Online Appendix:
“Acquiring Information Through Peers

By BERNARD HERSKOVIC AND JOAO RAMOS*

In Sections and we prove Proposition Lemma and Proposition respectively. We prove Proposition
[ in Section [B] and, in Section [B:2] we show an example in which Properties [I] and [2] do not hold in an out-of-equilibrium
network. In Sections @ and we prove Theorem Proposition EL and Theorem Finally, in Section we prove
Proposition [f]

A. Proof of Propositions [1] and

We prove Proposition [I]in Section and Proposition [2]in Section

1. Proof of Proposition

‘We prove Propositionin two steps. First, we fully characterize the linear equilibrium in Section Second, we show that
there is a unique equilibrium in the first stage of the game in Section[A]]

LINEAR EQUILIBRIUM

Leta = l ;L:l a; be the average action, and let a_; = ﬁ Zj# aj = Mga— ﬁai be the average action without agent

i. We will verlfy the following guess:

(A1) a=>_Bjej.
=0

From the first order condition, agent i’s optimal action satisfies: a; = (1 —r)E [0|L;] + rE [a—;|I;] = (1 — 7)E [0|L;] + 7E [a|L] ,

where 7 = TJ:T:LI . Using Bayes updating, the expected value of the state of the world given agent ¢’s informational set is given

1S oo =5, P 1 o? gijo gij . _
by E[0]L;] = Zj:o gijej = €i, where gio = T, 902 _ K; +1+02 ) Gij = T+57  giso- 2 = KitltoZ forj>1,and eg =0
is the prior’s mean. The expected value of the average action given i’s information is given by

n n n
Ef@l] =Y BEe;[L] = Bigije; + »_ Bi(1 — gi)e
j=0 j=0 j=0
Thus, player ¢’s action is simplified to

(A.2) a; =(1—7)g; +f2ﬁjg¢jej +FZﬁj(l *gij)éi

j=0 7=0

In order to verify our initial guess, we sum over 4,

n n n n
nﬁ:ZaiZZEi—FZE 7’2 Zgz]ej+TZ/6’]ZeZ—rZﬂ]Zgwel
i=1 i=1 i=1
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Using matrix notation let

€1 €1 gio g11 coo 9in

gn0  9nl ... YGnn nxntl

Hence, the sum of all action becomes
na = 1'e — 7#1'e + 74’'diag(G'1) { 2 ] +7p'11'e —7FB'G'e

where 1 is a column vector of ones with the appropriate dimension, and diag(-) creates a diagonal matrix. Let

gio g1t ... Jin
G= : ,
gnO gnl gnn nxn+1
_ |0 .
and we have that e = G e | The sum of actions becomes:

nﬁ:l’é{ 2 } —f1/é[ 2 } +fﬂ’diag(G’1){ 2 ]+f«,8’11’é[ 2 } —fﬁ/G’G‘{ 2 }

a= % {1=7) VG +7p (diag(G'1) +11'G - G'C) } [ 2 }

Next, we use method of undetermined coefficient to solve for the vector of loadings 3 based on our initial guess, @ = 3’ [ 2 :| :

(A.3) I % {(1 — VG +7 (diag(G/l) 111G — G’é)}

-1

1 1 . .
S(1-M1E [I —-F (diag(G’l) +11°G - G'G)]
n n

We can verify that the average action loadings sum to 1. Starting from the equation above and post-multiplying by a vector
of ones (remember that G1 = 1):

nf1=(1-7)1G1+#8 (diag(G’l)l +11/G1 - G’G‘l)
nB'l=n—in+78'G'1+7p'11'1 —7F3'G'1
B'1(n —#n) =n —n
(A.4) B'1=1.

From Equation the action of each agent in vector notation is given by

a =€ — e + 7Gdiag(3) [ 2 } + 7e — fdiag(B' G’ )e = A[ 2 }

where A is a n X n + 1 matrix of loadings

(A.5) A = G —7G + 7Gdiag(B) + 7G — idiag(8' GG,



SOLVING FOR \;; AND [3; USING SUM NOTATION

Let X\;; be the element (4, ) in the matrix A. Following Equation (A.5)), the As in sum notation are given by:

n
(A'G) /\ij = ( 7") gij + Tﬁjglj + ng] (Z ﬁsQis) gij

=0
fori=1,...,n,and j = 0,...,n. Notice that Z?:O Aij = 1, since Z’;:O gij = 1. Also notice that \;; = 0 whenever g;; = 0,
and \;; > 0 whenever g;; = 1. By substituting g;; in, we get for every j =1,...,n

9ij 9ij 9ij

A7 ANii=(1—7) ———— +7 +r7 —_—
( ) ij ( )’C+1+ 2 5]92] Ki+1+02 <§ﬂggls>/c+1+0

Next, we use Equation (A.3)) to derive 8s in sum notation:

nB = (1-7)1G+78diag(G'1) +78'11'G — 78'G'G

nﬁj (I_T)Z 1913 +7’B]Z —19ij +7’Z 191]_7’21712 oﬂsgzsgz]

Given that Z _o B35 =1 (Equation , we have:

(A.8) nB; = Zgij + 7B Zgij - FZ Z BsgisFij
i=1 i=1

i=1s=0

Also, notice that by definition we have:
(A.9) By =—2 i

By substituting g;; in, we get:

I« o? T Bsgst'
A.10 ==y -+ —E:E:
(4.10) & ni102+ici+1+n[°" 2ilag? 1K+ 1
1 & gij 7 U N BsGisYij .
A1 ==y T e Vi=1,...,
(A1) b n;0'2+lci+l+n fi (K ;Z()Uz-i-lci-i-l ! "

= < e
where K; =370 1 i 9s5, and Ky =370 (4, gis-
Since ZZ:O Bs = 1, we can rearrange the expression above as follows:

n n n
- = - 9ij
—F(K;+1)]8=01— B E— 1 Vi=1,...,n,
R I G £D i e s I D o | e 2 6e gzsﬁ j n
n n n
1—#8p=(1— S 1-
n{1—7 6o = ( ")Zgz+;c+1 Z:j o ;)ﬂs( gm)}
which are Equations @ and (@ in the main text.
Finally, the loading 8_; ; is by definition given by
(A12) B—i,j = - Z)‘k]7
n- k;éz
which can be written as:
n 1
(A.13) B—ij = - lﬁj i 1)\”-.



Notice that
(A.14) Shiy=1

because 377 B; = 1 and >°7_ A;; = 1, as shown earlier.

UNIQUENESS

In this section, we prove that there is a unique equilibrium in the second stage of the game. We follow closely the uniqueness
proof in [Hellwig and Veldkampl| (2009)), but adapted to our setting. From the first-order condition, in any equilibrium agent i’s
optimal action satisfies:

(A.15) a; = (1 — AE[OL] + 7E [alL;]

To prove uniqueness, we proceed in two steps. First, we show in Lemma [A.I] that the following expression constitutes the
unique solution to agents’ first-order conditions:

(A.16) a;i = a(l;) = (1—7) ZrE [ )]

t=1

where E;(-) = E;[-|I;], E(-) = =i Bi(4), EO(O) =0, and Et(é‘) =E [71&_1(0)] We write the action of agent ¢ as a function
of her information set, i.e., a; = a(I;), based on the equilibrium definition—see Deﬁmtlonl The second step is in Lemma
where we show that Equation (A.16) is a unique linear combination of the available signals in the economy.

LEMMA A.1: There is a unique equilibrium in the second stage of the game, in which agent i’s action a given by Equation

A.19.

PROOF:

We follow closely the proof of Proposition 1 in [Hellwig and Veldkamp]| (2009), but adapting to our framework. The main
difference is that in our setting there is a finite number of signals. Let a be the proposed equilibrium from Equation (A.16) and
let A be the set of functions a; = a(I;) such that

1 n
a(ly) = / (1= iWew+i= S a(ly) | dF @IL),
w n 4
=1
where w = (0,¢1,...,en)’ is a vector of i.i.d. standard normal random variables, b = (1,0,...,0)’, and F (w|I;) characterizes the

distribution of w given I; as information set. Notice that the set A is the set of functions that satisfies the first-order conditions
from Equation We will show that @ € A if and only if @ = @ almost everywhere.
Let us define the functional £(...) from L? to the real line:

n n 2
L(a) = / % Z [a(l;) — b'w]2 dF (w) — F/ <71L Za(ﬂi) — b'w) dF (w),
w i w

i=1

We proceed in two steps. First, we show that £(a) is strictly convex, and therefore if @1,a2 € arg ming £(a) then a1 = ao
almost everywhere. Second, we show that A = argmin, £(a), that is, a € A if and only if @ € argmin, £(a). Since a € A, then
a is unique except for measure zero perturbations.

First, we show that the functional £(a) is strictly convex. For any distinct functions a1 (I;) and a2(l;), scalar o € (0,1), and
A1) = a2(l;) — a1 (1;), we have:

L(aar + (1 —a)az) —al(ar) — (1 — a)L(a2) = a[L(a1 + (1 —a)A) — L(a1)] + (1 — ) [L(az — aA) — L(a2)]

n

:a/ |:(1a)2:zZA(HZ)2+2(IO{:LG:A i alﬂ)fbw}
« i=1

i=1
—7(1 —a)? ( ZA(H) —27( l—a( ial(ﬂ —b'w> <1iA(L~)> dF (w)
=1 "=

3\»—‘

4



+(17a)/ [ Z%ZA 7204%ZA(L') [az(I;) — b'w]
w =1 i=1
—Fa? < ZA > + 27 (Tll ZaQ(Hi) _b’w> <111 ZA(H1)>:| dF (w)
=1 =1

n 2
7/ |:(o¢(1—oz) +a?(1—a) —2a(l —a)) ZA(H (a1 —a)® +a?(1-a)—2a(1 — a)) (iZA(L)> :|dF(w)
=1
-1 n 2
:—a(l—a)/ EDPINOLE < ZA )}dF(w)
w L =1
[1 & 1 — 2 1 — 2
:—a(l—a)/ nZA(ﬂi)2—<n2A(m)> +(1—7) (nZA(L)> dF (w)
w =1 i=1 =1
:1 ~ ? 1 & 2
:—a(l—a)/ nz( ]I)—ZA]I)) +(1—7) (nZA(Hi)> :|dF(w)<0
w =1 i=1

The last inequality is strict if A(I;) is different from zero for a positive measure of events.

a1, a2 € argming £(a) then a1 = az almost everywhere.
Next, we show that A = arg min, £(a). For any functions a(I;) and §(I;), and a scalar ¢, we have:

L(a+t8) — L(a) = t?A(8) + 2tB(a, ),

where
> a(l) ( Za(n ) F(w)

=1

i(g L) [a(l;) — b'w] —T<:Lia ; —b’w) <ii5(ﬂz)>dF(w)
i=1

=1 i=1

3\'*

AG) = /
-,

S

Since L(a) is strictly convex, if

We have that A(§) > 0 whenever §(-) is different from zero for a positive measure. Therefore, £(a + t§) is minimized at

* B(a,d *
v =~ L&) and £(a +°8) = L(a) — 25

2
Bad)” pf5 ¢ arg ming £(a), then by the convexity of £(a) we have that a is unique.

Thus for any 4(+), we have B(a,d) = 0 since t* minimizes £(a+td) for any a and §. If @ € arg ming £(a) and @’ ¢ arg ming £(a),

then for § = a — a’ we have B(a’,d) # 0. Therefore, @ € argmin, £(a) if and only if B(a,d) = 0 for every ().

We can write B(a, §) as follows:

B(a, 8) / Z& ;) —bw] — ~<i2n:a(]1i)—b’w> <7llzn:6(]li)> dF (w)
1=1 i=1

12/6 |:a(]l -1 -fMpw-—7F %Za :|dF(w

n w

using law of iterated expectations,

n

[ (1) — (1 — F)blew — fl 3 a(ﬂj)] dF (w]I;) dF (I;)

Jj=1

\ |
M
=
\

n

Z AF (W) ] dF (I;)

S\H

,Z/a(]{ { ]I)—/w(l—f)b’w—i-F

Notice that if @ € A, then B(a, ) = 0 for any §(-), using the definition of the set A. This implies that @ € argmin, £(a).
[, = FApw+ 715" a(I;)dF (w|l;), we have §(I;) # 0 and thus

Finally, if @ é A, then by setting §(I;) = a(l;) —
B(a,d) = % 1 f]I 1)2dF (I;) > 0. As a result, @ ¢ arg ming £(a).

J
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LEMMA A.2: Equation is a unique linear combination of the available signals in the economy.

PROOF:
In this proof, we use the same notation as in the previous lemma: w = (6,¢1,...,,)" and b = (1,0,...,0)’. Notice that we
can write the signal structure of game in matrix notation as follows:

1 ¢ 0 -+ 0 0
el o
(A.17) : |t 0 e
en . . .0
nx1 £
\—;,—/ 1 0 - 0 nxntl " dn4ix1
=e pe —

or simply e = I'w, where the vector w is a vector independent standard normal random variables.
However, player i only observes the signal e; of players he is connected to, in addition to his own signal e;. Thus, let the
K; + 1 by n matrix X; be the matrix that selects the signals observed by player i:

(A.18) L = {ej}—0:g,=1 = [ Xoie } = [ Xﬁ“w }

Using Bayes’updating rules we have that E [w|[;] = Cov (w, X;Tw)’ Var (X;Tw) ™" X;Tw, where Var (X;Tw) = X IT' X! and
Cov (w, X;Tw) = X,T.

Let A; = I"X] (X; FF’X’)le I', we can write E [w|[;] = Ajw. Thus, we have E(w) = % L3, Ajw = Aw, where A =
1 Zl 1 A;. Notice that A; is 1demp0tent and thus its eigenvalues are either zero or one. Since %AZ is symmetric with

eigenvalues between zero and -, then the elgenvalues of A are between zero and onel Furthermore, we have that B (w) = w,

E' (W) = Aw, EQ(w) Alw, and more generally, E (w) = A'w. Hence, using b = (1,0, ...,0), we can write Equation 1i
as follows:

a(l;) = (1 — 7) ZrtE E@®|=0-7 Zm{a [E'vw)]=0- f)b'f:ftztm W] = (1 — ") iFtZtAiw.
t=1 t=1

Since the largest eigenvalue of A in absolute value is less than or equal to one, the eigenvalues of #A are stricly less than one
in absolute value. Thus the limit is unique and given by: a(l;) = (1 — 77V’ [I — FA] AN w. O

2. Proof of Lemma

Item (a) follows directly from taking the limit in Equations (6) and (7)) as r — 0. For item (b), we start from Equations (6
and for a signal that is observed by everyone, i.e. 7 € PU or 7 = 0:

n

n n
(A.19) n(1=7)B=0-7> gij +7 Y d Z s(1—gis) VjePUorj=0.
i=1 i=1 s=0

If we take the limit as r — 1, we have: lim,_1> 1 | Gij 22:0 Bs (1 — gis) = 0. We know that 8s > 0 for every s and that
gi; € {0,1} from Equations @ and . As result, 85 (1 — gis) > 0 for every ¢ and s, and hence lim, 1 Bs (1 — gis) = O for
every i and s. For every s ¢ PU with s > 1, there exists an ¢ such that g;s = 0. Therefore, lim,—,1 8s =0V s ¢ PU, s > 1.
From Equation for j € PU, notice that the right-hand-side of the equation is the same for every j > 1 because
Jij = m, which implies that §; = B8s = Bpy for every r and for every s,j € PU. Similarly, for the common prior,
we have By = o2B8py for every r. Given that Z?:o B; = 1, we have that (0'2 + ICpU) Bpu + Z?&PU B; = 1 and therefore

- B 2
j¢PU PJj . _ 1 . : . . _ o : R 1 ;
Bpu = Py g = lim,_1 Bpy = iy e which implies lim,_,1 Bo = P and lim, 1 85 = ey ) € PU.

!See equations 2 and Appendix A.1 in |Hellwig and Veldkamp] (2009).
2See Theorem 1 in Thompson and Freede| (1971).




3. Proof of Proposition[g

The payoff function of player i net of link formation costs is given by

where a} = (1 — )0 + ra_; is player ’s bliss action and @_; = ﬁ Z?le# aj = > 7_, B—i jej is the average action without
i’s own actionEl Notice that player i takes all 3_; ;’s as given. Using the notation from Equations and , notice
that the optimal action of player ¢ is a; = E [az’f |]Ii], and the expected payoff net of link formation costs for a given network G
conditional on the common prior is given by

E[U;|G] = -E [(ai —ar)? |G] - K [E [(a,. —a?)? \L] |G]

where the last equality hold based on law of iterated expectations. Using the optimal action choice, the expected value
conditional on player i’s informational set is a conditional variance. Hence, the payoff function net of link formation costs is
further simplified to

E[Us]G] = —E[Var (a7 |1;) |G]

Next, let’s write the bliss action in matrix notation:

n
(A.20) af=1-r)f+ra_;=1—-r)f+r Z Bijej =[1—rB_io0, Tof—i1, TOP—42, -+, TOB_in] w= Fz-'w
=1

=F!
where f_;0=1— 2?21 B_i,; and w is defined in Equation . The vector F; does not depend on player i observed signal,
it only depends on the network itself.
Additionally, we can use Bayes updating rule to represent the optimal action as follows:
(A.21) a; = E[af L] = E [Flw|l;] = F/E[w]L],
where E [w]I;] = Cov (w, X;Tw)’ Var (X;Tw) ! X,-Fw Player ¢’s expected payoff net of link formation costs becomes:
(A.22) E[U;|G] = —E [Var (af |I;) |G] = —F}Var (w|L;) F;
and we can use Bayes’ updating rule to compute the variance covariance termEI
(A.23) Var (w|[;) = Var (w) — Cov (w, X;Tw)’ Var (X;Tw) ™! Cov (w, X;Tw),

where Var (w) = I, Var (X;Tw) = X;I'T' X/, and Cov (w, X;Tw) = X;T'. In order to successfully invert the variance-covariance
matrix Var (X;Tw), let’s rewrite I" from Equation (A.17) as I' = [1 ®] where 1 is a column vector of ones and

o 0 - 0
(A.24) o= |9 @
: .0
0 - 0 o

nxn

Using the above notation, we can simplify Var (X;I'w) as follows: Var (X;I'w) = X;I'T'X! = X;®®'X/ + 11’. Notice that
X;®®' X! is a diagonal matrix variance of signals that player ¢ observes. This simplification is useful because X;®®’X/ is easy

n

3Remember that eg = 0, so we could have defined a_; = > 5o B—ije; instead.
4See equations 2 and Appendix A.1 in Hellwig and Veldkamp| (2009).
5See equations 3 and Appendix A.1 in [Hellwig and Veldkamp] (2009).




to invert and we can apply Sherman-Morrison theoremﬁ

1
(A.25) Var (X;Tw) ™t = (X;00' X)) ! — g(Xi<1><1>’X;)*111’(Xi<1><1>’X;)*1
K3

where ¢; =1+ ll(Xi©¢’X£)711 =1+ Z?:1 gijo

After some algebraic manipulation, we can use the simplified inverse of the variance to compute the following:

/

Cov (w, X;Tw)’ Var (X;Tw) ™" Cov (w, X;Tw) = { ] Var (X,Tw) ' [1 X;®]

%
X!
gi1 gi2
¢’L 15 o ) o )
gi1 .. 9i19i1 _ 9i19:i2
) Pigin 52 52
1 gi2 _ 9i29i1 e — 9i29i2
= g o o2 Gigiz o2
i
Jin _ 9ingil _ 9ingi2
L o o2 o2

and player ¢’s expected payoff net of link formation costs becomes

E[U;|G] = —F{Var (w|;) F;

r 1 _9i1 _ gi2 _ Yin

! a ) - g

79;17 (1 79“)(;32, + 5(7;%’ 91;!27127 91;92171

_ 7iFZ’ _932’ giigil’ (1 —gi2)¢i+ e(7;‘22’ giigzm

oi . .
i _9?7 gizgu’ gi;giz, (1 —gin)¢i +
n n
2
(A.26) =——0- ngijﬂfiﬁj) - Z(l - 9i;)B2 ,JU

j=0 Jj=0

where ¢; =1+ E L gij0 2= LK-H and K; = 37 j=1,57i 9ij+
By substituting ¢.L, the expected payof‘f including llnk formation costs becomes:

2
2

n
g 2
Py e 1 *Tjgogz‘jﬁfi,j -’ Z(l —9i)B2; ;= C(Ki),

which is exactly the payoff expression in Proposition

B. Equilibrium Properties

DiGin — o2

gin
o2

_9i19in
2

_ 9i29in
2

@
"
3

o

9inin

In Section we prove Proposition [3| by showing that any equilibrium satisfies properties[ljand [2] In Section we show
an example of an out-of-equilibrium violation of these properties. In Section [B-3] we prove our first main result, Theorem[I] In
Section@ we prove Proposition@ In Section we prove our second main result, Theorem Finally, Sectioncontains

the proof of Proposition [5]

6 For any non-singular matrix A, column vectors u and v, and a scalar «, Sherman-Morrison theorem states that
(A4 aw’)™ = A-1 — %A‘luv’A_l, where ¢ = 1+ av’A~lu. We apply this result by setting 4 = X;®®'X], o = 1,

u=wv = 1. See|Golub and Van Loan| (2012} for more details.




1. Proof of Proposition[3

ProOPERTY [II

We start by showing that given Assumption 1, any strict Nash equilibrium of the game above satisfies Property m

The argument works in two main steps. First, we show that an agent’s best response to other agents’ choices of connections
is to observe the signal of the most influential agent. In Lemma B we show that agent i’s best response to other agents’
choices of connections is to observe the signal of the most influential agent, where agents are ranked by a centrality measure
that is specific to agent 4, 5_; .. While in Lemma@we show that, in equilibrium, all agents rank which signal to observe in
the same way. That is, we show that the agent specific ranking S_; . coincides in equilibrium for all agents, and is captured
by the vector of influences over the average action 8. Second, we show that an agent whose signal is more observed is also
the one that has a more influential signal. In Lemma we show that more people observe agent m’s signal than agent I’s
signal if, and only if, agent m’s signal is more influential for the average action than agent I’s signal. This guarantees that, in
equilibrium, the ranking implied by influence is the same ranking implied by the number of agents observing a signal.

Let us start by showing the monotonicity of best responses. We show that for any agent ¢, set of connections of i g;, set of
connections of other agents, and other agents strategies, agent i’s best response dictates that if she finds optimal to observe
another player’s signal, then she observes any other more influential signal as well.

LEMMA A.3:  For any strategy played by the other agents, in any best response by agent i, if i # 1 and g;; = 1, then g; ;m =1
for any signal m such that B_; mm > B_; ;.
Furthermore, if the best response is strict, then if i # | and g;; = 1, then g; m = 1 for any signal m such that B_; ;m > B_; ;.

PROOF:

Observe agent i’s expected payoff formula from Proposition First, note that player i’s connection decisions or action
decisions do not influence the vector of influences given by S_; .. Thus, an agent connections only affect her payoff through
the g;. Finally, observe that player’s i payoff derivative with respect to 8_;; is strictly positive for any g;; = 1, and strictly
negative for g; ; = 0. This completes the proof. O

We now proceed to the second part of our argument. We establish that the agent, j, whose signal is more observed is also
the agent j with higher 8_; ;, for all 4.
The first step is to establish a relationship between 3_; ; and 3; in any strict equilibrium.

LEMMA A.4: For any agent i, given a strategy played by the other agents, in any strict best response by i, Bm > By implies
that B_i m > B—i;. Furthermore, if Bm > By, then we have B_; m > B_;;

PROOF:

We proceed by exhaustion. Agent i’s connections must satisfy one of the following situations: (i) gim = 1 and g;; = 0; (ii)
Gim = gat = 0; (iii) gim = gst = 1; or (iv) gim = 0 and g;; = 1. We start with the first case. If g;y = 1 and g;;, = 0, it must be
that B_; ¢ > B_; n by Lemma For the other 3 cases, using Equations (A.13) and (A.7), we have:

> oo Bsgis H

fris = Ki+ 1402

n 1 n 9ij { 1

C_ N — o
—1'8j n—1"" B K; + 1402

+7:|:Bj*

n—1 n—1

Applying the above to our three remaining cases gives us the following: (i) If giym = g5y = 0, then B_; ,m — B = ﬁ(ﬂm —

B1) > 0. (ii) If gim = gy = 1, then B_j pm — By = (ﬁ - nL;I) (Bm — B1) > 0. (iii) If gim, = 0 and g;; = 1, then
17" ’Vl7 sTis ~

Boivm = Boit = 725 (Bm = B1) + (et + 2B > 0. Thus, we have that fm > 8 = Boim > f_su and

Bm > B = B-im > B, O

To show that in any strict Nash equilibrium Property [1|is satisfied, all what’s left to show is that an agent whose signal is
more observed has a higher influence on the average action in any strict equilibrium, that is K, > K; = fBm > ;. Before
that, we show a simple property about cross-looks: If a higher ranked agent observes the signal of a lower ranked agent, then
in equilibrium the lower ranked agent also observes the higher ranked agent signal. Although in content the following Lemma
is closer to Property [2] its proof is a lot simpler. To prove the lemma, we present a revealed preference argument. It suffices in
this case (and not for Property [2]) as we only have to compare one player’s deviation at a time. We use this result in the proof
of Lemma [A-6]

LEMMA A.5: Let agents h and f be ranked by their influence over the average action, such that By < Bp. If in equilibrium
gh,f =1, then gfn = 1.



PROOF:

The proof proceeds by contradiction. Assume that in a proposed equilibrium, g5 s = 1 and gy = 0.

Let ITy and II; be the players’ equilibrium payoffs. Since gj ; = 1, agent f can simply copy agent h’s connections if she
wanted to—and also copy the action weights—which implies that I1; > II; by revealed preference. It is worth noting that if
agent f copied agent h’s connections they would both have the same information set. This guarantees that they could have the
same payoff, as well as same action coefficients.

Let ﬁf be the payoff of agent f if agent f stops observing her own signal and observes player h signal for free. By the
monotonicity of agent ¢’s expected payoff formula, given in Proposition [2| and Lemma , B—f,n > By, and thus ﬁf > IIg.

Finally, if agent h observes the same set of signals as agent f does in the proposed equilibrium, (except that she observes her
own signal and does not observe agent f’s signal), her payoff cannot be less than f[f. Agent h could simply copy the connections

and action weights used by agent f to obtain the payoff 11 ¢+ By revealed preference, this gives us 11 f < 1IIjp. A contradiction. O

LEMMA A.6: In a strict equilibrium, agent m’s signal has a weakly higher impact in the average action than agent l‘s has
if, and only if, agent m is weakly more observed than agent .

/BmZBl @EMZE

PROOF:

First of all, note that lemmata and guarantee one side of the argument, that if 8, > 8; then KCp, > K;. However,
we need to show the other direction to guarantee Property m Thus, assume not. That is, assume that 8,, < §; and at the
same time K, > K;.

From the fact that all players use the beta ranking to decide who to look, we have that 8; > B implies S_;; > B_; m Vi,
and thus g; ; > gi,m Vi # m. Let us now proceed in cases. There are two possible cases, (i) g;,,m, = 1, which gives us g, ; =1
by Lemma or (ii) g;,m = 0, which gives us g,,; = 0 otherwise K; > Km. So, in both cases, we have that Jiom = Im,i-
Since g;; > gl m Vi #m and KCp, > K, it must be that K,, = K;, which implies that 9i,l = Giym Vi.

Let’s now use the formula for the influence of a signal j, 3;, from Equation , and apply it to both signals m and .
The difference between Sy, and (; is given by:

n

1 & gim — Gil ﬁsgzs gzm — gzl) T o
m— B = — _ (K + 1) — B (IC; + 1) — | = — |(Bm — Km+1
B — Bi n§ GQHCH B (Kim +1) = Bi(Ky +1) ;1;0 P =~ [(Bm = B)(Kim +1)]
Given that 7 (ICm + 1) < n, we must have B, — 8; = 0, a contradiction. O

Finally, to show that any strict Nash equilibrium of the game satisfies Property |I| all what is left is to use the Lemmas above.
In any strict equilibrium, by Lemma if Ky > K; we have that By, > §;. Lemma shows that 8, > (; guarantees
B—i,m > B—i,1, and finally by Lemma@ﬁ_i,m > fB_;, implies that for any | # i, g;; =1 = gi,m = 1.

PROPERTY

The proof that Property |2| holds in equilibrium is a little more evolved. Before discussing the details of the proof, let us
define two sets, Dj; and Dy, for two players m and [ with

Km > ]Cl.

By lemmata [A-3] and all players are ranked according to a common list and thus all signals that player [ pays to observe,
player m also observes.

Let there be d = Ky, — K; > 1 signals. Abusing notation, we call the corresponding set of signals, Dj; and Dy, defined as
follows: Djy is the set of d signals that agent m is currently observing but would stop observing if agent m were to observe d
fewer signals. Similarly, Dy, is the set of d signals that agent [ is not currently observing but would start observing if agent [
were to observe d additional signals. Accordingly, if [ were to form connections to Dy, she would be obtaining the same number
of signals as m. Note that we define Dj; and Dy, to be the set of signals that give the best possible information set for players
m and [ that satisfy the above.

The fact that player m receives signal m for free disciplines the sets Dj; and Dy,. They are not equal, as agent m cannot
deviate and stop observing her own signal. Let us also define the set Sjs, to be the set of signals that agent m observes and [
does not observe, while the set Sy, is the set of signals that agent [ observes and m does not.

EXAMPLE A.1:  Consider the following example, in which player m is the 5*" most attractive signal to be tapped into while
player 1 is the 9. In each of the four situations above, we contemplate a different configuration between the two players. In
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1 1 1 1
2 2|, 2 ZLL
3L 3 3L 3
4 4 4 4
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6 6 6 6
7 7 7 7
8 8 8 8
L L L L
ML ML M AL M AL
LM LA M LM LA M
Dar = {7,8,L} D = {6,7,8, L} Dy = {7,8) Dar = {4,6,7,8)
Dy = {6,7,8} Dy = {M,6,7,8) Dy = {67} Dy = {4, M,6,7}
d=3 d=4 d=2 d=14

—~
ol
—

(a) (b) ()

Figure A.1l. : Four different configurations concerning players m and [ choices of connections.

the first, they both tap into each other signals, while on the last neither does so. In the second, even though m taps into l's
signal, | does not correspond, and finally, the third situation presents the inverse.

The four examples pictured above show different possibilities for the sets Dy; and Dy, depending on the connections formed.
It is also interesting to understand what is the information set of players in each situation. In the first situation, the players
information sets are Iny = {eo, e1,e2,€e3,ea,enr,€6,¢e7,e8,er} and I, = {eo,e1,e2,e3,eq,enr,er}, and thus Sy = {es,e7,es}
and Sp, = {0}. In the second situation, they are In; = {eo,e1,€2,€3,€e4,€enr,€6,€7,€es,er} and I, = {eo,e1,e2,€3,€4,€er,}
(and thus Spr = {en,es,er,es} and S = {0}), while on the third they are Ip; = {eo,e1,e2,e3,eq,epr,€6,€7,68} and
I, = {eo,e1,e2,e3,ea,epr,er}, with Sy = {es,er,es} and S = {er}. Finally, in the fourth configuration, Ipn; =
{eo,e1,€2,€3,€e4,enr,€6,€e7,e8} and I1, = {ep,e1,e2,e3,er}, and thus Spr = {ea, enr, e6,€e7,e8} and Sp, = {er}.

The example above highlights comparative properties of the sets Dy and Dy,. The signals listed in Dy, weakly dominate
the ones listed in Djs. This is a direct result of the fact that player m receives the signal m for free (and m is more attractive
than [) and cannot stop observing it, while player [ receives signal .

COMPARING DEVIATIONS

We will prove Property Q by contradiction. The general structure of the argument is to assume that in equilibrium an agent
m is at the same time strictly observing more signals and has her signal observed more than another player [, that is:

Km > K; and K > K

The contradiction will be constructed in the following way: If it is worth for agent m to pay and observe more signals than [
does (even though agent m's free signal is more observed than agent I’s free signal), then agent I’s deviation to look at those
signals is profitable. The argument of the proof is to show that if player m is not willing to deviate and stop observing signals
in Dy, then it is optimal for agent [ to deviate and start observing signals in Dy,.

(7) First, we define an artificial deviation for player m. That is, a deviation not available to player m, but which will be used
as a hypothetical tool in this proof. That deviation is for player m to not observe the signals in the set Dy, saving the cost of
not paying for d signals. This is not a proper deviation available to player m for two reasons: (1) it might involve player m to
not observe her own signal; and (2) for the purpose of costs, in the hypothetical deviation, when player m stops observing her
own signal she saves on costs as if she had had to pay for it. This hypothetical deviation is very useful as now we can compare
the benefit of agent m to stop observing signals in Dy, with the benefit of agent [ to start observing signals in Dj,. The set of
signals and the cost difference is the same in both cases.

(i) Second, by the fact that the set D, weakly dominates the set Dy, and by Lernma and Lernma we know that
the hypothetical deviation for agent m to stop observing signals in Dy, is weakly dominated by the original (and available to
player m) deviation to stop observing the signals in Dj;. Hence, if agent m is not willing to stop observing the signals in Dy,
then agent m is not willing to take the hypothetical deviation described above (i.e. to stop observing the signals in Dp,).

To simplify the notation, from now on we call the set Dy, as D, for deviation.

(33) The rest of the proof consists of showing that, if player m is not willing to deviate and stop observing signals in Dy,
then it would be optimal for agent [ to deviate and start observing signals in Dj,. We do this is in a few steps:
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1)

2)

3)

Lemmata and show that the influence of signals inside (outside) of the set D is higher (lower) if the average
action excludes player [ than if it excludes player m, as agent | does not observe those signals.

We construct the ex-ante payoff gain for player m to take the hypothetical deviation of stop observing the set D of
signals. We call this All,,, which is formally the payoff of player m under the hypothetical deviation minus the payoff
without the hypothetical deviation which is to keep observing the signals in the set D. Similarly, we construct the
ex-ante payoff gain for player [ to take the deviation of start observing the set D of signals. We call this All;, which is
formally the payoff of player [ under the deviation minus the payoff without the deviation which is to keep not observing
the signals in the set D.

By assumption, player m is not willing to take the deviation, thus AIl,, must be weakly negative. That is, AlIl,, < 0.
Also by the contradiction assumptions, player [ is not willing to accept the deviation, thus AIl; must be weakly negative
as well. That is, AIl; < 0. To formally show our contradiction, we show that AIl,, + AIl; > 0. To show this last
inequality, we use the results in Lemmata [A710] and to simplify the expression for the payoff gains.

Next, we proceed by showing these three step above, starting with Lemmata [A.7] and [A-§]

LEMMA A.7:  For a given non-empty set of signals D and two distinct agents | and m such that m observe all signals in D
while agent | does not observe signals in D, the summed influence of the signals in the set D is higher if the average action
excludes agent l’s action than if it excludes agent m’s action:

B—-1,j > B—m,j for every j € D.

PROOF:
This is a direct result of the fact that [ is not observing any signal in D while m is observing signals of D. This implies
that I’s action cannot respond to signals in D, i.e., \j; =0V j € D. Using the expressions for 8_, ; and 8_; ; from Equation

(A.13)), we have that:

1 1 n—1 1 n—1
J— _ _‘_7)\ .:77._’_7)\.:77.
Bj B—m,; n n B-1, n l,j n B-1,j
Hence,
B-m,j = B-1,5 — —Lj»
since Ap,; > 0 whenever g,,; = 1, i.e., for every j € D, as discussed in Appendix (Equation [A.6]). ]

LEMMA A.8: For a given non-empty set of signals D and two distinct agents | and m such that m observe all signals in D
while agent | does not observe signals in D such that Z?:o(gmj —91;)B8; > ZjeD Bj, then:

Z gm,jﬁ—m,j Z gl,j/B l,] = ni Z Am m,j > 0

i¢D ji¢D jED

PROOF:
Observe that [ is not tapping into any signal in D, i.e., g;; =0V j € D, thus we have:

> aiB-r; = Zgl,]ﬁ 15 =1— Z(l —g1,5)B-1,;-

J¢D 3=0

Player m is tapping into all signals in the set D, i.e., gm; = 1V j € D, and thus:

ngjﬁ m]—zgmjﬁ m,j Z,B,mJ:le(l gm,J B m,j ZB m,j.

Jj¢D JjeD j=0 jED

Subtracting the first from the second, we have:

n n

Z gm,jﬁfm,j - Z gl,jﬁfl,j = Z(l - gl,j)ﬁfl,j - Z(l gm,j )B- m,j Z B- m,j-

i¢D i¢D j=0 j=0 jED

‘We can partition all signals in the economy into four groups. The set of signals they are both observing Sg; the set of signals
neither is observing Sy ; the set of signals m is observing and [ is not, Sps; and the set of signals [ is observing and m is not,
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Sr.

Z Im,jB—m,j — Z g1,iB-1,; = Z (B=1,j — B—m,j) + Z B, — Z B—m,j — Z B—m,j

jgD j&D JESN JESM JESL jeD

From Equation 1' Bj = "T_lﬁ,m,j + %)\m,j. According to Equation 1) in Appendix we know that A\;; = 0
whenever g;; = 0. Hence, for a signal j in Sy, both A\, j and A ; are zero. For a signal in Sps, A;; = 0 and for a signal in Sz,
Am,j = 0. Thus, using these relationships, we can rewrite the difference above as

Z 9m,iB—m,j — Z g1iB-1,5 = " Z Bj — Z Bi| — Z B—m,j
i¢D ji¢D _jES]u jEST, jeD

=S - - 25J+Z Zmag _n_lzx\7j>o

n—1|. .
JESM JESL jeD JjED jED
N———
>0 >0

where the first inequality holds because ZjESM B — ZjesL B; = Z;‘L:o(gmj —915)B5 = ZjeD B;, using the condition of this
lemma. O

Given that all players are ranked according to a common list (lemmata and , for the players [ and m defined in this
proof, the condition in the lemma above is satisfied by definition.

Using the lemmata proven above, we now proceed to look at agent’s payoffs if they deviated and chose to observe different
signals. Let AIl,, be the difference of ex-ante expected payoff of player m between breaking those d extra links in D or
maintaining them. Notice that if player m unilaterally deviates and breaks those links, no other player changes her action.
Thus the influence of signals to other players action will not change, and 5_,, ; must be constant. Similarly, let AIl; be the
difference of ex-ante expected payoff of player [ between observing those d signals or not forming those links. Given that by
assumption we are at strict equilibrium, both expected payoff differences should be strictly smaller than zero.

Regarding notation, we keep g; ;j to be the original linking strategy of the proposed equilibrium, in which m observes the
signals from D and agent | does not observe them. Thus, we have to add or subtract elements to the expression accordingly.
Formally, in both payoff expressions used in AIl,,—one where player m observes the signals in D, and one where she does
not—we consider the same g, ; with g ; = 1Vj € D. Analogously, we consider for both elements of AIl; that g; ; = 0Vj € D.
Using the payoff function from Proposition |2|, we compute All,, as follows:

2 2
ALL. — 2 (1 - TZjeD gmjﬁfm,]) + o? (1 - TZ?:O gmjﬁ*”’hj) zn: 1 ,3 n Z 62
" 02+ Km —d+1 02+ K +1 - 9m3)B=m.; md
7=0 jeD
‘Without observing Observing D
Without observing
n
2 2 2
+rc Z(l_gmj)ﬁ—m,j"‘ AC

Cost difference of
not observing signals

Observing D

where the first element sums over j ¢ D, as player m is not observing the signals in D, while gn, ; = 1 Vj € D. For the same
reason, the third term includes the additional sum over j € D, ZjeD Bzm j Simplifying the expression above,

2

A S o o
M =— [1- B -
" Tngg””ﬁ ™ (02+Kmfd+1 02+lcm+1)
2
L > gmiB D Bomit 5 o > 8 2> Bm
- -r ImjiP—m,j m,j —m,j 77’ o
2 2 1]
02 + Km +1 = = +Km+1\ £ =
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If we analyze the ex-ante expected payoff difference for player [, we have:

2 2
o? (1 =72 G0 9181, — T X jeD 571,j> o? (1 —-r37 gljﬂfl,j)

n
ATl = — 0?2+ K +d+1 + o2+ K +1 e’ ]-z:%(liglj)ﬁgl’jiggﬁzlﬂj
Observing D Without observing Observing D
n
+r202;(1—glj),831,j— &g

Cost difference

Without observing

where the first element includes an additional term, a sum over j € D, as player [ is observing the signals in D, while
g1,; = 0Vj € D. For the same reason, the third element subtracts the additional term, EjeD 62—1 i

Notice that ZjQED giiB—1; = Z;L:o g1;8—1; because g;; =0V j € D. Hence, payoff difference can be written as:

2
2 2 2
o o ro
AIL = [1- B1 - 2 1- B ny
1 TZgz]ﬂ Lj <02+IC1+1 02+Kz+d+1)+ T T dr 1 ngzgﬁ Lj Zﬂm
JjgD Jjg¢D JjeD
2
e Zﬂ . —&—7’2022,82 _AC
oT Ky +d+ 1\ et £
JED JED

Before we proceed, note that the cost difference is the same in both cases, and also that K; +d = K,,. Thus, as we sum the
two differences, we write as follows:

2 2

2 2
(o2 (o
' (02+IC1+1 02+ICl+d—|—1) r;@:glﬁ L T;@g iB-m.;s

2
+ 2% L= giiBoig | D Botg— [ 1=7Y GmiBmi | Y B-my

Jj¢D jeb Jj¢D jeb

+T20'2 (Z 621 L ZBQ ) _ (ZjeD B*l,j)2 - (Zjep B—m,j)2
1,5 Zmj

jeD jeD o’ +Ki+d+1

We are now ready to sign the first two lines of the expression above. First, d > 0 and Lemma give us that the first line
is the product of two strictly positive terms. For the second line, by Lemma [A-7] and Lemma [A-8] we have that the second line
is also strictly positive. In what follows, we show that the third line is non-negative, characterizing the contradiction. To sign
the third line is equivalent to sign the following expression:

(Cenis - Sie0P0s)  a (Sien81s) -~ (SienBoms)”
d 02+ K +d+1 d2
> ZjED (le,j - Bgm,j) _ (E]’ED 571,]')2 72<ZjED /Bfm,j>2
- d d
:12 B ._125 2_12 B ._125 :
d JED o d seD o d jED - d seD o

From Equation 1) along with the fact that \;; = 0, we know that B_; ; = B_m ; + ﬁ)\myj, and therefore the expression
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simplifies to:

2 2
1 1 1 1 1
= B—m, + m, (/B—m s+ 7Am,s) - ,8 m, B—m s
d =, ! 17 dSEZD n—1 d];) 7 SEZD
2

1 \?1 1 2 \1
=\ — - )‘m,'_7 )\m,s +< )* ﬁfm,'_ 6—ms m A'ms
=) g ek kP (P X

2 1 1
Z(m)fz Bm,]fazﬁ m,s Z)\ms

We still have to show that this term is positive. It amounts to show that a player considers more, and thus gives it a higher
weight (higher A—m,;) to more influential signals (higher 8_p, ;). The next lemma rewrite A;; as a function of {8_; ;}"
then Lemma [A shows that this relation holds.

G=0> and

LEMMA A.9: For every agent i, \;; can be expressed as a function of B_; ; as follows:

1—7rB_i0

A.27 Nij = Gij |
( ) 2, 9i,j 0'2+1Ci+1

n
T .
+rB_i,j _m;ﬁfi,sgi,s forj=1,...,n

PROOF:
We start by computing the best action, as a function of signals observed. From Appendix |A.3] Equation and

, we know that af = F’w and that a; = E |[Flw = F/Cov (w, X;Tw)’ Var (X; Fw)~ ! X; Fw where Fj, Xl, 1"7 and
A18

w were all defined in Appendlx 3, Equations (A.17)), and (A20). Let us start by computing the following term:
Cov (w, X;Tw)' Var (X;Tw) ! X; = |: g , where B1 and Bs are given by:

(n+1)xn
1
B =1/ (X;®8'X])71X; — El’(XiCI@’X{)’l11’(X1-<I><I>’X£)’1Xi
3

1
By = &' X[(X; ' X])71X; — g<1>’X;(Xi<1><b’)(;)—111’()(i<1><1>’X;)—1X1-.

7

The matrix ® is a diagonal matrix of ¢’s, and ¢; = 1+ Z] 1 9ij0 %, both terms are defined in Appendix and in Equations
1A.24]) and ( m We can further simplify some expressions as follows

X; 00’ X! = 0%Ic, 11
V(X9 X)X = 072[9:,1, 90,2, -Gin]ixn
1(X; ' X)) 711 =07 2(Ki + 1)1x1
¢ =1+ (K; +1)0™2

which gives us a simplified expressions for By and Ba:

9i,1
B [ i, and By = o~ ding| e R !
= ———19i,1,9i,2,---9i , an =0 18 i,1,9i,2, 94 - ’ i,1,9i,2y---Gi.n]-
1 o2 +’Cz F1 9i,1, 94,2 Jin]lxn 2 g((9i,1, 9i,2 9in o2 JrIC»L T1 9i,1, 94,2 9in
9i,n

nx1

Next, we combine the simplified expressions for By and Bz along with the definition of F;. For any signal e, j € {1,2,...,n},

B
we can compute the linear coefficient \;; of that particular signal over the action of agent i: N1, Nigy oy Ain] = FZ’ { Bl :| , where
2
1-rp
Fi=[=rfio, rof—i1, 7oBiz2, -+, rof_in]. Hence: \i; = gi; [ﬁ +rB-ij — Frri T amt ﬁﬂ',sgi,s} -0

LEMMA A.10: Consider a subset D of an agent m’s information set, i.e., gm; = 1 for every j € D. The covariance between
the influence a signal has over the average action not including agent m’s action and how influential that particular signal is
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to agent m’s action is non-negative.

DO CEEED SE I N PHFEED BETI B

JjED seD seD

PROOF:
Using Lemma [A79] when agents are ex-ante identical we have that:

1—rB_ipo T .
Aij = Gij 2K+l +rB-ij — 2Kl ; B—i,5Gi,s

. . 1—rB_m .
For i =m and j € D, we have that g,,; = 1. Hence, A\, ; = %ﬁJrTﬁfm,j — m > B—m,sgm,s for every j € D.
m m

Now that we have written X\, ; for j € D as a function of {8_; s}s=1, we conclude the proof of this lemma as follows:

é Z B—m,]’ - é Z ﬂfm,s >\m,j - é Z )\m,s = é Z B—m,j - é Z 67m,5 TIB—m,j - é Z Tﬁfm,s
JjeED seD s€D jED s€D seD
2
— 'rl Z B 1 Z B >0
- d —m,J d —m,s = U.

JjED s€D
O

This gives us that AIl,, + AIIl; > 0, even though by assumption both elements were smaller than zero, characterizing our
contradiction.

2. Ezample of out-of-equilibrium violation of Proprerties|[1] [3, and[]

In this section, we provide a numerical example highlighting that Properties and [3| do not hold in out of equilibrium
networks. Let us assume an economy with 10 agents with identical preference parameters given by r = 0.5 and 62 = 1. Also, we
assume a linear cost function given by C(K) = 0.12K. Agents are connected as described in Figure In this informational
structure, agents 1, 2, and 8 observe agent 3’s signal in additional to their own respective signal and the common prior. Agents
3, 9, and 10 do not observe any additional signal. Finally, agents 4, 5, 6, and 7 observe agent 6’s, 7’s, 8’s, 9’s, and 10’s signal
in addition to their own respective signal and the common prior.

Figure A.2. : Example showing that Properties 1 and 2 do not hold in out of equilibrium networks.

Although this network is not an equilibrium, we can compare all possible deviations using the payoff deviation formula from
Proposition 2] and numerically verify that agents 3 and 8 do not want to deviate, taking all other agents actions and connections
as given. That is, all agents choose optimal actions given their connections and agents 3 and 8 do not want to form or break
connections. This example violates Property |I| because agent 8 wants to keep observing agent 3 instead of, for instance, agent
10. However, agent 10’s signal is observed by 4 other agents in addition to agent 10 herself, i.e. K19 = 4, while 3’s signal is
observed by 3 other agents in addition to agent 3 herself, i.e. K3 = 3. Hence, K19 > K3. This is a clear violation of Property
Propertydoes not hold in this example because agent 3 wants to keep observing no additional signal, i.e., K3 = 0, while agent
8 wants to keep observing agent 3’s signal, i.e. g = 1. However, agent 8’s signal is observed by 4 other agents in additional
to agent 8 herself, i.e. Cg = 4, while 3’s signal is observed by 3 other agents in additional to agent 3 herself, i.e. K3 = 3.
This violates Property |2| since Kg > K3 and Kg > K3. Finally, this example violates Property as while player 6 observes the
signals of players 8 and 9, player 8 does not find it optimal to observe player 9’s signal.
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3. Proof of Theorem[]]

We present the proof below. We inductively construct the sets from Definition [2| A;p,...,A,. To characterize the set Aj,
the key step is to show that all agents not in A; must be observing any agent in it. We do so by using one more inductive
argument. Consider a directed network G that satisfies Property [1] and Property Let us define the following sets, B1, Ba,

, Bn. The first set, By, is such that i € By <= K; > K Vk. To construct the second set, Bz, consider the auxiliary
network G2 obtained from G by omitting all agents from Bj and their respective connections. We can compute K’s and K’s
using the network G2, and the set Bg is defined in a similar fashion as the set Bj, but using G2 instead of G. Inductively, we
can construct the sets Bs, By, ..., By. The proof consists in showing that the set B; satisfies the definition for the set As;. The
argument proceeds inductively, and we first show that the set Bj above is, indeed, the set A; of the definition of hierarchical
directed network.

If for every agent i, g; ; = 0 for every j ¢ {4,0}, then the proof is done. The empty network is a hierarchical network. Let
us focus on the interesting case: The network is not empty. Let k1 be an element of the non-empty set Bj.

(7) First, we need to show that if k2 ¢ Bi, then it must be the case that gy, r, = 1. That is, if k2 is not among the
set of most-connected agents, it must be observing ki. The structure of the argument will be based on contradiction. By
contradiction, assume that there exists k2 ¢ Bi, such that gi, , = 0. There are two cases to be considered, depending on
whether or not agent kg observes any signal, j.

If agent k2 observes some agent j, gg,,; = 1 for an agent j, the contradiction is immediate. Agent k2 violates Propertym as
IC;Cl > IC should imply gk, ; =1 = gk, ,k; = 1. Agent k2 should be observing agent k1. Observe that this holds true even
if j € By.

If agent k2 does not observe any other agent j, gr, ; = 0 for any j, then we proceed with the following steps to reach a
contradiction:

1. We know that, in particular, gi, ; = 0 for any s such that Ks > Ekl.

2. Let By be the group of least-observed agents. It must be that ko ¢ Bp; otherwise, by Property |2} all other agents
would also not be observing any additional signal, and we would have an empty network.

3. Given that k2 ¢ Bi, we know that K;@z < Kkl, and, thus, ‘@ere is an agent k3 such that gg, x, =0 and gg, &, = 1. By
Property it also holds that gy, s = 0 for all s such that K5 < Ky, .

4. Given that Ky, > Ky, by Propertyit must be that K;% < Eb.
5. By the same argument as in (3) above, it must be that there is an agent k4 such that gi, ., =0 and gg, x, = 1.

6. Note that g, k, = 0. If gg; .k, = 1, then we would have EM > Kkz > Ekg. By Property this would imply K, < Kk, .
From Property |I| we would have that g, s = 1 implies gy, s = 1 for any s # k4, k3, which contradicts gg, rx, = 0 but
Gkaky = 1-

7. Given that gg, k, = 0 (step 3) and gp, g, = 1 ( step 5) we have from Property.that Jks,s = 1 implies gz, s = 1 for
any s # k4, k3. Combined with the fact that g, 0 (step 3), gry,ks = O (step 5), Ghkg ks =1 (step 5) and gp, x, =0
(step 6), we have that Kr, > Kp,. By Propertyl2 we have that Ky > Ky, implies Ky, < le3

8. As the number of agents is finite, this induction must end. There exists a final agent kg such that gi g xo , =0 and
Gk ky_o, = L. Since this is the last step of the induction, there is no agent, s, outside of the sequence, s ¢ {k1,...,kn—_2},

such that 9skgg_, =1 and 9s,ky = 0. Also, from the penultimate step of the induction, we have kg kg o =0 and
kg _1ky_3 = 1.

9. Given that Gk 1k o =0 and Gk ky_o = 1, we have from Property I that Glyg_q,8 = 1 implies Gkg,s = 1 for
any s # ky,ky_1- Also remember that Ikoky_ 1 = Jkgy_1oky_o = Jkg_1.ky = 0 and Gkg.ky_, = 1. Hence,

Keg_, < /CkN. By Property KkN71 < Ky implies that Ekﬁ—l > Ekﬁ. If Ekz\?q > /Ckﬁ, then there is an agent
kx4 such that Gy i1, and Gk rky 1 = 1. This contradicts agent ky being the final agent in the sequence.

kg

(it) Second, we need to show that if an agent in B; is observed by any other member of Bj, then she must observe and be
observed by all agents in Bj.

1. If k1 € By is observed by m € {1,2,...,n} other agents in Bi, then all agents in B; are observed by m other members
of By. As all agents in B; are observed by the same number of agents from outside Bi, and by the same number of
agents in total, they must also be observed by the same number of agents in Bj.

2. If an agent k1 € B observes another agent in Bj, then, by Property she observes all other agents in B;. Thus, if all
agents observe someone, from Property m we already have that all agents observe everyone else in Bj.
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3. The last step is to show that if only a subset of agents from Bj observe other agents in Bj, then we reach a contradiction.
We proceed by considering a partition of the set By: the subset of agents who observe at least one other agent in Bj,
S; C Bi, and its complement S, = B1\S;. Let C(S]) be the cardinality of the set S;. By Property [} every member of
S; observes everyone else in Bj.

The contradiction to be reached regards the number of agents observing the signal from an agent in S; and the number
of agents observing the signal from an agent in Sp. Since they are all in B, this number should be the same. However,
we show that the number of agents observing a signal of an agent in S; is strictly smaller than the number of agents
observing a signal of an agent in Sp. An agent in S is observed by other agents in B;—in particular, by all agents in
Sy; thus, her signal is observed by C(S;) + 1 agents in Bj—the plus one refers to herself. However, an agent in S;’s
signal is observed by only S; agents in B;. Contradiction.

(323) To complete the construction of Bi, we need to show that if an agent j in Bi observes a signal from an agent s not in
Bj, then: (a) j observes the signals of all agents in By; (b) all other agents in B; observe agent s’s signal; (c) agent s is in Ba;
and (d) j observes no signal from an agent not in By, except for s.

The proofs of items (a) and (c) are direct applications of Property The proof of item (b) proceeds by contradiction.
Consider any two agents ¢,j € B, and suppose, by contradiction, that agent j observes the signal of agent s, but agent ¢ does
not, g;,s = 0 and g; s = 1. By definition of the set B1, agents i,j € B1 have the same number of agents observing their signal,
K= Ej. By part (ii) above, i,j € B observe the same number of players in Bi. Thus, by Property 2, they must observe the
same number of signals, K; = ;. Thus, there exists an agent k, k ¢ B1, such that g; , = 1 and g;, = 0. If K1 > Ks, then
agent j violates Property and, if K, < KCs, then agent i violates Property [1} Finally, the proof of item (d) also proceeds by
contradiction. Suppose not—that is, suppose that g; ; = 1 and g; ; = 1 with < € By and j,l € B2. It cannot be that all agents
in B2 observe each others’ signal; otherwise, Kj = K; = K;, but agent i is a member of By, and, thus, j and ! would not be
members of the second tier, but of the first. Thus, members of Ba do not observe signals from other members of Ba. The final
step is to count the number of signals each agent observes. Agent j € By observes only all members of B1; thus, ICj = C'(B1).
However, agent ¢ € By observes K; = C(B1) — 1 + 2, where the minus one refers to herself, and plus two refers to agents j and
[. This contradicts Property @

Items (z), (i), and (4i%) of the proof show that the set B; satisfies the conditions (4), (ii), and (ii¢) of the definition of a
hierarchical directed network, respectively. Thus, the set By constructed satisfies the definition of the set Aj.

The next step is to show that Bo satisfies the definition of the set Aa. Follow the same steps (i), (i), and (ii7) detailed
above using the network Ga. By induction, this guarantees that the sets B2, B3, ..., By are the sets A2, A3,..., Ay from the
definition of hierarchical directed networks.

4. Proof of Proposition ]

Given Assumption |1} Properties|l|and hold in equilibrium (Proposition7 and any strict Nash equilibrium is a hierarchical
directed network (Theorem and Corollary. Hence, we have to show that Property holds in equilibrium given Assumptions
[ and 21

We will prove Proposition@by contradiction. Let us assume that there are three agents, a, b, and ¢, such that ¢ is connected
to both a and b, ie., geca = 1 and g, = 1, but a and b are not connected to each other, i.e., gsp = 0. We know that
the equilibrium features a hierarchical network as information structure. Hence, the connections between these three agents
characterize different hierarchical networks, and there are only three possibilitiesm (i) networks in which members of the top
tier do not observe each other (a and b in the top tier); and (ii) networks in which members of the bottom tier observe each
other (b and c in the bottom tier); or (iii) networks with more than two tiers (a, b, and ¢ each in a different tier).

Due to the hierarchical structure, agent ¢ observes at least as many signals as agent a in addition to the signal from b and
her own. Thus, if agent ¢ stopped observing agent b’s signal, her information set would still be a strict super set of agent a’s.

We will compare two deviations, for agent ¢ to break the link with all players she is observing and player a is not, call such
set D, and for player a to form links with such set. Note that the set D is not empty, and has d > 1 elements. Note also that,
even after player a forms links with all players in D, player a’s information set will still be a strict subset of player ¢’s. The
reason is that c is observing a, but the converse is not true. This follows from the definition of hierarchical network. If a and
b are in same tier (case i above), than it must be that gac = 0 because g4, = 0. If @ and b are not in the same tier, there are
two possibilities. One possibility is that b and ¢ are in the same tier (case ii above), then g., = 1 implies g5 = 1 (full tier).
Also, gca = 1 implies gp, = 1 and thus a is in a tier above b and ¢’s tier; and, since g, = 0 and the tier of agents b and c is
full, then gqc = 0 because otherwise ¢ would be in a’s tier and a would have to observe b’s signal as well. Finally, the other
possibility is that a, b, and ¢ are in different tiers (case iii above), then we know that b is in a tier above ¢’s, and thus g,p = 0
implies gac = 0.

Notice that g +d = K. — 1 < K. because c is connected to a but a is not connected to ¢, which makes d = K. — Kq — 1.
Regarding notation, we keep g;,; to be the original linking strategy of the proposed equilibrium, in which ¢ observes the signals
from D and agent a does not observe them. Thus, we have to add or subtract elements to the expression accordingly. Formally,

"Notice that these are the only three possibilities: (i) gpq = 0; (ii) gpa = 1 and gpe = 1; or (iii) gpe = 1 and gpe = 0.
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in both payoff expressions used in AIl.—one where player ¢ observes the signals in D, and one where she does not—we consider
the same g. ; with g.; = 1 Vj € D. Analogously, we consider for both elements of AIl, that g, ; = 0 Vj € D. First we use
Proposition |2| to compute the payoff difference for player ¢, comparing the payoff of deviating with the payoff of maintaining
the links.

2 2
2(1-rSygpgeifci) o (1-rTioseBcy) d
o T GeiP—c o T —0YcjP—c
jgD 9ej ¥ j=09cj ¥ 5
All, = — + (1- 2 4
¢ o2 FKe—d+1 o2+ Ko+ 1 ];) )8=c. J%;ﬁ )
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Without observing
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S ——

=0
J Cost difference of
not observing signals

Observing D

where the first element sums over j ¢ D, as player ¢ is not observing the signals in D, while g. ; = 1 V5 € D. For the same
reason, the third term includes the additional sum over j € D, EjeD ,BEC I Simplifying the expression above,
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Following similar steps for agent a, we compute a’s payoff gain, i.e., All,, from deviating and observing the signals from D.

We have that:

2 2
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where the first element includes an additional term, a sum over j € D, as player a is observing the signals in D, while
ga,j = 0 Vj € D. For the same reason, the third element subtracts the additional term, zjeD ,Bia j

2
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Given that K. = Kq +d + 1 > K, + d, by convexity of the cost curve (Assumption , we have that

C(Ke) —C(Ke —d) > C(Ka + d) — C(Ka), which combined with II. < 0 and II, < 0 gives us:
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and can be simplified to:
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We will show that the above inequality never holds, characterizing a contradiction. Observe that the following in-
equalities hold: (i) K¢ —d > Kq because d = K¢ — Ko — 15 (ii) B_q,; > f—c,j for every j € D from Lemma and (iii)

ngD ge,jB—c,j = Eng 9a,jB—a,; from Lemma H These three inequalities combined imply:
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because (i) K¢ > K4 + d, which makes 02+1€Z+d+1 > UQI%CJA; (ii) from Lemmal|A.7|we have that ZjeD B—a,j > ZjeD B—c,j;
and (iii) using Lemma along with the definitions of 8_,,; and B_. ; (Equationé.l?) and the fact that Aq; = 0 for every

j € D, we have that
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This characterizes a contradiction.

5. Proof of Theorem[3

We know, by Theorem [1] that any directed network satisfying Properties[l|and [2|is a hierarchical directed network. Next, we
show in three steps that Property @ restricts the set of possible networks to core-periphery. First, we show that a hierarchical
network satisfying Property [3| has, at most, two tiers. Second, we show that all agents in the top tier must be connected to
each other. Third, we show that agents in the bottom tier are not connected to each other.

(¢) Suppose that there are more than two tiers. Thus, there exists an agent in the bottom tier connected to all agents in the
top tier and all agents in a medium tier. There also exists an agent in a medium tier not being observed by an agent in the top
tier—otherwise, there would not exist a medium tier. This violates property

(i2) Suppose that there is more than one agent in the top tier and at least one agent in the bottom tier. From the definition
of hierarchical networks, all agents in the top tier are either connected to each other or to no one at all. If the top-tier agents
are not connected to each other, then this would violate Property @ because an agent in the bottom tier is connected to those
in the top tier, but they are not connected to each other.

(#i7) Suppose that there is at least one agent in the top tier and more than one in the bottom tier. From the definition of
hierarchical networks, all agents in the bottom tier are either connected to each other or to no one at all. If the bottom-tier
agents are connected to each other, then this would violate Property |§| because an agent in the bottom tier is connected to
those in the top tier and those in the bottom tier, but they are not connected to each other.

6. Proof of Proposition[3

For item (a), as r approaches zero, according to Proposition [2| the expected payoff of agent i only depends on K;. In fact,

— ¢(K;). Given Assumptions |1| and [2} all agents choose exactly the same number

2
i ) imize — —9%—
agent ¢ chooses /C; to maximize Ry

8The condition in Lemma holds with equality by the definition of the set D.
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of links, which implies a core-periphery network with members of the core also observing one signal from a peripheral agent
(core-periphery observing down network). Hence, the equilibrium is unique.

For item (b), as r approaches one, all betas of non-public signal converge to zero (Lemma . When costs of forming an
additional link is strictly positive, we have that when 3; is sufficiently close to zero no agent is willing form a link with agent
j. Thus, for r sufficiently close to one, agents only connect to public signals, which delivers a simple core-periphery network
structure.

From Equation , under the simple-core-periphery network, we have that A\;; — 0 for every j > 1,5 ¢ PU:

lim A = lim gi;8; +Gi; (1— lim Bo— > lim g5 | = lim g;;8 =0, Vj¢ PU.
r—1— r—1- r—1— = PUT~>1* r—1-

As a result, from Equation , we have that lim,._,,—- 8_;; =0, Vj > 1,5 ¢ PU. Thus agents do not want to observe
non-public signals as r goes to one. Formally, in any simple core periphery network, agents never want to form additional links
because it leads to a close-to-zero benefit in expected payoff as r» approaches one, but they still have to pay the link formation
costs.

A first implication of the result above is that the empty network is always an equilibrium as players do not want to form
links. Next, we look at players incentives to break links. For j € PU, under the simple core periphery network, we have from

Equation (A.7)):

if j =0

2

o
lim A = lim Bj+gy (1— lim Bo— > lim = lim B; ={ o +ne
iy = Hm B+ G Ao Bo | =, lim 5 { L_ ifj>1,j€ PU

- - - -
r— r— se PUTT oZ+n,

Finally, based on Equation , we have that lim._ ;- 8_; ; =lim__ ;- B;.

When deciding whether to break a link or not in a simple core-periphery network with n. core players, according to Proposition
an agent compares the benefit and costs. We know that ¢ will not want to observe non-public signals. Thus, agent 7 will
observe up to n. public signals and her optimization problem is simplified to choose the number of core players signals to
observe.

Core players observe one core signal for free (their own signal), thus their optimization problem is given by:

o? o2 Ki+1 2 1 2
A28 - 1-— - —02(ne—K;i—1) (| —— ) —C(K;
( ) Kielomme—1} 0% +K; + 1 ( 02 4+ ne a2+nc) o (ne =D (02+nc) )

while, for peripheral agents, the optimization is given by:

(A.29) x o (17 < __Ki )2Awﬁ(ncfky)(gglgf)2gfc(mﬂ.

ma; -
Ki€{0,....,ne} 02 4+K;+1 024 n. o024+ne 02 +ne

Both objective functions are strictly concave and thus feature a unique solution. Also, we focus on the link-breaking incentives
of peripheral agents, as the marginal benefit of peripheral agents is higher than of core players. If the optimal solution implies
K;i # ne, then a simple core periphery network with n. core players would not be equilibrium.

The marginal benefit of breaking a link increases with the number of core players. Hence, if a player does not want to break
a link under a simple core periphery network with n. core players, then she will not break the link in a simple core periphery
network with n < n. core players. Thus, if a simple core periphery network with n. core player holds in equilibrium, then
any simple core periphery network with fewer than n. core player also holds in equilibrium. Formally, there is a upper bound
n? < n, such that any simple core periphery network with n. € {0,...,n}} core players is an equilibrium, and these n} + 1
network structure fully characterize the set of possible equilibria. The value of n} is the highest number of core players such
that peripheral agent are not willing to break a link. Formally, a peripheral agent observing n. core players prefers not to break
a link if, and only if, the payoff from observing all n. core signals is greater than the payoff from observing n. — 1 core players
(and saving on the link formation cost).
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