ONLINE APPENDIX

Constrained-Efficient Capital Reallocation

ANDREA LANTERI AND ADRIANO A. RAMPINI

A Stylized Model

This appendix provides additional details and results on the analysis of the stylized model
of Section II.

A.1 Graphical Representation of Implementation of First Best

In Figure A1, we illustrate the stationary competitive equilibrium (solid lines) in our nu-
merical example for the stylized model of Section II, and contrast it with the constrained-
efficient allocation rule that supports the first-best outcome described in equation (31)
(dashed lines). While total capital (bottom left) is weakly increasing in net worth in com-
petitive equilibrium, inducing inefficient dispersion in marginal products, the constrained-
efficient allocation equalizes the scale of production across all firms, increasing aggregate
investment and reallocating old capital towards the most constrained firms, without incur-

ring any equity issuance costs (bottom right).

A.2 Restrictions on Policy Instruments in the Stylized Model

In this section, we provide additional results on the policy experiments with restricted

instruments in the stylized model from Section IL.F.

A.2.1 No Taxes on Old Capital

We first consider the case in which the planner cannot tax old capital. In this case, and
in the following one without subsidies on new capital, we assume that new and old capital
are imperfect substitutes: y = f(k) and k = g(kV,k?), where ¢ is a constant elasticity
of substitution (CES) aggregator of new and old capital, as we assume in the quantitative
model:
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Specifically, for our numerical example we set the elasticity of substitution ¢ = 50, thus
assuming high substitutability, similar to the baseline case for the stylized model, but

retaining an interior solution for all firms. We further set ¥ = 0.5, thus treating new and
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Figure Al: Stationary competitive equilibrium and constrained-efficient allocation — example.
Top left: new capital k™V; top right: old capital k“; bottom left: total capital k; bottom right:
marginal cost of equity issuance ¢4. The x-axes report net worth w. Solid lines denote the
competitive-equilibrium allocation, dashed lines the constrained-efficient allocation. See the cap-
tion of Figure 1 for the parameter values.

old capital symmetrically. All other functional forms and parameter values are as in the
baseline numerical example (see caption of Figure 1).

The competitive-equilibrium optimality conditions for new and old capital are
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where we denote by gy and go the partial derivatives of the bundle with respect to new
and old capital, respectively.

To reflect the assumption that the planner cannot tax old capital, the planner faces the
Euler equation for old capital (A2) as a constraint, for all w and ¢, with multiplier 32,

where we omit the dependence of variables on w, but it is understood that both allocations



and multiplier depend on firm net worth.

The planner’s first-order conditions with respect to new capital, old capital, and debt

are
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The first-order condition with respect to the price of old capital ¢; is

/k?(1 + Ga)dT = /k;gilu + ON_1)dm + /¢?(1 + Gar + qpbaa kP )dr.

The left-hand side reports the distributive externality on the buyers of old capital, whereas
the first term on the right-hand side reports the distributive externality on the sellers as
well as the collateral externality, as in our baseline case with taxes on new and old capital.
Additionally, the second term of the right-hand side is a wedge due to the constraint (A2),
which is positive and implies that the planner tolerates a distributive externality that is
larger than the collateral externality in the constrained-efficient allocation. Because of this
wedge, the optimal reduction in the price of old capital is smaller than when the planner
can distort both new and old investment. Notice that the multipliers ¢ are positive,
because the planner would like to tax old capital.

The intuition for this result is that the planner would like to decrease the price of old
capital substantially, as in the unrestricted case, but a low price of old capital reduces the
left-hand side of constraint (A2) and incentivizes inefficiently large purchases of old capital,
which the planner cannot offset, absent a tax on old capital.

We consider an implementation of the constrained-efficient allocation with a propor-
tional tax on new capital. Moreover, the planner can also use a tax on debt to induce

its desired value for the multiplier A in competitive equilibrium, consistent with equation



(A4).32 These taxes are then rebated lump-sum to each firm. To obtain the optimal tax
rate on new capital, similar to the analysis of Section II.E, we first compute the allocation

and then use the firm optimality condition

(1+ @)X+ 1) = B (fulke)gn (k" k) + g (1 +0X))

to solve for 7/¥. We find that the optimal tax is negative in stationary equilibrium, con-
sistent with our main insight on the importance of the distributive externality. Increasing
the supply of new capital reduces the price of old capital, improving the allocation. The
incentive to subsidize capital is reflected in the last two terms on the right-hand side of

equation (A3): The multiplier n is positive as in the baseline case with unrestricted in-
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contributes to relax the constraint due to the missing tax on old capital. In particular, for

struments. Moreover, the term is also positive because additional new investment
financially constrained firms additional new investment increases the marginal value of net
worth, discouraging purchases of old capital, similar to a tax on old capital. Thus, as we
explain in Section II.F, the optimal subsidy on new investment is larger for more financially
constrained firms.

Figure A2 displays the optimal tax rate on new capital. Notice that there is a dis-
continuity around the level of net worth such that firms become unconstrained. This is
because our numerical example assumes a quadratic cost of equity issuance, and thus the
second derivative ¢q4q¢, which appears in the optimality conditions reported above, equals

a positive constant for constrained firms, and zero for unconstrained firms.

A.2.2 No Subsidies on New Capital

We now consider the case in which the planner cannot subsidize new capital. In this
case, the planner faces the Euler equation for new capital (A1) as constraint for all w
and ¢, with multiplier 5%). Notice that in formulating this constraint on the planning
problem, we need to substitute a differentiable expression for the Lagrange multiplier on
the collateral constraint 3™1)\;. We follow, for instance, Jeanne and Korinek (2019) and
use the competitive-equilibrium optimality condition for debt to substitute \; = ¢4 in the
constraint. Henceforth in the derivations of this section, we use the notation A\f to refer to
the multiplier on the collateral constraint in the planning problem.

The planner’s first-order conditions with respect to new capital, old capital, and debt

32The tax on debt is not relevant in the baseline case in which the planner can distort both new and
old investment (Section II.E), because in that case the planner’s first-order condition with respect to debt
coincides with the competitive equilibrium one, (12).
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Figure A2: Tax Rate on New Capital without Tax on Old Capital. The z-axis reports net worth

w. The y-axis reports the tax rate 7.
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The first-order condition with respect to the price of old capital ¢; is
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The left-hand side reports the distributive externality on the buyers of old capital, whereas

the first term on the right-hand side reports the distributive externality on the sellers as well



as the collateral externality. The remaining terms of the right-hand side represent again a
wedge due to the constraint (Al). This wedge is positive in our numerical example, as in
the previous section, and implies that the planner tolerates a distributive externality that
is larger than the collateral externality in the constrained-efficient allocation. Hence, the
optimal reduction in the price of old capital is smaller than when the planner can distort
both new and old investment. Notice that the multipliers ¥ are negative, because the
planner would like to subsidize new investment.

We consider an implementation with proportional taxes on old capital and debt, rebated
lump-sum to each firm. To obtain the optimal tax rate on old capital, we first compute

the allocation and then use the following firm optimality condition

g (1 + @ae)(1+ 70) = Bfilke)go (kYY)

to solve for 7°. Figure A3 displays the stationary-equilibrium tax on old capital. We find
that it is positive, consistent with our main insight on the importance of the distributive
externality, which induces the planner to reduce the price of old capital. Moreover, this
tax is smaller for more financially constrained firms. This is because the planner uses the
tax on old capital to partially substitute for the missing subsidy on new capital and relax

constraint (A1), which is more binding for unconstrained firms.
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Figure A3: Tax Rate on Old Capital without Subsidy on New Capital. The z-axis reports net
worth w. The y-axis reports the tax rate 7°.



A.2.3 No Lump-Sum Transfers

We now consider the policy experiment with proportional taxes on new and old capital,
but without lump-sum rebates. Figure A4 displays the overall tax liability of each firm as
a function of net worth, confirming that firms with low net worth pay a positive tax and

effectively subsidize firms with higher net worth under this policy.
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Figure A4: Tax Payment Without Lump-Sum Transfers in the Stylized Model. The z-axis
reports net worth w. The y-axis reports the total tax payment 7VkN (w) + 70¢k? (w) assuming
that 7V = —0.03 and 7© balances the government budget constraint.

B Extensions and Limitations of Efficiency Result

This appendix provides additional details and results on the analysis of Section III.

B.1 Risk-Averse Entrepreneurs

In this section, we analyze the case from Section III.A in which each firm is owned by a
risk-averse entrepreneur whose consumption at each date equals the dividend paid by the
firm.

Competitive Equilibrium with Financial Frictions. Given their initial net worth w and

the price of old capital ¢;, entrepreneurs maximize their utility by choosing consumption



cor and ¢y 441, new and old capital kY and k2, and borrowing by, to solve®?

max u (cor) + Bu (c B1
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where u is the utility function, with u. > 0, 1. < 0, and lim._,q u.(c) = +00, subject to

the budget constraints for the current and next period,

woe +be = coot+kp 4 qiky (B2)
FRY + D) + quaky = crerr + B by, (B3)

and the collateral constraint (9).

Denote the multipliers on the budget constraints by p and Bp; 441, on the collateral
constraint by 8);, and on the non-negativity constraints for new and old capital by vV
and 19, respectively. The optimal demand for new capital, old capital, and borrowing, as

functions of initial net worth w, satisfy the following first-order conditions

ue(cor) = ﬁuc(cl,tﬂ) [fr(ke) + ] + BONG41 + Ziv (B4)
qruc(cor) = Puc(cresr) fulke) +vf (B5)
uc(cor) = uc(Crps1) + A, (B6)

where k; = kYN + k©. Moreover, the firm’s marginal value of net worth at date ¢ is po; =
ue(Cot)-

A stationary competitive equilibrium is a set of policy functions mapping initial net
worth to an allocation {co(w),ci(w), kN (w), k°(w),b(w)}, that is, consumption, invest-
ment, and debt choices, and a price of old capital ¢, such that entrepreneurs maximize
their utility, Vi € W, and the market for old capital clears, that is, [k™(w)dm(w) =
[ kO (w)dr(w).

In a stationary equilibrium, the first-order conditions for new and old capital (B4) and

(B5) can be written as investment Euler equations

UC(CO) PN
uc(c1) fu(k)
b= Buc(co) q (B8)

33Because we now interpret dividends as consumption, we require that dividends are non-negative. We
could alternatively allow for negative dividends, in which case this model becomes a generalization of our
stylized model, which can be obtained as the special case u(d) = d — ¢(d).



with equality if £V > 0 and k© > 0, respectively, where we use the same definition of the

down payments as in Section II. Using (B6), we can rewrite (B7) and (B8) as

uny(w) = un + ﬁ@v =1-—[Fq+ uc()\cl) (1—-p80q) > PBfi(k)

uo(w) EUO‘I’ﬁ@O =q+ Bfu(k),

C

q =
uc(cr)

where we use the same definitions of the user cost as in Section II.

Combining (B7) and (B8) we moreover have

u(er) A =0)a (" —v%)/uclco)

1=p
Uc(Co) PN — Q0 PN — R0

(BY)

Arguing as before, equation (B9) implies py > po, and thus, in equilibrium, uy < ug.
Consider first entrepreneurs for which A = 0 They invest k which solves 1 = 3 f’“pij(vle)q.
Moreover kY = k and k© = 0 if ¢ > ¢'P as we assume is the case in Proposition 3.
Entrepreneurs with A = 0 have net worth w > W, where w solves w—gpyk = f(k)+(1—0)qk.

Entrepreneurs with sufficiently low w strictly prefer old capital, because as w — 0,
fr(k) — 400 and therefore % — 0, and thus equation (B9) implies v > 0. Hence,
for sufficiently low w, kv = 0 and £ > 0. Moreover, k? is strictly increasing in w. To
see this, consider w; > w and assume k¢ < k9. Then, ¢, = f(k9) < f(k°) = ¢; and
fe(kQ) > fx(k©), whereas Zzg;i; > HZEEZ;)) > zgzzg, which contradicts equation (BS).

For w sufficiently close to @ and w < w, kv > 0 and k2 = 0. Hence (B7) holds with
equality. Moreover, k% is strictly increasing in w. To see this, consider w, > w and assume
Y < EN. Then, fy(kY) > fu(k™), whereas ¢1 4+ = f(KY) + q(1 — 0)kY < f(EN) +q(1 —

0)kN = ¢, and hence ZCE;:% > “ui;)*)) > ZCEZI) which contradicts equation (B7).

Consider now entrepreneurs for which vV = v© = 0. Then, 1 = g

Uc (Cl
ue(co)

Ro = % With risk-averse entrepreneurs the value function is globally strictly concave,

and the envelope condition implies that ¢ is strictly increasing in w, and thus so is ¢;.
Moreover 1 = R_l% Rp! fk(k . Hence, k = k < k. Since ¢; = f(k)+(1—0)qk",
kYN is strictly increasing and k° =k — k:N strictly decreasing in w.

Ro, where

Entrepreneurs who are indifferent between new and old capital have net worth wy <
w < Wo < w and these thresholds are implicitly characterized as follows: co(wy) = wy—qk,

ai(wy) = f(k), 1 = BRoMEER: ¢(Wo) = Wo — pxk, e1(Wo) = f(k) + (1 — O)qk,
1=8R uc(c1(Wo))

Oue(co(wo))*
Constrained Efficiency. Given an initial distribution of new and old capital, kY, (w) and



k9, (w), a utilitarian planner maximizes the total present discounted value of utility

/IU(Clo(w))JrZﬁt (u (cot(w)) + Bu (cr 1 (w))) | dm(w),

subject to the budget constraints (B2) and (B3) with multipliers S'uo; and Sy 441,
the collateral constraint (9) with multiplier 371\, the non-negativity constraints on new
and old capital with multipliers Bz and 829, and the market clearing condition for old
capital (3) with multiplier 8'r,.

The first-order condition with respect to the price of old capital ¢; for t = 1,2, ... is

/ K (w)u (cor (1)) d(w) = / EY L (w) [te (10()) + B (w)] dir(w).

Thus, in the stationary constrained-efficient allocation, we have

/k‘o(w)uc (co(w)) dm(w) = /k:N(w) [ue (c1(w)) + OX(w)] dmr(w).

We now show that, in stationary competitive equilibrium, the distributive externality

is larger than the collateral externality, that is,

[ 1w w) dn(w) > [ 8 @) e @ w) + 02w)) dr(w)
To do so, it is sufficient to prove that
[ 1w o) dntw) > [ B @y cofw) drw), (B10)
because 1, (co(w)) = te (c1(w)) + Aw) > ue (e1(w)) + OA(w).
We can bound the two sides of (B10) as follows. If there is positive mass between

wy and Wo, we apply the following result: E[k9u. = COV(k°, u.) + E[k°]E[u.]. Let
U = ff; . (co(w)) dm(w)/ ff; dr(w). We have

WO WO
/ k9u,(co)dm = / k9u,(co)dm > 7, / kCdr, (B11)

because (i) u.(cy) > T, for w < wy, and (ii) both k© and wu.(cy) are strictly decreasing

in w for wy < w < Wp, thus their covariance is positive, implying fwwNo kPuc(co)dm >

10



U f k9drm.?* Similarly, we have

/ ENue(co)dm = / ENue(co)dm < . / ENdnr, (B12)

=N =N

because (i) u.(co) < . for w > We, and (ii) &V is strictly increasing in w for wy < w < Wop,
implying its covariance with u.(cp) is negative, and thus szO ENue(co)dm < T, ffNO kNdr.
Furthermore, notice that at least one of the two inequalities (B11) and (B12) is strict,
because the distribution of net worth 7(w) is non-degenerate. Thus, combining (B11),
(B12), and the market-clearing condition fQN kNdrm = ["° kOdr, we get (B10).

If there is no mass between wy and wp, (B10) obtains more directly because all en-
trepreneurs investing in old capital have a marginal utility weakly greater than wu.(co(wy)),
all entrepreneurs investing in new capital have a marginal utility weakly less than u.(co(wo)),
and u.(co(wy)) > uc(co(wWp)). This proves Proposition 3.

We now discuss the case ¢ = ¢©'Z, which is not included in Proposition 3. In this case,
uy =uo =po =q=1/(1+8) <1—p80q =gy and Rp = 3~!. For entrepreneurs that are
indifferent between new and old capital (v = 19 = 0), (B9) implies that u.(c;) = u.(co),

so ¢; = ¢p, and (B6) implies that they are unconstrained (A = 0). The investment Euler

equations moreover imply that £ = k& = kpp. Further, wy < Wpo = w; specifically,

co(wy) = wy — gk, a(wy) = f(k), and wy = f(k) + gk, and co(Wo) = Wo — pnk,
e1(®o) = f(k) + (1 — 6)qk, and Wo = F(k) + gk + (1 — O)k.
All entrepreneurs with w > w, are indifferent between new and old capital at the
wo—w

margin, but entrepreneurs with w € (wy, Wo) invest at least kS, (w) = P22 in old capital.

For entrepreneurs with w > wj, we choose the following selection of their investment
policy. Let k9 = f kO dr fwo kS ..dm) /([ KNdr + wa kOdm — fwo kQ. dr) and select

kO (w) = kO, (w) + (k: kfm( ) for w € (wy,Wo), and k°(w) = /@Ok for w > wp.
Using this selection and defining @, = wa Ue (co(w)) dm(w)/ wa dr(w), we have

/kouc(co)dw = /N kouc(co)dﬂ+/ kCuc(co)dm

=N

> /_ l{:uccodﬂ+uc/ kodﬁzﬂc/kodﬂ,

ZN

and [ kNu.(co)dr < T, wa ENdr = u, [kVdr. As long as some entrepreneurs are con-
strained, at least one of the inequalities is strict, and using [k%dr = [kNdm, (B10)

obtains.

34See Schmidt (2003) for a proof of the sign of the covariance of monotone functions.
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B.2 Heterogeneity in Productivity

In this section, we analyze the model with productivity heterogeneity from Section II1.B
in more detail.
Competitive Equilibrium with Financial Frictions. A firm that draws initial net worth

w and productivity s maximizes (6) subject to the budget constraints (7) and
sf(kY +k2) + k) = dygpr + B by, (B13)

and the collateral constraint (9). Let v(w, s) denote the value function of the firm.
Denote the multipliers on the budget constraints by p and Bu; 41, on the collateral
constraint by 3\;, and on non-negativity constraint for new and old capital by v~ and ¢,

respectively. The optimality conditions are

1+ ¢ar = Blsfilke) + @] + BONGes1 + 1)) (B14)
(1 + ¢ar) = Bsfrlke) + 09, (B15)

and (12), where k, = kY + k9.

A stationary competitive equilibrium is a set of policy functions mapping initial net
worth and productivity to an allocation, that is, dividends, investment, and borrowing
choices, {dy(w,s),d;(w,s), kN (w,s), k?(w,s),b(w,s)}, and a price of old capital ¢, such
that firms maximize the present discounted value of dividends net of equity issuance cost,
V(w,s) € W x 8, and the market for old capital clears, that is, [k"(w,s)dr(w,s) =
[ kC(w, s)dm(w, s).

In a stationary equilibrium, we can rewrite equations (B14) and (B15) as

on(L+¢a) = Blsfe(k)+ (1 —0)q +~ (B16)
q(1+¢a) = Bsfu(k)+v (B17)

where oy = 1—/60q. Following the same arguments we develop in Section I1.C, one can show
that ¢ > ¢"B. Moreover, for each value of s, there are thresholds wy(s) < wWo(s) < w(s)
(with strict inequalities if ¢ > ¢*?) such that: firms with w < wy(s) invest only in old
capital; firms with w € (wx(s),Wo(s)) invest k(s) and invest in both new and old capital,
and firms with w > W (s) invest only in new capital; firms with w > w(s) pay non-negative
dividends and invest k(s) > k'B(s) > k(s).

We now show that the marginal equity issuance cost ¢g(w,s) (or equivalently the
marginal value of net worth v, (w,s) = 1 + ¢q(w, s)) is weakly increasing in s, that is,

higher productivity firms are more financially constrained, for a given level of net worth.
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First, consider firms that pay positive dividends. For these firms, ¢4(w, s) = 0.

Now consider firms with % > 0 and v° = 0; for such firms rewrite equation (B16) as

ka /{?O
1+ 6ulgh - w) = g2
where we use dy = w — ¢k?; totally differentiating with respect to s, we obtain % =

% > (0. Thus, dy is decreasing in s, which implies that ¢4(w, s) (and v, (w, s))
is increasing in s.

Next, consider firms with ¥ = 0 and v© = 0. In this case, combining equations (B16)
and (B17), we can write 1 + ¢4 = SRo, where Ry = %. Thus, all firms that are
indifferent between new and old capital issue the same level of equity (d,), and feature a
constant marginal issuance cost ¢,, independent of productivity s. The total investment

of such firms satisfies
0" Ro = sfi(k(s)) + (1 —6)q,

which implies that k(s) is increasing in s. Hence, also the indifference thresholds w,(s) =
dy + qk(s) and Wo(s) = dy + 9V k(s) are increasing in s.

Finally, for firms with " = 0 and v° > 0, rewrite equation (B16) as

ka(]{?N) + (1 - H)q

1+ ¢d(kaN — w) =7
PN

-1
Totally differentiating with respect to s, we obtain dsj = ¢£ ]: kﬁ(z}fﬁkm&l > (. Thus, dj is

decreasing in s, which implies that ¢4(w, s) is increasing in s. We conclude that ¢q4(w, s)
(and vy, (w, s)) is weakly increasing in productivity s for all firms.

Constrained Efficiency. The planner maximizes

/ [dlo(w, s) + Z B (dot(w, 8) — d(—dos(w, 8)) + Bdy 41 (w, s)) | dr(w, s),

t=0

subject to the budget constraints (7) and (B13), the collateral constraint (9), and the

market-clearing condition for old capital. The first-order condition with respect to ¢; is

/kto(w, $) (1 + ¢ar(w,s))dr(w,s) = /kﬁl(w, $) (14 0XN_1(w,s))dr(w,s),

which, in stationary equilibrium, can be rewritten as follows
[ 10w utw sdntw.s) =0 [ 1w, 9)ow,s)in(w.s), (B13)
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where we used the market-clearing condition, as well as the fact that planner optimally
sets the marginal equity issuance cost equal to the multiplier on the collateral constraint.

We now show that in stationary competitive equilibrium, the left-hand side of equa-
tion (B18) is larger than the right-hand side, that is, the distributive externality dominates
the collateral externality. We can bound the two sides of equation (B18) as follows. First,
notice that the marginal equity issuance cost ¢, is the lower bound for the marginal eq-
uity issuance cost of any firms with productivity s purchasing old capital, and the upper
bound for the marginal equity issuance cost of any firms with productivity s purchasing

new capital. Thus, for any productivity level s, we get

/ko(w,s)gbd(w,s)dﬁ(w,s) zad/ko(w,s)dﬂ(w,s),

w

and

/k‘N(w,s)gbd(w,s)dﬂ(w,s) < Ed/ EN(w, s)dm(w, s).

w

Next, recall that ¢, is independent of s. Hence, by summing both sides of these two

inequalities over productivity levels, we obtain

/ko(w,s)gbd(w,s)dﬂ(w,s) zad/ko(w,s)dﬂ(w,s),

and

[ )ouw,s)intw.s) <6, [ 1w, 5)in(w.s)

The two bounds reported on the right-hand sides of these inequalities are equal to each

other because of market clearing. Thus, 6 < 1 implies

/ KO (w, 8)ga(w, s)dm(w, s) > 0 / KN (w, 8)ba(w, 8)dr(w, 5),

which proves Proposition 4.

B.3 Firm Life Cycle and Long-Lived Capital

In this section, we discuss the model with a stochastic firm life cycle and long-lived capital
from Section III.C in more detail and we prove Proposition 5.

Competitive Equilibrium with Financial Frictions. The expected present discounted
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value of dividends, net of equity issuance costs, of a firm born at time  is

Z 6a7a [da,t—i-a - ¢(_da,t+a)] + Z ﬁa’}/a—lpwa,t—i-a
a=0

a=1

where d,; are dividends of continuing firms of age a at time ¢ and w,; is net worth. We leave
implicit the dependence of allocations on initial firm net worth wy to simplify notation.

The dividend of a continuing firm satisfies the following budget constraint:
dat = Wqt + bat - ké\tf - qtkc?t

where kY and kS, are investments in new and old capital, respectively, ¢; is the price of old

capital, and b,; is debt. Firm net worth evolves as follows. For a > 0, we have

Wat = f(ka-1e-1) + (1= 0" (1 = q))kglyo0 + (1 = 09k 1y — B a1

where ko141 = kj 1,1 + kS 1, , and B! is the gross interest rate.
Firms face a collateral constraint, which states that debt cannot exceed a fraction 6 of

the resale value of new and old capital:
0 [(1 =™ (1 = qgea))kif + qeea (1= 69)kG] > B bar.

Denote the multiplier on the collateral constraint by 514, \,; and on the non-negativity
constraints for new and old capital by B!v,vY and 5,09, and the marginal equity issuance

cost by ¢gq:. The firm’s optimality conditions for new capital, old capital, and debt, are

L+ @aar = B [frlka) + (1 =01 = ge1))] (1+ (1= p)Paas1e41)
+80Aar (1= 6™ (1 = quyr)) + 10y
(14 ¢aa) = B [fk(]fat) +(1— 5O)Qt+1] (1+ (1= p)daatii+1)
+B0ar(1 = 0°) g1 + 15
Gaat = (1= p)Paa+iir1 + Aat-

The market-clearing condition for old capital is

/Z’Ya [5Nk£t—1 + (1 — 50)]{‘121‘/—1} d’]T()(’LUo) = /Z%k‘zdﬂo(wo)-
a=0 a=0

We define a stationary competitive equilibrium writing the firm problem and the mar-
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ket clearing condition recursively. A stationary competitive equilibrium is a set of policy
functions mapping net worth to an allocation, that is, dividends, investment, and bor-
rowing choices for continuing firms, {d(w), k¥ (w), k°(w), b(w)}, a stationary distribution
of net worth m(w), and a price of old capital ¢, such that firms maximize the present
discounted value of dividends net of equity issuance cost, Vw, the stationary distribu-
tion is consistent with firms’ policy functions, and the market for old capital clears, that
is, [ONEN(w)dr(w) = [§9kC(w)dm(w). Notice that the stationary distribution of net
worth 7 is an equilibrium object, whereas the distribution of net worth of new firms m is
taken as exogenous.

With long-lived capital, we define the down payment per unit of new and old capital
as py = 1 — (1 — V(1 — q)) and po = ¢ (1 — pO(1 — 50)), respectively, and the user
cost of new and old capital to an unconstrained firm as uy =1 — (1 —oN(1 - q)) and
uo = q (1 — B(1—49)), respectively. Analogously to (15) and (16) we define the user cost

of new and old capital to a firm with net worth w as

_ _1_ _S§N/q1 _ A _ _ SN _
uN(w):quprN_l B(1-07(1 Q))+1+(1_p)%(1 BO(1—0"(1—q)))
and

A
uo(w) = up + m@o =q(1-8(1-69)+ mqg — 861 —69)),

respectively. The investment Euler equations for new and old capital are

L+ (1= p)dy\ fulk) +B80=0)(1=0"(1—q) , v"/(1+ ¢a)

! B ( 1+ ¢q d) ON * ON (B19)
1+ (1= p)dl\ fulk) +B8(1—0)q(1 —06°)  v°/(1+ ¢q)

1 5( Ty ) oo - o . (B20)

Combining these two Euler equations we obtain

(1A =pe\ =0 ((1=0V(1—q) —q(1-69) @Y —1°)/(1+ da)
1_5( 1+ ¢q ) PN — 0 * PN — 0

(B21)
To see that ¢ < 1 in a stationary equilibrium, suppose instead that ¢ > 1; then up > uy
and po > gy, implying that old capital would be dominated. To see that gy > po in a
stationary equilibrium, suppose instead that g < po; then, since 1—0V(1—q)—q(1-569) =
(1 —6Y) (1 —q) + qd6° > 0, (B21) would imply that ¥ > 0, that is, no firms would invest
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in old capital, a contradiction. Note that py > @0 is equivalent to

1— 86(1 — 6V)

1
9= 11 805N — Bo(1 —69)

To see that uy < wup in a stationary equilibrium, note that otherwise uy(w) > up(w)
for all firms, so there would not be any new investment, which cannot be an equilibrium.

Further, uy < up is equivalent to

e 1=B1-20")
124" = 135N — B(1=00)

that is, the price of old capital in competitive equilibrium must be weakly higher than the

price of old capital in a frictionless economy.
_ 6fk(E)+(1_9)(1_5N(1_‘1)).

Consider first firms for which A = 0. They invest k which solves 1 ox

Moreover kN =k and k© = 0 if ¢ > ¢"P. Firms with A\ = 0 have net worth w > @ = pyk.

Sufficiently constrained firms prefer old capital. Moreover, k© is strictly increasing in w
for such firms. To see this, first notice that the firm value function is concave, implying that
the marginal value of net worth 14 ¢4 is weakly decreasing in net worth. Consider w, > w
and assume k¢ < k9. Then f(k9) < f(k°), and thus w, < w’ and by, > ¢ Moreover,

4+(1-p)dy . H(1—p)dy | 14+(1—p)d), .
T+ a, Thea 2 Treq o Put then
equation (B20) implies that k¢ > k©, a contradiction.

since dy > d and d < 0, ¢4 > ¢4+, and thus

Consider now firms that are indifferent between investing in new and old capital. Let
Ro = (1_9)((1_5215,1__5)0)_‘1(1_50)). Since ¢ > ¢B, R > B~ (with equality iff ¢ = ¢'?). For
firms in the indifference region, we can write (B21) as 1 = %

we can then write the investment Euler equation for new capital (B19) as

LR EOIEAEY)

Ro. For such firms,

Y

implying that such firms all invest the same amount k& < k. (If ¢ = ¢©'?, then k = k = kF'B))
Moreover, in the indifference region, if ¢ > ¢"Z, k™ (k9) is strictly increasing (decreasing)
in net worth. To see this, assume the opposite were true. Then, w’ would be (weakly)
decreasing in w, and thus ¢/, would be (weakly) increasing in w. Moreover, dividends
d=w— p"kN — °(k — k%) would be strictly increasing in w, implying that ¢4 would
be strictly decreasing in w, since in the indifference region % < 1 and hence ¢4 > 0

(d < 0). This contradicts the fact that % is constant in the indifference region.

Firms that are indifferent between new and old capital have net worth wy < w <
Wo < w and these thresholds are implicitly characterized as follows: d(wy) = wy — 9%k,

17



W) = F(B)+ (1= 0)(1—69)gk; d(To) = Wo — ok, ! (Wo) = F(k)+(1—0)(1— 6V (1 -
9)k; and 1 = gr0% R,

If ¢ > ¢fB, for w sufficiently close to w and w < w, k¥ > 0 and k° = 0. Hence (B19)
holds with v = 0. Moreover, kv is strictly increasing in w, following a similar argument
by contradiction to the one developed above for firms that only purchase old capital.

Constrained Efficiency. The planner maximizes the present discounted value of aggre-

gate dividends net of equity issuance costs

Z ﬁt/ [Z Ya [(dat - ¢(—dat))] + Z Ya—1PWat dﬂo(wo)

a=1

subject to the transition for net worth, the collateral constraint and the market-clearing
condition for old capital, with multiplier 3'n;.
The optimality condition for the price of old capital is

/Z’Yakc?t(l + Ga,at)dmo(wo) =
a=0
/Z’}/a [5Nk‘é\jt_l + (1 — 5O)k2t_1] (1 + (1 — p)¢d,a+l,t + 9)\a7t_1)d7T0(’LUQ). (B22)
a=0

The summation on the left-hand side of equation (B22) represents the marginal cost of
increasing the price ¢; for firms that purchase old capital. The summation on the right-
hand side represents the marginal benefit of increasing net worth for firms that own old
capital, as well as the marginal effect of ¢; on the borrowing capacity of constrained firms
at t — 1.

We now prove that in the stationary competitive equilibrium the distributive externality

is larger than the collateral externality, that is,

/Z’Yakgt(l + @dar)dmo(wo) >

a=0

/Z% [5Nki\,[t—1 +(1- 50)]‘5[10,15—1} (L4 (1 = p)@aa+1t + OAgz—1)dmo(wo),
a=0
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or, written recursively,
[ Ho@) 1+ butw)in() >
/ [5NkN(w) +(1- 50)1{50(10)} (14 (1= p)pa(w') + ON(w))dm(w)

where w’ denotes future net worth associated with current net worth w. Simplifying using

the market-clearing condition, we have

/k‘o(w)gbd(w)dﬂ(w) > / [5Nk:N(w) +(1- 5O)ko(w)] (1 = p)pa(w') + ON(w))dm(w).

Using the first-order condition for debt to substitute out A(w), we obtain

/k‘o(w)gbd(w)dﬂ(w) >

/ [0"EN (w) + (1 = 62)k° (w)] (0da(w) + (1 = 0)(1 = p)da(w’))dr(w). (B23)

Notice that ¢4 is weakly decreasing in net worth. Moreover, ¢4(w) > O¢pq(w) + (1 —
0)(1 — p)pg(w’). Hence, if inequality (B23) holds (weakly) for § = 1, it holds (strictly) for

any 6 < 1. Accordingly, we now prove the following inequality:

[ #owisatwdnt)> [ 5(w) + (1= 80 w)] dutw)d(w),

which, rearranging, we can equivalently express as follows

59 / kO (w)pg(w)dm(w) > & / N (w)pg(w)dm(w). (B24)
As no firm invests in old capital above W, market clearing implies:
WO w
50/ kC (w)dm(w) > 5N/ kN (w)dr(w). (B25)
WnN

Furthermore, we can bound the two sides of (B24) as follows. Since ¢4(w) is weakly

decreasing in w,

WN

WN
[ Rowsatwante) 2 oty [ #00w)dr(w) (B26)
In the region of indifference between new and old capital, i.e., between w, and wp, if there
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is positive mass, we apply the following result: E[k9 ¢y = COV(K©, ¢g) +E[kC|E[¢,]. Since
O and ¢g are both decreasing in w, we have COV(k®, ¢4) > 0. Thus,

/ " O woatwyinte) 23, [ KOwar(w (B27)
where ¢,; = fwo bq(w /fwo dr(w). Since ¢pq(wy) > ¢y, we can combine (B26) and
(B27) and get B B

/ K wdatwitn(u) > 5, [ K whdn(w). (B2)
Analogously, since k% is increasing in w, we obtain

[ K @odtwyinte) <3, [ #yin(w). (B29)

Notice that our characterization of the stationary equilibrium implies fmo EC (w)pg(w)dr(w) =
[ kN (w)¢a(w)dm(w) = 0. Hence, combining (B25), (B28), and (B29), we get

5 / KO (w) ba(w)ddn(w) > 6V / BV (w)galw)dr(w),

which, given 6 < 1, proves Proposition 5.
If there is no mass between w, and wp, Proposition 5 obtains more directly because
financially constrained firms investing in old capital have ¢4 > ¢q(wy ), all firms investing

in new capital have ¢q < ¢4(Wo), and pg(wy) > ¢a(Wo).

B.4 Current Price in the Collateral Constraint

To microfound the presence of the current price of old capital in the collateral constraint,
we assume that firms can default on their debt at the beginning of the period, before
production occurs. In the case of default, they can abscond a fraction (1 — @) of their assets
and there is no exclusion from asset or financial markets.

Under these assumptions, the collateral constraint is
Ok + qik) > by,

with multiplier \;. As in Bianchi and Mendoza (2018), current asset prices determine
the current borrowing capacity. However, different from their setup, it is the choice of
investment at date ¢ that firms pledge as collateral, instead of the capital owned at the

beginning of date . We make this small departure from their assumptions to preserve
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the property of our model that firms’ net worth is a sufficient state variable. Bianchi and
Mendoza (2018) argue that their mechanism is robust to a formulation like ours, where the
collateral constraint depends on the choice of asset level at date t.

The first-order conditions of the firm problem with respect to new capital, old capital,
and debt are

1+ ¢ar = Blfelke) + @] + 0N +Ziv
@1+ ¢ar) = Bfelk) +0Mg + Z?>

and (12), respectively.
In stationary equilibrium, the expressions for user costs and down payments are as
follows: uy = 1— 8¢, uo = q, py = 1 — 0, and po = q(1 — ). We can thus rewrite the

investment Euler equations as follows:

uy + papn = 1 —Bq+ ¢a(1 —0) > Bfi(k)
uo + ¢apo = q+ ¢aq(l —0) > Bfi(k).

Moreover, combining the optimality conditions for new and old capital, we have

(04 B)g — 0 YN — 0

b= (1+¢aq)(pny —po) (14 de)(@;— ©0)

(B30)

The price of old capital must be such that ¢ < 1 or, equivalently, pn > o, otherwise all

firms would invest in new capital. Hence, in order for some firms to invest in new capital,
1

1+8°

Notice that the numerator of the first fraction on the right-hand side is positive, because

it must be that uy < wup < q >

% < ﬁ Hence, equation (B30) implies that sufficiently constrained firms invest only in
1

old capital. Firms that pay dividends weakly prefer new capital, and strictly so if ¢ >

148"
Define Rp = B_l%. Firms that are indifferent between new and old capital must
have Bﬁ = R;' (from (B30)) and invest k, which solves 1 = R(Sl%‘w, where

k < k¥B with equality iff ¢ = ¢'Z. Firms are indifferent between new and old capital at
the margin if w € (wy,Wo), where wy = dy + pok and W = dy + pnk, dy = 0 if ¢ = ¢"'P,
and d, solves 1+ ¢4 = BRo if ¢ > ¢''P.

Constrained Efficiency. The planner’s first-order condition with respect to ¢, for ¢t =
1,2,... is

/k,?a + Pa)dm = /kﬁldww/k?%dm

Different from our baseline formulation with the future price in the collateral constraint, in
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this model a marginal change in ¢; affects both budget constraints and collateral constraints

at date t. Using the market-clearing condition for old capital and rearranging, we get
(1-0) / kC g dm = 0. (B31)

In stationary competitive equilibrium, the left-hand side of equation (B31) is strictly
positive as long as a positive mass of firms is financially constrained. Hence, also under
these assumptions on the collateral constraint, the distributive externality dominates the
collateral externality, showing that the main insight of our paper does not depend on specific

timing assumptions related to limited enforcement.

B.5 Relation to Models with Representative Entrepreneur and

Assets in Fixed Supply

In this section, we connect our results on constrained efficiency in capital reallocation with a
related class of models, that feature a representative infinitely-lived entrepreneur subject to
collateral constraints, possibly impatient relative to the equilibrium interest rate, and with
an asset in fixed supply, which we will refer to as land. This class of models includes the
seminal work of Kiyotaki and Moore (1997) (henceforth KM) and the small-open-economy
models with collateral constraints analyzed by Bianchi and Mendoza (2018) and Jeanne and
Korinek (2019). While there is some variation in the specification of collateral constraints
across these papers, we maintain our formulation of collateral constraints that depend on
future asset prices, as in KM and Rampini and Viswanathan (2010, 2013).

First, we show that the representative-entrepreneur assumption in this class of models
implies that there is no reallocation of land in stationary equilibrium. This lack of real-
location precludes any distributive effects of asset prices: As Davila and Korinek (2018)
show, distributive externalities depend on (i) heterogeneity in the marginal valuation of re-
sources, and (ii) non-zero equilibrium trading.*® We also connect this insight to the effects
of unexpected changes in collateral values described by KM.

Second, we show that the fact that land is in fixed supply in these models, different from
capital, which is endogenously produced in our model, does not affect the main insights on
distributive externalities vs. collateral externalities in reallocation at the core of our paper.
To illustrate this point, we recover a version of our main result on inefficiency in a model of
land reallocation with overlapping generations of entrepreneurs — and hence reallocation in

stationary equilibrium. Finally, we use this model to briefly discuss the role of impatience

35This insight is also related to arguments developed in Stiglitz (1982) and Geanakoplos and Polemar-
chakis (1986), showing that incomplete-markets equilibria with no trading can be constrained efficient.
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for the comparison of distributive and collateral externalities.

B.5.1 Representative Entrepreneur without Reallocation

We now describe an economy with a representative entrepreneur and a representative
lender. The entrepreneur can be interpreted as the “farmer” in KM, or, alternatively,
as the representative household residing in a small open economy. The lender can be in-
terpreted as the “gatherer” in KM, or, alternatively, as a representative household in the
rest of the world in small-open-economy models.

Model. A representative entrepreneur has preferences represented by the utility function

> Blule),
t=0

where § < 1is the discount factor, ¢; is consumption, u. > 0, and u.. < 0. The entrepreneur
has access to a technology vy, = f(ki—1) with fr > 0, frx < 0, and limy_,o fx(k) = +oo0,
where ¥, is output and k;_; is land.

A representative lender has preferences represented by the following utility function
> R, (B32)
=0

where R € (1, 37!] is the inverse of the discount factor and ¢! is consumption. The lender
has access to a technology y! = f!{(k!_,) with f! > 0 and f!, <0, where y! is output and
k! | island. The case of a small open economy corresponds to lenders having an exogenous
endowment, and not operating land, that is, f'(k._,) =g’ > 0.

The resource constraint of the economy is ¢; + ¢t = y; +y'. Land is in exogenous fixed
supply, K = k; + k!. Entrepreneur and lender can trade land at price ¢; as well as a one-
period bond b;. Because of our assumptions on preferences, the gross interest rate is given

by R. The budget constraints of entrepreneur and lender are as follows:

Y + bt = ¢+ qt(kt — kft_l) + Rbt_l (B33)
Y+ Rb .y = 4 qkl— k) +b. (B34)

Notice that our notation implicitly imposes equilibrium in the bond market, and we inter-
pret a positive value of b; as debt for the entrepreneur and assets for the lender.

The entrepreneur is also subject to the following collateral constraint
eqt-i-lkt 2 Rbt, (B35)
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which limits borrowing to a fraction 6 < 1 of the future resale value of the entrepreneur’s
land.

We define the Lagrangian of the entrepreneur’s problem as follows

L= Z B {uler) + pe (fF (k1) + b — ¢o — (ke — k1) — Rbe1) + B¢ (Oqi1 ke — Rby)},

t=0

where S'u; and 1) denote the multipliers on the budget constraint (B33) and the
collateral constraint (B35), respectively.

The entrepreneur’s optimality conditions with respect to land and debt are respectively

Qtuc(ct) = 5uc(ct+1) (fk(kt> + Qt+1) + BAOG 1
uc(cy) = BRuc(c1) + PR

The lender maximizes utility (B32) subject to the budget constraint (B34) and a non-
negativity constraint on land holdings, with multiplier R~‘z!. The lender’s optimality

condition with respect to land is

=R (f/i(ki) + C]t+1) + v,

A stationary competitive equilibrium is defined as a time-invariant allocation {c, c kK, b}
and a price of land ¢ that satisfy the entrepreneur’s and lender’s optimality conditions, as
well as the market-clearing condition K = k + k'.

Constrained Efficiency. To analyze the constrained-efficiency properties of the station-
ary competitive equilibrium, we now consider the marginal effect of a change in the price
of land on welfare. For simplicity, we consider a planner who assigns zero weight on the
lender’s utility; our insights are unchanged if we allow for a positive weight on the lender.

The derivative of the entrepreneur’s Lagrangian with respect to ¢, is

oL

90 B (ke — ki1) + B N1 0k (B36)
4t

In stationary equilibrium, the first term is equal to zero, because the amount of land owned
by the entrepreneur is constant, whereas the second term is weakly positive, and strictly
so if the collateral constraint is binding. In this case, the only pecuniary externality is
the collateral externality, and an increase in the price of land would lead to an increase in
welfare by relaxing the collateral constraint. An equivalent way to formulate this insight
is to observe that even though cheaper land at date ¢, taking as given the price at ¢ + 1,

would seemingly benefit the entrepreneur by reducing the cost of investment at ¢, it would
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at the same time decrease the value of the entrepreneur’s net worth by the same amount.
Furthermore, it would make the collateral constraint tighter at date ¢t — 1, resulting in an
overall negative effect.

This result arises because there is no net trading of land in stationary equilibrium, so
no equilibrium capital reallocation. Clearly, even if the planner assigned positive weight
to the lender’s utility, there would be no distributive externality, as the lender’s amount of
land is also constant. This model may feature misallocation in stationary equilibrium, if,
as in KM, the financial friction induces an allocation such that fi(k) > fi(k'). However,
the model does not feature reallocation, in the sense that land is not traded in stationary
equilibrium, resulting in no effect of the price of land on budget constraints, and thus no
distributive externality.

Relation to the KM mechanism. To connect our efficiency analysis to the effects of
asset-price changes in the KM model, we can rearrange equation (B35) as follows, after
substituting out debt b; from the budget constraint (B33):

(¢t — R7M0q1)ke — qike—1 — f(ke—1) + Rby_q + ¢ <0, (B37)

or, equivalently,
1

(Qt - R_19Qt+1

where w; = qiki—1 + f(ki—1) — Rb;_1 denotes the entrepreneur’s net worth, which, impor-

ke <

] (wy — &), (B38)

tantly, also depends on the price of land.

Constraints (B37) and (B38) correspond to equations (4) and (7) in KM (pages 219 and
220, respectively), which hold with equality in their model, determining the law of motion
of the entrepreneur’s land, whenever the collateral constraint is binding.?® KM consider
the following thought experiment: What would the effect of an unexpected increase in the
current and future price of land on this constraint be? Notice that this marginal effect is
different from the derivative (B36), which accounts for the effects of current prices on past
debt, and moreover treats the price at each date as a distinct variable. Nevertheless, to
consider the KM thought experiment, we assume there are two consecutive dates such that
¢ = q1+1 = q and differentiate both sides of inequality (B37) with respect to q. We denote

this derivative by A®M and obtain
AKM - (1 - R_le)kt - kt—1~

As KM argue, as long as the constraint is binding and f(k;_1) — Rb;_1 —c¢; < 0, that is, as

36Under the technology assumption in KM, consumption ¢; is a constant fraction of output, labeled as
“perishable” output. Moreover, KM focus on the case in which 6 = 1.
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long as there is sufficient leverage, we have AXM < (0, implying that an increase in the price
of land would relax the collateral constraint, even after accounting for the effects of the
price on the budget constraint. In stationary equilibrium, we have AKM = —R=10k < 0,
because, as we argued, the effects of the price of land on the budget constraint other than
through the collateral constraint cancel out, as the entrepreneur is keeping a constant
amount of land.

We conclude that the collateral externality is the only pecuniary externality in the
stationary equilibrium of this model, and this insight about efficiency is closely related to
the fact that an unexpected change in current and future collateral values, as analyzed by

KM, relaxes the collateral constraint.

B.5.2 Heterogeneous Entrepreneurs and Reallocation

We now consider a modification of this model and show how to recover our main insights on
the importance of distributive externalities. Specifically, instead of assuming an infinitely-
lived representative entrepreneur, we consider over-lapping generations of entrepreneurs,
as in Section III.A (and as KM consider in the appendix of their paper), which introduces
heterogeneity among entrepreneurs and reallocation in equilibrium.

Model. For simplicity, we assume that entrepreneurs live for two dates and that all
entrepreneurs are endowed with a common initial level of net worth w. We maintain all
other assumptions from the model in the previous subsection, namely an infinitely-lived
lender with linear preferences and a productive asset in fixed supply.

The representative entrepreneur born at date t has utility
u(cor) + Buler i)
with 8 < R, u, > 0, and u.. < 0. The budget constraints are

w + bt = Cot + qtk‘t
f(ke) + gk = ci1 + Rbiy,

and the collateral constraint is given by equation (B35) as before.

The optimality conditions with respect to land and debt are respectively

qruc(cor) = Buc(crerr) (frlke) + @) + BAOG41 (B39)
uc(cor) = PBRuc(cr41) + BRN. (B40)

where, again, S)\; denotes the multiplier on the collateral constraint. Notice that in this
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model there is always net trading of land, with young entrepreneurs being buyers and old
entrepreneurs being sellers.

A stationary competitive equilibrium is defined as a time-invariant allocation {co, cr,c kK b}
and a price of land ¢ that satisfy the entrepreneurs’ and lender’s optimality conditions, as
well as the market-clearing condition K = k + k'.

Constrained Efficiency. As in Section III.A and Online Appendix B.1, we consider
a planner who maximizes the present discounted value of utilities of all generations of

entrepreneurs, with discount factor

u(ero) + B (u(cor) + Bu (cre))

subject to all budget constraints, collateral constraints, and market-clearing conditions.

The marginal effect of the price of land ¢; on aggregate welfare is given by

—B%(ue(cor) — ue(crr) ke + B Ai—10k;.

The two marginal-utility terms represent the distributive externality, due to the fact that
young entrepreneurs buy land, whereas old entrepreneurs sell land in equilibrium. Thus, as
long as they have different marginal utility from consumption, the aggregate distributive
effect of a price change is non-zero. The last term involving the multiplier \;_; denotes
the collateral externality, because the price of land affects the collateral constraint in the
previous period.

Using equation (B40) to substitute out A\;_1, this expression can be rewritten as

—p* [(UC(COt) — ue(c1r)) — ﬁ_lR_le (uc(coi—1) — ﬁRuc(Clt)ﬂ k. (B41)

Case f = R™'. We now show that under the baseline assumption on discounting in
our paper, which is 8 = R™!, this derivative is negative in stationary equilibrium, because
buyers of land have a higher marginal utility than sellers, and moreover the distributive
externality dominates the collateral externality. To see this, observe that 3 = R~! and

equation (B40) imply u.(co) — uc(c1) > 0. Furthermore, the expression in (B41) becomes
—B" (uc(co) — ue(er)) (L= 0)k <0,

with strict inequality if the collateral constraint binds. Thus, when 3 = R~!, introducing
heterogeneity and equilibrium reallocation in the model with assets in fixed supply over-

turns the result on the sign of inefficiency obtained in representative-entrepreneur models.
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The distributive externality dominates the collateral externality, consistent with the main
insight in our model with endogenous investment.

Case B < R~'. We now discuss the role of impatience for pecuniary externalities in the
reallocation of land. In the case of relatively impatient entrepreneurs, that is, 8 < R7!,
we cannot sign the aggregate welfare effect of the price of land unambiguously in general.
First, notice that under sufficient impatience, equation (B40) is consistent with young
entrepreneurs having a lower marginal utility than old entrepreneurs. Second, notice that,
as equation (B41) highlights, the distributive externality from the price ¢; generates an
aggregate welfare effect at date t, whereas the collateral externality relaxes a constraint at
date t —1. When 8 = R™!, this timing difference is exactly offset by the discounting of the
value of collateral in the collateral constraint. In contrast, when 3 < R~!, the difference
in timing between the two externalities implies that the collateral externality is relatively
more important, other things equal, as reflected by the factor 37'R~! > 1 that multiplies

the corresponding terms in equation (B41).

B.6 Obtaining the Opposite Sign of Inefficiency

We have proved that the distributive externality dominates the collateral externality in
stationary equilibrium in a large class of models. Both to highlight the role of several
assumptions that lead to this result and to further relate to the large literature on pecuniary
externalities, which in some cases obtains the opposite sign of inefficiency, we now show
how one can modify our model to overturn our main efficiency result.

Specifically, we present three models. In the first model, the point of departure is the
model with long-lived new and old capital, but we modify the assumptions on collateral-
izability of new and old capital. In the second and third model, the point of departure is
the model with risk-averse entrepreneurs, but in one case we modify the assumptions on

discount rates and the interest rate and in the other case we introduce saving constraints.

B.6.1 Role of Collateralizability

We consider the model of Section II1.C with long-lived new and old capital. However, we
generalize the model, by allowing for a different collateralizability parameter for new and
old capital. Specifically, let 8V be the collateralizability parameter for new capital and
6° for old capital. Notice that our baseline assumption in Section II1.C is 8V = 9. We
further assume 6° < 1 and, for simplicity, p = 1, that is, firms are only alive at two dates.

We show that if new capital serves as sufficiently better collateral than old capital,

then it is possible that the collateral externality dominates the distributive externality. In
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particular, to obtain a stark characterization, we focus on the case 8V = 1 and 6° = 0,
that is, new capital can by fully pledged, whereas old capital cannot serve as collateral.

In this case, the firm’s optimality conditions for new capital, old capital, and debt, are

L+ ¢gat = B [fk(kat) +(1—6V(1— Qt-i-l))} + Bhar(1 = 6N (1 — qu41)) + 12y
@1+ ¢ga) = B [fk(kat> + (1 — 5O)Qt+1} + 15,
14+ ¢ga = 14 Aat.

The definitions of user cost and down payment are as follows: uy =1— 0 (1 —oN(1 — q)),
uo = q(1—=p(1-109), oy =1—6(1-6"(1—q)), and po = ¢g. The investment Euler

equations for new and old capital can be expressed as follows

un + ¢apn > Bfr(k) (B42)
uo + dapo = Bfi(k). (B43)
Furthermore, combining the two investment Euler equations, we have

(1-09)q o — N
(1+a)(po —pn) (14 ¢a)(po — on)

If po < pn, then vV > 0, so no firm invests in new capital, which cannot be true in

equilibrium. Therefore, po > @n, or, equivalently,

1—p(1-0%)

12 "1 Bov

Equations (B42) and (B43) then imply uy > wup, as otherwise no firm would buy old
capital, which cannot be true in equilibrium; equivalently, ¢ < ¢©? = H;gﬁ(—;&iiéo)’

Because new capital has a (weakly) higher user cost than old capital, but requires a
lower down payment, the induced preference for new vs. old capital as a function of net
worth is the opposite of that in our baseline model with ¥ = #° = §. In particular, more
financially constrained firms invest in new capital and less financially constrained firms in
old capital.

Consider first firms for which A = 0. They invest k& which solves ¢ (1 — (1 — ¢9)) =
Bfr(k). Moreover, if ¢ < ¢F'P, they set k° = k and kY = 0. Firms with A = 0 have
net worth w > W = gpk. Sufficiently constrained firms compare down payments and

thus strictly prefer new capital. Consider now firms that are indifferent between investing
(1-69)q

5o (o0—om)" These firms invest k, which solves

in new and old capital. Let Ry =
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q =Ry (fu(k) + (1 —09)q). Because all indifferent firms have the same marginal value of
net worth 14 ¢,, and thus pay the same (negative) dividend, and old capital has a higher
down payment than new capital, it follows that in the indifference region investment in

new (old) capital is decreasing (increasing) in net worth.

Constrained Efficiency. The planner’s optimality condition for the price of old capital
is

/k,?(l + pa)dm(w) = / [V kY (L4 Noa) + (1= 69k ] drr(w).

Writing this condition with recursive notation in stationary equilibrium and using the
market-clearing condition for old capital and substituting the multiplier on the collateral

constraint out, we get

/k‘o(w)gbd(w)dﬂ(w) = /5Nk:N(w)¢d(w)d7r(w).

We now show that for sufficiently large dy, in stationary equilibrium the collateral

externality is larger than the distributive externality, that is,

/l{:o(w)qﬁd(w)dﬁ(w) < 5N/kN(w)¢d(w)d7r(w). (B44)

Consider the case 6" < §°. Then, market clearing for old capital implies [ & (w)dr(w) >
[ kP (w)dn(w). Using the same arguments developed in Online Appendix B.3 and the char-

acterization of equilibrium that we derived above, we get
[ wisiwidnt) < [ K @éstw)dnto),

because only sufficiently constrained firms (¢4 > ¢,) purchase new capital, only sufficiently
unconstrained firms (¢4 < ¢,) purchase old capital, and aggregate new capital is at least
as large as aggregate old capital.

By continuity, for sufficiently large 6V, we obtain inequality (B44). Specifically, this
result arises for 6V =1 —¢€ 09 =1 — <, k> 1, and € > 0 sufficiently small.

Finally, we highlight that we have focused on the case ¥ = 1 and #° = 0, but our
results can be generalized to sufficiently high #V and sufficiently low 6°. Overall, if new
capital serves as sufficiently better collateral then old capital, it is possible that financially
constrained firms prefer new capital and, as a result, the collateral externality may dominate

the distributive externality.
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B.6.2 Role of Discounting

We now consider the model with risk-averse entrepreneurs of Section III.A. However, we
generalize the model to allow for different discount rates for planner and entrepreneurs, as
well as a generic value for the interest rate, not necessarily tied to entrepreneurs’ discount
factor.

Specifically, let $ be entrepreneurs’ discount factor, R < 37! the gross interest rate
entrepreneurs can borrow or lend at, and £ the planner’s discount factor for the utility of
each generation. Notice that our baseline assumption in Section IIL.A is 8 = R~ = €.

Given their initial net worth w and the price of old capital ¢;, entrepreneurs maximize
their utility (B1) by choosing consumption ¢y and c¢; 41, new and old capital k:iv and
k9, and borrowing b;, to with the utility function u satisfying u. > 0, u, < 0, and
lim._,o uc.(c) = 400, subject to the budget constraints for the current and next period,
(B2) and

FON + k) + gk = c1441 + Rby, (B45)

and the collateral constraint
0q, 1 kY > Rb,. (B46)

Denote the multipliers on the budget constraints by p and Bp; 441, on the collateral
constraint by 8\, and on non-negativity constraint for new and old capital by v and 9,
respectively. The optimal demand for new capital, old capital, and borrowing, as functions
of initial net worth w, satisfy the first-order conditions (B4), (B5), and

uc(cor) = BRuc(cr41) + BRA, (B47)

where k; = kN + kC.

In stationary equilibrium, the expressions for user costs and down payments are as
follows: uy =1 — R7'q, up = q, py = 1 — R710q, and po = ¢q. The first-order conditions
for new and old capital can be rewritten as investment Euler equations (B7) and (BS8), or,

using both the definitions of user costs and down payments, as follows

A
> R7'f(k
UN+UC(01)@N > R fi(k)

L)@o > R7'fi(k).

uUo +
UC(Cl
Combining equations (B7) and (B8), we get (B9). Hence, using the same arguments we

develop in Section II1.C, we obtain that H% <g< HT{W

of the choice between new and old capital is also analogous to the one we obtain when

Moreover, the characterization
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BR = 1. Specifically, sufficiently constrained entrepreneurs only invest in old capital.
. . . 1

Unconstrained entrepreneurs weakly prefer new capital, and strictly so when ¢ > 5.

In the indifference region, entrepreneurs substitute away from old capital and toward new

capital as net worth increases.

Constrained Efficiency. Given an initial distribution of new capital, old capital, and

debt, a utilitarian planner maximizes the total present discounted value of utility

/[ (c10(w +Z§ u (cor(w)) + Bu (cr41(w))) | dm(w),

subject to the budget constraints (B2) and (B45) with multipliers o, and £'Bpu1 411, the
collateral constraint (B46) with multiplier £8);, the non-negativity constraints on new
and old capital with multipliers &7V and ¢'v9, and the market clearing condition for old
capital (3) with multiplier &'7;.

The first-order condition with respect to the price of old capital ¢; for t = 1,2, ... is

/ KO (w)ue (cor (w)) dre(w) = €715 / KN () [t (c2e(w)) + B ()] dir ().

Thus, in the stationary constrained-efficient allocation, we have

/ko(w)uc (co(w)) dm(w) = €718 / EN (w) [ue (e1(w)) 4+ OA(w)] dr(w).

We can further use equation (B47) to substitute out the multiplier on the collateral con-

straint and obtain

/ KO (), (co(w)) dr(w) = €24 / KN () [958~ R e (co(w)) + (1 — B)ue (1 (w))] dr(ww).
(B48)
When we evaluate the left-hand side and the right-hand side of equation (B48) in the
stationary competitive equilibrium, we can find two reasons why the collateral externality
may dominate the distributive externality. First, the planner may be sufficiently impatient
relative to entrepreneurs, that is, {713 is sufficiently large. Second, entrepreneurs may
be sufficiently impatient relative to the interest rate, that is, 37'R™! is sufficiently large.
Either of these factors would magnify the collateral externality relative to the distributive
externality.
To see why this is the case, notice that a marginal increase in the price of old capital
q; affects budget constraints at date t—this is the distributive externality—and relaxes

collateral constraints at date t — 1. As a result, with a sufficient degree of impatience, this
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relaxation of collateral constraints may dominate the redistribution of financial resources.
Notice that this argument does not apply under our baseline assumption SR = 1, because
in this case the effect of impatience on the valuation of the collateral externality is exactly
offset by the effect of a higher interest rate.

We believe this analysis of the role of discounting may be useful to connect our results
to the literature on pecuniary externalities in small-open-economies, which focuses on the
collateral externality and typically assumes that the interest rate is smaller than the inverse

of the discount factor.

B.6.3 Role of Saving Constraints

We consider again the model with risk-averse entrepreneurs of Section I1I.A. To derive a
sharp characterization, we assume that all entrepreneurs are born with a common initial
endowment wy. Nevertheless, the economy features heterogeneity between young and old
entrepreneurs. Moreover, we assume that entrepreneurs cannot borrow or save using bonds;
in this case, we replace the collateral constraint with the equality constraint b, = 0. Because
of these assumptions, the economy features distributive externalities, but no collateral
externalities.

Alternatively, notice that this condition arises as an equilibrium condition if instead
we assume that entrepreneurs can access a bond market, but the economy is closed and
this market has to clear among entrepreneurs who are either homogeneous in all respects
including their initial net worth or have heterogeneous initial net worth but 6 = 0.

The optimality conditions for new capital and old capital in this case are

uc(cor) = Buclermr) [felke) + g + 17
Qtuc(COt) = 5uc(cl,t+1)fk(kt)+ﬂto

Because all entrepreneurs face the same problem and have the same level of net worth,
they choose the same level of capital and, in equilibrium, divide this level of capital equally

between new and old capital.

Constrained Efficiency. The planner’s first-order condition with respect to the price of

old capital ¢, for t =1,2,... is
EPu, (cor) = kN Jue (cup) .
Thus, in the stationary constrained-efficient allocation, we have
E9u, (co) = kNue (1) .
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For sufficiently large initial endowment wy, entrepreneurs would desire to save using
bonds, if they were allowed to, and thus the constraint b; = 0 is a binding saving constraint.
As a result, in stationary equilibrium u.(c¢;) > u.(cp), and, using the market-clearing con-
dition &V = kK, we obtain that the distributive externality has the opposite sign relative

to our baseline model with saving. Specifically, we have
k9u, (co) < kNue (c1),

and a higher price of old capital would increase welfare by redistributing resources from
young entrepreneurs to old entrepreneurs, who have higher marginal utility, thus alleviating
the effects of the saving constraint.

This analysis is useful in relating our results to the literature that focuses on fire-sale
externalities and builds on Lorenzoni (2008). In that model, there is no collateral exter-
nality. However, the distributive externality has the opposite sign relative to our baseline
results. Specifically, in some states of the world, financially constrained entrepreneurs are
net sellers of assets. Hence, a higher price may induce higher welfare. To obtain this re-
sult, Lorenzoni (2008) assumes lack of commitment of both households and entrepreneurs,
effectively preventing entrepreneurs from saving resources into those states. Our analysis
confirms the importance of this assumption, by showing that saving constraints may induce
a higher marginal utility for sellers of capital also in our framework.

Finally, we highlight that under the interpretation of the condition b, = 0 as bond-
market equilibrium among homogenous entrepreneurs, we have that the equilibrium interest
rate is lower than the inverse of the discount factor, connecting this model with the previous

subsection on the role of discounting.

C Quantitative Analysis

This appendix provides additional details and results on the analysis of the quantitative
model of Sections IV, V, and V1.

C.1 Solution Method for Quantitative Model

In this section, we discuss the solution method for the quantitative model. We compute

the stationary constrained-efficient allocation using the following iterative procedure:
1. Guess a value for the multiplier on the market clearing condition for old capital 7.

(a) Guess a value for the price of old capital q.
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(b) Solve for the firm policy functions on a grid for net worth w and productivity s,
using the optimality conditions (49), (50), and (47) evaluated in stationary equi-
librium.

(c) Obtain the stationary distribution of net worth and productivity by simulating
a continuum of firms.

(d) Check the market-clearing condition (37) and update the guess for the price ¢

accordingly, until convergence.

2. Evaluate the optimality condition for the price of old capital (51) and update the

guess for 1 accordingly, until convergence.

The stationary competitive equilibrium is a special case of steps (a)-(d) with n = 0.

C.2 Additional Quantitative Results and Sensitivity

This section provides additional results related to the quantitative analysis of Sections V

and VI.
Figure C1 displays the optimal tax rates on new and old capital that implement the

constrained-efficient allocation in our calibrated model.
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Figure C1: Optimal tax rates. Left panel: tax rate on new capital (a negative value denotes a
subsidy); right panel: tax rate on old capital. The z-axes report net worth w. Thick red lines
refer to the high productivity state; thin blue lines refer to the low state. See Table 1 for the
parameter values.

Figure C2 displays the allocation implemented with uniform tax rates for all firms,

equal to the average tax rates that implement the constrained-efficient allocation. The
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figure compares this allocation (solid lines) with the constrained-efficient allocation (dashed
lines).

Figure C3 displays the effects of single tax instruments—only on new capital or only
on old capital respectively—on the stationary-equilibrium price of old capital.

Figures C4 and C5 refer to the analysis of the balanced-budget policy without lump-sum
transfers. Specifically, the figures display the tax payment for each firm, as a function of
net worth and productivity, as well as the induced allocation, compared with the stationary
equilibrium without policy, respectively.

Figure C6 plots the transition dynamics associated with the implementation of a tax
rate on new capital (at ¢ = 0), common for all firms and constant over time, starting
from the competitive equilibrium without policy intervention (at ¢ = —1). Net worth and
productivity are sufficient firm state variables in the stationary equilibrium before the pol-
icy change and also along the perfect-foresight transition after the policy is announced.
However, because the policy change is unanticipated, firms with equal net worth but differ-
ent portfolios of new and old capital in the initial stationary equilibrium may be affected
differently by the policy at ¢ = 0. To maintain computational tractability and initialize
the transition at the initial distribution of net worth and productivity, we assume that at
t = 0, before the policy is announced, firms sell their initial holdings of old capital to an
intermediary at the initial stationary equilibrium price.

Table C1 reports the results of the sensitivity analyses of Section VI.B.
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Figure C2: Firm-specific vs. Uniform Taxes. Top left: new capital &V; top right: old capital
k9: bottom left: capital bundle k; bottom right: marginal cost of equity issuance ¢4. The a-
axes report net worth w. Solid lines denote the allocation implemented with uniform tax rates
™ = —0.086 and 7 = 1.037; dashed lines denote the constrained-efficient allocation. Thick lines
denote the high productivity state, thin lines the low state. See Table 1 for the parameter values.
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Figure C3: Effects of Single Tax Instruments on Price of Old Capital. The left panel refers to
the case in which there are only subsidies on new capital, recovered from each firm in a lump-sum
fashion. The z-axis reports the value of the subsidy rate on new capital (—7V) and the y-axis
reports the stationary-equilibrium price of old capital g. The right panel refers to the case in which
there are only taxes on old capital, rebated to each firm in a lump-sum fashion. The z-axis reports
the value of the tax rate on old capital (TO) and the y-axis reports the stationary-equilibrium
price of old capital gq.
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Figure C4: Tax Payment Without Lump-Sum Transfers in the Quantitative Model. The z-axis
reports net worth w. The y-axis reports the total tax payment 7VkN (w) + 79¢k? (w) assuming
that 7%V = —0.03 and 7© balances the government budget constraint. Thick lines denote the high
productivity state, thin lines the low state. See Table 1 for the parameter values.
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Figure C5: Uniform Taxes Without Lump-Sum Transfers. Top left: new capital kV; top right:
old capital k9; bottom left: capital bundle k; bottom right: marginal cost of equity issuance ¢g.
The z-axes report net worth w. Solid lines denote the stationary competitive equilibrium without
policy interventions. Dashed lines denote the allocation with the following policy: 7 = —0.03
and 79 balances to government budget constraint. Thick lines denote the high productivity state,
thin lines the low state. See Table 1 for the parameter values.
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Figure C6: Equilibrium transition dynamics associated with the optimal constant tax rate 71V,

common for all firms. Top panel: tax rate 77V: middle panel: price of old capital g;; bottom panel:
aggregate stock of old capital KtO . See Table 1 for the parameter values.
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Table C1: QUANTITATIVE RESULTS — SENSITIVITY ANALYSIS

This table provides the sensitivity analysis of the quantitative results with respect the collat-
eralizability 6 (Panel A), elasticity of substitution ¢ (Panel B), and scrap value ¢ (Panel C).
Output, investment, consumption, and the price of used capital for the competitive equilibrium
and constrained-efficient allocation are expressed as fractions of the corresponding first-best value,
reported in parenthesis the first column of Panel A. See Table 1 for the baseline parameter values.

Panel A: Collateralizability 6

=0 0 =0.75
Variable First Best Comp. Eq. Constr. Eff. Comp. Eq. Constr. Eff.
Output (9.910) 0.808 0.949 0.949 0.985
Investment (4.497) 0.736 0.929 0.925 0.978
Consumption (5.413) 0.865 0.966 0.968 0.991
Price ¢ (0.547) 1.023 0.183 1.004 0.183
Average tax 7V 0 0 -8.8% 0 -8.6%
Average tax 79 0 0 106.9% 0 102.9%
Panel B: Elasticity of Substitution e
e=1 e =10
Variable Comp. Eq. Constr. Eff. Comp. Eq. Constr. Eff.
Output 0.894 0.944 0.905 0.985
Investment 0.850 0.919 0.864 0.978
Consumption 0.929 0.964 0.937 0.990
Price ¢ 1.011 0.183 1.010 0.183
Average tax 7V 0 -8.6% 0 -8.6%
Average tax 79 0 103.7% 0 103.3%
Panel C: Scrap Value ¢
q=0.05 q=102

Variable Comp. Eq. Constr. Eff. Comp. Eq. Constr. Eff.
Output 0.899 0.979 0.899 0.959
Investment 0.857 0.969 0.857 0.942
Consumption 0.933 0.986 0.933 0.974
Price ¢ 1.010 0.091 1.010 0.366
Average tax 7V 0 -9.6% 0 -6.7%
Average tax 79 0 229.8% 0 40.5%
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