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B Nonlinear Waiting Costs

This appendix extends the model to allow for discounting. Agents pay a linear waiting
cost ¢ per period until they are assigned, and discount waiting costs and the value of the
assigned item by 6 < 1 per period. Formally, the period ¢y utility of an agent of type 0

who is assigned item z; item in period ¢t > t; is

t—1
- Z 670 + 5 vy ().

T=to

where the valuation vy (z) is v > 0 for a matching item and 0 for mismatched items:

v (0.X) € {(a.4), (5. B)}
0 (0.X) € {(a. B). (5, 4))

vg(z) =

Note that past waiting costs are sunk costs, and that ugo is independent of the time when
the agent joined the waiting-list.

To analyze the misallocation rate under the FCFS buffer-queue policy, denote by
Uo(A®) the utility of an o agent who receives the k-th future A item to arrive. The
probability that the k-th item will arrive in exactly ¢ periods is (pa)¥(1—pa)t=*(/_}), and
we have that
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=13 ((c+v(1 9)) (TA—ZMD —c).

Thus, an « agent will be willing to decline a B item if

(1 —5iliA—pA)>k = c—l—v(cl —9)’



or, equivalently,

< log (c—&—v(cl—zs)) .
- 5
log <176(p1_fp,4>>
These derivations allow us to extend our results from Section 3 to settings in which agents

discount future periods.

Theorem 5. Let agents have a linear cost of waiting of ¢ > 0 per period and discount
the value of assigned items by § < 1 per period. Assume ps = p,. The misallocation rate

under the FCFS buffer-queue mechanism is

¢FOPS 2pApB
ppKA+psaKB +17

where K# = Llog(m)/log(‘”’if‘” and KP = {log(mybg(l_fpi}g”’

1-5(1-p4) (1-rB)

C The Disjoint-Queues Mechanism

This section considers the disjoint-queues (DQ) mechanism, which asks agents to report
their preferences as soon as they join the waiting-list. The mechanism holds two separate
queues, one for A items and one for B items, and asks agents to select and join a single
queue. Agents observe the length of both queues when they make their choice. Both
queues follow an FCFS policy. Once agents join a queue, they wait in that queue until
they are assigned to the item of that queue.*”

Misallocation happens under the DQ mechanism for similar reasons that misallocation
happens under the FCFS buffer-queue mechanism: the random arrivals of agents and
items may result in a temporary imbalance between the demand from agents and the
available supply of items. Under the DQ mechanism, this imbalance is realized in the
form of a difference between the expected wait in the two queues. When this difference
grows too large, agents will join the queue with a shorter wait regardless of their type,
possibly resulting in misallocation.

In contrast to buffer-queue mechanisms, the analysis of the D mechanism requires a
specification of the agent arrival process. For simplicity, we assume that in each period,

one new agent joins the waiting-list and then one item arrives. In addition, assume that

49This mechanism is a simplified version of mechanisms commonly used by public housing authorities,
where applicants are asked to select a single project-specific waiting-list they would like to join (e.g., the
New York City Housing Authority (New York City Public Housing Authority, 2015)).



initially both queues are of equal length.

We capture the dynamics of the DQ mechanism using techniques similar to those used
in section 5 and Appendix A. Denote by ¢4 the number of agents in the A queue and by
{5 the number of agents in the B queue. By assumption, each period one agent joins one
of the queues and one agent is assigned, and therefore the total number of agents remains
a constant we denote by 2M. We assume 2M is sufficiently large so that neither queue
is ever empty. The Markov chain used to capture the dynamics of the D(Q mechanism is

described within the proof of the following Lemma.

Lemma 11. Assume py = po = p. For all sufficiently large M, the misallocation rate
under the disjoint-queues mechanism is

fDQ: 2p(1 —p)
p(1—p)o—(1—2p)M| + [p(1 —p)w+ (1 —2p) M| +2°

Notice £P9 ~ % (by ignoring the integer constraints), which is similar to the
misallocation rate under an FCFS buffer-queue mechanism. The difference is due to the
assumption that in each period, one item and one agent arrive. A different arrival process

can lead to a different misallocation probability.

Proof. When an agent joins the waiting-list, he observes the length of both queues. The
number of misallocated items is equal to the number of agents who join their mismatched
queue. To calculate the latter, we establish a Markov chain that captures the dynamics
of this system.

Let A = {4/p —{p/ (1 —p) be the difference between the expected wait of the two

queues. An « agent will prefer to join the A queue if

14
v—c-—AZ—c- & )
P L—=p
or
A<wv/c=w.

Similarly, a 8 agent will prefer to join the B queue if —A < w. Thus, for sufficiently large
M, neither queue is ever empty.

We can capture the dynamics of the mechanism using a Markov chain whose states are
possible values of A. The value of A changes when either an agent joins the waiting-list
or an item arrives and an agent is assigned. If a period begins with A € [—w,w] with
probability p,, the new agent joins the A queue, increasing ¢4 by 1, and with probability
pg, the new agent joins the B queue, increasing ¢g by 1. If A ¢ [—w, w|, the new agent

always joins the shorter queue. Immediately after the agent joins, the item arrives; with



probability pa, an A arrives and ¢4 decreases by 1, and with probability pg, a B arrives

and /g decreases by 1. Thus, in every period, the value of A can change by 0, —v, or +~

p(1l_p)' We assume that initially both queues hold the same number
M _ M

of agents, and therefore the initial value of A is given by Ay = > T i

We have that A — A is always a multiple of v and write A = Ag + k - 7. Denote the

_ 1, 1 _
Where”y—p+1_p—

maximal value of &k such that A € [—w, w| by

E4 =max{k €Z| Ag+k-v < w}
=max{k€Z| k <(w—A)/v}
= [(w = Do) /7],

and denote the minimal value of k such that A € [—w, w| by

kB:min{kEZ\v—c-g—B>—c~g—A}

PB pa
=min{k €Z| -Ag—k-v < w}
=min{k €Z| k> (—w — Ay) /v}
= [(—w — Ag) /7]
=—[(w+ Ao) /]

We capture the dynamics of the system by a Markov chain whose states S are possible

values of k at the beginning of a period
S={kP—1,EP, ... .. K" EY+1},
and transition probabilities are given by

;

PaPB St—1 €
PsPA St_1 €
PaPA + poB St—1 € |:ij, kA:| , St = St—1

P (s¢]s-1) = < pa si1=kP =1, sy =51
PB si1=kB—1, s, =5.1+1
PB si1=k4+ 1, s =81
pa sio1=kt+1, s =s.1—-1,

\

We next solve for the stationary distribution 7. Equating the flow between s = k£ and



s'=(k+1) for k, (k+1) € [kP, k4], we get that
m(k)papp = 7 (k + 1) papa,
and given that p, = pa, we get
m(k)=n(k+1).
Denote 7 = w(k) for any k € [k®, k*]. For s = k* + 1 we get the flow equation
m(k* + Dpa = 7(k")paps,
giving
Rk 1) = (-p)
m(k? —1) = pr.
Equating the sum of probabilities to 1, we get that
1= Y (k) +7(k*+1)+ (k" —1)

ke[kB kA]
=K"=k + 1) 7+ (1 —p)r+pr
= (K =k +2) 7,
and therefore
B 1
[ vy

Misallocation happens when the state is either k4 + 1 or k% — 1 and the new agent is

mismatched; therefore, the misallocation rate is

P9 = par(k* + 1)+ pam(k” — 1)

_2p(1—p)
kA — kB 42
_ 2p(1 —p)
[(@ = Ao) /7] + [(@ + Do) /7] +2

2p(1 —p)
p(1—p)w—(1—2p)M]| + [p(1—p)o+ (1 —2p) M| +2




D Omitted Proofs

This appendix includes omitted proofs in the order of their appearance in the main text.
Sections 5 and Appendix A develop the technical tools that are used throughout the
paper, and proofs of results from Section 3 and Section 6 rely on results from these
sections. The proof of Lemma 2 from Section 2 uses Corollary 1. The proof of Theorem
2 is a generalization of the proofs of Lemma 7 and Corollary 3. The proof of Theorem 1

from Section 3 relies on results from Section 5.

D.1 Proofs from Section 2

Proof of Lemma 1. Consider an arbitrary assignment p and an arrival process specified
by x : Z — {t > 0} where x(i) is the arrival time of agent i € Z. Assume the world ends
after period T" and let Zr = {i € Z|x(i) < T} denote the set of agents that arrive before
period T, and let Zp () = {u(t) | t < T} denote the set of agents that were assigned under
i before period T'. Let & € {0,1} be an indicator equal to 1 if the item z; is misallocated

under p. The sum of agents utilities up to time 7" under p is
T

WEr =) (1=&)-v+&-0—c-(t—x@®) - Y - (T—x(i)

+=0 i€Zr\Ir (1)
where the first summation gives the total utility of agents in Zy () and the second sum-
mation gives the total utility of the remaining unassigned agents. Rewriting, we have
that

WFy =0 (T—th> e (1) =Y e (T~ x()

€L
Since the last two arguments do not depend on pu, they will cancel out when we take the
difference between the welfare under the two assignments p, u’. Therefore the relative

welfare of an assignment depends only on the number of misallocations ZtT:o &. m

Proof of Lemma 2. The lemma follows from the observation that the full information
mechanism is equivalent to a buffer-queue mechanism with K, = Kz = M — 1 together
with Corollary 1. O



D.2 Proofs from Section 3

Proof of Lemma 3. Consider an « agent in position k. The a agent always accepts an A
item. If the a agent is offered a B item, it must be that the agents in positions 1,... k—1
declined the B item and are waiting for an A.5%° Thus, the agent’s expected wait for an A
is the expected number of periods until £ copies of A arrive, which is k/p4. Thus, the «
agent will decline a B if and only if v —c-k/pa > 0, or k < pav/c = paw. Symmetrically,

a [ agent in position k£ declines an A item if and only if k£ < ppw. n

Proof of Theorem 1. Theorem 1 is a direct corollary of Theorem 3 and Lemma 5.

The expressions for the WFL are obtained by substituting in the expression for the
misallocation rate and the formulas for the maximal BQ sizes. When the system is
balanced, the WFL is

WFLWLWD — ’UfWLWD

o 2p(1 —p)
(1-p)KA+pKE+1
2p(1 —p)

=0

(1—p) po] +p[(1-p)w] +1°
When the system is unbalanced, the WFL is

WFLWLWD = (fWLWD _ |pA _ pal)

(pﬁ/pB)KBJrl + (Pa/pA)KAH

B a.; U |pA - poc| .
(pﬂ/pB)K +1 (po‘/pA)K +1

:U'<pA_pa)

pra <Pa,

(P /o) 4 (pafpa)
(1)< = (pafpa) T
2 (pafpy)
(1)< = (pafpa) T
2v - |pA - pa|
(pa/pA)_(KA+1) (pﬁ/pB>KB+1 —1 .

v (pa — Da) —v-(pa—Da)

=v - (pA - pa)

50To see this claim is true, observe that the problem of the agent in the first position is stationary, and
he will either immediately take a mismatched B or wait for an A (by assumption, the agent waits for
an A when both options give the same utility). This argument implies the problem of the agent in the
second position is stationary, and the claim follows by induction.



If po, > pa, we perform similar operations and obtain

Cofon) "4 Oofp)
: A~ Pa
(pﬁ/pB)KB+1 . (pa/pA>KA+1
_ 20 - |pA _ pal
(Pafpa) T (afp) D 1

We can combine the results from these two cases into one expression:

v - (pA _pa)

2v |pA - pa|

WFI WLWD
A KB sgn(pa—pa)

]

Proof of Corollary 1. The maximal sizes in the FCFS BQ system are K4 = |paw| =
|pav/c| and KB = |ppw| = |ppv/c|. As ¢ = 0, we have that K4 KZ — co. The
waiting cost ¢ affects ¢ and WFL only through K4 and KZ. Hence, by Theorem 3 we
have that

lim €V = i €V g
c—0 KA KB oo
and
li FLWLWD — li WLWD _ =0.
ling W a8, U6 I = pul) =0

Proof of Corollary 2. 1f the system is balanced, we have that

: . 2p(1 — p)
lim WFLWYWD — 1im v .
vo0 vooo (L—p) [pv/e] +p[(1 —plv/e| +1

Because v — 1 < |z < x4+ 1, we have that
(1 =p) lpo/e] +p[(1 =p)v/e] +1=2p(1 = p)v/c+r(v)
for r (v) satisfying —10 < r (v) < 10 for all v > 0. Therefore,




lim WELWIWD _ iy 2P0 = D)

v—00 V=00 2p(1 — p)U/C +r (U)
3 2p(1 —p)
= lim c-
v=oo 2p(1 —p)+r(v)-c/v
=c.

If p, > pa, we have that
20 - (pa - pA)

(Pafpa) T (afps) KT <1
v - bKB—H
- 2 : (pOé - pA) aKA+1 _ bKB+1

WFLWLWD —

V- prBU/CJ'Fl

alpav/c|+1 _ plpev/c]+1’

:2'(pa_pA)

where @ = po/pa > 1 and b = pg/pp < 1. Because lim, v - plrev/el+l — () and
lim, o alPav/el+lt — plpev/el+l — 55 we have that

v - prB'U/CJJ'_l

lim WFLWWD — 1im 2. (p, — pa)

V—00 v—00 alpav/cl+1 _ plpsv/c]+1
=0.
A symmetric argument shows that if p, < pa, we have lim,_,, WELWIWD — ]

D.3 Proofs from Section 4

Proof of Theorem 2. In the unique equilibrium under the information disclosure T*, an «
agent joins the buffer-queue if he is offered a B and informed that k € {1,...,2psw — 1},
and takes the current item otherwise. To see that this is an equilibrium, observe that
k > 2p w implies the expected wait is above w, and therefore any a agent best responds
by taking the current item. By Lemma 10 in Appendix A, in equilibrium an « agent who is
informed that k < 2p,w is equally likely to be in either of the positions 1, ..., [2paw| —1.
Thus, the agent believes his expected wait is [2paw]| /2ps < w and best responds by
waiting for an A. By Little’s Law, the expected wait conditional on being informed that
k < 2paw is lower than w if some agents do not join the buffer-queue after being informed
that k < 2paw. Therefore, it is a dominant strategy for an a agent to join the buffer-queue
if offered a B and informed that k& < 2p4w.

Next, we show that information disclosure YT* gives the minimal welfare loss.’! With-

51This part of the proof follows from the proof of Theorem 7 in online appendix D of the working paper
version which extends Lemma 7 and Corollary 3. For completeness, we provide a proof here.



out loss we can restrict attention to information disclosures which send a recommendation
whether mismatched agents should take the item or join the buffer-queue, and equilib-
ria in which the agents follow the recommended action. To constitute an equilibrium,
the expected wait conditional on receiving a recommendation to join the buffer-queue
must be less than w. To formally specify this IC constraint, we calculate the stationary
distribution of the system.

As in Lemma 4, because agents join the buffer-queue only if they are offered a mis-
matched item, the possible states are k € Z where k > 0 corresponds to k agents of type «
waiting in the A buffer-queue and k& < 0 corresponds to |k| agents of type  waiting in the
B buffer-queue. As in Appendix A, we used an extended state space Z x {¢, A, B} that
includes within-period states that indicate whether an item is currently being offered.

Let f(k) denote the probability that a mismatched agent is given the recommendation
to join the buffer-queue in state k. It will be helpful to denote FZ(k) = [[i=y f(i) for
k>0, FAK) = [T f(—i) for k < 0, and FB(0) = FA4(0) = 1.

Denote the stationary distribution by m, where 7(k) = 7?(k) is the stationary prob-
ability of state (k,®), and 77 (k) is the stationary probability of (k, B) (and likewise for
7). We follow the same steps as in Lemma 10 to calculate the stationary distribution 7.
For any k£ > 0, the mechanism must visit state (k, B) between every two visits to (k, @),

and vice versa. Therefore, we have that
(k) = n%(k).

For k = 0, we have that the state (0, B) can only be reached from the state (0, ¢) by an

arrival of a B item. Therefore,
77(0) = ppm?(0) = (1 — p)®(0).

Because the flow through the cut between s < k and s > k + 1 must be zero (see Figure
11) we have that for £ > 0

par®(k + 1) = pof(k)7" (k)
k1) = f(k)rB (k).

For &k = 0 we have

10



By induction, for any k£ > 0 we have
(k) = 7% (k) = (1 = p)m(0) " (k).

We solve for 7(0) using that the total probability is equal to 1 to get that

1 1

2 1T+ (L—p) X0 FP(R) +p e, FA(=k)

We can now formulate the IC constraint, which requires that the expected wait con-

(0) =

ditional on the current item and on receiving a recommendation to join the buffer-queue
w4 w? must be less than w. We calculate w” by using Little’s Law (which states that
the average wait is equal to the average number of agents in the system divided by the
arrival rate). Observe that if all agents follow the mechanism’s recommendation, then
w4 is the expected wait for a randomly approached a agent who joins the buffer-queue.
Consider states in which o agents are waiting. The arrival rate of a approached agents is

equal to the rate at which a approached agents are assigned (otherwise, w4

is infinite),
which is p4. We calculate the average number of agents in the buffer-queue by taking the
stationary distribution restricted to the states in which a agents are waiting. Therefore,
the expected wait of a random « agent is
wA — LEEL (k) - k

pa Yo m0(k)

13 ey FP(k) -k

p Y FR(R)
and that the IC constraint can be written as:

d FPk)-k<w-p)Y FP(k).

k=1

Given the stationary distribution, we can calculate the misallocation rate. Agents are
approached in states (k, A) or (k, B). Transitions from these states result in misallocation
if the current item is offered to a mismatched agent and the agent does not join the buffer-
queue. Therefore,

DnoPa (1= f2(k)) 7% (k) + 35720 ps (1 — fA(=k)) 74 (=)
Do TE(R) + D202 mA (k) .

& =

11



To simplify this expression, note

S pe (1= F) 720) = S (- 7)) (1= (o) [[%6)
= - pm(0) Y (H 6 -1 fB('i)>
— p(1=p)(0) - (1~ lim FP(k)) .

The denominator, which is the probability that the next transition will approach a new
agent, is equal to 1/2 by the previous derivation. The IC constraint together with the
monotonicity of FZ imply that limy_,.. FZ(k) = 0. Thus, for any IC information disclo-

sure we have

- 2p(1 —p)
L+ (1—=p) 222 FB(k) +p 32, FA(—k)

Taking these results together, we find the minimal misallocation rate out of all IC

information disclosure policies is bounded by the solution to the following optimization
problem:

Minimizepa ps € ) B
; I4+(1=p) 3252y FE(R)+p 352, FA(—k)

s.t. Sool (k—wp)- FB(k) <0
2y (k—w(l—p)) - FA(=k) <0
1>FBk)>FB(k+1)>0 Vk >0
1> FA=k)>FA-k—-1)>0 Vk>0.
This optimization problem can be decomposed to two separate optimization problems,

one for the domain where o approached agents are present:

Mai%ignize f:l FB(k) (1)

st. > (k—wp) - FB(k) <0
1> FB(k)> FB(k+1)>0 Vk>0

and the analogous problem for the domain in which § approached agents are present.

12



The optimal solution to (1) is given by

1 k<UL?
F(k) =
x* k=1L*
for L* € N and z* € [0,1), and the first constraint must bind. Thus, the optimal solution
corresponds to L* = |2pw]| — 1 and z* = [2pw] = 2pw — |2pw]. In particular, when
2pw — 1 is an integer we have that L* = K4 and 2* = 0, which is equivalent to information
disclosure T*. Therefore, we find that any information disclosure policy achieves a weakly

worse misallocation rate than information disclosure T*, proving the result. n

D.4 Proofs from Section 5
Proof of Lemma 4. Follows from Appendix A. O

Proof of Theorem 3. Note that every agent is approached exactly once, and every agent
who declines an item will eventually receive his preferred item (after waiting in the BQ).
Therefore, the misallocation rate is equal to the fraction of offers in which a mismatched
agents takes the current item.

An o agent takes a B item if the system is in state (K“, B) and the approached
agent is of type a. Symmetrically, a [ agent takes an A item if the system is in state
(=K%, A) and the approached agent is of type 3. To obtain the probability of these events
conditional on the system making an offer to an agent, we use the stationary distribution
calculated in Lemma 10 in Appendix A. Denote the conditional probability of a state
where the system makes an offer to an agent by
_ ™ (k)

B B (k) + 30, T4 (k)
=21 (k)

(k)

for X € {A, B}. From Lemma 10, we have that if the system is balanced, the misallocation

rate is

E=p- 7P (KY) + (1 -p)-74(-K")
2p(1 —p)
(1—pKA+pKE+1"

If po # pa, the misallocation rate is

13



€ = po - TB(KY) 4 pg - #4(—KP)

KA
e (22)" pa =1
(07 pA p_g KB B pa KA
PAPs 5 PBPa A
KB
Y% PA — Pa
+Ds - pa (-) :
/B pB KA

KB
bs _ Pa
PADs (pB) PBPa (pA)
KB KA
PADg (%) + PBPa (fj—j)
KB
PaDs (ﬁ—ﬁ,) ~ PBPa (%Z)
- KB41 , KA+1
() + (%)
KB+1 KA41
bs —_ [ Pa
(=) -(2)

We now show that the misallocation rate ¢ is monotonically decreasing in K4, K5,

This is immediate if the system is balanced. If p, # pa, consider the derivatives d;z{_gA and

= (pA _pOé) KA

= (pA - pa)

cl}j<_§B . To simplify notation, we substitute a = p,/pa and b = pg/pp:

d¢ d pETHL 4 gF 41

AKA ~ arA | AT Pe) e e
2 (pA _ pa) . (1og a) KK P+

(bKB+1 _ aKA+1)2

KA+leB+1

d§ _ —2(pa—pa)-(logh) -a
dKB (bFP+1 — aKA+1)2
If pa > po (or a < 1), we have that ps — p, > 0 and log a < 0, which implies %; < 0.
If pa4 < pa (or a > 1), pa — pa < 0 and loga > 0, which again implies d‘li(—fA <0. A
symmetric argument shows d}i(—gB < 0.
We next show the misallocation rate £ converges to [pa —pa| as K4 — oo or K — oo.

If the system is balanced, this is immediate. For an unbalanced system, first consider the

case in which pg > p,, a < 1, and therefore pp < pg, b > 1:

14



pEP+1 + aKA+1
KL}TOOS = KIAII—ISOO (pA - pa) bKB+1 . aKA+1
bR 10

(PA — Pa) PEE

= DA — Pa = |Pa — Da
bKB+1 +aKA+1

KIBHBOOS B KlBll;l;lOO (P4 =pa) pEP+L _ KA+

= (pa—Da) -1 =|pa—pal.

If pa < pa,a>1and pg > pg,b > 1, we have that

lim &= (pa—pa) - —1

KA >0
= Pa —PA = |pA —Pa|
) 0+ oK 1
& = AP o e
= Do — DA = |Pa — Pal -

Hence,

lim €= lim &= — Dol -
KAﬁoo5 KB~>oo€ |pA P |

]

Proof of Lemma 5. To characterize equilibrium behavior, consider an « agent in position
k. The a agent always accepts an A item. If the o agent is offered a B item, it must be
that the agents in positions 1,...,k — 1 declined the B item and are waiting for an A.%?
Thus, the agent faces expected wait for an A equal to wy = k/pa, which is the expected
number of periods until k£ copies of A arrive. Thus, the o agent will decline a B if and
only if wy, < w, or k < pav/c = paw. Symmetrically, a 5 agent in position k& declines an
A item if and only if k£ < prw.

Observe that we can equivalently describe the waiting list with declines as an 1C BQ
mechanism with a FCFS BQ policy. The choice of an o agent in position k£ to decline a
B item is equivalent to that agent choosing to join the k-th position in the A FCFS BQ),

52T0 see this claim is true, observe that the problem of the agent in the first position is stationary, and
he will either immediately take a mismatched B or wait for an A (by assumption, the agent waits for
an A when both options give the same utility). This argument implies the problem of the agent in the
second position is stationary, and the claim follows by induction.

15



because under both the agent faces an expected wait of wy = k/pa, as for an A item they
need to wait until £ copies of A items arrive. The maximal size of the A BQ is given by

the maximal K satisfying the IC constraint wi = K4 /ps < w. O

D.5 Proofs from Section 6

Proof of Lemma 6 and Lemma 6’. Observe that o agents must all be assigned before any
agent joins the B BQ, and therefore their expected wait cannot be affected by the B BQ
policy or the decisions of S agents to join the B BQ. O

Proof of Lemma 7. Consider the dynamics of the BQ, restricting attention to periods
when the BQ is not empty. Little’s Law (Little 1961) states that if L is the long-term
average number of agents in the BQ (conditional on the BQ being non-empty), X is the
long-term average rate at which agents join the BQ, and w is the average time that an
agent waits in the BQ, then it holds that

L = \w.

Because the number of agents in the BQ is independent of ¢ (i.e., independent of which
agent is selected to receive an item and leave the BQ), we have that L is independent of

. Using Lemma 10 of Appendix A, we can calculate that
K
k
L=% k. _mko)
k=1 >k (K, 9)

K+1 _
S Pa = DA

K
K+ pApfpa - (afpa)k—1 Pa 7P
where 7 (k, @) / Zszl 7 (k, ¢) is the conditional probability that the BQ holds k agents.

We have that A = pa, because the average number of agents that leave the BQ in a
period is equal to the probability that an A item arrives (and one agent leaves). Because
the number of agents in the BQ is bounded by a constant, the long run average rate at

which agents join the BQ is equal to the long-run average rate at which agents leave the

BQ. Thus, we have that

L £l if po =pa=p
W(K) =Elw] = — = ;p . L & .
pa -+ + o= if po # pa-

PA PA—Pa pa (Pa/py)E—1
Last, we show that if (K, ) is a IC buffer-queue policy, then it must be W(K) < w.

To do so, we calculate Efw;] from {wy}r_,. Let k be a random variable whose support is
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1,...,K and P(k = k) > 0 is equal to the probability that an agent in the BQ initially
joined at position k. Because each agent who joins the BQ does so in some state (k, B),

we have that
7 (k, B)

YK 7 (kB)

By the law of iterated expectation, we have that

P(k =k)

Elwg =Y wy-P(k=k).

If a BQ policy (K, ¢) is IC, we have that wy < w for all k¥ < K, and therefore W (K) =
E [’LU,*C] < w. ]
Proof of Corollary 3. By Lemma 7, if M = (K4, o%, KB, ©%) is IC, then

K441

WI(KA) =
(K5 2pa

< w,

or
KA < [2paw] — 1.

Similarly, we have that
KP < |2ppw| — 1.

By Theorem 3, the misallocation rate is decreasing in K4, K2, and the bound follows. [

Proof of Theorem 4. By Theorem 3, the misallocation rate is decreasing in K4, K5.
Therefore, welfare is increasing in K4, K. The sizes K4, K? are constrained by the
BF-1C requirement, which can be decomposed by Lemma 6’ to requiring separately that
(K4, ¢*) and (K5, ¢P) are each BF-IC. This argument reduces the problem to charac-
terizing the maximal K’ for which some ¢’ exists such that (K’ ¢') is BF-IC.

For ease of notation, we consider the policy for the A BQ and use py4 for the item arrival
probability. Let (K, ¢) be the policy of the BQ, and let wy,, be the implied expected waits
under the belief o (note these expected waits are independent of p,).

We establish an upper bound on K for any BF-IC (K, ¢) by looking at the expected
wait wy s under the belief ¢ = 1. That is, wys is the expected wait when every agent
who is offered a B item declines the B item and joins the A BQ. Equivalently, wy, s is the

expected wait when p, = 1 and all agents are truthful. As in the proof of Lemma 7, we
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have that the average number of agents in the BQ is given by

I— i - (K, ¢)
= k17 (R 9)
K pa
1 P 1=pa’
which is monotonically increasing in K. Let ws denote the average time an agent waits
in the BQ. Using Little’s Law, we have that

ws = L/pa.
K 1
pa(l—=ph) 1—-pa

Let K* be defined by
K* =max{K | ws < w}
= k" (w,1,pa) .

By the law of iterated expectation, we have
K ~
Ws = E [w,;&} = Zwkﬁ : P(k? = k‘)
k=1

Therefore, if (K, ¢) is a BF-IC policy, we have that ws < @ and K < K*.

We proceed to show that (K * gpSIRO) is BF-IC. First, observe that under the belief
¢ = 1 for any positions k, k' < K*, we have that wy s = wy 5 = ws. Because SIRO treats
agents at all positions equally, the expected wait at the end of the period under SIRO is
independent of the agent’s position in the BQ. Under ¢, any agent joining the BQ believes
the BQ will hold K* agents at the end of the period. Therefore, all agents who join the
BQ receive the same expected wait, and because wy s = wy 5 for any k, k' < K*, we have
that wy s = ws < w.

Second, we show that under the BQ policy (K , goSIRO) for any belief o and position
k, we have that wy, < wis. To see that this inequality holds, consider an agent joining
the BQ at position k, and fix the realized sequence of items arriving in future periods.
Given the sequence, let ¢(n) be the number of agents in the BQ when the n-th A item
in the sequence arrives. The agent waits until an assignment, and conditional on not
being assigned earlier, he is assigned the n-th item with probability 1/¢(n). The agent’s
expected wait increases as 1/¢(n) decreases, and therefore as ¢ (n) increases. The belief
¢ implies the maximal possible ¢ (n) for each n, regardless of the item process, as the

number of agents ¢ (n) is maximized when the BQ reaches its maximal size each time a
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B item arrives. Averaging over all item arrival sequences, we thus have that wy, < wys.
In summary, we have that (K*, 0™°) with K* = &* (0, 1, pa) is BF-IC, and for any
BF-IC BQ policy (K’ ¢'), it holds that K’ < x* (w,1,pa). O

Proof of Lemma 8. Consider a symmetric equilibrium in which an o agent who is offered
position k in the A BQ joins with probability s(k) € [0, 1]. Let o (k) = pa - s (k) denote
the correct equilibrium beliefs. We first show that for any s, the expected wait wy , is
increasing in k. Fix the sequence of items arriving in future periods and compare two
trajectories starting in period ¢, the first starting with & agents and the second with &’ > k
agents. We couple the two trajectories and consider the number of agents in the BQ in
each period until the BQ empties under the first trajectory. Let £ > t+1 be the first period
in which the two trajectories have an equal number of agents, or the BQ empties under
the first trajectory. Note that in every period from ¢ + 1 to ¢, the BQ has strictly fewer
agents under the first trajectory. The probability that a given agent in the BQ is assigned
the n-th arriving A item is 1/¢ (n) if £ (n) agents are in the BQ at the beginning of period
when the n-th item arrives, which is strictly decreasing in ¢(n). If an A item arrives
between t + 1 and ¢, a given agent in the BQ has higher assignment probability under
the first trajectory. If any agents remain in the BQ under the first trajectory in period
t, their future assignment probabilities are equal under the two trajectories. Averaging
over all sequences of item arrivals, we find that under the first trajectory, a given agent
in the BQ has a weakly higher probability of getting assigned in all periods under the
first trajectory, and a strictly higher probability in some periods. Therefore, agents face
a higher expected wait under the second trajectory, and the expected wait wy, , is strictly
monotonically decreasing in k.

The agent’s best response implies s (k) > 0 only if wy, < w and s(k) < 1 only if
W, > w. Together with the monotonicity of wy, ,, the best response implies the existence
of z* such that™ s (k) = <y} + Ljav|<h<|or 413 [27], that is, s (k) = 1 for k < [2*],
s(k)=0for k> |z*| + 1 and s (k) = [z*] = 2* — |a*] for k = |2*] + 1.

The same coupling argument shows wy,, is strictly increasing in z* (and therefore,
a unique equilibrium exists). Let (K*,¢%®°) be the BF-IC SIRO BQ policy with the
maximal K* = k* (w,1,p4), and let wy 5 be the implied wait under the belief ¢ = 1. Let
0’ (k) = pa - i<y be the belief that agents join position 1 to K*. From the proof of
Theorem 4, we have that

Wgo < Whe < W,

53The fractional part of z* is denoted by [z*] = 2* — |2*].
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and therefore we must have that z* > K*. O

Proof of Lemma 9. At the end of a period, all agents in the BQ have the same expected
utility. The monotonicity arguments used in the proof of Lemma 8 show an agent is
weakly better off if no agents join after him. Thus, the last agent would have chosen to
join the BQ if he knew no agents would join after him. Because the last agent prefers
joining the BQ to being assigned immediately to a mismatched item, all other agents

prefer to stay in the BQ as well. n
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