share of liquidity
is 8, invariant to b. Since r, &, and A are pinned down by (14), (15), and (8),
they are not affected by changes in b. B

PROOF OF PROPOSITION 6:
It suffices to look at the behavior of A defined by (8), which we can rewrite

Ap—((1=XN)0)*) = pB

As 8 — 0 the left hand side converges to zero, and so must the right hand side.
This means that either a) A = 0 or b) A - 1 — g. If o < \/p, then 1 — \/75 < 0.
Since A > 8 always, b) cannot be, so we are left with a) A — 0. From (14) and
(15) we see that r and x converge to the values on the non-monetary economy
with A= 8 =0.

If instead o > /p, we cannot have A — 0, because it implies that p — ((1 —
A)o)? < 0 at some point along the way (for A small enough). Since A > 3 always,

this requires pf < 0, which is not true. So we have b) A — 1 — g > 0, and the
inequality is strict if ¢ > ,/p. From (14) and (15) we see that the real interest rate

r is high and investment & low relative to the economy without money (8 = 0).
|

PROOF OF PROPOSITION 7:
See Theorem 1 in Section IIT of this Online Appendix.

PROOF OF PROPOSITION 8:
Combine (28) with o, = % to obtain

pL—P)
p+a?

c =

It follows that when o = 0 we get 0. = 0, and o, is increasing in o. Rewrite it

Oc p(l_ﬁ)

O

It follows that o./o is decreasing in o. The properties of & follow from equation
(28). Finally, write
r=p+i—06—o02=a—03— 20"

c =
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It follows that r falls with c. W

PROOF OF PROPOSITION 9:
First take the g € (0,1/2) case. Rewrite (29) and (30) in terms of y = o./0

isp=a—p—yic? Social Planner
focp=a—p—yo’ x(1—y) Competitive Equilibrium
and the incentive-compatible combinations

p(1—B)
y

Tio=a—

The competitive equilibrium lies at the intersection of Zog and Z;c; call the
corresponding yor € [0,1 — §]. The planner’s allocation lies at the intersection
of Zgp and Z1¢, call the corresponding ysp € [0,1 — f].

We know that y = o./0 can range from 0 to 1 — 3, in both the CE and SP (the
upper bound comes from knowing that investment is below the first best in both
the CE and the SP, and using Z;¢.

Z1c is increasing, strictly concave, and ranges from —oo when y = 0 to the first
best a — p when y = 1 — 8. It does not depend on o, so it will be fixed when we
do comparative statics.

Zop and Zgp do depend on o. They both start at the first best a — p when

y = 0. Zgp is strictly decreasing and concave (it’s an inverted parabola) with
vertex at (0,a — p). So it must cross ;¢ exactly once.
ZTcoE is a parabola with vertex at (%, a—p— ioj). Importantly, it intersects with
ZTgp at this point. For ¢ > 0 they intersect at exactly two points, corresponding
to y = 0 and y = 1/2, and this implies that Zcp < Zgp for all y € (0,1/2), and
Top > agp for all y € (1/2,1 — B). Finally, 2cp < a —p for all y € (0,1 — ).
In particular, 2cp(l1 —8) = a —p — d?B(1 — B) < a — p. Since &¢p is strictly
convex and Zjc is strictly concave they intersect at two points at most. Since
Zro = oo for y = 0, 70 crosses Top first from below, and the from above. But
since Z70(1 — 8) =1 —p > zcop(l — B), the second intersection has y > 1 — 3,
so it is not in the range on y. There is then only one valid intersection between
Zeop and Zyo; we called it yop € [0,1 — ] and 270 < Zeg for all y < yop and
Trc > Zgp for all y > yog in the range of y.

Now the lower envelope of Zog and Zgp, £, = min{Zcg,Zsp} coincides with
zop for y € [0,1/2] and with Zgp for y € [1/2,1 — B]. This implies that if Z;¢
first intersects with the lower envelope for y < 1/2, it must do so at ycg, and
if it first intersects at y > 1/2, it must do so at ysp. In the first case, since
Tgp > Zop for y < 1/2, it is strictly decreasing, and goes from a — p for y = 0
toa—p— %02 = minZcp for y = 1/2; and &;¢ is strictly increasing and goes to
1 — p; then it means that ysp < 1/2 as well and ysp > yor. In the second case,
obviously yog > ysp > 1/2. If it first intersects at y = 1/2 then yor = ysp.
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It follows immediately that if yop < ysp and both below 1/2, then Zcp < Zgp
and 0¢F < 03P, On the other hand, if yop > ysp and both above 1/2, then
Zcg > Tsp and O'CCE > qup.

It only remains to see which will hold for a given . Since both Z¢g and Zgp are
decreasing for y € (0,1/2), and Zj¢ is always increasing, it is enough to compare
their values at y = 1/2. If Zop = &sp > &1c at y = 1/2, then yop and ygsp are
both in [1/2,1 — §]. If instead Zop = Zsp < Z7c at y = 1/2, then yop and ysp
are both in (0,1/2).

Togp =Tsp > TiC

1
<:>a—,0—10’22a—2p(1—5)

=02 <o =2y/p(1 -26) >0

Finally, for the case g € [1/2,1), Zcg < &gp for all y € [0,1 — f3], regardless of o,
so Zop < Zgp and O'CCE < JCSP. Notice that in this case the formula for o* < 0.
|

PROOF OF PROPOSITION 10:

We already know that the planner’s allocation is a BGP with constant & and
o.. By setting the subsidy/tax 7% according to (36) we ensure that r, &, and 7
satisfy all the conditions for a BGP equilibrium.

We can check that the value of total wealth w = k; +my + hy — ftoo e_’"sTfk:sds

satisfies ¢; = p(1 — B)wy, or equivalently o, = f}—tta. Write

wt_1+ mi 4 Tk

ke r—(&—90) r—(z-19)
wy _r—(£—5)+é%+7k _p—ag—i—pﬂolc—i—&fg—aca
ke r— (& —0) N p—o?
w,  pHpBEtol—00 o (p%+pBtoi(%-1)
ke p—o? o, p—o2

Use the planner’s FOC (29) and the skin in the game IC constraint (31)

ky Oc

20—a—1= _ac 20—a—1=

w_ o (p%“’“(a—f—ﬂ)(%—l)) 0 <p(1+ﬁ)+(a_@)W)

we o (pA+B)+p(A1—-F)—(a—-2)\ _ o2p—(a—%) o

ke o, 2p—a— & o.2p—(a—2) o,
The optimal inflation target implements the Friedman rule and delivers un-
bounded utility from real money balances (in a supremum sense). ll
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PROOF OF PROPOSITION 11:

First, to implement the optimal allocation we need r > & —¢§ which is equivalent
to p— o2 > 0. We know 0. in the optimal allocation is given by

_ p(1=5)
O =—"—"—"5"0
p+ o2

and o is increasing in o. For ¢ = 0 we have o, = 0 too, so p — o2 > 0. So we

only need to ask at what o we have 2 = p:

p1L-8) 2P

vP= p+p 1-p

For ¢ > & we have 02 > p and therefore » < & — 6, so the optimal allocation
cannot be implemented as a competitive equilibrium with a tax on capital.

For the sign of 7%, use (36) to get

™ =020, — 0)

So if o, > %a we have 7% > 0, and if o, < %a we have 7% < 0. In the optimal
allocation we have
o p(1—8)

o p+(ﬁ)20-2

o

So o./c — 1 —  when 0 — 0, and o./0 is decreasing in o. So if § > % we must
have o, < %a and therefore 7% < 0, for all o € [0,5). If instead 3 < %, we have
7% > 0 for o close to 0. We only need to find o* such that o, = %0*.

1 1-
Lo pU=B) ey /o= 25)
2 p+ Z(U*)2
It only remains to show that o* € (0,5]. ¢* > 0 follows from § < % Now write
NG
1—

o =2/l 2B <2p< =0

PROOF OF PROPOSITION 12:
From the definition of h,

T
s M
my + hy = my + E? [/ e_ft T“d“dp—] _|_E? [e— ftTTuduhT]
t s
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use dm; = % — mymdt to write

T ,
=ms + E? |:/ e~ ft Tudu(dms + FSdeS):| + E? |:€_ ftT ruduhT:|
t

We can write
T T s
e_ft T“dumT =my + / e ft ”d“(—rsmsds + dms)
L
and plug it in to obtain

T
my + hy = E? |:/ e~ Ji Tudu((TS + Ws)msds):| +E? [e_ ftTrudu(mT + hT)
t

Then take the limit 7" — oo and use the transversality condition
T
lim E¢ [e_ Je radt (g 4 hT)} =0
T—o0
and the monotone convergence theorem (r; + m = iy > 0) to obtain

my -+ hy = E? [/ e Jr T“dumsisds]
t
[ |
PROOF OF PROPOSITION 13:

From (49), we plug in §7FF = GTFP and 915 = %, as well as i = pfw/k =
pB(1 + 1) from (47) and

. Hey Ry ~TFP\2 Oy (2
+g—d-r=—(p+ —~ —~ — (=
Py =0 == (ot T — () 6T - ()
Then use Ito’s lemma to obtain
B 1
= V67 — 0) + 5u"or?

Oy = 1/1/\/5 14
The ODE (51) has the p,, terms together, and the TFP terms cancel out. I also
simplified the terms involving o into one term. M

PROOF OF PROPOSITION 14:

The equations for the competitive equilibrium are a modified version of (42)-
(47), taking into account that total wealth now includes the present value of
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taxes/subsidies that are rebated lump-sum and the tax 7%:
(A1) ry=p+ (24 +9g—0) +pey — 0% — (GLFF)? — (515)? Euler
(A2) m=a+g—906— Ttk — OOt — HfFPc}TFP asset pricing
(A.3)
k
Out = —tat = (1 — B)pkic; 1o, idiosyncratic risk
Wt
(A.4)
gLEP — gI't'P TFP risk
(A.5)
ghs — g9 risk shock risk
(A.6
my=B/(1—0) % (a—2y)/(ry + ) money

Since the planner’s allocation satisfies (52)-(57) and the FOC (59), it satisfies also
the equilibrium conditions (A.1)-(A.6). Equations (A.1), (A.4), (A.5), and (A.6)
are immediate. Equation (A.2) follows from plugging the definition of &; from
(59), 7F from (60), and 0777 = GLFP into the Euler equation (53). (A.3) comes
from the skin in the game constraint (52), using the fact that oy = %O‘ct. Finally,
lim o0 B? [ o7l | — Timy og B9 [~ ooty | = 0 and iy = i+ > 0

ensure that this is in fact an equilibrium. H

PROOF OF PROPOSITION 15:

Let g(n;r) be the stationary distribution of wealth in the steady state. Market
clearing in the steady state requires

/ng(n; r)dn = kss(r) + mgs(r)

where g, kss, and mss depend on the steady state real interest rate (mss depends
on the nominal interest rate, but with constant money supply, inflation in the
steady state is zero, so i = r). We must find r that solves this equation. In
general this requires finding the stationary distribution of wealth generated by
each r.

Optimize (1 — f)logc + Blogm subject to total expenditures x = ¢ + mi to
obtain an indirect utility function. We obtain the usual demand for money

8 ¢

TT1o60

and an indirect utility function @(z) = logz + A(i), for some constant function
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A(i). We can then re-write the budget constraint
dnit = (nitr + w(r)eit — a;t)dt

We conclude that for a given 7, we get the same distribution of wealth go(n;r) as
in a model without money and log preferences only over consumption, 5 = 0.
Market clearing with money requires

/ngo(n; r)dn — kss(r) = mgs(r)
Normalizing by the steady state wage wss(r) = f](kss(r)), we get

[ ngo(n;r)dn k(1) _ Mss(7)
Wi (T) Ws(7) wss(T)

We can now compare the economy without money, 8 = 0, to the economy with
money, 8 > 0. The distribution of wealth and the capital stock is the same in
both cases, but with money we get a positive term on the left hand side. It’s a
standard result that with these preferences and technology, the right hand side is
an increasing function of r,! so we can conclude that in the monetary economy, the
interest rate is higher, and the capital stock lower, relative to the non-monetary
economy. W

II. The role of intertemporal elasticity and risk aversion

The baseline model has log preferences, which yield clean results and are quanti-
tatively reasonable. In this Appendix I extend the baseline model to allow for EZ
preferences to understand the role of intertemporal elasticity and risk aversion.

Suppose agents have recursive EZ preferences with discount p, risk aversion
v, and intertemporal elasticity . If v = 1/ we have the standard CRRA
preferences. If ¢» = v =1 we have the baseline model with log preferences.

The equilibrium equations are now modified as follows

r=p4 (& —0)/1p — (1+1/2)(y/2)0? Euler equation
r=a—0—"y0.0 asset pricing
o= (1—-MNo risk sharing
m = i a-2 money
1-f8r+mw

The expression for the liquidity share, A, must be solved simultaneously with r

1See for example Light (2018).
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and Z.

B pB
o+ (Y =1)(@ = 6) - (1+1/9)(7/2)((1 = N)o)?

We can check that if ©» = v = 1 we recover the equation in the baseline model.

(A7) A

First Best.— If there is no idiosyncratic risk, o = 0, we get closed-form expres-
sions for r and &
r=a—2

T=(a—0—p+6

Incomplete risk sharing and no money, § = 0.— The non-monetary economy
also allows for closed-form expressions, because A = =0 and 0. = 0.

r=a—40 —vyo

~——
first best
g=(a—0—pp+d+p[(1+1 2)0% — yo?
( Y+ 8 +v[(L+1/9)(1/2)0% = g0 ]
first best precautionary risk pr.

After a risk shock increases idiosyncratic risk o, the real interest rate falls to
accommodate the higher risk premium o = yo.0 = y02. But investment may go
up or down, depending on the intertemporal elasticity . If ¢ > 1, investment
falls when idiosyncratic risk o goes up; if ¢ < 1, investment raises. This can be
understood in terms of the risk premium and precautionary motive. If ¢ > 1,
the precautionary motive is smaller than the risk premium, and the difference
increases with o ((1 4 1/¢)/2 < 1). Intuitively, capital is less attractive because
it is more risky, and since agents are very intertemporally elastic, they substitute
towards consuming instead (accepting a big change in the growth rate of their
consumption). But if ¢ < 1, the precautionary motive dominates. Agents really
want to smooth out their utility, and since they face more risk, they make it up
by accumulating more capital. If ¢ = 1, as in the baseline, the two effects cancel
out and investment does not change when o goes up.

The important variable is the intertemporal elasticity. Risk aversion, 7y, just
makes the idiosyncratic risk matter more. In fact, both enter jointly yo? in the
equations. The role of intertemporal elasticity is well understood, and is the rea-
son that the literature on time varying risk typically assumes high intertemporal
elasticity, ¥ > 1. Empirically, evidence about 9 is mixed, but ) = 1 is considered
a quantitatively reasonable benchmark.

Incomplete risk sharing and money, 8 > 0.— Now let’s see what happens when
we add money. First, take the liquidity share A > 0 as given. Idiosyncratic risk
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sharing improves, o, = (1 — \)o, so we get
= a—06 —y(1—=\)o?
r= a ( Jo

first best

Z=(a—08—p+3+[(1+1/9)(y/2)0° (1 = N\)? —70°(1 = \)]

first best precautionary risk pr.

Money weakens the risk premium, so the real interest rate is higher than without
money. Money also weakens the precautionary motive more than the risk pre-
mium, just as in the baseline model. But since investment can go up or down
with risk, depending on 1, it is useful to decompose the effect of higher risk into
the effect without money, and what money adds relative to the non-monetary
economy:

(A.8) r=a—0—~0%+ o>
—_—————  ——
non-monetary Ar
(A.9)
E=(a—0—p+0+0[(1+1/8)(1/2)0” = 70°] +70% (A2 = 20)(1 +1/¢)/2 + A)

non-monetary AL

The second terms are the effect of money on the real interest rate, Ar, and
investment, AZ, relative to the economy without money.

In general it is possible for investment in the monetary economy to be higher
than in the non-monetary one. For very large 1), A% ~ y021A?/2 > 0. There are
two forces at work. Remember that if ¢ > 1, the risk premium dominates, so high
risk ¢ can have a very large negative effect on investment . Money improves
risk sharing and weakens the risk premium o = yo?(1 — )), so it dampens the
fall in investment from this channel. It also weakens the precautionary motive
relative to the risk premium, which reduces investment just like in the baseline
model. The two forces work in opposite directions. In the baseline setting the
direct effect of high risk in the absence of money is zero, so money must reduce
investment.

For » < 1 we can obtain a clean characterization, such that the main proper-
ties of the baseline model go through.? Money keeps the real interest rate from
falling during downturns with high risk, and reduces investment. Risk aversion -~y
and idiosyncratic risk center together as vo2, so all our results apply as well to
increases in risk aversion.

Proposition 1. For ¢ < 1, the monetary economy has higher interest rate and
lower investment than the non-monetary one; i.e. Ar >0 and Az < 0. Higher
vo? leads to higher risk premium o = yo2(1 — \), higher liquidity share \, and

24 < 1 is sufficient, but not necessary.
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larger Ar and |AzZ|.

The case ¥ < 1 covers two very salient classes of preferences. First, CRRA
preferences with risk aversion v = 1/1) > 1. This is the most common specifica-
tion in macroeconomic models. In the context of models with time varying risk,
it has the unappealing feature that, without money, higher risk leads to more
investment.

Second, the cleanest and quantitatively salient specification has v» = 1 and
v > 1. The v > 1 can be interpreted either as high risk aversion, or as ambiguity
aversion as in Barillas, Hansen and Sargent (2009). This specification has the
advantage that the equations boils down to those of the baseline model, with the
only modification of replacing o by yo?,

r=a—0—~0%+ \yo?
| N
non-monetary Ar
) A— 3
= (a—p) — PTx
non-monetary T
z

pB

A=
p—y02(1—A)?

PROOF OF PROPOSITION 1:
Write the equation for A, replacing r and & from (A.8) and (A.9) to obtain

\— pB
p+ /Y =1)(a—06—p)p—al(l =) +d(1+1/9)(1 = A)/2]

where @ = yo2(1 — A) > 0 is the risk premium. The denominator is strictly
decreasing in « (here we use 1) < 1) and strictly increasing in A (for o > 0 which
must be the case for o > 0). So if there is a solution A\(«) to this equation, it is
increasing in a. From a/(1 — \) = o2, since the left hand side is increasing in
a, it follows that « is increasing in vo2, and therefore so is .

Now Ar = Ayo? > 0 and increasing in yo? is straightforward. For A# we write
it after some algebra

1 At g
v >:aA27<0

N 2 _
A$—70A<A—2 1 T

If yo? increases, so does o and A. The derivative of the last factor with respect
to A is

1 1 1 1
P AR R U B R O
1\ FEENE Q-2
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(using 1 < 1 again). So Az is negative and becomes even more negative. l

ITI. Contractual setting

In this Appendix I develop the contractual environment that yields the in-
complete idiosyncratic risk sharing problem in the baseline model as the optimal
contract. I also allow aggregate risk with complete risk sharing, which is the
setting in the dynamic model in Section ITI. The setting in the baseline model is
a special case with no aggregate risk.

The setting is essentially a special case of the environment in Di Tella and
Sannikov (2016) with perfect misreporting (¢ = 1 in the terms of that paper),
generalized to allow for aggregate shocks. I discuss the similarities and differences
below.

A. Setting

The setting is as in the dynamic model in Section III. The “capital quality”
shock for an agent is

(A.10) A¥, = ok dWiy + 6" PPz EF

where ZTFF is an aggregate TFP shock. Aggregate TFP risk 6757

but idiosyncratic risk o; follows an autoregressive process

is constant,

(A.11) doy = po(or)dt + 54(0¢)dZES

where Z19 is the aggregate risk shock. ZTFP and Z%5 are independent Brownian
motions.

There is a complete financial market with real interest rate r, nominal interest
rate i, capital’s excess return «, and price of aggregate shocks 07FF and 75 all
adapted to the history of aggregate shocks ZTFP and ZRS. Let @ be the equiva-
lent martingale measure associated with 7, 87FF and 679, and Q the equivalent
martingale measure associated with r, 777 %S and a.?

The agent receives consumption ¢ and money holdings m from the principal,
and manages capital k, all contingent on the history of aggregate shocks ZTFF
and Z%5 and the agent’s report of his idiosyncratic shock Y*. The idiosyncratic
shock is not observable by the principal, so the agent can misreport at rate s,
such that his reports are Y, = W, — fot ;—zdu. Furthermore, the agent has access
to hidden trade that allows him to choose his consumption ¢, money m, capital

holdings k, and to trade aggregate risk 617" and /5.4 His hidden savings n

3That is, Q is defined by the SPD d&; /& = —ry — TFPdZTFP _ gRSqzRS and Q by dé; /& =
—re = OFFPAZTFP —ofSdzZ S — Staw. i

4To keep things simple, allow k& < 0, but we can also restrict it to k > 0, as in Di Tella and Sannikov
(2016). This doesn’t change the optimal contract.
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start at ng = 0 and satisfy the dynamic budget constraint

(A.12)
d’l’Lt = (’I’Lﬂ‘t + Ct — 515 + (mt — T?Lt)it + (];’t — k?t)Oét + HtTFP TEP + HRS + k‘tst)dt
+ (ky — ky)oydWy + 6T FPazTFP 4 1S gz 89

with solvency constraint n; > n, where n, is the natural debt limit

[o¢]

(A.13) n, = — maSXEQ [/ eIt T (e (V) + miy (V)i + suku(Ys))du}
ES t

where S = {s EQ [f JEredr e (VS) 4 may (Y 5)iy + Suk‘u(YS)|du] < oo} is the

set of feasible stealing plans for a given contract. The natural debt limit n, is the

maximum amount that the agent can pay back for sure at time ¢. The lender is

not taking any risk as long as he enforces the natural debt limit.

t
Lemma 1. Assume |ny| < co. If ny > n, always, then iminf, . e~ Jo rudugn, >0
a.s.

A contract C = (¢, m, k) is admissible if E9 [f e~ Jo rudu ler + myiy + ko dt]

0o. It is always optimal to implement no misreporting or hidden trade.® An ad-
missible contract is incentive compatible if the agent chooses to report truthfully
and not engage in hidden trade,

(¢,m,k,0,0,0) € arg max U(e,m) st:  (A.12)

where P = (¢,1m,k,6LFF 555 ). An incentive-compatible contract is optimal if

it minimizes the cost of delivering utility to the agent

[o¢] t d
Jo(up) =  min EX / e~ Jo rudu (et + myiy — keoy) dit
(e;m,k)eIC 0
st: Ul(e,m) > ug

We pin down the agent’s initial utility ug with a free-entry condition for principals.
If the agent has initial wealth w, he gives it to the principal in exchange for the
full-commitment contract, and the principal breaks even, Jy(ug) = wp.

B. Incentive compatibility and optimal contract

Given contract C = (c,m, k), the agent’s problem is to choose a misreporting
and hidden trade strategy P = (¢, m, k, 517, 559 5) to maximize his utility sub-

ject to his dynamic budget constraint. Wlth the natural debt limit, the dynamic

5See Di Tella and Sannikov (2016).
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budget constraint is equivalent to the following intertemporal budget constraint
(A.14)

EQ |:/ e f(; T“du(ét + Thtlt)dt:| < IIlea,SXEQ |:/ e f(f T“du(Ct(Ys) + mt(YS)z't + kt(YS)St)dt
0 S 0

The right hand side is the present value of the agent’s income from the principal,
including what he “steals” from him, and is equal to (minus) the natural debt
limit —ng. Of course, if the right hand side is infinity the agent can achieve infinite
utility. This corresponds to the case where the natural debt limit ny = —oo so
the agent can get infinite utility under the dynamic constraint as well.

Lemma 2. Assume |no| < oo. If (&,m, k,5LFF G5
budget constraint (A.12) with ny > n, always, then (¢,
budget constraint (A.14).

If (¢,m) satisfy the intertemporal budget constraint (A.14), then there are pro-
cesses (k, 6L P G1S s) and n that satisfy the dynamic budget constraint (A.12)

yYn
with ny > n, always.

and n satisfy the dynamic

s)
m) satisfy the intertemporal

We can split the agent’s problem into two parts. First, pick a misreporting
strategy that maximizes the value of the right hand side. Second, choose ¢ and
m to maximize utility subject to the intertemporal budget constraint (A.14).

If s* = 0 is optimal, then
t t
e ) (Vi (V) )d — eJret ()
0

must be a Q-martingale for s = 0 and a supermartingale for any other s. So we
can write

d <e_ I "“d“nt(Ys)) = e 0TI {(e(Y?) A+ ma(Y?)ig)dt + 0,y (V) (Y} + cudt)

If the agent misreports s, then

/0 eI I ey (V) A (V)i + b (Y )0t — (e (V™) + (Y )i )

— (Y5 (dY + aydu) — 61 FP (Vo) (dZIFP + 0T P du) — 655 (Vo)(dZ25 + 055 du)}

or simplifying,

t
/ e Jo T (L (V) sudu — 0,0 (V®) (Y + audu) — 5EFP (Vo) (dZTFP + 075 du)

— Opu
0

Gl (V) (dZ S + 01 du)}
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must be a Q-supermartingale. Since dYy = dW, — (‘j—idt, this requires

kt + O'mgi =0 = ou= —ktO't
nt n
In other words, for every dollar the agent misreports he must lose a dollar in
present value of future income.
Second, taking the right hand side of the intertemporal budget constraint as
given and choosing ¢ and m is a standard consumption-portfolio problem. The

FOC are

(A.15) et =7t — p+ 0% + (6LFF)2 4 (655)? Euler equation
(A.16) oy = 00 demand for capital
(A.17)  GLEFP =gI'tP TFP shocks
(A.18) GRS — ghs risk shocks
(A.19) me/ee = B/ (1 — B)i; money

In addition, optimality and zero hidden savings, n; = 0, imply that
EZ [/ e I Gy + mumd“] - Ef U e I (e (V0) + my (Y O)iy)dt | = —n,
t ¢

and ¢; = (1 — ﬁ)pEtQ |:ft e I TTdT(Eu + Thulu)du} = (1 - B)p(—n,). From this it
follows that the geometric volatility of consumption is

k
(A.20) ot = (1 — B)pc—tat ”skin in the game”
t

It’s worth noting that, given (A.15)-(A.19), the agent’s continuation utility
U =E,; [/ e (1 — p)log ¢, + Blog my)du
t

will admit a representation U; = A; + %log ¢¢. The skin in the game constraint

(A.20) then implies oy = (1 — B)c; 'ksoy. If the agent misreports a dollar and
immediately consumes it he gets marginal utility (1 — 5)c¢;, ! so his continuation
utility must go down by that amount to deter him.

Putting these conditions together we obtain the following result.

Lemma 3. An incentive-compatible contract C = (¢, m, k) must satisfy conditions
(A.15)-(A.20).

The incentive compatibility conditions (A.15)-(A.20) are necessary. In general,
proving that they are sufficient for global incentive compatibility is a difficult
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problem, because the hidden trade allows the agent a large set of deviations.
The strategy is to first characterize the optimal contract subject only to the
necessary incentive compatibility constraints, and then prove that it is indeed
incentive compatible. As it turns out, this will be straightforward in this setting
because the optimal contract will coincide with letting the agent choose his own
consumption, money, and capital (the optimal contract coincides with autarky).

We say that contract C = (¢, m, k) solves the portfolio problem for wy > 0 if it
maximizes U(c,m) subject to the dynamic budget constraint

(A21) dwt = (Tt’wt — Ct — mtit + ktOét + H?FP(}Z{?P + eﬁs(}gf)dt + ktO'th

+ 60 LAz + Az
with solvency constraint w; > 0. This dynamic budget constraint is equivalent to

(A.22) EC [/ e~ ho rudt (e, 4 omyiy)dt| < wo
0

It is well known that (A.15)-(A.19) are the FOCs for this portfolio problem, so
we get the following result.

Theorem 1. Let (¢c,m,k) be an optimal contract for initial utility ug, with cost
J(ug). Then (c,m,k) solves the portfolio problem for wo = J(up).

Conversely, let (c,m,k) solve the portfolio problem for some wy > 0. If in
addition lim;_, Ele™"wy] = 0, then (c,m,k) is an optimal contract for initial
utility ug with J(ug) = wp.

—rt

Remark. The condition lim;_,~ E[e™ " w;] = 0 must be satisfied in the competitive

equilibrium in the paper.
C.  Comparison to Di Tella and Sannikov (2016)

This setting is essentially the same as in Di Tella and Sannikov (2016), with
hidden investment and perfect misreporting (¢ = 1 in the context of that paper).
The main result here is Theorem 1, which is analogous to Lemma 28 in that
paper. This is therefore a special case of the environment in that paper.

But there are some differences. First, here I allow aggregate risk shocks that
affect the investment environment. The setting in Di Tella and Sannikov (2016)
is stationary. Second, in Di Tella and Sannikov (2016) the agent faces a no-debt
solvency constraint n; > 0 on his hidden savings n. Here I allow the agent to
borrow up to the natural borrowing limit, using his income from the contract. As
it turns out the optimal contract is the same. The no-debt borrowing constraint
relaxes the IC constraints, but the principal does not use this freedom in the
optimal contract. Intuitively, with n; > 0 the principal could backload the agent’s
consumption if he wanted. But what he really wants to do is to front load it.

Finally, here I allow the agent to short capital in his hidden investment, k; < 0
and to overreport returns, s; < 0. This is done for simplicity. In Di Tella and
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Sannikov (2016) hidden investment and misreporting must be non-negative, k; >
0 and s; > 0, and the optimal contract is the same (for the special case with

¢ =1).
D. Proofs

PROOF OF LEMMA 1:

From the definition of the natural debt limit (A.13), if we take absolute value
on both sides we get the following inequality

| < 8, =B [/ el ey (V) 4 (V)i + sk (V) |du| < 0o
t

where s* is the misreporting process that achieves the maximum in (A.13). The
martingale representation theorem yields

d (e_ Jo T’udust) — e b el e (V) by (VS Yig 457k (VS |dt+Q-local mart. terms

We also know that limp_, EQ [e‘ o T“d“ST] = 0. To see this, write

~ T i
So = Egg |:/ efo r7d7—|cu(Y5*) + mu(YS*)Z-u i Szku(ys*)|du:| + EQ [6_ fOT ruduST]
0

and take the limit T" — oo, using the MCT on the first term. It follows that

T
limp_yoo €™ Io rudt G exists and is zero almost surely (see Problem 3.16 in Karatzas
and Shreve (2012)). Since |n,| < S, the same is true for n,, and since n; > n,,

t
we obtain lim infp_, e~ Jo rudtiy, >0 a.s. W

PROOF OF LEMMA 2:

In the first direction, use the dynamic budget constraint to compute
N LT gt B
EQ ¢ forudin, | — g9 [ / e T (e (V) (V)i + o (V) 50
0

. t .
—E? [/ e Jo ”dT(Eu + Mty )dt
0

Subtract E? {e‘ Jo Tuduﬂt} < oo from both sides. Because ng is the maximum



18 THE AMERICAN ECONOMIC REVIEW MONTH YEAR

value that the agent can get, we obtain an inequality:

EQ |:€_ fot Tudu(nt - ﬂt)] < maXEQ |:/oo e fou 7deT(Cu(YFS) + mu(Ys)Zu + ku(Ys)Su)du:|
s 0

- t “
—E“ [/ e Jo TTdT(éu + ﬁzuzu)du}

0

B t N .
E? [/ e Jo "TdT(Eu + ﬁluzu)du] < —ngy— E? {e_ Jo 7‘“d“(nt — ﬂt)]
0
Take the limit ¢ — oo and use n; > n; to obtain the intertemporal budget
constraint (A.14).
In the other direction, define

~ o w
ne =n; + E@ [/ e i T’TdT(Eu + Thuzu)du} >n,
t

Define L; = EtQ [ftoo e I ”dT(éu + Thuzu)du] , so that fg e Jo' TTdT(5u+muiu)du+
e o "7 [, is a Q-martingale. Likewise, — fot e~ Jo AT (e (YVS7) + my (Y )iy +

* t . ~ . . . .
ko (Y3 )s%)dt + e~ Jo™9n, is also Q-martingale, where s* is the misreporting
process that achieves the maximum. So we can write

dny = (nm e (V) 4 me (Y )i + k(Y )st — (60 + mm) dt
+ (ont + o) (ondt +dWy) + (617 + 61 D)0 TP dt + dZIFP) + (657 + 6757)(0f 5 dt + dZ[*)

nt
Letting op + o = l;:t — Kk, 6§tF Py 6%{ P &gg’ P , and &ézts + &ff = &fﬁs , We
obtain the dynamic budget constraint (A.12). B

PROOF OF LEMMA 3:

Immediate from the argument in Section III.B, noting that incentive compati-
bility requires |ng| < co. W

PROOF OF THEOREM 1

In the first direction, if (¢,m, k) is an optimal contract, then it must satisfy
the local IC constraints (A.15)-(A.19), which are the FOC for the consumption-
portfolio problem. So ¢ and m solve the optimal portfolio problem for some
initial wg, with an associated wealth process w that satisfies the dynamic budget
constraint (A.21) and w; > 0. Now the IC constraint (A.20) pins down the
corresponding k. We know that ¢, = (1 — f)pw; in the portfolio problem, so
(A.20) and (A.16) imply

o k
oo = — = (1 - B)p—oy
Ot Ct
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k¢ Qi

Wt O'tz

which is the expression for capital in the portfolio problem. Finally, we need to

show that wg = Jy. Integrate the dynamic budget constraint (A.21) and take
expectations under ) to obtain

T
wy = E9 [/ e " ep + myi — kya)dt| +E@ [e_T’TwT}
0

If we take the limit 7' — oo, the first term will converge to E [fooo e~ ey + myi — kta)dt] =

Jo (apply dominated converge theorem and use feasibility). For the second
term, because everything is proportional to w, we must have J; = Aw; for
some A > 0 (it will be A = 1). The continuation cost of the contract J; =

E; [ too e " (cs + mgi — aks)ds] must satisfy imp_, o [E [e_TTJT] =0, so limp_, Ele

0 and therefore wy = Jy. To see why limp_ o E [e_T’TJT] = 0, write Jy =
E [fOT e ey + myi — k‘toz)dt} +E [e_T’TJT] and take T" — oo (using DCT and
feasibility again).

In the other direction, suppose (¢, m, k) solve the portfolio problem with asso-
ciated wealth process w and utility utility U(w) = L(logw — log ). Notice that
this is the only contract that satisfies the local IC constraints and delivers utility
ug = %(bg wp — log&). (A.15)-(A.19) are the FOC for the portfolio problem, and
pin down ¢ and m up to an initial constant (corresponding to wp). We also know
that k;/w: = & and ¢; = (1 — 8)pwy, so from (A.16) we get the skin in the game

t

IC constraint (A.20)

o= = ﬁO't =(1- 5),0@0%
gt W Ct
The contract (¢, m, k) is feasible because limp_, E [e_T’TwT] = 0 (each term is
proportional to w, so it grows slower than r). The contract is globally incentive
compatible, because the agent is only getting risk-free debt from the principal,
and doing what he wants.

It only remains to show that we can’t achieve more utility. Integrate the dy-
namic budget constraint to obtain

T
wo=E [/ e ey + myi — kya)dt| +E [e_TTwT}
0

and take the limit T" — oo to obtain Jy = wg > 0. So giving the agent more
utility (scaling up the contract) will cost more. H

] =
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