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Abstract

This paper develops a new approach to make welfare assessments based on the notion of
Dynamic Stochastic weights, or DS-weights for short. We leverage DS-weights to characterize
three sets of results. First, we develop an additive decomposition of aggregate welfare assessments
that satisfies desirable properties. We show that, for a large class of dynamic stochastic
economies with heterogeneous individuals, welfare assessments can be exactly decomposed into
four components: i) aggregate efficiency, ii) risk-sharing, iii) intertemporal-sharing, and iv)
redistribution. Second, we introduce the notion of normalized welfarist planners, which allows
us to revisit how welfarist (e.g., utilitarian) planners make interpersonal welfare comparisons in
consumption units. Third, we use DS-weights to systematically formalize new welfare criteria
that are exclusively based on one or several of the components of the aggregate decomposition.
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1 Introduction

Assessing whether a policy change is desirable in dynamic stochastic economies with rich individual
heterogeneity and imperfect insurance is far from trivial. One significant challenge is to understand
the channels — such as aggregate efficiency, intertemporal-sharing, risk-sharing, or redistribution —
through which a particular normative criterion finds a policy change desirable. A different challenge
is how to formally define welfare criteria that exclusively value one or several of the aforementioned
channels but not others.!

This paper tackles both challenges by developing a new approach to making welfare assessments
in dynamic stochastic economies. This approach is based on the notion of Dynamic Stochastic
Generalized Social Marginal Welfare Weights (Dynamic Stochastic weights or DS-weights, for
short). The introduction of DS-weights accomplishes two main objectives. First, DS-weights allow
us to decompose aggregate welfare assessments of policy changes into four distinct components:
aggregate efficiency, intertemporal-sharing, risk-sharing, and redistribution, each capturing a
different normative consideration. Second, DS-weights allow us to systematically formalize new
welfare criteria that society may find appealing. In particular, we are able to define normative
criteria that are exclusively based on one or several of the four normative considerations that we
identify, potentially disregarding the others.

We introduce our results in a canonical dynamic stochastic environment with heterogeneous
individuals. As a benchmark, we explicitly define in our environment i) Pareto-improving policies
and ii) desirable policies for a welfarist planner. While Pareto improvements seem highly desirable,
they are rare to find, which forces planners/policymakers to make interpersonal welfare comparisons.
Such comparisons typically rely on a Social Welfare Function — this is the welfarist approach. While
the welfarist approach is popular and widely applicable, it is not easy to understand how a welfarist
planner exactly makes tradeoffs among individuals that are ex-ante heterogeneous, because of the
ordinal nature of individual utilities. By reviewing these well-understood approaches and treating
them as benchmarks, we set the stage for the introduction of DS-weights.

In our approach, it is not necessary to specify a social welfare objective that a planner maximizes.
Instead, in order to make welfare assessments, a planner must simply specify DS-weights, which
represent the value that society places on a marginal dollar of consumption by a particular individual
i at a particular time ¢ and along a particular history s'. Equipped with these weights, we define a
policy to be desirable when the weighted sum — using DS-weights — across all individuals, dates,
and histories of the instantaneous consumption-equivalent effects of a policy is positive. By defining
DS-weights marginally, we can define normative criteria that the welfarist approach cannot capture.

In order to understand how a DS-planner, that is, a planner who adopts DS-weights, carries out

welfare assessments, we introduce two different decompositions. First, we introduce an individual

'Recently, the Federal Reserve seems to have explicitly included cross-sectional considerations in its policy-making
process — see e.g., https://www.nytimes.com/2021/04/19/business/economy/federal-reserve-politics.html.
The approach that we develop in this paper can plausibly be used to define a mandate for a monetary authority
or other policymakers that explicitly incorporates or removes cross-sectional concerns from policy assessments.



multiplicative decomposition of DS-weights. We show that, in general, the DS-weights assigned to
a given individual can be decomposed into i) an individual component, which is invariant across all
dates and histories; ii) a dynamic component, which can vary across dates, but not across histories at
a given date; and a stochastic component, which can vary across dates and histories. Moreover, we
show that there exists a unique normalized individual multiplicative decomposition of DS-weights,
which is easily interpretable and has desirable properties.

Having introduced DS-weights, we leverage them to characterize three sets of results. First,
we develop an aggregate additive decomposition of welfare assessments (Section 3). Second, we
introduce normalized welfarist planners that allow us to precisely describe how welfarist planners
make interpersonal tradeoffs (Section 4). Third, we show how to use DS-weights to systematically
formalize new welfare criteria (Section 5).

In our first set of results, we introduce an aggregate additive decomposition of welfare assessments.
We show that, in dynamic stochastic environments, welfare assessments made by DS-planners can
be exactly decomposed into four components: i) an aggregate efficiency component, ii) a risk-sharing
component, iii) an intertemporal-sharing component, and iv) a redistribution component.? The
aggregate efficiency component accounts for the change in aggregate consumption-equivalents across
all individuals. The remaining three components of the decomposition are driven by the cross-
sectional variation of each of the three elements (individual, dynamic, stochastic) of the individual
multiplicative decomposition. In particular, the risk-sharing component adds up across all dates
and histories the cross-sectional covariances between the stochastic component of the individual
multiplicative decomposition and the change in normalized instantaneous utility at each date and
history. Similarly, the intertemporal-sharing component adds up across all dates the covariances
between the dynamic component of the individual multiplicative decomposition and the change in
normalized net utility at each date. Finally, the redistribution component can be expressed as a
single cross-sectional covariance between the individual components of the individual multiplicative
decomposition and the change in individual lifetime marginal utility from the perspective of a DS-
planner.

Next, we systematically present properties of the aggregate additive decomposition and its
components for a general DS-planner. We show that a DS-planner who assigns DS-weights that do not
vary across individuals at all dates and histories makes welfare assessments purely based on aggregate
efficiency considerations. Similarly, different components of the aggregate additive decomposition
may vanish depending on which specific components of the individual multiplicative decomposition
of DS-weights are invariant across individuals: if the individual multiplicative component is constant
across individuals, then the redistribution component of the aggregate decomposition is zero; if the
dynamic multiplicative component is constant across individuals at all dates, then the intertemporal-

sharing component of the aggregate decomposition is zero; if the stochastic multiplicative component

2The aggregate additive decomposition can be used to separate efficiency from redistribution considerations. The
sum of the first three components of the decomposition — aggregate efficiency, risk-sharing, and intertemporal-sharing
— defines a notion of efficiency.



is constant across individuals at all dates and histories, then the risk-sharing component of the
aggregate decomposition is zero. We highlight four implications of these results with practical
relevance. First, welfare assessments in single- or representative-agent economies are exclusively
attributed to aggregate efficiency considerations. Second, welfare assessments in perfect-foresight
economies (under normalized DS-weights) are never attributed to risk-sharing. Third, welfare
assessments in economies in which all individuals are ex-ante identical (but not necessarily ex-
post) are never attributed to intertemporal-sharing or redistribution. Fourth, welfare assessments
in static economics (under normalized DS-weights) are exclusively attributed to aggregate efficiency
or redistribution considerations. We also provide conditions on policies that imply that a subset
of the components of the aggregate decompositions are zero. In particular, we show that, under
normalized DS-weights, the risk-sharing, intertemporal-sharing, and redistribution components are
zero whenever a given policy impacts all individuals identically. Finally, we show that the aggregate
efficiency component of the aggregate decomposition is zero in endowment economies.

In our second set of results, given the importance of the welfarist approach in practice, we
characterize how a welfarist DS-planner makes tradeoffs across periods and histories for a given
individual, and across individuals.? Critically, we do so in easily interpretable consumption units. We
formally characterize the unique normalized individual multiplicative decomposition of DS-weights
implied by a given welfarist planner and discuss its implications. Armed with this decomposition,
we characterize five new additional properties of the aggregate additive decomposition of welfare
assessments for welfarist planners. In particular, we show that all normalized welfarist planners
conclude that i) the risk-sharing and intertemporal-sharing components are zero when markets are
complete, ii) the intertemporal-sharing component is zero when all individuals can freely trade a
riskless bond, and iii) that different normalized welfarist planners — with different Social Welfare
Functions — exclusively disagree on the redistribution component. We also show that iv) the
efficiency components (aggregate efficiency, risk-sharing, and intertemporal-sharing) of the aggregate
additive decomposition are invariant to monotonically increasing transformations of individual’s
lifetime utilities and positive affine (increasing linear) transformations of individual’s instantaneous
utilities and v) that all normalized welfarist planners conclude that Pareto improving policies increase
efficiency, i.e., the sum of aggregate efficiency, risk-sharing, and intertemporal-sharing. To our
knowledge, the aggregate additive decomposition of welfare assessments introduced in this paper
is the first welfare decomposition for which these properties — which seem highly desirable — have
been established.

In our third set of results, we describe how to use DS-weights to systematically formalize new
welfare criteria that society may find appealing. We first introduce three sets of novel DS-planners:
aggregate efficiency (AE) DS-planners, aggregate efficiency/risk-sharing (AR) DS-planners, and no-

redistribution (NR) DS-planners, and characterize their properties.* The welfare assessments made

3 Adopting a conventional Social Welfare Function (e.g., utilitarian) to make welfare assessments can be interpreted
as selecting a particular set of DS-weights, which we show how to compute.

4For instance, the current “dual mandate” (stable prices and maximum employment) of the Federal Reserve (as
defined by the 1977 Federal Reserve Act) seems to be better described by an aggregate efficiency (AE) DS-planner than



by these new planners purposefully set to zero particular components of the aggregate additive
decomposition. Within each set of DS-planners, we identify a pseudo-welfarist planner as the one
that represents the minimal departure relative to the normalized welfarist planner. We also introduce
an a-DS-planner, a new planner that spans i) AE, ii) AR, and iii) NR pseudo-welfarist planners, as
well as iv) the associated normalized welfarist planner. Finally, we explain why some new planners
(AE and AR) are paternalistic, while others are not (NR).” We also discuss the implications of
introducing new planners for policy mandates and institutional design.

Before presenting an application of our framework, we describe several additional results. First,
we further decompose the components of the aggregate additive decomposition and then explain how
to connect welfare assessments to measures of inequality. We explain how to make welfare assessments
using DS-weights in recursive environments, and show how to implement welfare assessments via an
instantaneous Social Welfare Function. We also show that each of the component of the aggregate
decomposition, as well as aggregate welfare assessments, have a term structure, which allows us
to distinguish transition from steady-state welfare gains and losses. Finally, we briefly describe
additional results included in the Online Appendix. Among other results, we show how our approach
nests the widely used consumption-equivalent approach introduced by Lucas (1987) and Alvarez and
Jermann (2004).

At last, we illustrate the mechanics of our approach by conducting welfare assessments in a fully
specified application. We explore two particular scenarios in single-good economies with no financial
markets. Scenario 1 corresponds to an economy in which individuals with identical preferences face
idiosyncratic shocks. We consider transfer policies that can potentially provide perfect consumption
smoothing and carefully explain how, depending on the persistence of idiosyncratic risk, a normalized
utilitarian planner can find such policies desirable for different reasons. In particular, when risks are
transitory, the planner attributes most of the welfare gains of the policy to risk-sharing. When
risks are very persistent, the planner attributes most of the gains to redistribution instead. Scenario
2 corresponds to an economy in which individuals with different risk preferences face aggregate
shocks. We consider transfer policies that shift aggregate risk to the more risk-tolerant individuals
and carefully explain how a normalized utilitarian planner finds such policies desirable for different
reasons depending on the state of the economy in which welfare assessments take place.

This paper is accompanied by a code repository and user guides, which can be found at
https://github.com/schaab-lab/DS-weights.

Related literature. This paper contributes to several literatures, specifically those on i)
interpersonal welfare comparisons, ii) welfare decompositions, iii) welfare evaluation of policies in
dynamic environments, and iv) institutional mandates.

Interpersonal welfare comparisons. The question of how to make interpersonal welfare comparisons

to form aggregate welfare assessments has a long history in economics — see, among many others,

by a normalized utilitarian criterion that would care about risk-sharing, intertemporal-sharing, and redistribution.
5See Section 5.3 and Section G.3.1 of the Online Appendix for formal definitions of paternalism.
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Kaldor (1939), Hicks (1939), Bergson (1938), Samuelson (1947), Harsanyi (1955), Sen (1970) or,
more recently, Kaplow and Shavell (2001), Saez and Stantcheva (2016), Hendren (2020), Tsyvinski
and Werquin (2020), and Hendren and Sprung-Keyser (2020). Formally, our approach based on
endogenous welfare weights is most closely related to the work of Saez and Stantcheva (2016),
who introduce Generalized Social Marginal Welfare Weights. Building on their terminology, in
this paper we introduce the notion of Dynamic Stochastic Generalized Social Marginal Welfare
Weights (Dynamic Stochastic weights or DS-weights, for short). In static environments, our approach
collapses to theirs, as we explain in Section G.3.4 of the Online Appendix. In dynamic stochastic
environments, using DS-weights allows us to formalize a new, larger set of welfare criteria and to
understand the normative implications for aggregate efficiency, risk-sharing, intertemporal-sharing,
and redistribution of different welfare criteria, including the widely used welfarist criteria. In
particular, Section 4 leverages DS-weights to provide a novel interpretation of how welfarist planners
trade off welfare gains or losses across individuals in dynamic stochastic environments, a result at
the heart of the question of how to make interpersonal welfare comparisons.®

Welfare decompositions. Our results, in particular the aggregate additive decomposition introduced
in Proposition 1, contribute to the work that seeks to decompose welfare changes in models with
heterogeneous agents. The most recent contribution to this literature is the work by Bhandari et al.
(2021), who propose a decomposition of welfare changes when switching from a given policy to
another that can be applied to a larger set of economies than the seminal contributions of Benabou
(2002) and Floden (2001)." A fundamental difference between these papers and ours is that, in
addition to decomposing the aggregate welfare effects of a policy change, our approach allows us
to define a new set of normative criteria that can be used to endow a planner/policymaker with a
specific mandate.

Purely from the perspective of the decomposition of welfare assessments, there are other
significant differences between the approaches of Benabou (2002) and Bhandari et al. (2021) and ours,
as we describe in Section G.3.6 of the Online Appendix. In particular, no existing decomposition
satisfies Proposition 6, in which we show that all normalized welfarist planners conclude that the risk-
sharing and intertemporal-sharing components are zero when markets are complete; Proposition 7, in

which we show that all normalized welfarist planners conclude that intertemporal-sharing component

5The central insight in Saez and Stantcheva (2016) is that by using generalized weights it is possible to accommodate
alternatives to welfarism, such as equality of opportunity, libertarianism, or Rawlsianism, among others. It should be
evident that our approach, which nests theirs, can also accommodate these possibilities. We purposefully avoid studying
these issues, since these normative approaches are rarely used in the study of dynamic stochastic economies.

TAt an intuitive level, the decomposition proposed by Benabou (2002) and Floden (2001) is based on certainty
equivalents, while the decomposition of Bhandari et al. (2021) is based on allocations. Our decomposition is instead
based on marginal utilities. Note that Benabou (2002) states the following:

“I will also compute more standard social welfare functions, which are aggregates of (intertemporal)
utilities rather than risk-adjusted consumptions. These have the clearly desirable property that maximizing
such a criterion ensures Pareto efficiency. On the other hand, it will be seen that they cannot distinguish
between the effects of policy that operate through its role as a substitute for missing markets, and those
that reflect an implicit equity concern.”

Our results show that it is actually possible to distinguish between the effects of policy that substitute for missing
markets and those that reflect equity concerns when using standard social welfare functions.



is zero when individuals can freely trade a riskless bond; and Proposition 8, in which we show
that different normalized welfarist planners exclusively disagree on the redistribution component.
The decomposition proposed by Bhandari et al. (2021) does not satisfy Proposition 9, in which we
show that the efficiency components (aggregate efficiency, risk-sharing, and intertemporal-sharing)
of the aggregate additive decomposition are invariant to monotonically increasing transformations
of individual’s lifetime utilities and positive affine (increasing linear) transformations of individual’s
instantaneous utilities.

Welfare assessments in dynamic stochastic models. Our results are also related to the Lucas (1987)
approach to making welfare assessments in dynamic environments, in particular to its marginal
formulation introduced in Alvarez and Jermann (2004). Formally, as we show in Section G.3.4 of
the Online Appendix, the marginal approach to making welfare assessments of Alvarez and Jermann
(2004) corresponds to choosing a particular set of DS-weights. While both Lucas (1987) and Alvarez
and Jermann (2004) study representative-agent environments, others have used a similar approach
in environments with heterogeneity; see e.g., Atkeson and Phelan (1994), Krusell and Smith (1999),
or Krusell et al. (2009), among many others. However, as highlighted by these papers, a well-known
downside of the Lucas (1987) approach is that it does not aggregate meaningfully because individual
welfare assessments are reported as constant shares of individual consumption. In this paper, we
show that normalized welfarist planners — which we introduce — are able to meaningfully aggregate
welfare assessments among heterogeneous individuals.

Institutional mandates. Finally, our results contribute to the literature that studies policymakers’
mandates. For instance, Woodford (2003) shows in a representative agent economy that endowing a
monetary authority with the objective to minimize inflation and output gaps maximizes instantaneous
welfare. Relatedly, Rogoff (1985) shows that choosing a particular planner (a conservative central
banker) may be desirable in some circumstances. However, the literature on institutional mandates
has eschewed cross-sectional considerations. We hope that the approach we develop in this paper
opens the door to future disciplined discussions on policy-making mandates, in particular when

trading off efficiency and redistribution motives in dynamic stochastic environments.

Outline. Section 2 introduces the baseline environment and describes conventional approaches
used to make welfare assessments. Section 3 introduces the notion of DS-weights, defines an
individual multiplicative decomposition of DS-weights, an aggregate additive decomposition of
welfare assessments, and provides general properties of such decompositions. Section 4 studies
how welfarist planners make welfare assessments through the lens of DS-weights, characterizing
properties of the aggregate additive decomposition in that case. Section 5 formalizes new welfare
criteria that isolate different components of the aggregate additive decomposition and discusses the
implications of such planners for institutional design. Section 6 further decomposes the components
of the aggregate additive decomposition, explains how to connect welfare assessments to measures of
inequality, describes how to make welfare assessments in recursive environments, shows how to make

welfare assessments via an instantaneous Social Welfare Function, and introduces a term structure



of welfare assessments. Section 7 illustrates how to employ the approach introduced in this paper
in the context of a fully specified dynamic stochastic model. All proofs and derivations are in the

Appendix. The Online Appendix also includes several extensions and additional results.

2 Environment and Benchmarks

In this section, we first describe our baseline environment, which encompasses a wide variety
of dynamic stochastic models with heterogeneous individuals. Subsequently, we describe the
conventional approaches to making welfare assessments, setting the stage for the introduction of

DS-weights in Section 3.

2.1 Baseline Environment

Our notation closely follows that of Ljungqvist and Sargent (2018). We consider an economy
populated by individuals, indexed by 7 € I. For simplicity, we assume that there is a unit measure
of individuals, so [ di = 1, although our results apply unchanged to economies with a finite number
of individuals. At each date t € {0,...,T}, where T' < oo, there is a realization of a stochastic event
s¢ € S. We denote the history of events up to and until date ¢ by s* = (s, s1,...,5;). We denote the
unconditional probability of observing a particular sequence of events s* by m; (s'| sg). We assume
that the initial value of sq is predetermined, so g (s°|sg) = 1.

There is a single nonstorable consumption good — which serves as numeraire — at all dates and
histories. Each individual i derives utility from consumption and (dis)utility from working, with a

lifetime utility representation, starting from sg, given by

T
Vi(so) = Z (Bi) Zﬂ't (st‘ 30) U; (cfe <st) ,n (st)) , (1)
t=0 st
where ci (s') and n} (s!) respectively denote the consumption and hours worked by individual i at
history st; u; (+) corresponds to individual i’s instantaneous utility, potentially non-separable between
consumption and hours; and 3; € [0,1) denotes individual i’s discount factor.® Note that Equation
(1) corresponds to the time-separable expected utility preferences with exponential discounting and
homogeneous beliefs commonly used in dynamic macroeconomics and finance. Note also that we
purposefully allow for individual-specific preferences.
We assume that preferences are well-behaved and, for now, directly impose that ¢} (s*) and n} (s)

are smooth functions of a primitive parameter 6 € [0, 1], so

dn (st
and ﬁ
do do
8Following Acemoglu (2009), we refer to V; () as lifetime utility and to w; (-) as instantaneous utility. As in

Ljungqvist and Sargent (2018), we use a subscript ¢ to refer to V; (+), B, and u; (), and a superscript ¢ to refer to
individual variables indexed by time or histories.




are well-defined. We interpret changes in 6 as policy changes although, at this level of generality, our
approach is valid for any change in primitives. This formulation allows us to consider a wide range
of policies, as we illustrate in our applications.” In those applications — and more generally — the
mapping between outcomes, ci (s') and ni (s'), and policy, 6, emerges endogenously, and typically
accounts for general equilibrium effects. However, for most of the paper, we can proceed without
further specifying endowments, budget constraints, equilibrium notions, etc.

In the Online Appendix, we extend our results to more general environments. In particular,
in Section F.1, we describe how to account for heterogeneous beliefs. In Sections F.2 and F.3, we
show how our approach extends to richer preference specifications, in particular, the widely used
Epstein-Zin preferences. In Section F.3 we show how our results extend to economies with multiple
commodities. In Section F.4, we describe how to extend our approach to environments in which
preferences and probabilities directly depend on #. Finally, in Section F.5 we describe how to allow

for births, deaths, and related intergenerational considerations.

2.2 Benchmarks: Conventional Approaches to Welfare Assessments

Before introducing DS-weights, we first define in our environment i) Pareto-improving policies and

ii) desirable policies for a welfarist planner. To that end, it is useful to characterize the change in

the lifetime utility of an individual ¢ induced by a marginal policy change, =5,

Lifetime utility effect of policy change. Starting from Equation (1), dvéi(;o)’ which is measured

in utils (utility units), can be expressed as

dVi (s0) <=, . 0 Oug (sY) dugpe (s)
= 2 ) m (o) g = (2)

t=0 st

where we respectively denote individual i’s marginal utilities of consumption and hours worked at

history s’ by

ou () _ 0 (e ()i () 1 Ou(s) _ 0u (e () ()
oci dct (st) oni ol (st) ’

and where we denote the instantanecous consumption-equivalent effect of the policy at history s' by

wi(ct(st),nt(st ; Ous s* )
duge (o) _ Sl gy oy 5 () ;
do - Ou;(st) a do + Oui(s') de ( )
Ocy ocy

9The fact that @ is one-dimensional is not restrictive, since # can be interpreted as the scale of an arbitrary policy
variation that can differ across individuals, dates, and histories. An advantage of formulating our approach in terms
of marginal welfare assessments is that there is no ambiguity about how to make welfare assessments in units of a
numeraire for a single individual — see Schlee (2013) for a formal proof. We explain how to use our approach to
consider global assessments in Sections G.3.4 and G.5 of the Online Appendix.



Equation (2) shows that the impact of a policy change on the lifetime utility of individual 7 is given

by a particular combination of instantaneous consumption-equivalent effects, which, importantly, are

expressed in consumption units at a specific history. The relevance of each of these effects for dV’T(;‘))

. . N\t t 6ui(st)
is determined by (8;)" m (s |50) R
t

history is, and by how much individual ¢ values (in utils) a marginal unit of consumption at that

that is, by how far in the future and how likely a given

particular history. Equation (3) highlights that the instantaneous consumption-equivalent effect at a
given history depends on how consumption and hours worked respond to the policy change, as well
as on the rate at which an individual trades off both variables, captured by the individual marginal

i(st) aui(st) 10

s . . 0]
rate of substitution between consumption and hours worked, given by ‘

7 T
ny Ocy

Pareto-improving policy change. Equation (2) allows us to determine whether an individual
is better or worse off after a policy change. That is, when %(;0) > (<) 0, individual i perceives to
be better (worse) off after a policy change. Hence, it is possible to define a Pareto-improving policy

change as follows.

Definition 1. (Pareto-improving policy change) A policy change is strictly (weakly) Pareto-
improving if every individual i perceives to be strictly (weakly) better off after the policy change.
Hence, a policy change is strictly Pareto-improving when %&fo) > 0, Vi, and weakly Pareto-improving

dVi(so) :
when =57 > 0, Vi.

Note that the notion of Pareto improvement does not involve interpersonal welfare comparisons,
and simply exploits the ordinal nature of utility. While Pareto improvements seem highly desirable,
they are rare to find, which forces planners/policymakers to make interpersonal welfare comparisons,

as we describe next.!!

Desirable policy change for a welfarist planner. The conventional approach in economics to
balance welfare gains or losses among different individuals is based on individualistic social welfare
functions (SWF). As in Kaplow (2011) or Saez and Stantcheva (2016), we refer to this approach —
typically traced back to Bergson (1938) and Samuelson (1947) — as the welfarist approach. For a
welfarist planner, social welfare is a real-valued function of individuals’ lifetime utilities, which we

formally denote in our environment by

W ({Vi (s0) }ier) 5 (welfarist planner) (4)

"Note that the definition of the instantaneous consumption-equivalent effect in Equation (3) does not make use of
individual optimality (i.e., the envelope theorem). However, in specific applications, exploiting individual optimality

ey . . . dugio(st
conditions can yield simple expressions for ’59( )

' As shown by Mas-Colell, Whinston and Creen (1995) or Ljungqvist and Sargent (2018), among others, by varying
the welfare weights assigned to different individuals, a planner who maximizes a utilitarian social welfare function can
fully trace the Pareto frontier whenever a utility possibility set is convex, and partially when it is not. Even though
characterizing Pareto frontiers is a valuable exercise, we seek to study welfare assessments generally, even away from
the Pareto frontier. Moreover, the aggregate additive decomposition of welfare assessments that we introduce in this
paper can also be used at the Pareto frontier.

10



where V; (sg) is defined in Equation (1) and where typically g—l‘//\; > 0, Vi. As carefully explained in

Kaplow (2011), the critical restriction implied by the welfarist approach is that the social welfare
function W (-) cannot depend on any model outcomes besides individual utility levels.

Different welfarist social welfare functions W (-) have different implications for the assessment of
policies. In particular, the utilitarian SWF, which adds up a weighted sum of individual utilities, is
given by

W ({Vi (s0) }ier) = /XZ-V} (s0) di, (utilitarian planner) (5)

where \; are a set of predetermined individual-specific scalars, commonly referred to as Pareto
weights. While the utilitarian SWF is by far the most used in practice, there exist other well-known
SWE’s, such as isoelastic (Atkinson, 1970) and maximin/Rawlsian (Rawls, 1971, 1974), among others,
as we describe in Section G.3.1 of the Online Appendix.

Next, we formally define when a policy change is desirable for a welfarist planner.

Definition 2. (Desirable policy change for a welfarist planner) A welfarist planner finds a policy
change desirable if and only if % > 0, where

AW (so) dV; (so) ;.
T = [ M) Sy (6)
T t
Ou; (') due (s) .
_ . N ¢ i
= [re0 X o S (]s0) T i
where \; (so) = EM(WQ(—‘ZO)}Z'EI), and where dV&(;O) is defined in Equation (2).

The properties of the welfarist approach have been widely studied.'” In particular, a welfarist
planner is non-paternalistic, since aggregate welfare assessments are based on individual welfare
assessments, and Paretian when %/Y > 0, Vi, since every Pareto-improving policy is desirable.
Moreover, when individuals are ex-ante homogeneous, i.e., they have identical preferences and face
an identical environment from the perspective of sg, all welfarist planners agree on whether a policy
change is desirable or not, even if individuals experience different shocks ex-post.'?

However, because of the ordinal nature of individual utilities, it is not easy to understand how
a welfarist planner exactly makes tradeoffs among individuals that are ex-ante heterogeneous along
some dimension. For instance, a welfarist planner would mechanically put more weight on the gains
or losses of an individual whose lifetime utility is multiplied by a positive constant factor, even
though, since individual utility is ordinal, this has no impact on allocations. Relatedly, it is not clear
how a welfarist planner trades off the welfare gains or losses of individuals with different preferences,

endowments, or life-cycle profiles; who have access to different insurance opportunities; or who face

12See e.g., Mas-Colell, Whinston and Green (1995), Kaplow (2011), or Adler and Fleurbaey (2016) for recent textbook
treatments. Somewhat surprisingly, dynamic and stochastic considerations are not central to the literature on policy
assessments.

13Even in this case, it is not obvious to determine whether a welfarist planner finds a policy change desirable because
of aggregate efficiency or risk-sharing considerations, as we illustrate in Section 4.
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shocks driven by different stochastic processes.

By introducing Dynamic Stochastic weights, we are able to systematically i) provide a new
transparent interpretation of how a particular planner (including all welfarist planners, but also other
non-welfarist planners) implicitly trade off gains or losses across individuals, dates, and histories, and

ii) define new welfare criteria that capture normative objectives that society may find appealing.

3 Dynamic Stochastic Weights

In this section, we introduce a new approach to assess the desirability of policy changes, based on
the notion of Dynamic Stochastic Generalized Social Marginal Welfare Weights (Dynamic Stochastic
weights or DS-weights, for short).

3.1 Definition of DS-weights

We begin by formally defining when a policy change is desirable for a planner who adopts DS-weights,
a “DS-planner.”

Definition 3. (Desirable policy change for a DS-planner/Definition of DS-weights) A DS-planner,
that is, a planner who adopts DS-weights, finds a policy change desirable if and only if %Z(SO) > 0,

where
dWDS dWPS (s9) duge (s")
/ZZ% ! s0) S ™)
t=0 st
du; t
where uz'jigs) denotes the instantaneous consumption-equivalent effect of the policy at history s,

defined in Equation (3), and where w! (s'|s0) > 0, which can be a function of all the possible paths
of outcomes, denotes the DS-weight assigned to individual i at history st for a welfare assessment

that takes place at sg.

Equation (7) shows that, in order to carry out a welfare assessment, a DS-planner must i) know the

instantaneous consumption—equivalent effect of a policy for each individual at all dates and histories,

that is, ”c , Vi, Vt, Vs!, which is measured in consumption units; and ii) specify DS-weights
wi (st] s0) for each individual at all dates and histories, that is, wj (s?|so), Vi, V¢, Vs'.!* Hence,
du”die(t) and w} (s'| so) are sufficient statistics for welfare analysis, which makes the computation of
welfare assessments conceptually straightforward. Intuitively, a DS-planner computes the impact of
a policy change in consumption units at each history for every individual and then weights those
changes to form an aggregate welfare assessment.'” Different choices of DS-weights w} (s?| sg) will

have different normative implications, as the remainder of this paper will show.

14To simplify the exposition, we focus on the case in which DS-weights are strictly positive for all individuals and
histories. It is possible to extend our results to the case in which some DS-weights can be zero.

5Throughout the paper we use consumption as the numeraire for welfare assessments. In Section F.3 of the
Online Appendix we explain how to define DS-planners based on other numeraires and how this may impact welfare
assessments.
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It is worth highlighting four features that define a DS-planner. First, note that DS-weights can be
functions of model outcomes, which are typically endogenous variables. For instance, by comparing
Equations (6) and (7), it follows that every welfarist planner can be interpreted as a DS-planner with

DS-weights given by

i 8’&1 St
wy (st‘ 50) =\ (s0) (Bi)' my (st‘ 50) f)c(i)’ (8)
where \; (s9) = %. Second, by making sy an explicit argument of %Z(SO), we emphasize

that welfare assessments in dynamic stochastic economies are contingent on the state in which the
assessment takes place. This observation may lead to time-inconsistency of welfare assessments, a
topic we revisit in Section 6.3. Third, note that we define the welfare assessment of a DS-planner
in marginal form, i.e, DS-weights are marginal welfare weights. This contrasts with the welfarist
approach, which takes a lifetime social welfare function as primitive.'® In Section 6.4, we show how
a DS-planner can be equivalently defined in terms of an instantaneous social welfare function with
generalized (endogenous) welfare weights. Finally, note that Equation (7) allows us to define a local
optimum for a DS-planner as a value of 6 for which % = 0. We explain how to conduct

non-marginal welfare assessments in Section G.5 of the Online Appendix

3.2 Individual Multiplicative Decomposition of DS-weights

In Lemma 1, we introduce an individual multiplicative decomposition of DS-weights into i) individual,
ii) dynamic, and iii) stochastic components.'” This individual multiplicative decomposition of DS-
weights is useful to i) provide a meaningful economic interpretation of how a planner trades off
welfare gains or losses across individuals, dates, and histories, given a set of DS-weights; ii) formally
define and study the aggregate additive decomposition of welfare assessments, as we show in Section
3.3; and iii) formalize welfare criteria by defining DS-weights in terms of each of its components,
as we illustrate in Section 4. We also define a normalized decomposition, which is unique and has

desirable properties, as we show throughout the paper.
Lemma 1. (DS-weights: individual multiplicative decomposition; unique normalized decomposition)

a) The DS-weights that a DS-planner assigns to an individual i can be multiplicatively decomposed

into three different components, up to a choice of units, as follows:
w; (st’ so) = @' (s0) @} (s0) @i(s'|s0), where (9)
—_—— —— ——
individual dynamic stochastic

i) &' (sg) corresponds to an individual component, which is invariant across all dates and

histories;

16 As we show in Section 4, it is of course possible to compute the DS-weights implied by a welfarist planner.
YThis individual multiplicative decomposition is inspired by Alvarez and Jermann (2005) and Hansen and
Scheinkman (2009), who multiplicatively decompose pricing kernels into permanent and transitory components.
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i1) @ (so) corresponds to a dynamic component, which can vary across dates, but not across

histories at a given date; and

iii) wi(st‘so) corresponds to a stochastic component, which can wvary across dates and

histories.

b) For any set of DS-weights, there exists a unique “normalized” individual multiplicative

decomposition, such that

i) stochastic components add up to 1 at every date, that is, 3 . &t (s'|s0) =1, V&, Vi;
i) dynamic components add up to 1 across all dates, that is, Yt @: (so) = 1, Vi; and

i) individual components add up to 1 across individuals, that is, [ &' (so) di = 1.
We refer to planners who adopt this decomposition as “normalized” DS-planners.

The components of the individual multiplicative decomposition define social marginal rates of
substitution for a DS-planner across individuals, dates, and histories. The stochastic component,
@ (s so), which has the interpretation of a risk-neutral measure at date ¢ when Y @; (st] so) = 1,
determines how a DS-planner values units of consumption good across different histories s’ at date ¢
for a given individual. The dynamic component, @} (sq), which has the interpretation of a normalized
discount factor when Z?:o @! (so) = 1, determines how a DS-planner values consumption across
different dates for a given individual.'® The individual component determines how a DS-planner
trades off permanent gains or losses across individuals. In the case of the normalized decomposition,
when [ & (so) di = 1, it defines the units in which % is expressed. In particular, the individual
component of individual i, &' (sg), exactly determines the weight that a DS-planner gives to a
permanent transfer of one unit of consumption good at all dates and histories to individual i,
measured in units of a permanent transfer of one unit of consumption good to all individuals at
all dates and histories.

It is worth highlighting that the sign of %Z(SO) — and hence whether a policy change is
desirable or not — is fully determined by the value of the DS-weights as a whole and not by
any individual multiplicative decomposition. However, we will show that the normalized individual
multiplicative decomposition is associated with desirable properties in the context of the aggregate
additive decomposition that we introduce next, while unnormalized decompositions typically are
not. The normalized decomposition guarantees that its components, as well as %2(50)’ have
a meaningful interpretation in terms of units of consumption across specific histories, dates, and
individuals. In general, once the units of w! (st| so) and its components are defined, every individual
multiplicative decomposition is unique. See Section 4, and Section G.1 of the Online Appendix for

further details.

18Risk-neutral measures are widely used in finance (Duffie, 2001; Cochrane, 2005), while normalized discount factors
are common in the study of repeated games (Fudenberg and Tirole, 1991; Mailath and Samuelson, 2006).
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For instance, a possible individual multiplicative decomposition for an (unnormalized) welfarist

planner is given by

Ou; (s
act

& (s0) = Xi(s0), @ (s0) = (8)', and &} ('] s0) = (o] s0) (10)

where \; (sg) = This decomposition, because it is expressed in utils, cannot be

BW({VZ'(SO)}ieI)

oV :
used to understand how a planner makes tradeoffs in terms of consumption units. In Section 4,
we instead introduce the individual multiplicative decomposition of a normalized welfarist planner,
which allows us to describe how a welfarist DS-planner precisely makes tradeoffs in consumption
units. In that section, we also show that using a normalized individual multiplicative decomposition
of DS-weights is associated with desirable properties for the aggregate additive decomposition of

welfare assessments, which we introduce next.

3.3 Aggregate Additive Decomposition of Welfare Assessments

Armed with the individual multiplicative decomposition of DS-weights, we now introduce an exact
additive decomposition of the welfare assessments made by a DS-planner. This decomposition shows
that the welfare assessment of a policy change df made by a DS-planner is driven by exactly four

considerations: aggregate efficiency, risk-sharing, intertemporal-sharing, and redistribution.'”

Proposition 1. (Welfare assessments: aggregate additive decomposition) The aggregate welfare
DS

assessment of a DS-planner, deig(so)’ can be decomposed into four components: i) an aggregate

efficiency component, ii) a risk-sharing component, iii) an intertemporal-sharing component, and iv)

a redistribution component, as follows:

We have chosen the term risk-sharing and the (less conventional) term intertemporal-sharing to highlight that
both components of the aggregate additive decomposition are driven by cross-sectional differences, via interpersonal
sharing. Alternative terms, such as insurance, consumption smoothing, or intertemporal smoothing, do not have such
connotation, since they could be applied to a single individual.

15



T .
A S o 0] S [ (o] ) 1| 2251
=Eag (Aggregate Efficiency)
+ XT:E [@?t (80)} > Cov; la)i (St‘ 80) ; cnge(st)]
t=0 st
=ERrs (Risk-sharing)
+ ZT:(CO%' |j1)§ (80) s Z(IJ% (St‘ SO) dull(ge(St)]
t=0 st
=Ers (Intertempoml—sharing)
~i ~i (.t du;c (s')
+ Cov; lw ( ) Zwt 50 Zwt(s ‘so) dﬁl’ (11)
st

=Egrp (Redistribution)

where E; [-] and Cov; [, -] respectively denote cross-sectional expectations and covariances, where the

e(s)

history-specific term that determines the aggregate efficiency component, E; [d@} , 1s given by

Bul s
duy. (s*) dct “onl dnt( .
E; [d& dei () g o | (; d, (12)

and where, without loss of generality, we have assumed that E; [&° (so)] = [ & (so) di = 1.

The first component of the aggregate additive decomposition is the aggregate eflficiency
component, = 4. This component accounts for the aggregate instantaneous consumption-equivalent
effect of the policy, expressed in consumption units. As shown in Equation (12), Z4p adds up
— after appropriately discounting — the changes in consumption-equivalents resulting from the
marginal policy change across all dates and histories. Because =4 can be computed using exclusively
cross-sectional averages of @i (sg), @ (s'| s0), and uiljiés), we refer to the this term as aggregate

efficiency.?’

2ONote that Equation (12) can be rewritten as

e ldqﬂde()] -/ L) () di=, [dcid(;t)] E, [+f ()] + Cou ldci ) (st)] ,

ou; (st)
ony  —ag—
du; (st) dci(st) ’
act do
Intuitively, policies that increases aggregate consumption contribute more to aggregate efficiency when the aggregate
labor wedge is greater than 1, i.e., when E; [TZ (st)] > 1. Alternatively, policies that do not change aggregate
consumption can contribute to aggregate efficiency if they increase the consumption of those individuals with higher

individual labor wedges by more. More generally, in production economies, the aggregate efficiency component is

ani (st

where 7} (st) =1+ which shows that aggregate efficiency is tightly connected to labor wedges.
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The remaining three components of the aggregate additive decomposition are driven by the cross-
sectional variation of each of the three elements (individual, dynamic, stochastic) of the individual
multiplicative decomposition of DS-weights. In particular, the risk-sharing component, Zgg, adds up
across all dates and histories the covariances between the stochastic component, & (s'| s0), and the
instantaneous consumption-equivalent effect at each date and history. Similarly, the intertemporal-
sharing component, =;g, adds up across all dates the covariances between the dynamic component,
@! (s0), and the (expected, under the risk-neutral measure interpretation of stochastic weights)
instantaneous consumption-equivalent effect at each date. Finally, the redistribution component,
ERrD, consists of a single cross-sectional covariance between the individual component, & (30), and
the present discounted value — using the dynamic and stochastic components — of instantaneous
consumption-equivalent effects that a DS-planner assigns to a particular individual.

Before we discuss the properties of this decomposition below, it is worth making three remarks.
First, the aggregate additive decomposition is exact for any marginal policy change and does
not rely on any approximations. Relatedly, the decomposition can be computed using only the
individual multiplicative decomposition of DS-weights — typically a function of model outcomes —
and instantaneous consumption-equivalent effects.

Second, the aggregate additive decomposition is based on cross-sectional averages and covariances,
and does not include covariances over future periods or histories. In Section 6.1, we further decompose
the aggregate efficiency and redistribution components along those lines, developing a stochastic
decomposition — see Propositions 12 and 14. There, we also provide an alternative decomposition
of the risk-sharing and intertemporal-sharing components still based on cross-sectional averages and
covariances.’!

Finally, one can interpret the aggregate additive decomposition as first separating efficiency and

redistribution, and then further decomposing efficiency into aggregate efficiency, risk-sharing, and

: : dWP5 (s0) :
intertemporal-sharing. Formally, == can be written as
dWPS (s0) _ _ _ _ -
—— = Zg + =rp , Wwhere Zp=ZFsp+ Zgrs+Zss.
db ~~ S~~~

Efficiency  Redistribution

This distinction will become clear in Section 4.2, in which we show that differences in welfare
assessments among normalized welfarist planners are exclusively based on the redistribution

component Zrp and that Pareto improving policies must necessarily feature Zg > 0.

3.4 General Properties of the Aggregate Additive Decomposition

The merits of the aggregate additive decomposition introduced in Proposition 1 lie in its properties.

Similarly, the names we attribute to each of the components, =4 through Zrp, are only meaningful

tightly linked to production efficiency, a relation that we plan to explore in future work.
21The aggregate decomposition introduced in Proposition 1 is appealing because it systematically treats each of the
components of the individual multiplicative decomposition. That is, Erg is directly determined by & ( st| so), Z=1s by

@t (s0), and Zrp by @ (s0).
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insofar as they satisfy desirable properties. Hence, in the remainder of this section, we present

properties of the aggregate additive decomposition and its components for a general DS-planner.
First, in Proposition 2, we identify conditions on DS-weights and their components under which

the welfare assessments of a DS-planner i) are purely based on aggregate efficiency considerations or

ii) are such that the risk-sharing, intertemporal-sharing, or redistribution components are zero.
Proposition 2. (Properties of aggregate additive decomposition: individual-invariant DS-weights)

a) If DS-weights w} (s'| s0) are constant across all individuals at all dates and histories, then the
welfare assessment of a DS-planner is exclusively based on aggregate efficiency considerations,

i.e., 2pg = 215 = =rp = 0.

b) If the stochastic component of DS-weights is constant across all individuals at all dates and

histories, then =rg = 0.

¢) If the dynamic component of DS-weights is constant across all individuals at all dates, then
Zrs = 0.

—_—
—

d) If the individual component of DS-weights is constant across all individuals, then Zrp = 0.

Proposition 2 shows that a DS-planner who assigns DS-weights that do not vary across
individuals at all dates and histories makes welfare assessments purely based on aggregate efficiency
considerations. This result bears a resemblance to the classic question of defining a normative
representative consumer — see e.g., Mas-Colell, Whinston and Green (1995) or Acemoglu (2009). In
particular, Proposition 2a) implies that the risk-sharing, intertemporal-sharing, and redistribution
components are zero in single-agent or representative-agent economies in which all individuals have
the same DS-weights, i.e., DS-weights are symmetric. Parts b) through d) of Proposition 2 also show
that, depending on which specific components of the individual multiplicative decomposition of DS-
weights are invariant across individuals, it may be that Zgrg = 0, Z;5 = 0, or Zgp = 0. These results
highlight the cross-sectional nature of the risk-sharing, intertemporal-sharing, and redistribution
components. Moreover, parts ¢) and d) of Proposition 2 respectively imply that the intertemporal-
sharing and the redistribution components are always zero when individuals are ex-ante identical.

Given their practical importance, we highlight several immediate implications of Proposition 2
in four corollaries.?

Corollary 1. (Representative-agent economies) Welfare assessments in single- or representative-
agent economies in which DS-weights are symmetric are exclusively attributed to aggregate efficiency

considerations, i.e., =rg = =55 = Zrp = 0.

22We say that DS-weights are symmetric when two individuals with identical preferences and identical paths for
consumption and hours are assigned identical DS-weights. This is a natural restriction when making welfare assessments
— see e.g., Mas-Colell, Whinston and Green (1995) for a discussion of symmetry. Corollaries 2 and 4 require a
normalized individual multiplicative decomposition so that the choice of units of w? (st| so) and w? (s0) does not
generate meaningless cross-sectional variation when computing =rs and Zrg.
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Corollary 2. (Perfect-foresight economies) Welfare assessments in perfect-foresight economies in
which the individual multiplicative decomposition of DS-weights is normalized are never attributed to

risk-sharing, i.e., Zrs = 0.

Corollary 3. (Economies with ex-ante identical individuals) Welfare assessments in economies in
which all individuals are ex-ante identical (but not necessarily ex-post) and DS-weights are symmetric

are never attributed to intertemporal-sharing or redistribution, i.e., =2y = ZEgrp = 0.

Corollary 4. (Static economies) Welfare assessments in static economics in which the individual
multiplicative decomposition of DS-weights is normalized are exclusively attributed to aggregate

efficiency or redistribution considerations, i.e., =rs = Z55 = 0.

In Proposition 3, we identify conditions on policies under which the welfare assessments of a
DS-planner i) are purely based on aggregate efficiency considerations or ii) are such that the risk-
sharing, or the risk-sharing and the intertemporal-sharing components are zero. Generically, a policy
change will affect all four components of the aggregate additive decomposition. Hence, to guarantee
that some components of the aggregate decomposition are zero, Proposition 3 identifies policies that

impact all individuals identically along certain dimensions.

Proposition 3. (Properties of aggregate additive decomposition: individual-invariant policies) Sup-
pose that the individual multiplicative decomposition of DS-weights is normalized, so Y ;¢ &t (st| s0) =
1, Vt, Vi, and ZtT:o @i (s0) = 1, Vi. If the instantaneous consumption-equivalent effect of a policy

du). (st .. . T
change, ”(;0( ), 1s identical across individuals

a) at all dates and histories, then the welfare assessment of a DS-planner is exclusively based on

aggregate efficiency, i.e., Ers = Z5s = =rp = 0.

b) at all histories on a date, for all dates, then the welfare assessment of a DS-planner is based

on aggregate efficiency and redistribution, i.e., Ers = Z1g = 0.

¢) conditional on a date and history, for all dates and histories, then the welfare assessment of
a DS-planner is based on aggregate efficiency, intertemporal sharing, and redistribution, i.e.,

Ers = 0.

Proposition 3a) shows that a policy change that affects all individuals identically across all dates
and histories can only affect aggregate welfare via aggregate efficiency considerations. Proposition
3b) shows that a policy change that varies over time but affects all agents identically across all
histories at a given date can affect aggregate welfare via aggregate efficiency and redistribution, but
not risk-sharing or intertemporal-sharing. Proposition 3c) shows that a policy change that affects
all individuals identically conditional on a history taking place but that can vary across dates and
individuals will have no risk-sharing component. It should be evident that, for generic DS-weights,

the converse of these results also holds. That is, policy changes must affect different individuals
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differently if they load on the risk-sharing, intertemporal-sharing, or redistribution components of
the aggregate additive decomposition.

Proposition 3 critically relies on considering a normalized individual multiplicative decomposition
of (the dynamic and stochastic components of) DS-weights. As highlighted above, such normalization
guarantees that the components of the individual multiplicative decomposition have meaningful
units, which makes it possible to derive conditions on how policies affect individuals in terms of
consumption. See Section G.1 of the Online Appendix for further details.

Finally, we show in Proposition 4 that, in an endowment economy, aggregate efliciency
considerations play no role for a DS-planner when making normative assessments. We use the
term endowment economy to refer to economies in which all consumption comes from predetermined
endowments of the consumption good at each date and history, and individuals’ instantaneous utility
exclusively depends on consumption. If individual utility depends on other variables, Proposition 4

remains valid only when the sum of instantaneous consumption-equivalent effects is zero.

Proposition 4. (Properties of aggregate additive decomposition: endowment economies) In an
endowment economy in which the aggregate endowment of the consumption good is invariant to
policy, the aggregate efficiency component of the welfare assessment of a DS-planner is zero for any

set of DS-weights, i.e., 24 = 0.

Altogether, Propositions 2 through 4 as well as Corollaries 1 through 4 show that the additive

aggregate decomposition satisfies desirable properties for any DS-planner.

4 Normalized Welfarist Planners

One of the challenges of the welfarist approach is to understand how a particular planner makes
tradeoffs among heterogeneous individuals, because of the ordinal nature of individual utilities. In
Section 4.1, we first show how to systematically characterize — critically, in easily interpretable
consumption units — how a welfarist DS-planner makes such tradeoffs across periods and histories
for a given individual, and across individuals. Next, in Section 4.2, we characterize new additional
properties of the aggregate additive decomposition of welfare assessments for normalized welfarist
planners.

We focus on defining and studying normalized welfarist planners because virtually all applied work
uses a welfarist approach and because the welfare assessments of normalized welfarist planners satisfy
highly desirable properties. In particular, we show that all normalized welfarist planners conclude
that the risk-sharing and intertemporal-sharing components are zero when markets are complete,
that the intertemporal-sharing component is zero when individuals can freely trade a riskless bond,
and that different normalized welfarist planners — with different SWEF’s W (-) — exclusively disagree
on the redistribution component. We also show that the efficiency components (aggregate efficiency,
risk-sharing, and intertemporal-sharing) of the aggregate additive decomposition are invariant to

ordinal utility transformations and that Pareto improving policies always increase efficiency.
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4.1 Individual Multiplicative Decomposition for Normalized Welfarist Planners

Proposition 5 characterizes the unique normalized individual multiplicative decomposition of DS-
weights for a given welfarist planner, i.e., for a given SWF, W (-), defined in Equation (4). By
computing normalized DS-weights, we can explicitly determine how a welfarist DS-planner makes
tradeoffs — critically, in easily interpretable consumption units —across periods and histories for a

given individual, and across individuals.

Proposition 5. (Normalized welfarist planners: individual multiplicative decomposition) The unique
normalized individual multiplicative decomposition of DS-weights for a welfarist planner with SWF,

W (-), is given by

; Tt (St‘ 80) L(St)
o <5t‘ 50) = Ba‘Ct-( 0 (13)
S me ('] s0) 503
Ou; (st
o (60" St (5 30) 258
G0 (s0) = Dl (14)
>t=0 (Bi)" gt ™ (8] 80) e
Ou; (st
“W (s0) Ai (50) Xoio (B)' Sat e (5'] 50) agg ) (15)
© o ui (s .
f Ai (30) Z?:O (ﬁl)t Zst Tt (St| 80) 857(?(1@
where \; (sp) = %‘?)}i@)_

This normalization precisely describes how a welfarist planner makes tradeoffs. First, note that
the instantaneous consumption-equivalent effect of the policy at date ¢ and history s?, %, is
expressed in units of the consumption good (dollars) at such a history. The stochastic component,
(DZ’W (s'| s0), can consequently be interpreted as the marginal rate of substitution between a dollar
in history s’ and a dollar across all possible histories at date ¢ for individual 7 from the planner’s
perspective. Formally, the denominator of Equation (13) corresponds to the marginal value of
transferring one dollar in every possible history at date ¢t. For instance, if the stochastic component
is 0.4 for a given individual, history, and date, a welfarist planner equally values a one-dollar transfer
at that particular history and a transfer of 0.4 dollars to the same individual in each history at that
date.

The dynamic component, LD;’W (so), can similarly be interpreted as a marginal rate of substitution
between a dollar at date ¢ and a permanent dollar (i.e., a dollar paid at all dates, irrespective of
histories) for individual ¢ from the planner’s perspective. Formally, the denominator of Equation (14)
corresponds to the marginal value of permanently transferring one dollar across all dates and histories.
For instance, if the dynamic component is 0.3 for a given individual and date, a welfarist planner
equally values — for that individual — a one-dollar permanent transfer across all histories at that
particular date and a transfer of 0.3 dollars at all dates, irrespective of histories. Both the stochastic

and the dynamic components are thus useful because they allow the planner to meaningfully compare
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the welfare impact of policy changes across dates and histories for a given individual i.

Finally, the individual component, ch’W (so0), can be interpreted as the weight that a welfarist
planner assigns to welfare changes for a given individual, expressed in terms of a permanent dollars.
Formally, the denominator of Equation (15) corresponds to the marginal value of permanently
transferring one marginal dollar to each individual in the economy across all dates and histories. For
instance, if the individual component is 0.2 for a given individual, a welfarist planner equally values
a one-dollar permanent transfer to that individual across all dates and histories and a permanent
transfer of 0.2 dollars to all individuals across all dates and histories. It follows from Equation (15)
that a welfarist planner gives more weight to individuals who are more patient, whose utility function
has more curvature, who have lower consumption, and for whom \; (s¢) is lower.

Several implications follow from Proposition 5. First, the welfare assessment of a normalized
welfarist planner has a cardinal interpretation, since it is measured in dollars at all dates and histories

for all individuals. In other words, if %

= (0.1, a normalized welfarist planner concludes that a
marginal policy change is equivalent to a permanent transfer to all individuals at all dates and
histories of 0.1 dollars.

Second, it is possible to reformulate the dynamic and stochastic normalized components as

~iW ( t’ ) ¢ (st]s0) individual i date-0 state-price of history s (16)
’ s So) = - =
! oot G (st|sp)  individual ¢ date-0 price of date-t zero coupon bond
G (s0) >t qi (s']so)  individual ¢ date-0 price of date-t zero coupon bond (17)
t — )

- ZtT:o St qg (st|so) individual ¢ date-0 price of T-consol bond

where ¢! (st\s(]) denotes the state-price over history s’ from the perspective of individual i at date 0,
given by?’
Ou; (s')

Ou; (s)
oct '

i
ocp)

/ (18)

q; (St\So) = (B)' m (St‘ 80)

Equations (16) and (17) highlight that a welfarist planner makes tradeoffs across dates and histories
for a given individual exclusively using the individual’s own stochastic discount factor. This is a
natural result, since welfarist planners are non-paternalistic.

Third, we can reformulate the individual normalized components as

Au; (80 i
Ai (80) 3f(36 ) Z?:O >ost 63 (8']0)

30) = 0 (50 X )
J A (s0) P57 S50 e i (o) i

(D’L',W (

(19)

where ¢ (s'|so) is defined in Equation (19). In contrast to Equations (13) and (16), the exact form
of the SWF W (+) does impact the normalized individual components, a fact that is critical to show

that welfarist planners exclusively disagree about the redistribution — see Proposition 8 below.?

23Consol bonds are typically defined as fixed-income securities with no maturity date. Since we consider economies
that may have a finite horizon, we define a T-consol bond as a bond that pays at every date. When T = oo, the
conventional definition and ours coincide.

24Interestingly, as we discuss in Section G.3.4 of the Online Appendix, a planner who uses a date-0 normalization
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Fourth, we typically expect all four components of the aggregate additive decomposition to be
non-zero for a normalized welfarist planner, at least when markets are incomplete — see Proposition
6 below.

Finally, aggregate welfare assessments made by a particular welfarist planner (e.g., with a
particular W (-)) are directionally invariant to whether we consider a normalized or an unnormalized
individual multiplicative decomposition. That is, both decompositions agree on whether a policy
is desirable or not. However, only the normalized individual multiplicative decomposition will have

desirable properties, as we describe next.

4.2 Properties of Aggregate Additive Decomposition for Normalized Welfarist

Planners

Since welfarist planners are particular DS-planners, every result established in Section 3 immediately
applies to normalized welfarist planners. However, we can further exploit the characterization of
the individual multiplicative decomposition introduced in Proposition 5 to identify new desirable
properties of the aggregate decomposition that apply to normalized planners.

In particular, we show that i) all normalized welfarist planners conclude that the risk-sharing
and intertemporal-sharing components are zero when markets are complete, ii) the intertemporal-
sharing component is zero when individuals can freely trade a riskless bond, iii) different
normalized welfarist planners exclusively disagree on the redistribution component, iv) the efficiency
components (aggregate efficiency, risk-sharing, and intertemporal-sharing) of the aggregate additive
decomposition are invariant to monotonically increasing transformations of individual’s lifetime
utilities and positive affine (increasing linear) transformations of individual’s instantaneous utilities,
and v) all normalized welfarist planners conclude that Pareto improving policies improve efficiency,
i.e., the sum of aggregate efficiency, risk-sharing, and intertemporal-sharing. To our knowledge, the
aggregate additive decomposition of welfare assessments introduced in this paper is the first welfare
decomposition for which these properties — which seem highly desirable — have been established.

It seems natural to conjecture that the intertemporal-sharing and risk-sharing components of
the aggregate additive decomposition depend critically on the ability of individuals to smooth
consumption intertemporally and across histories. For the purposes of Proposition 6, we say that
markets are complete when the marginal rates of substitution across all dates and histories in terms
of the numeraire are equalized across agents — this condition is endogenously satisfied in any
equilibrium model in which individuals can freely trade claims that pay in terms of consumption

goods spanning all possible contingencies.?’

Ou; (50)
Bcé

in which A; (so)

= 1, implicitly assigns higher individual weights to those with higher willingness to pay for

) = D il 1)

) I3 aistiso)di
251t is important that we define complete markets in terms of the numeraire. Propositions 6 and 7 imply that the

natural commodity to choose as numeraire is the commodity on which financial claims are written (e.g., dollars). In

Section F.3 of the Online Appendix, we expand on the implications of the choice of numeraire for welfare assessments.

T-consol bonds, since & (

. This may seem desirable in particular circumstances.
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Proposition 6. (Properties of normalized welfarist planners: complete markets) When the marginal
rates of substitution across all dates and histories are equalized across individuals — a condition that
complete market economies satisfy — the intertemporal-sharing and the risk-sharing components of
the aggregate welfare decomposition for a normalized welfarist planner are zero, that is, Eps = Z55 =
0. Hence, in that case, welfare assessments made by a normalized welfarist planner are exclusively

driven by aggregate efficiency and redistribution.

~i,N ~i,N . . e
When markets are complete, @’ v (St] sp) and @’ v (so) become identical across individuals, as

shown by the fact that there is a unique stochastic discount factor, so ¢! = ¢;, Vi in Equations (16)
and (17). Combined with Proposition 2b), this immediately implies that Egg = =79 = 0. Intuitively,
a normalized welfarist planner perceives that no policy can entail welfare gains or losses coming from
risk-sharing or intertemporal-sharing among individuals, since individuals can perfectly share risks

and substitute intertemporally.?°

Proposition 7. (Properties of normalized welfarist planners: riskless borrowing/saving) When the
marginal rates of substitution across dates are equalized across individuals — a condition that is
satisfied when all individuals are able to borrow and save freely at all times — the intertemporal-
sharing component of the aggregate welfare decomposition for a normalized welfarist planner is zero,

that is, =g = 0.

When all individuals are able to borrow and save freely at all times, LD;’NU (so) becomes identical
across individuals. This follows directly from Equation (16), since in that case Y. qi (sf|sq) is
constant for all individuals. Intuitively, a normalized welfarist planner perceives that no policy can
entail welfare gains or losses coming from intertemporal-sharing among individuals, since individuals
can perfectly transfer resources across periods. Proposition 7 immediately implies that constraints

to borrowing or saving are needed for the intertemporal-sharing component to be non-zero.

Proposition 8. (Properties of normalized welfarist planners: welfarist planners only disagree about
redistribution) For a given policy, the efficiency components (aggregate efficiency, risk-sharing,
and intertemporal-sharing) of the aggregate additive decomposition are identical for all normalized
welfarist planners. Hence, differences in welfare assessments among normalized welfarist planners

are exclusively based on how they assess redistribution.

Proposition 8 follows from the fact that the individual component of the individual multiplicative
decomposition, &Y (sq), is the only component that depends on the exact form of W (-). Therefore,
differences in welfare assessments between welfarist planners can always be traced back to differences

in the redistribution component of the aggregate additive decomposition.?” This result crucially

26Proposition 6 suggests that the cross-sectional dispersions of the dynamic and stochastic components of DS-weights,
SD; [&1; (st| so)] and SD; I:(:}é (so)], may be natural candidates to measure the potential welfare gains from completing
markets for a normalized welfarist planner — see also Proposition 15 below.

2"Note that Proposition 8, when combined with Corollary 3 rationalizes why all normalized welfarist planners
directionally agree on welfare assessments when individuals are ex-ante identical. In that case, Corollary 3 implies
that the redistribution component is zero, and Proposition 8 shows that Eag, Ers, and Ers (and consequently Zg)
are identical for normalized welfarist planners.
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hinges on the fact that welfarist planners are non-paternalistic, that is, welfarist planners use
individual lifetime utilities as inputs into their aggregate welfare calculations. In the next section, we
introduce new “pseudo-welfarist” planners for which this property does not hold — see also Section
G.3.1 of the Online Appendix.

Proposition 9. (Properties of normalized welfarist planners: invariance of efficiency components
to utility transformations) The efficiency components (aggregate efficiency, risk-sharing, and
intertemporal-sharing) of the aggregate additive decomposition are invariant to i) monotonically
increasing transformations of individual’s lifetime utilities and ii) positive affine (increasing linear)

transformations of individual’s instantaneous utilities, for all normalized welfarist planners.

As we described in Section 2.2, a welfarist planner mechanically puts more weight on the gains or
losses of an individual whose lifetime utility experiences a monotonically increasing transformation
or whose instantaneous utility experiences a positive affine transformation, even though this has no
impact on allocations. Proposition 9 shows that this allegedly undesirable feature of the welfarist
approach is fully confined to the redistribution component of the aggregate decomposition. Hence,
Proposition 9 implies that the potential arbitrariness of the welfare assessments of a welfarist planner
due to the choice of utility units is exclusively due to the redistribution component.?®

Altogether, Propositions 8 and 9 have profound implications for the use in practice of Social
Welfare Functions. First, the fact that every welfarist planner agrees on =g, Zrg, and =g implies
that there should be no disagreement over the efficiency gains of any policy. Second, the fact that
only the redistribution component is sensitive to the choice of SWF and utility units implies that
the redistributional welfare implications of a policy are simply a function of judiciously choosing the
individual component of the individual multiplicative decomposition of DS-weights.

While proving the converse to Propositions 6 through 9 — that is, that the aggregate additive
decomposition for normalized welfarist planners is the only one that satisfies such properties — is
outside of the scope of this paper, it should be evident why using normalized weights is critical.?”
In particular, note that Equations (13) and (14) (equivalently, (16) and (17)) are expressed as ratios
of individual marginal utilities or individual valuations. Since individual valuations of particular
claims are i) invariant to the considered utility transformations and ii) identical among individuals
when markets are complete or a riskless asset can be freely traded, Propositions 6 through 9 follow.
Hence, any other decomposition that satisfies these properties will have to rely on ratios of marginal
utilities.

Finally, we show that normalized welfarist planners always conclude that Pareto improving
policies improve efficiency. This is another desirable property that the aggregate additive

decomposition satisfies.

28We say potential arbitrariness because using different transformations of individual utilities or different social
welfare functions simply corresponds to choosing specific individual normalized components, &*"Y (s0), as defined in
Equation (15).

2Tt is straightforward to show that there are slight variations of normalized weights that satisfy Propositions 6
through 10. See, for instance, the discussion of date-0 normalizations in Section G.1 of the Online Appendix.
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Proposition 10. (Properties of normalized welfarist planners: Pareto improvements increase
efficiency) If a policy change is a (strict or weak) Pareto improvement, then the sum of the efficiency
components (aggregate efficiency, risk-sharing, and intertemporal-sharing) must be strictly positive,

that is, Ep = Zag + E15 + Ers > 0.

Proposition 10 shows that every Pareto improvement must improve efficiency. Interestingly, even
when one or two of the efficiency components are negative, as long as the sum of the three is strictly
positive, there is scope for the policy considered to be a Pareto improvement. However, policies for
which Z4g + Z75 + Zrs < 0 cannot be a Pareto improvement.

Proposition 10 provides a necessary but not a sufficient condition for a policy to be a Pareto
improvement since there are scenarios in which Z g + =59 + =rs > 0 that are not Pareto
improvements. However, converse results can be obtained in specific cases. For instance, in
economies with ex-ante identical individuals, policies for which Z4p + =75 > 0 are necessarily
Pareto improvements. Also, in economies in which a planner can set permanent individual-specific
transfers that cannot be conditioned on time or histories, it can be shown that all policies for which

ZAr + 215 + Zrs > 0 are Pareto improvements.

5 New Welfare Criteria

A central objective of this paper is to provide a framework to systematically formalize new welfare
criteria to assess and conduct policy. In this section, we describe how to use DS-weights to
formalize new welfare criteria that capture particular normative objectives that society may find
appealing. These results have the potential to allow for disciplined discussions about the mandates of
independent technocratic institutions (central banks, financial regulators, other regulatory agencies,
etc.).?0

5.1 AE/AR/NR DS-Planners

In this subsection, we formally introduce novel DS-planners that only value some normative
considerations but not others. By doing this, we are able to define new welfare criteria that set
to 0 particular components of the aggregate additive decomposition. We refer to these planners
as 1) aggregate efficiency (AE) DS-planners, ii) aggregate efficiency /risk-sharing (AR) DS-planners,
and iii) no-redistribution (NR) DS-planners. In principle, there exists a family of DS-planners that
sets to 0 particular components of the aggregate additive decomposition. Within each family of DS-
planners, we identify a pseudo-welfarist planner as the one that represents the minimal departure
relative to the normalized welfarist planner.

By introducing these new planners we are able to formalize new welfare criteria that, for instance,

isolate aggregate efficiency as the sole welfare objective, or that remove the desire to redistribute

30For instance, in ongoing work, we explore whether it is possible to implement the timeless Ramsey solution of a
utilitarian planner, which requires commitment, in an environment in which a central banker chooses monetary policy
under discretion using one of the new welfare criteria introduced in this section.
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across individuals, among other goals. These new DS-planners are helpful not only to provide
analytical characterizations, but also to characterize and compute optimal policy solutions guided

by particular normative considerations.
Definition 4. (AE/AR/NR DS-planners: definition)

a) (Aggregate efficiency DS-planners) An aggregate efficiency (AE) DS-planner, that is, a planner
who exclusively values aggregate efficiency, is a DS-planner for whom the individual, dynamic,
and stochastic components of DS-weights are constant across all individuals at all dates and
histories. A pseudo-welfarist AE DS-planner, who values aggregate efficiency as a normalized

welfarist planner, has DS-weights wi’W’AE (s'|s0) defined by

oWAE (s0) = 1, @f’W’AE (s0) = E; [@ZW (50)} , and @i’W’AE (st‘ so) =E; [@ZW (St’ 50)} .

b) (Aggregate efficiency/risk-sharing DS-planners) An aggregate efficiency/risk-sharing (AR) DS-
planner, that is, a planner who exclusively values aggregate efficiency and risk-sharing, is a DS-
planner for whom the individual and dynamic components of DS-weights are constant across
all individuals at all dates. A pseudo-welfarist AR DS-planner, who values aggregate efficiency

and risk-sharing as a normalized welfarist planner, has DS-weights wi’W’AR (5t| so) defined by

GIWAR (g0} — 1, @ WAR (50} — [@zw (30)} , and @V AR (st‘ so) =" (St‘ 80) - (21)

¢) (No-redistribution DS-planners) A no-redistribution (NR) DS-planner, that is, a planner who
exclusively values aggregate efficiency, risk-sharing, and intertemporal-sharing, but disregards
redistribution, is a DS-planner for whom the individual component of DS-weights is constant
across all individuals. A pseudo-welfarist AR DS-planner, who values aggregate efficiency,

risk-sharing, and intertemporal-sharing as a normalized welfarist planner, has DS-weights
wi’W’NR (s'|s0) defined by

GWANR (so) =1, (ZJ%’W’NR (so) = d)i’w (so), and @z,W,NR <st‘ So) = LD;’W (st’ 50) . (22)

Formally, an AE DS-planner adopts components of the individual multiplicative decomposition of
DS-weights that are individual invariant. The pseudo-welfarist AE DS-planner sets these components
exactly equal to the cross-sectional average of those used by a normalized welfarist planner.?! An

AR DS-planner only makes the individual and dynamic components individual invariant, while the

311t is straightforward to consider other AE DS-planners that are not pseudo-welfarist. For instance, one could
choose the following weights:

. . — »
0" (s0) =1, @ (so)=5, and @P*F (st’ 50) =m (st’ so) )

for some 3, plausibly 8 = f Bidi. This is helpful because, in some applications, DS-planners that are not pseudo-
welfarist may be easier to operationalize.
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Table 1: New Welfare Criteria: Summary

ZAE ZRS =1s ZRD
DS-Planners Aggr.egate R1sk— Intertemporal— Redistribution
Efficiency | sharing sharing
Aggregate Efficiency (AE) v =0 =0 =0
Aggregate Efficiency/Risk-Sharing (AR) v v =0 =0
No-Redistribution (NR) v v v =0
Welfarist (W) v v v v

Note: Table 1 summarizes the properties of the aggregate additive decomposition for the DS-planners introduced in
Definition 4. These properties follow from Proposition 11.

pseudo-welfarist AR DS-planner further preserves the stochastic component used by the normalized
welfarist planner. A NR DS-planner only makes the individual component individual invariant, while
the pseudo-welfarist NR DS-planner further preserves the dynamic and stochastic components used
by the normalized welfarist planner.

We formalize the properties of these new planners for the components of the aggregate additive

decomposition in Proposition 11. Table 1 summarizes its results.
Proposition 11. (AE/AR/NR DS-planners: properties)

a) For an AE DS-planner, the risk-sharing, intertemporal-sharing, and redistribution components
of the aggregate additive decomposition are zero, that is, =rs = =j5 = =Zrp = 0. The aggregate
efficiency component, Z A, is identical for a pseudo-welfarist AE DS-planner and its associated

normalized welfarist planner.

b) For an AR DS-planner, the intertemporal-sharing and redistribution components of the
aggregate additive decomposition are zero, that is, 25 = ZErp = 0. The aggregate efficiency
and risk-sharing components, Z4g and ZEgg, are identical for a pseudo-welfarist AR DS-planner

and its associated normalized welfarist planner.

¢) For a NR DS-planner, the redistribution component of the aggregate additive decomposition
is zero, that is, Erp = 0. The aggregate efficient, risk-sharing, and intertemporal-sharing
components, Zag, =rs, and Zrg, are identical for a pseudo-welfarist NR DS-planner and its

associated normalized welfarist planner.

Proposition 11 shows that the new DS-planners, by making the individual components of DS-
weights invariant across individuals, dates, or histories, are defined to directly exploit the properties of
the aggregate additive decomposition characterized in Proposition 2. Moreover, the pseudo-welfarist
planners are defined so as to exactly preserve the value of their components relative to the associated
welfarist planner along the dimensions in which they are not zero. This is useful in practice because
it allows us to interpret specific sums of the components of the aggregate decomposition of a welfarist
planner as the welfare assessment made by a pseudo-welfarist planner.

Given its practical importance, we formally state this result as Corollary 5.
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Corollary 5. (Pseudo-welfarist planners as components of welfarist aggregate additive decomposi-
tion) Specific sums of the components of the aggregate additive decomposition of welfare assessments
for a given welfarist planner have the interpretation of welfare assessments for particular pseudo-

welfarist DS-planners.

Interestingly, it is not possible to define a new pseudo-welfarist planner for whom exclusively
the risk-sharing and intertemporal-sharing components are zero, as we show in Section G.2 of the
Online Appendix. To guarantee that Egg = Z75 = 0, a planner would need wj (sg) and @; (s¢|so)
to be individual-invariant, which would interfere with ensuring that the value of Zgp is the same as
for a welfarist planner. A similar logic applies to other combinations of the different components.
Nonetheless, it is certainly possible to define new planners that are not pseudo-welfarist but that for

instance exclusively value aggregate efficiency and redistribution.

5.2 «a-DS-planners

The new planners that we introduce in Definition 4 by no means exhaust the set of new planners that
one can define using DS-weights. In particular, it is possible to define a new planner that spans i)
AE, ii) AR, and iii) N R pseudo-welfarist planners, as well as iv) the associated normalized welfarist

planner. We refer to this planner as an a-DS-planner.

Definition 5. (a-DS-planner: definition) An «-DS-planner is a DS-planner for whom the
individual, dynamic, and stochastic components of DS-weights are linear combinations of the
components of a normalized welfarist planner and the component of an AE pseudo-welfarist planner.
An a-DS-planner has DS-weights w™""*® (s so) defined by

dd (st’ 30) = (1 - ag) @V AE (st‘ 30) + ™ (st‘ 30)
~1 ~1 AFE ~1
o ( (1 — ag) @™ (so) + az@y™ (so)

(1 — og) @AE (50) + au@™™V (s),

S())
wi,W,a (

80)

where o = (a2, a3, ), and where ag € [0,1], as € [0,1], ag € [0, 1].

Depending on the value of ¢, an a-DS-planner behaves as a particular pseudo-welfarist planner
or as a combination of pseudo-welfarist planners. In particular, as we show in Section G.2 of the
Online Appendix, when a = (0,0,0), we have an AE DS-planner; when a = (1,0,0), we have an
AR DS-planner; when a = (1,1,0), we have a NR DS-planner; and when a« = (1,1,1), we have a
welfarist planner.

By varying v, it is possible to model planners who care about the different components to different
degrees. Moreover, estimating a from actual policies in the context of a particular policy problem
has the potential to uncover the weights that a particular policymaker attaches in practice to the

different components of the aggregate additive decomposition.
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Figure 1: DS-Planners: Summary

Note: Figure 1 summarizes the relations between the different planners studied in Section 5 paper. The vertical dashed
line separates non-paternalistic planners from paternalistic planners. All welfarist planners, as well as no-redistribution
(NR) planners, are non-paternalistic. Aggregate efficiency (AE) and aggregate efficiency/risk-sharing (AR) planners
are paternalistic. Some pseudo-welfarist planners are non-paternalistic (welfarist, NR), while others are paternalistic
(AE, AR). In this figure, the a-DS-planners are pseudo-welfarist with respect to the utilitarian planner.

5.3 Paternalism and Institutional Design

In Figure 1, we summarize the relations between the different planners studied in this section. We

conclude this section with two remarks.

Remark 1. (Paternalistic vs. Non-paternalistic DS-planners; AE and AR planners are paternalistic)
It is important to highlight that AE and AR DS-planners are paternalistic, in the sense that
their welfare assessments do not take as an input changes in the lifetime welfare assessments
of individuals.?> In these cases, a planner and an individual may have different assessments of
whether a policy change is welfare improving or not for that individual. However, NR DS-planners
are not paternalistic. Intuitively, the welfare assessments of any planner who respects individual
preferences must value intertemporal-sharing and risk-sharing considerations as long as individuals

do. Redistributional concerns are independent of whether a planner respects individuals’ desires for

32As explained in Section G.3.1 of the Online Appendix, a non-paternalistic planner makes welfare assessments

according to
dWNP dv; '
— (s0) _ /qbz‘ (s0) (So)dza

do

where ¢; (so) are functions of all possible paths of outcomes and where %(;0) is defined in Equation (2). The key
distinction between a welfarist and a non-paternalistic planner is that, for welfarist planners ¢; (so) must take the

%, where W (:) is a SWF of the form described in Equation (4). Non-paternalistic

planners can set ¢; (so) freely.

particular form
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interpersonal sharing. Therefore, if a planner wants to make welfare assessments that do not value

intertemporal-sharing or risk sharing, such a planner must necessarily be paternalistic.

Remark 2. (Implications for policy mandates and institutional design) The framework developed
in this paper has the potential to guide the design of independent technocratic institutions. In
practice, such institutions must be given a “mandate”, much like defining a set of DS-weights.
Therefore, a society may want to consider designing independent technocratic institutions that
have some normative considerations in their mandate but not others, along the lines of the logic
we have developed in this section. For instance, the current “dual mandate” (stable prices and
maximum employment) of the Federal Reserve (as defined by the 1977 Federal Reserve Act) seems
to be better described by an aggregate efficiency DS-planner, rather than a welfarist planner,
which would care about cross-sectional considerations. Alternatively, an institution like the Federal
Emergency Management Agency (FEMA) has as part of its mandate to “support the Nation in a
risk-based, comprehensive emergency management system”, which unavoidably involves risk-sharing

considerations.

6 Additional Results

In this section, we include additional results. First, we further decompose the components of the
aggregate additive decomposition and then explain how to connect welfare assessments to measures
of inequality. Next, we explain how to make welfare assessments using DS-weights in recursive
environments, and show how to implement welfare assessments via an instantaneous Social Welfare
Function. Finally, we describe how to compute a term structure for aggregate welfare assessments
and for each of the components of the aggregate additive decomposition and then briefly describe

additional results included in the Online Appendix.

6.1 Decomposing the Components of the Aggregate Additive Decomposition

Here, we further decompose and provide additional insights into the four components of the aggregate
additive decomposition. For the aggregate efficiency and the redistribution components, we provide
new stochastic decompositions. For the risk-sharing and intertemporal-sharing components, we

provide alternative cross-sectional decompositions.

Aggregate efficiency (E4p). It is important to highlight that the aggregate efficiency component
Z4p includes aggregate valuation considerations. We formalize this insight by further decomposing
the aggregate efficiency component of the aggregate additive decomposition into an expected

aggregate efficiency component and an aggregate smoothing component.

Proposition 12. (Aggregate efficiency component: stochastic decomposition) The aggregate effi-
ciency component of the aggregate additive decomposition, Zap, can be decomposed into i) an ex-

pected aggregate efficiency component, Zpag, and ii) an aggregate smoothing component, Zapr, as
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follows:

T i (5°
== Zwt (s0) Eo {w;r (st‘ so)} Ey [%1
t=0

=Egagp (Erpected Aggregate Efficiency)
T di t
_ _ U (s')
+ Z W (s0) Covg Wy (st‘ 30) , Tl 7 ,
= do

=Eam (Aggregate Smoothing)

where we define Wy (so) = E; [&f (s0)], @F (s']s0) = E’Eégfgj)o)], and dﬂ"‘jg(ﬁ) =E; [dui'c(sq}, and

where By [-] and Covg [-, -] denote expectations and covariances conditional on s.

The expected aggregate efficiency component, Zgap, captures the discounted expectation over
time and histories of the aggregate instantaneous consumption-equivalent effect of the policy change.
The aggregate smoothing component, = 4,7, captures whether aggregate efficiency gains take place
in histories that a DS-planner values more in aggregate terms. It should be evident that aggregate
smoothing, =457, based on aggregate covariances over histories, is logically different from the risk-
sharing and intertemporal-sharing components, Zrgs and =g, based on cross-sectional covariances.

In practical terms, the welfare gains associated with eliminating aggregate business cycles in a
representative-agent economy, as in the policy experiment of Lucas (1987), fully arise from aggregate
smoothing considerations, that is, Z45s. Note that both the expected aggregate efficiency and the
aggregate smoothing components incorporate discounting via @y (sg), so policy changes that front-

load gains from expected aggregate efficiency or aggregate smoothing are more desirable.

Risk-sharing and intertemporal-sharing components (Egs and Z;g). While Propositions
2 through 4 establish desirable properties of the aggregate additive decomposition, it is possible
to provide alternative formulations of the risk-sharing and intertemporal-sharing components. In
Proposition 13 we further decompose the intertemporal-sharing component into a pure intertemporal-
sharing component, a weight concentration component, and a policy-weights coskewness component.
We also show a new identity that the sum of the risk-sharing and intertemporal-sharing components,

ZRs + Zrg, must satisfy.

Proposition 13. (Risk-sharing/intertemporal-sharing components: alternative cross-sectional de-

compositions)

a) The intertemporal-sharing component of the aggregate additive decomposition, Zrg, can be

decomposed into i) a pure intertemporal-sharing component, Zprg, i) a weight concentration
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component, Ewc and iii) a policy-weights coskewness component, ZEpc as follows:

= ¢ i ot i duy). (s*)
Ers ZZE [wt<s ‘so)}Covz Wy (so),ide

t=0 st

=Epr1s (Pure Intertemporal-sharing)
T d :
. . U< S
~1 ~1 t ilc ( )
+ Z: Z(Covi {wt (so) , ¢ (s ‘ 30)} E; [dﬁ]
t=0 gt
=Ewc¢ (Weight Concentration)

e3[4 ) (o0 o) o (<) = o (<))

=Epc (Policy-weights Coskewness)

(24)

b) The sum of the risk-sharing and the intertemporal-sharing components, Egrs + Ers, can be
decomposed into i) a weight concentration component, Ewc and ii) an interpersonal-sharing

component, Zrps as follows:

Ers + Zrg = XT:Z(CO’UZ' [(ZJ; (s0), 0! (St‘ 30)} E; ldulgg(st)]

t=0 st

=Ewc (Weight Concentration)

T XT: > Cov; [&)Z (s0) 0} (st‘ 80) e () (St)] (25)
? t t ) do )

t=0 st

=E1ps (Interpersonal-sharing)

where Zps = Zrs + =p1s + Zpc-

The first component of Z;g introduced in Proposition 13a), Zprg, can be interpreted as capturing
pure intertemporal-sharing considerations. The major difference between =Z;g and Zp;g is that
the former is based on cross-sectional covariances of the dynamic component of DS-weights with
the expected — interpreting the stochastic weights as probabilities — instantaneous consumption-
equivalent effect of the policy at a given date. The latter, on the other hand, is based on the
expectation of cross-sectional covariances of the dynamic component of DS-weights with the actual
instantaneous consumption-equivalent effect of the policy. Formally, the difference between =;5 and
Zprg is captured by the remaining two components, which we describe next.

The second component of Z;g introduced in Proposition 13a), Zw ¢, can be interpreted as
capturing the welfare gain (loss) associated with policies that increase aggregate instantaneous
consumption-equivalent when the dynamic and stochastic components of DS-weights are positively
(negatively) correlated across individuals. While one may consider including Zy ¢ in the aggregate
efficiency component, there are two good reasons not to do so. First, it would require knowledge of the

cross-section of the dynamic and stochastic components of DS-weights, which goes against expressing
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Figure 2: Aggregate additive decomposition

Note: Figure 2 illustrates the aggregate additive decomposition of welfare assessments for a general DS-planner, and
how its four components can be further decomposed. See Propositions 1, 12, 13, and 14 for formal definitions of each
of the terms.

the aggregate efficiency component exclusively as a function of aggregate statistics. Second, as
implied by Proposition 6, for the case of welfarist planners, =y = 0 when markets are complete.
This fact highlights that Zy ¢ necessarily relies on imperfect smoothing across individuals, which
makes this term unsuitable to capture aggregate efficiency considerations.

The third component of Z;g introduced in Proposition 13a), Epc, is exactly based on the
coskewness between i) the dynamic component of DS-weights, ii) the stochastic component of DS-
weights, and iii) the instantaneous consumption-equivalent effect of a policy. Coskewness is a measure
of how much three random variables jointly change. For instance, note that Zpc could be non-zero
even when Cov; @] (so) ,@; (s'] s0)] = 0 and, consequently, Zy ¢ = 0. Also, coskewness is zero when
the random variables are multivariate normal (Bohrnstedt and Goldberger, 1969), so it relies on
higher-order moments.* Note also that if one of @} (so), &} ('] so), or % is constant across all
individuals, then =y ¢ = 0.

Proposition 13b) simply provides an alternative decomposition of the sum of risk-sharing and
intertemporal-sharing. Its first component is exactly the weight concentration component just
described, Zw ¢, while the second component corresponds to the sum of risk-sharing, =g, pure
intertemporal-sharing, Zprg, and policy-weights coskewness, ZEpc. At times, this alternative

decomposition may provide additional insights relative to the one in Proposition 1.

Redistribution component (ZErp). Similarly to the aggregate efficiency component, the
redistribution component Zrp is shaped by valuation considerations, in this case at the individual

level. Here, we decompose the redistribution component of the aggregate additive decomposition

33We expect these terms to be in important in models that emphasize higher moments of the distribution of individual
risks (e.g., Guvenen, Ozkan and Song (2014)).
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into an expected redistribution component and a redistributive smoothing component.

Proposition 14. (Redistribution component: stochastic decomposition) The redistribution compo-
nent of the aggregate additive decomposition, Zrp, can be decomposed into i) an expected redistribu-

tion component, Zpg, and ii) a redistributive smoothing component, Zrpr, as follows:

=rp = Covi lwl (SO) ’XT:GJ% (s0) Eo [‘Dzﬂ (st‘ so)} Eo [WH
t=0
=Egr (Ezpected Redistribution)
+ Con [ ()35 (s0) Cou [ (4]50). d'dg“H

=ERrm (Redistributive Smoothing)

dzf(st|so)

(o) and where o [] and Couvg[-,-] denote expectations and

where we define W)™ (s'|s0) =

covariances conditional on sg.

The expected redistribution component, Zggr, captures the perceived gains for a DS-planner from
changes in the expected instantaneous consumption-equivalent effect of the policy change. When
individuals with a high individual component of DS-weights, @&° (30), have higher expected instanta-
neous consumption-equivalent effect, a planner attributes this to the redistribution component. The
redistributive smoothing component, Zgs, captures whether individual gains from the policy change
take place in histories that are more desirable for individuals with a higher individual component
of DS-weights, & (50). In practical terms, the redistributive smoothing component will be non-zero
when a policy improves individual smoothing for individuals with a higher individual component of
DS-weights.?*

6.2 Inequality, Bounds, and Welfare Assessments

Concerns related to inequality often take a prominent role when assessing policies. Our aggregate
additive decomposition provides direct insights into which particular forms of inequality matter
for the determination of aggregate welfare assessments and each of their components. Formally,
in Proposition 15, we provide bounds for the risk-sharing component, the intertemporal-sharing
component, and the redistribution component defined in Proposition 1 based on the cross-sectional
dispersion of DS-weights and policy effects.?® These bounds are helpful in practice because they
can be computed using univariate statistics, i.e., cross-sectional standard deviations, and do not
require the joint distribution of DS-weights and normalized consumption-equivalent effects, which

are necessary to compute cross-sectional covariances (a multivariate statistic).

34Note that the redistribution component, Zgp, can be positive or negative for Pareto-improving policies. This
can occur if different individuals are differentially affected by the policy and if a DS-planner has different individual
multiplicative components for different individuals.

35Tt should be clear that cross-sectional variances and standard deviations can only bound the welfare effect of policies.
Equation (11) shows that cross-sectional covariances exactly determine each of the components of the aggregate additive
decomposition.
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Proposition 15. (Cross-sectional dispersion bounds) The value of the risk-sharing, the intertemporal-

sharing, and the redistribution components defined in Proposition 1 satisfy the following bounds:

o = 3 o ()] 04 ot ()] o, [P *
t=0 st
T

st < 350 [of (4] 80 [t () 222517 o7)

t=0
|Zrp| < SDy; [w (So)} x SD; [XT: @ (30) S o (st‘ 30) d“l‘;g(st)] : (28)

where SD; [-] denotes a cross-sectional standard deviation.

Proposition 15 shows that the magnitude of each of the three components considered here
is determined (bounded above) by i) the cross-sectional dispersion of the different components
of DS-weights, SD; [@f (s']s%)], SD; [@f (s°)], and SDj; [&* (s°)], as well as ii) the cross-sectional
dispersion of the instantaneous consumption-equivalent effect of the policy, effectively SD; [W} .
Consequently, inequality considerations do matter for the aggregate assessments of policies via the
cross-sectional dispersion of DS-weights or the impact of a policy by itself.

Proposition 15 is helpful for three reasons. First, it shows that normative criteria with highly
dispersed DS-weights have the potential to generate a large welfare effect of policies via risk-sharing,
intertemporal-sharing, and redistribution. Second, by computing the cross-sectional dispersion of the
different components of DS-weights for a given criterion, it shows that it is possible to understand the
potential scope that inequality may play when determining the risk-sharing, intertemporal-sharing,
and redistribution components of aggregate welfare assessments. Finally, Proposition 15 shows that
the risk-sharing, intertemporal-sharing and redistribution components depend on the extent to which
policies impact different individuals differently. That is, the more W varies across individuals,

dates, or histories, the more likely dispersion in DS-weights matters for welfare assessments.

6.3 Recursive Formulation

Up to now, we have defined DS-weights for a sequence formulation of a dynamic stochastic economy.

Here, we describe how to operationalize DS-weights in recursive environments, which are widely used

in practice. As in Ljungqvist and Sargent (2018), we denote possible recursive states by s and s'.°

36Note that in recursive economies with idiosyncratic (and potentially aggregate) states (i.e., Aiyagari or Krusell-
Smith style economies) individuals can be ex-ante heterogeneous at the time of making a welfare assessment for two
different reasons. First, individuals can be heterogeneous ex-ante (e.g., individuals can have different time-invariant
preferences or face shocks that come from different distributions). Second, individuals can be heterogenous ex-post
(e.g., individuals can have different endowments or asset holdings at the time of the welfare assessment, even though
they face identical problems starting from a given idiosyncratic state). This is an important observation to interpret
correctly some of the results in this paper. For instance, Corollary 3 of Proposition 2 only applies when all individuals
are identical because of predetermined reasons and when they all have the same initial state. Obviously, ex-post,
individuals will also be heterogeneous if they experience different shocks. In the notation used in this section, ex-ante
heterogeneity of either form is captured by the index i. See Section G.6 of the Online Appendix for a reformulation of
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Proposition 16. (Recursive formulation) Suppose that individual consumption and hours are
exclusively a function of the current realization of s; and do not depend on the full history leading to
those outcomes, so that ci (s') = ¢ (s¢) = ¢* (s) and ni (st) = n'(s;) = n'(s). Then, it is possible to

DS
express dwdig(so), as defined in Equation (7), as follows:

AW DS (s0) o AViRS (s0)
— - /wo (s \so> sz, (29)
d\A/iLzS(s) . . .
where —— has the following recursive representation:
VS (s) _ duge(s) 5 <. dViZ5 ()
7 =1 + Bit ; it <SI|S) 10 , (30)

where B}t and 7y (s'|s) correspond to a twisted discount factor and a twisted set of transition

probabilities of the form:

a)iﬂ (sl s0)
@ (8] s0)

‘D%fl (30)
@i (s0)

Bi,t = and fip (s']s) = (31)

For Equation (30) to be a valid recursive representation, it must be that Bi,t is exclusively a function

of time and so and that #t;, (s'|s) is exclusively a function of time, s, and so, but not of the full

histories.

Proposition 16 shows that, in order to make a welfare assessment at a state sg, a DS-planner
. dVDS
must compute the date-0 DS-weights for all individuals, wf (s°[so), as well as the value of %(SO) =
dViDS(SO>

——4—— which can be computed recursively following Equation (30). Intuitively, it is possible
@p(s0)@g(s0s0)

: : avhs o : : :
to find a recursive representation for "C’EG (S), because it is expressed in units of consumption good
avRS (s) : . - .
at state s. In fact, 0 has the interpretation of an asset pricing equation for an asset that pays

du; . . e .
u%(s) units of consumption good to individual 7 in state s.

It is worth highlighting that the set of DS-weights that admits a recursive representation is
smaller than the set of DS-weights that can be expressed non-recursively. In particular, ,5’” and
#tit (8’| ), which are ratios components of the individual decomposition of DS-weights cannot depend

on histories, although they may be time-dependent. Interestingly, even in a fully recursive economy,
. . dvhS(s) . . . . .
the recursive representation of —* is typically time-dependent, because the state in which

the welfare assessment takes place will anchor the future values of the dynamics and stochastic
components of the individual multiplicative decomposition for a DS-planner. Only in particular
cases is it possible to find a time-independent recursive representation, as we discuss next.

As we show in the Online Appendix, when 7 (| s) is Markov, we can express (; ¢ and 7; ¢ (| 5)

our approach using notation that differentiates between idiosyncratic and aggregate states.

37



for a normalized welfarist planners as follows:

du; (s/)
act

/ Ou;(s) ou;(s’)
AW S i1 (8] s0) T 1 W D T (8]s0) =55
ﬁi,t = i ;2 T (s]5 )auigc)l = 1% and Tt (5,|5) :ﬂ(sl|s) Bz (5) . :W;,t(5/|5)'
st 0) e it dct

S, mi(sfso) 2t

= stochastic correction

= dynamic correction

(32)

In this case, Equation (30) can be literally interpreted as a cum-dividend asset pricing equation,
since Bn’ =1/ R{ . has the interpretation of individual i’s one-period forward rate between dates ¢
and t 4 1, and ﬁ'%}f (8’| s) = 7}, (5| s) has the interpretation of individual i’s risk-neutral probability
between dates ¢t and ¢ + 1. As we show in the Online Appendix, Equation (30) is time-independent
for normalized welfarist planners and NR pseudo-welfarist planners.?” However, Equation (30) is
time-dependent for AR and AE pseudo-welfarist planners. In our application, which we formulate

recursively, we further illustrate how to use DS-weights in recursive environments.

6.4 Instantaneous SWF Formulation

As explained in Section 2.2, the conventional approach to making welfare assessments relies on
defining a Social Welfare Function that takes individual lifetime utilities as arguments. In this paper,
we have shown that an approach based on generalized marginal DS-weights defined over instantaneous
consumption-equivalents allows us to consider a larger class of normative objectives. In this section,

DS
we show that it is possible to interpret dwdig(so)

, defined in Equation (7), as the derivative of a planner
with a particular Social Welfare Function that i) takes as arguments individuals’ instantaneous
utilities, not lifetime utilities, and ii) features generalized (endogenous) welfare weights.

Formally, a linear instantaneous Social Welfare Function, which we denote by Z (+), is a linear

function of individuals’ instantaneous utilities, given by
T
I ({ui (e (st) mi (1))}, ) _ / SN (s wi (ci (1) i (1)) i, (33)
" t=0 st

where the instantaneous Pareto weights \: (s') define scalars that are individual-, date-, and history-

specific.** Proposition 17 shows that welfare assessments made under DS-weights correspond to the

3"Note that the product 5Y (s)- 7Y (5| s) corresponds to the state-price assigned at state s by individual i to state

s’

B;"t’ . ﬁf\; (5" s) = Bim (5" s) 3u(;c(f )/algcgs)

38 At times, it may be more convenient to define a linear instantaneous SWF Z (-) as follows:

7 ({6 () (D) = [ 53 (50 e () X 09 s (e () )

t=0 st

Both formulations are fully exchangeable in the baseline environment considered in this paper.
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derivative of a planner whose objective function is given by a particular linear instantaneous SWF.
It also shows that any local optimum can be found as the first-order condition of a planner who

maximizes a linear ISWF, where DS-weights are evaluated at the optimum.

Proposition 17. (Linear instantaneous SWFE' formulation) For any set of DS-weights, there exist

. S
instantaneous Pareto weights {\; (s')},, . such that W, defined in Equation (7), corresponds

i7t7

to the first-order condition of a planner who maximizes a linear instantaneous SWF I (-) with

. . ; ; Ou; (s';0 . .
instantaneous Pareto weights \; (s') = wi (s';0)/ % Moreover, at a local optimum, in
t
DS .
which dwdie(so) = 0, there exist instantaneous Pareto weights {\; (s') }i,t,st such that the optimal

policy satisfies the first-order condition formula of a linear instantaneous SWF I (-), defined in
Equation (33). The instantaneous Pareto weights in that case are evaluated at the optimum, so

i i * 8”LL,L St;e*
X () = wf (st;0%) / 2l)

, where 0* denotes the value of 0 at the local optimum.

Proposition 17 is helpful because it shows how to reverse-engineer Pareto weights of a linear
instantaneous SWF from DS-weights, while guaranteeing that any local optimum can be interpreted
as the solution to the maximization of a particular linear instantaneous SWEF. Because the
instantaneous Pareto weights \: (s') are evaluated at the optimum 6*, they are taken as fixed in the
maximization of a linear instantaneous SWF. In practice, it is impossible to define the instantaneous
Pareto weights \: (st) without first having solved for the optimum using our approach that starts
with DS-weights as primitives. Relatedly, it is typically impossible to translate DS-weights into

instantaneous Pareto weights that are invariant to § and the rest of the environment.*’

6.5 Term Structure of Welfare Assessments: Transition vs. Steady-State
Assessments

In this subsection, we show that the aggregate additive decomposition, and each of its four
components, has a term structure. In other words, it is possible to attribute welfare gains or losses

in the aggregate or for each of the components of the aggregate additive decomposition to particular

dates in the future.*’

Proposition 18. (Term structure of welfare assessments and aggregate additive decomposition) The

DS
aggregate welfare assessment of a DS-planner, deie(so)’ can be expressed as follows:

dWPS (s I AWPS (s
dQ(O) =3 E { (So)} dQ(O)’

DS
where each of the date-specific assessments, thdie(so), can be decomposed into the same four

3%For the purpose of showing that it is possible to define a DS-planner via a well-defined SWF with generalized
(endogenous) weights, it is sufficient to consider linear instantaneous SWEF’s. There is scope to explore further the
welfare implications of using more general instantaneous SWF, or even SWF’s directly defined over consumption, hours,
or other commodities.

497t is also possible to define term structures for all subdecompositions introduced in Section 6.1.
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components of the aggregate additive decomposition introduced in Proposition 1:

=EAp,t =ZRs,t

dW. t ZE i (] 50) | E [du“e(t}ﬁ-ZCovi {@i(st“go)’(%g(st)}

st

S() duz c
+ Cov; L E @; (8" s0) ‘

+ Cov; [Uﬂ (s%) ’Ezofigs((;)o)] Z@; (5] s0) 7&9

=EIs,¢ =ZRD,t

Proposition 18 shows that a welfare assessment can be interpreted as the discounted sum of date-
specific welfare assessments, where each of these date-specific assessments can also be decomposed
into the same four components introduced in Proposition 1.*! Interestingly, Proposition 18 shows that
the appropriate discount factor is given by the cross-sectional average of the dynamic components,
E; [@! (s0)]. In Section 7, we provide an illustration of the term structure of each of the components
of a welfare assessment, as well as of the term structure of aggregate assessments.

Proposition 18 also allows us to decompose the transition and steady-state impact of policy
changes for aggregate assessments and each of the components of the aggregate additive decompo-
sition. Formally, under the assumption that an economy reaches a new steady-state at date T*, we

can decompose welfare assessments into transition welfare effects and steady-state welfare effects:

T
dWDS dWPS (so) dW dWPS (s0)
= X[ (o0)] T + 3 B ot o]
=0 t=T*
transition welfare effects steady-state welfare effects

We illustrate this approach in Section 7, highlighting the fact that convergence to a new steady-state

in terms of allocations does not guarantee convergence of DS-weights.*?

6.6 Summary of Additional Results

In Section G of the Online Appendix, we discuss additional results. First, we provide a systematic
dimensional analysis of DS-weights and their components, illustrating why the choice of units is

critical to make meaningful welfare assessments. Second, we expand on how the approach that we

41 Given the definition of 24+ in Proposition 18, we can express Eag as follows: Sap = ZZ;O E: [@f (s0)] Eam,i.
The same applies to all the other components.

42When the economy converges to the new steady-state asymptotically, we define T* as the first period in which a
convergence criterion is satisfied. To facilitate comparisons, it seems more natural to report the value of steady-state
welfare effects expressed in permanent dollars starting at T, rather than starting at date-0, that is:

S0 5o )] 2t
Zt:T* E; [©f (s0)]

steady-state gains welfare effect valued at T'*
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develop in this paper relates to other approaches used to make welfare assessments. In particular,
we i) revisit different welfarist SWF’s; ii) describe how our results relate to Saez and Stantcheva
(2016) and the Kaldor (1939)/Hicks (1939) compensation principle; iii) show how the consumption-
equivalent approach of Lucas (1987) and Alvarez and Jermann (2004) can be seen as using a particular
set of DS-weights that are related to the DS-weights used by welfarist planners but do not allow for
aggregation; iv) explain how allowing for transfers can be interpreted as restricting or partially
selecting a set of DS-weights; and v) discuss how our welfare decomposition relates to existing
decompositions. We explain how to make use of DS-weights in optimal policy problems using both
primal and dual methods, and discuss how to use our approach to make global welfare assessments.
Finally, we show to reformulate our results using a notation that explicitly differentiates between

idiosyncratic and aggregate states.

7 Application: Transfer Policies under Incomplete Markets

In this section, we illustrate how to make welfare assessments using DS-weights in a fully specified
application. The purpose of this application is to illustrate the mechanics of our approach in a
tractable dynamic stochastic environment.

After defining a common economic environment, we consider two different scenarios. Scenario 1
corresponds to an economy in which individuals with identical preferences face idiosyncratic risk. In
this case, we consider a transfer policy that perfectly smooths consumption across individuals. An
important takeaway from our results is that depending on primitives, such policy will be attributed
to risk-sharing, intertemporal-sharing, and redistribution to different degrees. Scenario 2 corresponds
to an economy in which individuals with different preferences face aggregate risk. In this case, we
consider transfer policies that shift aggregate risk to the more risk-tolerant individuals. In both
scenarios, we carefully explain the channels through which normalized welfarist planners find such

policies desirable or not.

Common environment. We consider an economy with two types of individuals (individuals, for
short), with each corresponding to half of the population. Both individuals have time-separable
constant relative risk aversion (CRRA) preferences with exponential discounting. We formulate

individual lifetime utility recursively as follows:

617’71'

Vi (s) = u; (ci (s)) + BZW (s'|s) Vi (s'), where w;(c)= —
s’ T

where V; (s) and ¢’ (s) respectively denote the lifetime utility and the consumption of individual 4 in

a given state s; s and s’ denote possible states, and 7 (s'|s) is a Markov transition matrix, described

below; 3 is a discount factor, equal for both individuals; and w; (¢) denotes the instantaneous utility

function of an individual i. A higher CRRA coefficient ~; is mechanically associated with a lower

willingness to substitute consumption intertemporally.
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Table 2: Summary of scenarios

) Endowment 3" (s) Policy T* (s) Consumption ¢’ (s)
Uncertainty Preferences T 5 T > T 5
v () | ) [THs) [T () ¢ (s) \ ¢ (s)
#1 | Idiosyncratic Common gHe(s) |g—e(s) | —e(s) | €(s) | y+e(s)(1—0) | g—e(s)(1—0)
#2 Aggregate Heterogeneous | g+¢e(s) | y+e(s) | —e(s) | €(s) | g+e(s)(1—-0) | g+e(s)(1+0)
Note: Instantaneous utility for both individuals is given by wu; (¢) = Cll:;_i . Our benchmark parameterization is given

by 8=0.975,5=1,e(H) =0.25, ¢ (L) = —0.25, and p = 0.95. If prefereﬁces are common, 1 = y2 = 2. If preferences
are heterogeneous, we assume that individual 1 is more risk averse, so y1 > 72, where v1 = 5 and 2 = 2.

There is a single nonstorable consumption good (dollar), which serves as numeraire. We consider
an extreme form of incomplete markets: no financial markets. Hence, in the absence of policy
transfers, individuals consume their endowments. The consumption of individual ¢ at state s is given
by their endowment 3° (s), and a transfer, 67" (s) E 0, where 6 € [0, 1] scales the size of the transfers

at all dates and states. Hence, the budget constraint of individual ¢ in state s is given by
¢ (s) =y () + 6T (s), (34)

where the form of 3’ (s) and T7(s) varies in each scenario considered. Given the lack of financial
markets, the equilibrium definition is trivial, so Equation (34) also defines equilibrium consumption
for individual i. We further assume that the transfers net out in the aggregate, so T (s)+T2 (s) = 0.
This assumption will immediately imply that aggregate efficiency is 0 for any policy.

Uncertainty in this economy is captured by a two-state Markov chain, with states denoted by
s = {L,H}, standing for a low (L) and a high (H) realization of 3! (s) (for individual 1) and a
transition matrix given by

p 1=p

I—p p

H:

where p € [0,1]. Table 2 summarizes the assumptions on 3’ (s) and T¢ (s) made in each scenario. In

. . du;). (st i . .
this model, since u'diés) = T"(s), welfare assessments are simply given by

S(g 0 ) .
M) = [ 2 S () T ) i

7.1 Scenario 1: Idiosyncratic Risk, Homogeneous Preferences

Environment. In our first scenario, we assume i) that both individuals have identical preferences,

S0 71 = Y2 = 7, and ii) that they exclusively face idiosyncratic risk. Formally, we assume that

y'(s)=7+e(s) and y*(s)=7—¢(s),

where 7 > 0, and where € (L) = —e (H). We consider the welfare assessment of a transfer policy

that provides full consumption smoothing. Formally, we set T (s) = —¢ (s) and T2 (s) = £ (s), so
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individual consumption takes the form
(s)=7+e(s)(1—60) and P (s)=7—¢c(s)(1—-0).

Under this policy, when § = 1, the consumption of both individuals is fully identical. Note that

aggregate consumption does not depend on s or  since [ ¢! (s)di = 7.

Results. We adopt the following parameters: § = 0.95, 5 = 1, ¢ (H) = 0.25, £ (L) = —0.25, and
Y1 = v = 2. Importantly, we make the endowment processes persistent, by setting p = 0.975 as our
benchmark. In Figure 4, we compare how welfare assessments change when the endowment process
is extremely persistent (p = 0.999) and fully transitory (p = 0.5).*> As a benchmark, we consider a
normalized utilitarian planner with equal weights. In Figure 5 we compare how welfare assessments
change when we consider a normalized isoelastic planner.

Individual multiplicative decomposition of DS-weights. In Figure 3, we start by showing the
components of the individual multiplicative decomposition of DS-weights for a normalized utilitarian
planner for each of the individuals when 8 = 0.25. Several insights emerge.

First, Figure 3 clearly illustrates that the DS-weights have time-dependence, despite the fact that
we consider a model that is recursive and stationary. This occurs because the shocks are persistent.

Second, the plots of the dynamic components show that a normalized utilitarian planner
overweights earlier periods for those individuals who initially have a low endowment and high
marginal utility. As reference we include the value of (1 — 3) 8t = B/ >°, 8%, which corresponds to
the dynamic weight for a hypothetical individual with linear marginal utility, i.e., when (ci (s)) =1
Importantly, since dynamic weights must add up to 1 over time, overweighting initial periods for
individuals with low endowment and high marginal utility necessarily implies underweighting periods
later in the future.

Third, the plots of the stochastic components show that a normalized utilitarian planner initially
overweights those states that are more likely given the initial state, although eventually the impact
of the initial state dissipates. More importantly, in the long run (although also in the short run),
regardless of the initial state, the stochastic components are higher for those states in which an
individual has a lower endowment and high marginal utility.

Fourth, the individual components of the DS-weights further capture the differences in the
marginal valuation of transfers among individuals for different initial states. A normalized utilitarian
planner values a hypothetical permanent transfer at all dates and states towards the individual with
a low endowment at sg at 1.186, and towards the individual with a high endowment at 0.814. The
plot of DS-weights multiplicatively combines the dynamic, stochastic, and individual components
just discussed.

Aggregate additive decomposition of welfare assessments. In Figure 3, we show the components of

the aggregate additive decomposition of welfare assessments for a normalized utilitarian planner for

“3We use p = 0.999 since it makes for an easier illustration of the results. We could have used p = 1 instead.
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Figure 3: Individual multiplicative decomposition of DS-weights (Scenario 1)

Note: Figure 3 shows the components of the individual multiplicative decomposition of DS-weights for a normalized
utilitarian planner, defined in Proposition 5. We assume that § = 0.25, although all figures are qualitatively similar
when 6 € [0,1). The top row shows each of the components for individual 1, while the bottom row shows them for
individual 2. The left panels show the dynamic component, @ (so), for different values of t for different initial states,
so = {H, L}. For reference, we also show the dynamic weight for a hypothetical individual with linear marginal utility,
given by (1 — ) gt = 8t/ Zt B%. Note that the sum under each of the curves adds up to 1. The middle panels show the

stochastic component, @; (st| so), for different values of ¢, for different initial states, so = {H, L}, and for different final

states, sy = {H, L}. The right panels show the actual DS-weights, w} (st’ so)7 also for different values of ¢, and different
initial and final states: so = {H, L} and s; = {H, L}. The parameters are § = 0.25, 3 = 0.95, 7 = 1, e (H) = 0.25,
e(L) = —0.25, p = 0.975, and 71 = 2 = 2. The individual component of DS-weights are &' (sp = L) = 1.186 and

&2 (so = L) = 0.814 when an assessment takes place at so = L; and &' (so = H) = 0.814 and &* (so = H) = 1.186

when the assessment takes place at so = H.

three different parametrizations: p = {0.5,0.975,0.999}. We exclusively consider the initial state
so = L since the aggregate welfare assessments are identical in both states.’ A different set of
insights emerge from the aggregate additive decomposition.

First, as formally shown in Proposition 3, the aggregate efficiency component is zero, that is,
Z4r = 0. This occurs because we study an endowment economy for which aggregate consumption
is invariant to the policy.

Second, a normalized utilitarian planner always finds it optimal to increase transfers until
0@ = 1, which corresponds to perfect consumption smoothing. Moreover, we show that all three

remaining motives, risk-sharing, intertemporal-sharing, and redistribution contribute qualitatively

441f we had considered a welfare assessment at an ex-ante stage in which individuals are identical before the initial
state sop = L or sp = H is realized our conclusions would be significantly different. In particular, as per Corollary 3,
intertemporal-sharing and redistribution would be zero in that case. This fact underscores that the decomposition of
welfare assessments critically depends on the state in which an assessment takes place.
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Figure 4: Aggregate additive decomposition of welfare assessments (Scenario 1)
Note: Figure 4 shows the marginal welfare assessment of a normalized utilitarian planner, %, and the components
of its aggregate additive decomposition, as defined in Proposition 5, for three different scenarios: p = 0.975 (top
panel; benchmark), p = 0.5 (bottom left panel), and p = 0.999 (bottom right panel), when so = L. When shocks
are transitory (p = 0.5), most welfare gains are attributed to risk-sharing, while when shocks are almost permanent
(p = 0.999), most welfare gains come from redistribution. Intertemporal sharing peaks at intermediate levels of p.
Note that dd%/ = Zag + ZErs + Zrs + Erp. In all three scenarios, the parameters are § = 0.95, 7 = 1, e (H) = 0.25,
e (L) = —0.25, and 1 = 72 = 2. This Figure illustrates that the smoothing policy considered here can be attributed

to different components, depending on primitives.
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Figure 5: Aggregate additive decomposition; comparison of welfarist planners (Scenario 1)

Note: The left panel of Figure 5 shows the marginal welfare assessment of normalized welfarist planners with social
welfare function

1/¢
W ({Vi (s0)}ies) = (/ ai(—‘/i(SO))¢di) ;

for ¢ € {1,5,10}. The utilitarian benchmark corresponds to ¢ = 1. The right panel of Figure 5 shows the redistribution
component, Zgrp, for such planners, as well as the sum of the risk-sharing and intertemporal-sharing components for
either of them, since Zrs + E1s is identical in all three cases. In this economy, 24 = 0 at all times. Consistently with
Proposition 8, differences in welfare assessments among normalized welfarist planners are exclusively based on how
they assess the redistribution component. The parameters are § = 0.95, 7 =1, e (H) = 0.25, £ (L) = —0.25, p = 0.975,
and 71 = y2 = 2.

to that conclusion. Hence, in this scenario, all pseudo-welfarist planners would agree on an optimal
policy of 0 = 1. When 6 = 1, markets are effectively complete, which implies that both risk
and intertemporal-sharing components are zero, that is, =pg = =;¢ = 0. This is consistent with
Propositions 6 and 7. When 6 = 1, both individuals have identical consumption paths, so ZEgp = 0.
This is consistent with Corollary 3.

Third, the nature of endowment shocks, in particular whether such shocks are transitory or
permanent, has a significant impact on the aggregate additive decomposition of welfare assessments.
When shocks are transitory (p = 0.5), the planner attributes most of the welfare gains to risk-
sharing, with intertemporal-sharing playing a much smaller role and redistribution being virtually
zero. When shocks are persistent (p = 0.975), part of the welfare gains are now attributed to
redistribution, which is now larger than intertemporal-sharing, although risk-sharing is still the most
important component. When shocks are almost permanent (p = 0.999), the planner attributes most
of the welfare gains to redistribution, with risk-sharing and intertemporal-sharing playing a much
smaller role.

Finally, note that while #* = 1 is a global optimum in this economy, setting § = 1 is by no means
a Pareto improvement relative to & = 0. When sg = L, there is a value of 6 that is less than 1 at

which individual 2 becomes worse off relative to 6 = 0.
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Comparing Social Welfare Functions. In Figure 5, we show the marginal assessment of normalized
welfarist planners for different values of the redistribution coefficient ¢ of an isoelastic social welfare

function, given by 1/¢
W (Vi enlher) = (f o (i o))

We consider three cases: ¢ € {1,5,10}, where the utilitarian benchmark corresponds to ¢ = 1.*

Consistently with Proposition 8, differences in welfare assessments among normalized welfarist
planners are exclusively based on how they assess the redistribution component. Intuitively, higher
values of the curvature parameter ¢ are associated with more dispersed individual components of
DS-weights, which in turn increase the redistribution component of the aggregate decomposition.
Moreover, we show the value of the sum of the risk-sharing and intertemporal-sharing components,
ZRrs + Z1g, is invariant to the value of ¢ — in fact, it corresponds to the assessment of a pseudo-
welfarist NR DS-planner. This figure illustrates an important conclusion of this paper, which is that
the choice of SWF does not impact the aggregate efficiency, risk-sharing, and intertemporal-sharing
components of a normalized welfarist DS-planner.

Term structure of welfare assessments. In Figure 6, we show the implied term structure of welfare
assessments, based on the results introduced in Section 6.5. As in Figure 3, we illustrate the results
when 6 = 0.25. The top plot in Figure 6 shows that the term structure of the aggregate welfare
assessment,%z(so), is mildly downward sloping, which implies that the welfare gains from the
policy are higher in earlier periods.

While the overall gains do not vary substantially over time, each of the components features
significant time-variation. The risk-sharing component, Zrg;, which is positive at all times and is 0
at t = 0, ends up concentrating all of the gains from the policy in the long run. This occurs because
this policy has permanent risk-sharing benefits at all dates, since Cov; |} (s'] s0), % is strictly
positive at all times after ¢t = 0.

On the contrary, both the intertemporal-sharing and redistribution components are significantly
positive at ¢ = 0, but they end up contributing negatively to the welfare assessments of the policy.
The bottom two plots in Figure 6 justify the time-variation in Z75; and Zrp. The bottom left
plot shows that the social marginal valuation of the policy at future dates, > @} (s'| s0) W, is
positive for the individual with the low endowment realization (i = 1) and positive for the other, and
it converges to a positive value that is constant across individuals when ¢ — oco. This implies that
Er1s,+ must converge to 0 in the long run. The date at which Z;5; becomes negative is determined by
the date in which the dynamic components of both individuals cross — this date is shown in Figure
3. The bottom right plot shows that the discounted normalizz)d S(()S)ial marginal valuation of the

&i(s0) (s

welfare effect of a policy at a given date, AR st @f (8] s0) —ls3—, converges to positive values
i [Wi\ S0

430ur definition of isoelastic SWF is somewhat nonstandard since lifetime utilities are negative for CRRA individuals
with v > 1. Our formulation, in which ¢ > 1, guarantees that the SWF is concave, implying that a planner prefers
individual utilities to be less dispersed. See Section G.3.1 of the Online Appendix for further details.
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for both individuals, but it is higher for the individual for which it was negative at ¢t = 0. Because
this object does not converge to the same value for both individuals, the redistribution component is
permanently non-zero. Intuitively, while the policy contributes positively to the flow utility of both
individuals in the long run, this gain is valued more by the individual who started with a higher
endowment, since this individual values more consumption in the future. This logic implies that
Zrp, must be negative in the long run. In general, the subtle patterns behind Z;5; and Erp; are
driven by the fact that the dynamic components of the DS-weights must cross, since they integrate
to 1.

7.2 Scenario 2: Aggregate Risk, Heterogeneous Preferences

Environment. In our second scenario, we assume i) that some individuals are more risk-
averse/unwilling to substitute intertemporally than others, and ii) that all endowment risk is
aggregate. In particular, we assume that individual 1 is more risk averse than individual 2, so

Y1 > 9. Formally, we assume that
y'(s)=7+e(s) and y*(s)=7+e(s),

where § > 0, and where ¢ (L) = —e (H). We consider the welfare assessment of a transfer policy that
shifts the amount of risk borne by individual 1 to individual 2. Formally, we set T* (s) = —¢ (s) and

T? (s) = £ (s), so individual consumption takes the form
A (s)=7+e(s)(1—0) and *(s)=7F+¢e(s)(1+86).

Under this policy, when # = 1, individual 1 is fully insured, at the expense of increasing the
consumption fluctuations of individual 2 in response to aggregate shocks. In this scenario, aggregate

consumption varies with the aggregate state, but not with @, since [ ¢’ (s)di =7 + ¢ (s).

Results. With the exception of risk aversion, set to v; = 5 and 72 = 2, we use the same parameters
asin Scenario 1: §=0.95,7=1,e(H) = 0.25,¢ (L) = —0.25. Asin the benchmark parameterization
of Scenario 1, we set p = 0.975, so endowment shocks are persistent. Once again, we consider a
normalized utilitarian planner with equal weights.
Individual multiplicative decomposition of DS-weights. In Figure 7, we show the components of the
individual multiplicative decomposition of DS-weights for a normalized utilitarian planner for each
of the individuals when 6 = 0.25. This new scenario is associated with new insights.

First, the plots of the dynamic components show that a normalized utilitarian planner overweights
earlier periods for all individuals when the aggregate endowment is low (graphically, the solid blue

line is above the black dashed line for both individuals when sqg = L; this is not the case in Scenario

1
461 this application, lim;— gggjgi = 0.687 when sg = L.
t
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Term Structure of Assessment: sqg = L
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Figure 6: Term structure of aggregate welfare assessments and components (Scenario 1)
DS
Note: The top panel of Figure 6 shows the term structure of marginal welfare assessments,wtdie(s(’), and each of its non-
zero components, Zrs ¢, =15,t, and Zrp + for a normalized utilitarian planner, as defined in Proposition 18, when so = L.

. du; t
The bottom left panel corresponds to the term structure of the expected values Zst Wt (st| so) u”d%o(s), measured as

of date ¢, for both individuals. The bottom right panel corresponds to the term structure of values — as of date 0 and

. ~ . du; . (st
normalized by E; [GJ,@ (so)] — of the impact on an individual at date ¢: _©1(s0) Zst wy (st| so) %). The date at

E;[@}(s0)]
which Z;s,; turns negative is the date in which the dynamic components cross in Figure 3. The date at which Egrp + turns
DS
negative is the date in which the lines cross in the bottom left plot. Note that thdig(sO) =Z4E,t+Z2Rs,t+Z215,¢t+ERD,¢-

The parameters are 8 =0.95, 5 =1, ¢ (H) = 0.25, ¢ (L) = —0.25, p = 0.975, and 71 = 72 = 2.

49



Dynamic Component Stochastic Component DS-weights

— — 0.07
—_—y=1F —so=1L,s, =L —sg=1L,s; =L
so=H By - -sp=L,s;=H
---(1-B)8 058 so=H, s =L 0.06 so=H, s=1L
sop=H,s,=H so=H,s,=H
0.05
= —
£00 % 0.04
% <
T304 ~0.03
0.02
0.2
_____________ o k
-7 -
— 0 === == ———
0 20 40 60 80 100 120 0 20 40 60 80 100 120 0 20 40 60 80 100 120
t (time) t (time) t (time)
Dynamic Component . Stochastic Component DS-weights
—so=1L,sy =1L 0.06 —so=L,si=1L
= =so=0L,s;=H —esg=L,s;=H
SniHﬁsliL 0.05 so=H,s, =1L
so=H,s;=H so=H,s,=H
0.04
—_
>
G
5. 0.03
3
0.02
-7 001
-
-
L e e | A R}
0 0 — —_———
0 20 40 60 80 100 120 0 20 40 60 80 100 120 0 20 40 60 80 100 120

t (time) t (time) t (time)

Figure 7: Individual multiplicative decomposition of DS-weights (Scenario 2)

Note: Figure 7 shows the components of the individual multiplicative decomposition of DS-weights for a normalized
utilitarian planner, defined in Proposition 5. We assume that § = 0.25, although all figures are qualitatively similar
when 6 € [0,1). The top row shows each of the components for individual 1, while the bottom row shows them for
individual 2. The left panels show the dynamic component, @ (so), for different values of t for different initial states,
so = {H, L}. For reference, we also show the dynamic weight for a hypothetical individual with linear marginal utility,
given by (1 — 3) gt = B¢/ Zt B¢. Note that the area under each of the curves adds up to 1. The middle panels show the
stochastic component, @; (st| so), for different values of ¢, for different initial states, so = {H, L}, and for different final

states, sy = {H, L}. The right panels show the actual DS-weights, w} (st’ so)7 also for different values of ¢, and different
initial and final states: so = {H, L} and s; = {H, L}. The parameters are § = 0.25, 3 = 0.95, 7 = 1, e (H) = 0.25,
e(L) = —0.25, p = 0.975, y1 = 5, and 72 = 2. The individual component of DS-weights are &' (so = L) = 1.125 and
&2 (so = L) = 0.875 when an assessment takes place at so = L; and &' (so = H) = 1.027 and &* (so = H) = 0.973
when the assessment takes place at so = H.

1). As one would expect, it does so more for individual 1, with the higher curvature coefficient
71 = 5. Note, for instance, that & (so = L) > @3 (so = L) and that &} (so = H) < &3 (so = H).
Second, as in Scenario 1, the plots of the stochastic components show that a normalized utilitarian
planner overweights more likely states, given the initial state. More importantly, in the long run
(although also in the short run), regardless of the initial state, the stochastic components give
relatively more weight to those states in which an individual has a lower endowment and higher
marginal utility, but differentially more for the individual 1, with the highest curvature coefficient
y1 = 5. Note, for instance, that &} (s; = L) > @2, (s; = L) and that &L, (s; = H) < @2, (s; = H).
Third, the individual components of the DS-weights still capture differences in the marginal
valuation of permanent transfers among individuals for different initial states. However, in this
scenario these differences are mostly driven by the differences in preferences between individuals.

Unlike in scenario 1, a normalized utilitarian planner gives more value to a hypothetical permanent
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Figure 8: Aggregate additive decomposition of welfare assessments (Scenario 2)

Note: Figure 8 shows the marginal welfare assessment of a normalized utilitarian planner, %, and the components

of its aggregate additive decomposition, as defined in Proposition 5. The left plot corresponds to the assessment when
so = L, while the right panel corresponds to the assessments when so = H. Note that % =ZAE +Z2Rrs + 215 +ZERD.
The parameters are 8 =0.95, 7 =1, ¢ (H) = 0.25, ¢ (L) = —0.25, p = 0.975, and 71 =5 > 72 = 2.

transfer towards individual 1 at all states, since @!(sp = L) > @2 (so = L) and &' (sg = H) >
@? (so = H). This result illustrates how by computing the individual component it is possible to
determine the implicit desire for redistribution of a utilitarian planner.

Aggregate additive decomposition of welfare assessments. In Figure 8, we show the components of the
aggregate additive decomposition of welfare assessments for a normalized utilitarian planner. As in
Scenario 1, because we study an endowment economy for which aggregate consumption is invariant
to the policy, the aggregate efficiency component is zero, that is, Eg4r = 0. There is a new set of
insights.

First, we show that a normalized utilitarian planner finds it optimal to increase transfers until
some value of 6*, regardless of whether the optimal policy is determined from sy = L or sg = H.
This should not be surprising, since transferring aggregate risk to the individual most willing to bear
such a risk seems desirable. Interestingly, the reason for why a planner finds it desirable to increase
0 until 0* varies with the initial state of the economy. When sy = L, we show that a normalized
utilitarian planner mostly attributes welfare gains to redistribution (Egp), followed by risk-sharing
(ERs), with intertemporal-sharing (=;g) barely playing a role. Instead, when sg = H, we show that
a normalized utilitarian planner mostly attributes welfare gains to risk-sharing (Egs), followed by
redistribution (Egp) and intertemporal-sharing (Zg).

These findings are intuitive. When sg = L, consumption is persistently lower, which amplifies
differences in curvature between individuals on a persistent basis. This is reflected in the large
redistribution component. Building on the insights of Proposition 15, one can trace these results

to the cross-sectional dispersion of the different components of DS-weights. In particular, Figure
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8 illustrates how the cross-sectional dispersion of the individual component is significantly higher
when sg = L, which explains why the redistribution component is more important when sy = L.
Alternatively, Figure 8 reflects that the cross-sectional dispersion of the dynamic and the stochastic
components is higher when sy = H.

Finally, note that at the optimal 6* for both sy = L and sg = H, the normalized utilitarian planner
perceives Zrg to be positive and Zrp to be negative and greater in magnitude than =gg, which is
also positive. This implies that both pseudo-utilitarian NS and NR, DS-planners would choose a level
of 6* higher than the normalized utilitarian planner, regardless of the state in which the assessment is
made. This result illustrates that, in general, different pseudo-utilitarian DS-planners would disagree

on the choice of optimal policies.

8 Conclusion

In this paper, we introduce the notion of Dynamic Stochastic Generalized Social Marginal Welfare
Weights (Dynamic Stochastic weights or DS-weights, for short) and explore their properties.
We leverage DS-weights to characterize three sets of results. First, we develop an aggregate
additive decomposition of welfare assessments into four distinct components: aggregate efficiency,
intertemporal-sharing, risk-sharing, and redistribution. Second, we introduce normalized welfarist
planners that allow us to precisely describe how welfarist planners make interpersonal tradeoffs.
Third, we show how to use DS-weights to systematically formalize new welfare criteria.
Retrospectively, the aggregate additive decomposition and the definition of normalized welfarist
planners introduced in this paper open the door to revisiting the exact rationales that have justified
particular welfare assessments in existing work. Looking forward, we hope that our approach informs
ongoing and future discussions on i) the desirability of particular policies and ii) the design of policy-

making mandates, particularly when trading off efficiency and redistribution objectives.
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APPENDIX

A Proofs and Derivations: Section 3

Proof of Lemma 1. (DS-weights: individual multiplicative decomposition; unique

normalized decomposition)

Proof. By offering a constructive proof of part b), we automatically show that it is always possible
to construct an individual multiplicative decomposition, in particular a normalized one. Let us
start with a set of DS-weights &} (s'|sg) > 0, defined for each individual, date, and history. After
multiplying and dividing by Y. @ (s%]s0), Sofeo Sgt @F (5] 50), and [ S o S i (s s0) di, we
reach the following identity:

w; (5] 50) Yo Xe @i (sfs0)  Ya@i(sfso) @i (s']s0)
I 0 g @ (st]s0)di [ 32{_g g f (8] 50) di Yoo Yo @f (8] 50) 2t Gi ('] 50)"

=wi(s*[s0) =& (s0) =i (s0) =i (st]s0)

which defines an individual multiplicative decomposition since wj (s'| so) and &f (s'| sg) are identical
from the perspective of Definition 4, but for a normalization regarding the choice of units. It follows
immediately that Y. @! (s*]s0) = 1, S{ @i (s0) = 1, and [@&' (sg)di = 1, which concludes the
proof. O

Proof of Proposition 1. (Welfare assessments: aggregate additive decomposition)

Proof. Combining Equations (7) and (9), the definition of a desirable policy change for a DS-planner

can be expressed as follows:

dW P (s0) ~i dV}DS (so) ;. ~i (0 de‘DS (s0)
do _/w (s0) =g i =B |6 () =g | (95)
h
where dV.PS (s0) B T y e dujye (st) 4
T—gwt (So)gwt (S ‘50) T ( )
Hence, we can first decompose % as follows:
dwPs : av;Ps : av;Ps
(s0) _ g & ()] B | 2 (50 | 4 o, | (%), 2 (s0) (37)
de db db
- =ERD
where we use the fact that — without loss of generality, but for the choice of units — we can set
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E; [@ (s°)] = [@&' (s°) di = 1, and where Egp satisfies

= ~if0 d ~i ~i (ot duc (')
Erp = Cov; |@ (3 ),Zwt(so)Zwt (s ‘so> 20 .

DS
dv; de(so)] as follows:

Next, we can decompose E;

dVPS (s T o (s
B [de()} =B [sz (50) D2k (+'] ) da“]

B 61 (o)) 3 (2 (01 (] s0) B [ 2200+ o [ (51 0) 0] ) 2

st

M~ 11

2 ! dui c st
B i (o)) 3 5 (o] s0) 2 [ 21050

=0
=EAE
T
. . du;).. (s?)
~1 ~3 t ilc -
+ ;]Ei [wt (so)] gCovi [wt (s | so) , d@} +Z15
=ERs
=ZAr +Zrs + E715. (38)
Proposition 1 follows immediately after combining Equations (37) and (38). O

Proof of Proposition 2. (Properties of aggregate additive decomposition: individual-

invariant DS-weights)

Proof. a) If DS-weights wj (s!| s9) do not vary across individuals, parts b), ¢), and d) below are valid.
b) If the stochastic components, &} (st| s0), do not vary across individuals at all dates and histories,
then

i d ile t
Cov; l(bz (st’ 50),u|d9(5)] =0,Vt,Vs! = Zpg=0.

c) If the dynamic components, @} (sq), do not vary across individuals at all dates, then

(et
Cov; l(bi (so) ,Z(D; (st’ so) dulld(je(s)] =0,Vt — Z;9=0.

St
d) If the individual components, @* (sq), do not vary across individuals, then

(Covi |j21z (SO> 75:0@; (So) %;a); (St’ S()) duzse(é’t)‘| =0 = ERD =0.

t=
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Proof of Corollaries 1 through 4

Proof. Corollary 1 follows from part a). Corollary 2 follows from part b) since @&} (s'|sg) = 1, V¢, Vi
in perfect foresight economies. Corollary 3 follows from part d). Corollary 4 follows from parts b)

and c) since &} (sf|sg) = 1 and @} (sg) = 1, Vs?, V¢, Vi in static economies. O

Proof of Proposition 3. (Properties of aggregate additive decomposition: individual-
invariant policies)
Proof. Note that 37 @ (so) and Y- @f (s?| so) = 1 imply that 7o @ (s0) g @ (8] s0) = 1.
) t
a) If du”dcie(s) =g (-), where g (-) does not depend on 1, t, or s', then

i (0] N i ~i (ot du;c (s') =
Cowv; [w (s ),Zwt (SO)Z% (s ’30)1 —m =0 = Zgp =0.

t=0 st

And the results from parts b) and c) also apply.

) t
b) If % = g (t), where g (t) may depend on ¢, but not on i or s!, then

(st
Cov; l&); (s0) ,Zdz; (St’S())] dulsg(s) =0 = E5=0.

st

And the result from part ¢) also applies.

(ot
c) If % =g (t,s"), where g (¢, s') may depend on ¢ and s’, but not on 7, then

Cov; [&)Z (st‘30> ,W} =0 = Egrs=0.

O]

Proof of Proposition 4. (Properties of aggregate additive decomposition: endowment

economies)

Proof. In an endowment economy, Equation (11) simply corresponds to

dic t ! (st
EZ[U|(S)‘|: dct(s)di:O,

db df

where the last equality follows from the fact that aggregate consumption is equal to the aggregate
d i ot di
endowment, and hence fixed and invariant to 8, that is, % =0. O
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B Proofs and Derivations: Section 4

Proof of Proposition 5. (Normalized welfarist planners: individual multiplicative

decomposition)
Proof. Starting from Equation (6), note that we can express dv&(gso) as follows:
T t t
dVi (so) _ N\t ¢ dui (5 ) du|e (S )
40 —;(52) Zﬁt(s |So) aci a0

, , aui (St) T (6z)t Zst T (St‘ 50) auggzst) duﬂd;e(st)
= Z (/61) Zm (s |80) 802 ; ZtT—o (ﬁl)t Z o (st| 80) aui(st)

t=0 st 71
Ou;(s Bu (st
v o () (B D (] s0) 2 (B me (] 30) 550 gy, (1)
= Z (8:) Zﬂt (5] 50) e Z T i . Bu D) Z . Sy (sh) 40
+—0 st t t=0 Zt:o (Bl) Zsi Tt (S | 80 367 Zsf T (8 | 80) 3701
=t (s0) =t (st]so)
T T t
8u1 du;|e
= ; (B Zﬂt (st| 50 8ct 4 d;; (s0 Zwt | S0 %, (39)
where we define dynamic and stochastic components of DS-weights as in Equations (13) and (14).
Hence, we can express % — with appropriately normalized units — as follows:
AW (s0) T du t
do i ilc (s')
e / Z @y (so0 Zwt (s‘so) — =i,
S A (30) o (B:)' S me (st s0) Pt = E a9

where we define the individual component as in Equation (15):

Ai (50) Z?:o (ﬁz)t Dot Tt (st| 50) au;((jt)
f Ai (50) ZtT:O (/Bz)t Zst Tt (8t| 50) Bul( )d )

It is straightforward to verify that 3. @! (st]so) = 1, V¢, Vi; that 3, (@; (s0) = 1, Vi; and that
[ &% (s0) di = 1, which concludes the proof. Note that by multiplying and dividing the dynamic and
stochastic components of a given individual by his marginal utility of consumption at 0, we recover
Equations (16) and (17):

At ] g 2uilst) ,0ui(s°) .
cito) = O Zam (o0 TR i (ss0)
t - : ; - ]
S (B)' e me (1] s0) P 8“87” RVACED
n 8u1(s ) 8ui(so) )
@} (St‘SO) _ = [Toq Y (s'ls0)
- T 70y — - .
I m(sﬂsw%—g;) Ol Yy Y i (s'1s0)
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Proof of Proposition 6. (Properties of normalized welfarist planners: complete markets)
Proof. When markets are complete, there is a unique stochastic discount factor, which implies that
¢ (st[s0) = qt (s[s0), Vi. From Equations (16) and (17), it follows immediately that @} (so) and

@i (s sp) are invariant across all individuals at all dates and histories. Hence, parts b) and c) of

Proposition 2 guarantee that =g = =75 = 0. ]
Proof of Proposition 7. (Properties of normalized welfarist planners: riskless
borrowing/saving)

Proof. When individuals can freely borrow and save, it must be the case that the valuation of
a riskless bond is identical for all individuals, which implies that > g} (s'|so) is identical across
individuals. Hence, from Equation (17), it follows immediately that & (so) is invariant across all

individuals at all dates. Hence, Part ¢) Proposition 2 guarantees that Zrg = 0. ]

Proof of Proposition 8. (Properties of normalized welfarist planners: welfarist planners

only disagree about redistribution)

Proof. Note that Equations (13) and (14) do not depend on W (), while Equation (15) does. This
fact, along with Proposition 1, immediately imply that =45, Zrg, and Z;g identical for all welfarist

planner, but Zrp is not. O

Proof of Proposition 9. (Properties of normalized welfarist planners: invariance of

efficiency components to utility transformations)

Proof. 1t follows immediately from Equations (13) and (14) that @ (so) and &} (s'| so) are invariant to

the transformations considered, which multiply numerator and denominator by constant factors. [J

Proof of Proposition 10. (Properties of normalized welfarist planners: Pareto

improvements increase efficiency)

Proof. From Equation (38), it immediately follows that

dV;(so)
df

S0 (B) S me (1] 50) P

ZEAE +ERrs + 215 = E;

9

where dei(HSO) is defined in Equation (39). If a policy is a strict Pareto improvement, dvfi; 0 0, which

Lai(ft) > 0.
Ct
The same logic applies to weak Pareto improvements, since at least one individual must have

dV; (s
dilso) . O

implies that 45 + Zps + Zrg must be strictly positive, since 327 (8;)" 34 (s*] s0)

60



C Proofs and Derivations: Section 5

Proof of Proposition 11 (AE/AR/NR DS-planners: properties)

Proof. a) This result follows from part a) of Proposition 3, since @&} (s'|so), @} (so), and &' (sp) do
not vary across individuals. Note that =4 is identical for the pseudo-welfarist AE DS-planner and

its associated normalized welfarist planner, since
E; [@i’W’AE (So)} =E; {(DZ’W (80):| and E; {(ZJ;’W’AE (St’ 50)} =E; {(DZ’W (St’ 50)} .

b) This result follows from parts ¢) and d) of Proposition 3, since @ (s'|sg) and & (so) do not vary
across individuals. Note that =45 and Zgg are identical for the pseudo-welfarist AR DS-planner

and its associated normalized welfarist planner, since
E; [&z’W’AR (30)} =F; [J);W (so)} and @f’W’AR (st’ 30) = (st‘ 50) .

¢) This result follows from part d) of Proposition 3, since the individual components &° (s) do not
vary across individuals. Note that Z4p, Zpg, and Zj¢ are identical for the pseudo-welfarist NR

DS-planner and its associated normalized welfarist planner, since

&J}f’W’NR (so0) = (Iz,f’w (sp) and @:’W’NR (st‘ so) = @:’W (st‘ 50> .

61



ONLINE APPENDIX

Section D of this Online Appendix includes proofs and derivations for Section 6. Section E includes
additional results for Application 1. Section F includes several extensions and Section G contains

additional results.

D Proofs and Derivations: Section 6

Proof of Proposition 12. (Aggregate efficiency component: stochastic decomposition)

Proof. Starting from the definition of the aggregate efficiency component in Equation (11), we can

express Zap as follows:

where we define @; (so) = E; [@f (s0)], @t (st]s0) = E; [@f (s!]s0)], and dﬂ“dcig(f) = F; [dui';g(st)}

Multiplying and dividing by m; (st‘ so) at every history, we can express and decompose Zap as

follows:
- N ) Pe(s'] 50) dge (8Y) _ §~ (] o) e (8)
Zaw =30 o0) o (] 0) oy Tap = 2P o) Bo |7 () =g
t— St t=
T dﬁz c St T dﬂl c St
= Zwt (s0) Eg [wf (st‘ so)} Eo [Idé?() + Zwt (s0) Couvg [wf (St’ 30) ,Lw()],
=0 =0
=EEAE =Eam
which corresponds to Equation (23) in the text. O

Proof of Proposition 13. (Risk-sharing/intertemporal-sharing components: alternative

cross-sectional decompositions)

Proof. Here we make use of the following property of covariances (Bohrnstedt and Goldberger, 1969):
Cov[X, YZ]=E[Y|Cov [X,Z]+E[Z]Cov [ X, Y]+ E[(X —E[X]) (Y —E[Y])(Z -E[Z])],

du”c(st)

where X, Y, and Z denote random variables. Applying this property to Cov; |&? (so) , @ (st] s0) 70 ,
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we find that

du|c (st)l

Cov; lGJ% (so) 7035; <St‘ 30) do CwllC()]

(4] )] o [ o 22

+E; dulse(St)] Cov; {5)2 (so0) ,(Dg (375‘ 80)}
duj (s* due (s i - ~i ~i (gt ol (st
+E; (dQ() —E; [Ll0()1> (Wt (s0) — E; [Wt (80)}) (wt (‘9 ’50) — B {wt (S ‘SO)})]’

which immediately yields Equation (24) in the text after adding up over dates and histories.

Equation (2 ) follows immediately after using once again the same property of covariances on
du;
Cov; {wt (s0) @ ('] s0), ude()} O

Proof of Proposition 14. (Redistribution component: stochastic decomposition)

dvP3 (sq) . .
Proof. We can express ——z—, defined in Equation (36), as follows:

dVP9 (50) <~ - @} (5] 50) duife (5°)
de N ;)Wt (s0) Eo e (st sg)  dO
T i i duj (s T in du| (s%)
= ;)Wt (so0) Eo [wt (st‘ soﬂ Eo [ EZ: (so0) Covg “ (st‘ SOH 7d9] .
dViDS,ER(SO) dViDS,RIVI(SO)
=——a5 =g

Hence, we can express Zrp as follows:

~% (0 7 0 _ N 0 ) 0 ~ % 0 4 0
HRD—COUZ[ (S)’ide = Cov; |@ (s )’—dﬁ + Cov; |@ (s >’—d9 ,
ZER ERM
which corresponds to Equation (15) in the text. O

Proof of Proposition 15. (Cross-sectional dispersion bounds)

Proof. Equations (26) through (28) follow from applying the Cauchy-Schwarz inequality, which states
that |Cov [X,Y]| < \/Var [X]\/Var [Y] for any pair of square integrable random variables X and Y.

OA-2



When applied to the relevant elements of Zrg, =15, and =gp, we find that

i d i|c 9 ~i d ilc t
Cov; {(DZ (st| So) ’ U|d9(s> < \/Vam [u@ (st|so)} \/Vam { U \de(s )}
. t i
Cov; @z (s0) 72@; (St| s(]) duzse(s ) < \/W\l VYar; Zw (st] s0) duvlca( )]
T T . t
Cous |5 (), 3 @ (50) 3% (5] s0) duzge( s') < \/W\J Var; Zzwt (5] 50) duzza(s )].
t=0 st _ t=0 st

These three inequalities, when combined with the definitions of Erg, =75, and Zgp in Equation (11),

immediately imply Equations (26) through (28) in the text.

Proof of Proposition 16. (Recursive formulation)

awbs (s0)

Proof. Starting from Equation (35), note that we can express == as follows:

DS(SO)

av;
Note that we can also express "'?10 as follows:

dVi5® (s0) _ - Gilso) Z @f ('] 50) duse (5¢)
do = @b (s0) < @h (8% s0) b
_ @ (s0) @ (%] s0) duile (s0) i %4 (s0) > 0 ('] s0) duie (50)
@ (s0) @ (s°s0) b = @h (s0) < @h (s s0) b
—_—

O]

duie(s0) | @ (s0) | @] (s0) = @ (5] 50) duite (51) | = @} (s0)
- de @4 (s0) w’i(s@%%(s%e) do +t§@’1(80)§~

do

| (sM]50)

dé

@ ('] s) dujje (St)>
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which immediately implies Equation (30) in the text, since this derivation is valid starting from any
state sq.

The definitions of ,5%) and ﬁnf follow immediately after combining Equations (13) and (14) with
Equation (31). Note that the product BV (s) - #/V ('| s) corresponds to the state-price assigned at

state s by individual 7 to state s’:

Ou; (8') 0u; (s)

W AW (o — B !
/Bi,t Tt (8|5) 617(8‘3) Y / Jci

and that this state-price is time-independent. This observation, combined with the definition of the
pseudo-utilitarian NR planner, implies the claim that Equation (30) is time invariant for welfarist

and pseudo-welfarist NR planners. 0

Proof of Proposition 17 (Linear instantaneous SWF formulation)

Proof. Note that, for a planner with a linear instantaneous SWF, it must be that

. T ) Uj; st) duy). st .
T[S i) 2, oA

t=0 st

duuc(st)

where —5— is defined in Equation (3). The results for both the marginal welfare assessment and

the optimum follow immediately by comparing Equation (7) to Equation (OA1), where the following

relation must be satisfied:

3 () = °;<()>
Bcz

E Application: Additional Figures

Figures OA-1 and OA-2 are the counterparts of Figure 3 in the text when p = 0.999 and p = 0.5.
When p = 0.999, the components of the individual multiplicative decompositions evolve extremely
slowly. Given the extreme persistence of the shocks, all of the welfare gains from increasing 6
arise from redistribution (Egp). When p = 0.5, endowments shocks are fully transitory, and the
components of the individual multiplicative decomposition barely have any time-dependence. In this
case, the welfare gains from increasing 6 arise mostly from risk-sharing. The gains from redistribution

are nonzero, but very small, since they are only driven by marginal utility differences at ¢t = 0.
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Figure OA-1: Individual multiplicative decomposition of DS-weights (Scenario 1; p = 0.999)

Note: Figure OA-1 is the counterpart of Figure 3 in the text when endowment shocks are extremely persistent
(p = 0.999). The individual component of DS-weights in this case are @' (so = L) = 1.349 and @ (s = L) = 0.651
when an assessment takes place at so = L; and &* (so = H) = 0.651 and &* (so = H) = 1.349 when the assessment
takes place at so = H.
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Figure OA-2: Individual multiplicative decomposition of DS-weights (Scenario 1; p = 0.5)

Note: Figure OA-2 is the counterpart of Figure 3 in the text when endowment shocks are fully temporary (p = 0.5).
The individual component of DS-weights in this case are &' (so = L) = 1.018 and &? (so = L) = 0.928 when an
assessment takes place at so = L; and g (so = H) = 0.982 and @2 (so = H) = 1.018 when the assessment takes place
at so = H.
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F Extensions

F.1 Heterogeneous beliefs

In this section, we show how to use DS-weights to make paternalistic and non-paternalistic welfare
assessments in environments with heterogeneous beliefs.*” Note that the notion of paternalism used
here is fully consistent with the formal definition given in Footnote 32. To model heterogeneous

beliefs, instead of Equation (1), we assume instead that individual preferences take the form

T

Vi (s0) = Z (B,)t Zﬂ'z (st’ so) u; (cé (5t> ,nf; (St)) , (OA2)
t=0 st
where 7} (st‘ s0), denotes the beliefs held by individual ¢ over histories, which are now individual-
specific.
In this case, a non-paternalistic planner would substitute 7} (s'|so) for m; (s| sg) whenever it
appears in Equations (8) through (22). Alternatively, a paternalistic planner who imposes a single-
belief would substitute some planner’s belief, 7} (s'| s0), which is invariant across individuals, for

¢ (s'| so) whenever it appears in Equations (8) through (22).%

F.2 Recursive utility: Epstein-Zin preferences

In this section, we show how to use DS-weights in the context of economies with recursive preferences.
In particular, we consider the widely used Epstein-Zin preferences, which we define recursively as

follows:

= [0 (o0 0) s (Se e (V) )]

Sl

where ~; modulates risk aversion and v; modulates intertemporal substitution. We use s and s’ to
denote any two recursive states (Ljungqvist and Sargent, 2018).

In this case, we can recursively express the welfare effect of a policy change, measured in lifetime

4T A recent literature has explored how to make normative assessments in environments with heterogeneous beliefs.
See, among others, Brunnermeier, Simsek and Xiong (2014), Gilboa, Samuelson and Schmeidler (2014), Davila (2020),
Blume et al. (2018), Caballero and Simsek (2019), and Dévila and Walther (2021).

48 At times, it makes sense to reinterpret heterogeneous beliefs as state-dependent preferences. In that case, V; (so)

can be expressed as
T

Vi (50) = Z (ﬁz)t Zﬂ't (St’ So) U (C,zg (St) ,ni (st) ;st) .
t=0 st

All our results remain valid in the case of state-dependent preferences.
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utils (utility units), as follows:

i i d i|c i i !
AVis) _ OVi(s) e (5) | OVils) dVi(s) on3)
df oct (s) db —oVi(s) df
where
Vi (s) 1 — 1 Ju;(s)
e 1 = (L= B (Ve () (s (o)) 5 250
Vi~ e
AV (s) 1 i L=y \ 177 i —%i
aVi(s) = Bi (Vi (s))¥ <%:7T (']s) (V (3’)) > m (s'ls) (V (S/)) ’
and where dui'l;(s) is defined as in Equation (3). The structure of Equation (OA3) immediately implies
that d\zés) can be expressed as a linear transformation of instantaneous consumption-equivalent

effects, dui‘lg(s), which in turn guarantees that the definition of a DS-planner in Equation (6) can also

be used in the context of economies with recursive preferences.

Note that it is straightforward to define normalized DS-weights when considering normalized
welfarist planners, as in Section 4. In particular, Equations (16), (17), and (19) remain valid, and
the one-period version of Equation (18), from which it is straightforward to compute state-prices for

any date and state, becomes

V(s AV (s) OVi(s')

i(5) . : NN 2= i\ 7 (s
i 99() Vi) ) o o (VilS)NETT () T e
¢ (s']s) = gvf((s)) - gv;i((s)) = Bim (s's) (H(s)) (Ci (s)

1
where H (s) = (Zsl m(s'|s) (V? (s’))l_%) "7 Tt is straightforward to define DS-weights for even
more general preferences, including preferences that are not time-separable or recursive, as we do

next.

F.3 General utility with multiple commodities

In the baseline model, we already illustrate how to make welfare assessments when there are multiple
goods/commodities, since we consider an environment with two commodities: consumption and
hours. Here we consider a more abstract scenario, in which ¢ € I individuals have general preferences
over a set of commodities £ € L, which can also be indexed by dates ¢t € T' and histories s. In this

case, the lifetime utility of individual ¢ is given by

Vitoo) = U ({s4” (4)},.0,)

At this level of generality, the different commodities can represent hours worked, as in the baseline
environment, different consumption goods, flow utility from housing, or any variable that directly

impacts instantaneous utility. Hence, we can express the lifetime utility effect of a policy change for
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individual 7 as follows: >
dV 80 dzy” (sh)
I S

t=0 st

Consequently, we can generalize the definition of DS-planner (in Definition 3) to a general

WDS(So)

environment, by assuming that dT takes the form

aw 80 dugie (s') .
/ZZ ( ‘30) lde()dz,

t=0 gt

where w ( s'| so) is a DS-weight defined for each specific commodity ¢, for each date ¢, at each
history s?, and for each individual 7.%"

Hence, paralleling Lemma 1, we can define a multiplicative decomposition of the form

wi ('] 50) = @ (s0) i (0) @i (s"]s0) @1 ('] 0),
RN — ———

individual dynamic stochastic commodity

where the choice of @z’é(stls()) is shaped by the choice of numeraire. Throughout the paper, we

assume that consumption is the numeraire good, so with ¢ € {c,n}, we have that

0y (s'[s0) = 1

aui(st)
i ont

7
Jcy

uije(s")

By doing this, we guarantee that ), wl’e (s'| s0) — o 1s measured in units of consumption good

at history s’. These results highlight how welfare assessments also rely on the choice of numeraire.
However, more generally we can consider any bundle of goods {wé}EEL as numeraire, that is we could

set
oU;

dzi(st)

oot ol _°

Bzz - (st)

~1.0
@y (s']s0) =

where by choosing a unit vector for some commodity ¢ we choose a single commodity as numeraire.
For the purpose of making meaningful welfare assessments, this normalization/choice of numeraire
must be consistent across all individuals. Welfare assessments are typically not invariant to the
choice of numeraire, but there are good reasons to choose some numeraires (e.g., consumption, some

particular consumption bundle, or dollars) over others.”’

“9Tn this case, the generalization of the lifetime and instantaneous Social Welfare Functions is a “commodity Social
Welfare Function”, given by
0 t
w ( ;) (s )}t,st,é,i> .

590ne could potentially pick different numeraires in different dates or histories, but it seems natural to choose a
consistent numeraire to yield easily interpretable results.

0OA-9



In the case of a normalized welfarist planner, it is straightforward to characterize commodity-

) = OV(Uitso)ier)

DS-weights. Using the first commodity (¢ = 1) as numeraire, and defining \; (sg 5V ,

it follows that

dWDS dwP5 (s9) /A (WZZZ = o (St) de(st) di

oU;

T - i, 0
S Y e H i,
= i (s ~ 7
i (S0 311’1 (st) oU; do
t=0 st

~i*1<st>

ouU;

b @ zy st
/>\ (so>zzax11(5r) ZZ 1(J) Z Bwa;(s*) - de( )di

i,l( t)

(')U oU;

sf aﬁ 1<5t) @ ozl [( t) dzy (St)
N 2 di
/ ’ ZZ@GB st Z DI aa 1(5 Z Z aﬁ 1<bt> zz: '-?’?( st) ”
A (SQ)E Zsf 8T ét 3T7 1(9,) OU axia,ggsf,> dzi’e (St)

-/>\ (m)ZZamu(s,) Z/IA <30)E Zst (%7 1(5,) ;Z Est 8#1(91) Z Z ;Ui,

st ‘ar“(ef) e axll(st)

=@ (s0) =ai(s0) =a}(stls0) =at (st]sg)

_dugpe(sh)
=—a5 —

SO we can write
dWDS(S()) T

. duy), (s*)
df = /(Z)Z (s0) > @i (so @! (s)s0 1|C di.
f)‘i(SO)ZtZstazl( i Z(:) ' Z t( )

This derivation highlights that once we choose a numeraire, the dynamic, stochastic, and individuals

components of DS-weights are expressed in terms of such numeraire — it is straightforward to use
oU;

azi’e(st) '

commodity to choose as numeraire is the commodity on which financial claims are written on.

a bundle-numeraire of the form ), Pt Hence, for Proposition 6 to be valid, the natural
Finally, note that it is also possible to introduce multiple commodities in the baseline model with

time-separable expected utility preferences. To do so, we define a generalized version of Equation

(1), which includes multiply commodities, indexed by ¢ € L, as follows:

4 Y4

— A t , il ([t

Vioo) = 32 (30" S (o] so) i ({e” ()}, )

t=0 st

Without loss, we treat commodity 1 as the numeraire for the purpose of making welfare assessments,

SO We can express dvfii(;o) as follows:

dVi (s d ¢ ¢ du; (s duyjor (5')
d(HO) = Z (Bi) Zwt (s ‘80> 8051 ) Z |d0 ’

t=0 st leL
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Bui(st) B’LLl({Cl[(St)}geL)

Pl () and where the instantaneous commodity-1-equivalent effect of the
€t €t

z\c (st)

where

policy at history s’, is given by , where

du; {c; i(st)} ) dui(st)
du2|c1 ( ) _ ( - leL) _ dci’l (St) N 8ci’e dc;,ﬂ (St)

Once again, when there are multiple commodities, it is necessary to account for the marginal rates
of substitutions between those commodities and the commodity chosen as numeraire. Note that the
choice of numeraire will not change the directional welfare assessment of a welfarist planner, but it
can have an impact on the units of such assessment, as well as on the value of the components of the

aggregate additive decomposition.

F.4 Policy changes that affect probabilities

In this section, we describe how to use DS-weights in environments in which policy changes affect

probabilities. Starting from Equation (2), note that we can express %(;0) as follows

dV 80 T . Ou; (s') [ duye (s')  dlnm (st]s0) ui (ci (st),ni(s))
t; 2; (] 0) ac; T )
Ct

Hence, we can use the following definition of a DS-planner in this case.

Definition 6. (Desirable policy change for a DS-planner) A DS-planner, that is, a planner who

adopts DS-weights, finds a policy change desirable in an environment in which policies can also

dW(so)

affect probabilities if and only if > 0, where

o) /zzwt gp) [ te (), e (o] 30) i e () uni (1)) ) o

: dry(s']s0)
5 dlnﬂ't(s |50) g
where 2 = o)

Identical results apply in the case in which policy changes directly affect preferences. See Dévila
and Goldstein (2021) for an application of the results of this paper to an environment in which policy
changes have a discontinuous impact on payoffs.

F.5 Intergenerational considerations

In this section, we describe how to use DS-weights in environments with births, deaths, bequest

motives, and related considerations, which non-trivially affect welfare assessments — see Calvo and
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Obstfeld (1988), Farhi and Werning (2010), Heathcote, Storesletten and Violante (2017), or Phelan
and Rustichini (2018). The most direct way of extending our baseline environment, is to interpret
the set of individuals I considered in the baseline model as the set all individuals i) alive or ii)
yet-to-be-born from the perspective of sg. Under that interpretation, du“dcie(st) is non-zero only for
those alive at a given history, so Definition 3 applies unchanged.’!

Bequest motives, altruism, warm-glow preferences, social discounting or similar considerations
only impact welfare assessments via the choice of DS-weights. For instance, a welfarist planner who
values future generations directly placing a positive weight on their welfare and that in turn perceives
an effective social discount rate lower than the private one, can be modeled by choosing a particular
set of DS-weights. While do not explore that possibility in this paper, there is scope to use the
law of total covariance to internationally decompose the cross-sectional components of the aggregate

additive decomposition.

51 An important practical consideration is that Proposition 7 will never apply to economies with births, since yet-to-
be-born individuals cannot freely trade with alive individuals. These ideas deserve further exploration.
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G Additional Results

G.1 Dimensional analysis

This paper puts great emphasis on the units in which different variables are defined. In this section,
we carefully describe the units of the different components of individual multiplicative decomposition

for a normalized welfarist planner and for a general DS-planner

Welfarist planners. As we discuss in the text, the units of our formulation of DS-weights for the
case of the normalized welfarist planner have a clear interpretation in terms of dollars at different
dates and histories. Here, we provide a systematic dimensional analysis (de Jong, 1967) of the welfare
assessments made by a normalized welfarist planner. We denote the units of a specific variable by
dim (-), where, for instance, dim (c} (s')) = dollars at history s’ ,where we interchangeably use dollars
and units of the consumption good.

First, note that the units of @; (s'|so), @} (s0), and @’ (sg) for a welfarist planner, as defined in

Equations (13), (14), and (15), are respectively given by

instantaneous utils at sg for individual ¢
di AW ([ ¢t - dollars at history st _ dollars at date ¢
1 { Wy 57150 " instantaneous utils at sg for individual 7 ~ dollars at hiStOI‘y st
dollars at date ¢t
) instantaneous utils at sg for individual dollars at all dates and histories
dim (DLW (S ) — dollars at date t —
t 0 instantaneous utils at sg for individual 7 dollars at date t
dollars at all dates and histories
instantaneous utils at sg for individual
: ~ 1,V _ dollars at all dates and histories
dim (w (SO)> - instantaneous utils at sg
dollars at all dates and histories for all individuals

B dollars at all dates and histories for all individuals

- Y

dollars at all dates and histories

where the last cancellation accounts for the implicit comparability of utility units among individ-

. t
uals.”> The term (53;)" m (s s0) 8“57((:;)

instantaneous utils at so per dollars at history st for individual 4, since

, which defines the numerator of &} (st| s0), is measured in

instantaneous utils at sg for individual 4

dim ((8)") =
di <6ui (st)> instantaneous utils at history st for individual 4
im =

dct B dollars at history st ’

instantaneous utils at history st for individual ¢

and probabilities, like m; (st‘ so), are unitless. The same logic applies to the remaining elements of

Y (st] 50), @! (s0), and @ (sg).

_52From the perspective of aggregation of lifetime utilities, which takes places through the individual component
@* (s0), any welfarist planner has |I| + 1 degrees of freedom: the planner can give different weights to each of the |I|
individual assessments, and can further normalize the units of aggregate welfare.
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Consequently, it follows that

dim (@ZW (st‘ 30)> = dim ((Z)Z (50) QL (s0) @ (st‘ so)> (OA4)

B dollars at all dates and histories for all individuals

dollars at history st

Hence, the DS-weights (:Jé’w (s'| so) translates dollars at history s' into \; (so) dollars at all dates
and histories for all individuals.

. duijc (") -
Second, note that the units of — 75— are given by

(OAB)

t instantaneous utils at history st for individual 4 . t
i (du“C (s)\ it of policy change dollars at history s
df

" instantaneous utils at history st for individual % = unit of pOhCy Change’
which follows directly from Equation (14).

dollars at history st
Finally, combining Equations (OA4) and (OA5), it follows that

dim dW™ (s0)\ _ dim (e (5] s0) dugle (s')) _ dollars at all dates and histories for all individuals

df - ¢ 07" dp - unit of policy change '
(OA6)

Hence, the units of W for a normalized welfarist planner are dollars paid to all individuals at all

dWNU
f do

dates and histories. That is, i = 7, the welfare gain associated with a marginal policy change

is equivalent to paying 7 dollars to all individuals in the economy at all dates and histories.

General DS-planners. The dimensional analysis in the case of general planners is similar. In this

case, the welfare units of LDZ’DS (st] o) can be directly computed as

di (~i,DS ( t‘ )) units of WP5
im (@ s's = .

t 0 dollars at history st
In this case, it is also possible to compute the units of each of the components of the individual
multiplicative decomposition as we just did for welfarist planners. By doing so, it becomes clear that
the units of each of the components of the individual multiplicative decomposition for any normalized

DS-planner (including those who are not welfarist) are identical.

Undesirable properties of unnormalized decompositions. As briefly explained in the text,
using unnormalized individual multiplicative decompositions of DS-weights can be problematic in the
context of the aggregate additive decomposition, since unnormalized decompositions are expressed
in utils. This is not the case for normalized decompositions since these always make tradeoffs in
dollar units.

For instance, if one were to set A; (sg) = 1, Vi, in the decomposition presented in Equation (10),
the redistribution component of the aggregate additive decomposition would be zero, Zpp = 0. This

result captures the fact that an unnormalized equal-weighted utilitarian planner is indifferent between
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redistribution across individuals in utility terms. Hence, by directly adding up utils, we would fail
to capture the idea that a utilitarian planner wants to redistribute resources (in consumption units)
towards individuals with low marginal utility — see e.g., Salanie (2011). Similarly, if individual
discount factors are identical, that is, 8; = (3, Vi, a welfarist planner under the decomposition
presented in Equation (10) will conclude that intertemporal-sharing is zero, that is, Z;¢ = 0,
regardless of the form of the policy under consideration. Equally important, the dynamic and
stochastic weights for a welfarist planner defined as in Equation (10) need not add up to 1. Hence,
according to Proposition 3, even when the instantaneous consumption-equivalent effect of a policy
change is identical across individuals at all dates and histories, an unnormalized utilitarian planner
would typically find non-zero intertemporal-sharing components and redistribution components of
the aggregate additive decomposition. This is is another undesirable property of the unnormalized

utilitarian welfare criterion.

An alternative date-0 normalization. One of the contributions of this paper is to introduce
the notion of a normalized planner — see Lemma 1 — as one for which the stochastic, dynamic, and
individual components of the multiplicative decomposition add up to 1 across specific dimensions.
However, these is an alternative normalization that seems reasonable: one may consider normalizing
the individual welfare effect of a policy change by date-0 marginal utility. In that case, it is possible

to decompose the DS-weights of a welfarist planner as follows:

e (s*] s0) Bus(s')

W] o q;(s"50)
“i (S ‘80) o t Qu;(st) i (ot
Zst 7Tt(8 |S[)) Tcz Zst qy (S |50)
Ou; (st
i W (ﬁi)t >t Tt (St’ s0) uaigg'S) d if.t
@y (s0) = Dy (s9) = ZQt (s |50>
80% t=0 st
Ou (0
- Ai (s0) ua(cf)
Wb (80) = £

J i (s0) 55 di

This decomposition satisfies Y. @; (st so) = 1, V¢, Vi, and [@"(sg)di = 1, but it is clear that
ST, @i (sg) # 1. Instead, in this decomposition, (I)é’w (so) = 1, for all individuals. In terms of units,
this decomposition adds up individual welfare effects according to &""V (s0), once they are expressed
in date-0 dollars, which may seem reasonable or even desirable in some circumstances. However, in
this case Proposition 3a) will not be valid if using this normalization. In particular, the redistribution
component of the aggregate decomposition will not be zero for policies that are invariant across all
individuals at all dates and histories. In this case, the component Zrp captures redistribution from

a date-0 perspective, note a lifetime perspective.
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G.2 «o-DS-Planners

After substituting the definition of the components of the DS-weights, we can explicitly express
welfare assessments for a a-DS-planner as follows:

7dWW’a(SO)—XT:E [(1—a')LDZWAE(5)+aiw (s ZE ZWAE( t|s)—|—a wi’w(st|s)}E- L“‘C(St)
a0 = £ 3 0 3Wy 0 0 2Wy 0 i do
=ZEsp (Aggregate Efficiency)
T ) ) du)c (st)
+ ZIE [(1 - 045) OV AE (50) + k@i (s0) Z(Com (1 — an) @V AF ( t| so) + as}”Y (st| so) T
t=0
=ERrs (Risk-sharing)
~i,W,AE i ~ i W W,AE [ t ~i W [t dui\ﬂ(st)
+ZCOUZ 17043 wz (s0) + azwy (so),Z((I*O@)wl ( |So) + 2w (S |80)) @
St
=Z75 (Intertemporal-sharing)
+ Couvi [(1 — aa) @™ (s0) + ™ (s0), X], (OAT)
=Zgrp (Redistribution)
where
d ~iW,AE -0 W “iW,AE [ ¢ ~iW [t dujc (s')
X = Z( 1—as)@p (s0) + as@, (30))2((1—042) (s ‘30)—1—042% (s ‘so)) —a
t=0 st

Note that the notion of a-DS-planner introduced in Definition 4 is designed so that the following

properties are satisfied:

Hence, Equation (OA7) implies that when e« = (0,0, 0), we have an AE pseudo-welfarist DS-planner;
when o = (1,0,0), we have an AR pseudo-welfarist DS-planner; when ae = (1, 1,0), we have a NR
pseudo-welfarist DS-planner; and when a = (1,1,1), we have a welfarist planner. We summarize
this results in Table OA-1.

Table OA-1: a-DS-planner: Special cases

| (a2,03,00) | @ (s'[so)) | @i(so) | @' (" | Planner |
(1,1,1) V(5] 50) ;" (o) @™ (s0) w
(LLO) | & (s'fs0) | & (s0) |[&P(s0) | NR
(1,0,0) w" (s']s0) | @"" 1 (s0) | @ AF (s0) | NS
(0,0,0) [ @™ (s']50) [ 5" (s0) [ @47 (s0) | AE

Note: Note that all the a-DS-planners considered in this table are pseudo-welfarist.

However, note that there are other possible extreme combinations of a that one may want to
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consider, these are the following;:
{(1,0,1),(0,1,0),(0,1,1),(0,0,1)}. (OAS)

The problem with the a’s in Equation (OAS8) is that, as long as one of the first two elements of « are
0, the redistribution component will be different from the redistribution component of the relevant
welfarist planner. Hence, these choices of e are not pseudo-welfarist. Hence, those a-DS-planners

will not be pseudo-welfarist, despite being perfectly valid DS-planners.
G.3 Relation to existing work

G.3.1 Welfarist Social Welfare Functions

In addition to the utilitarian SWF, defined in Equation (5), there are other welfarist SWF’s that are
at times used in specific applications — see e.g., Mas-Colell, Whinston and Green (1995), Kaplow
(2011), or Adler and Fleurbaey (2016) for details. Here we briefly described those.

The isoelastic SWF, commonly traced back to Atkinson (1970), is given by

W (Vi Gober) = ([ o i GopPai)

where the (inequality) coefficient ¢ is typically restricted to lie in [—o0, 1], so that W (-) is concave
when V; (sg) > 0, and where it is typically assumed that [ a;di = 1, and that a; > 0, Vi.>® Limiting
cases of the isoelastic SWF correspond to the other four widely used SWE’s. First, when ¢ — 1, the

isoelastic SWF becomes the conventional wutilitarian SWF. In that case:
W ({Vi (s0) }ier) = /ai‘/} (so) di.

Second, when ¢ — 0, the isoelastic SWF becomes the Nash (Cobb-Douglas) SWF. In that case:
W (Vi (s0)hier) = [ (Vi(s0))" di

Third, when ¢ — —o0, the isoelastic SWF becomes the Rawlsian/mazimin (Leontief) SWF. In that

case:

i) )

a;

W ({Vi (50)},0;) = min { .

Finally, when the isoelastic SWF gives positive weight to a single individual, it can be interpreted

QJ

Q
N

3 w -1
5%Note that, for an isoelastic SWF, % =aq, (%y ', More importantly v = 24 (%) . When lifetime utilities
3 Vj J J

<

Q|

are negative, it is possible to define an isoelastic SWF of the form

1/¢
W ({Vi (s0)}ie) = (/ ai (—W(SO))¢di) :

by considering ¢ € [1, o0].
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as a dictatorial SWF. In that case:

W ({Vi (50) }ier) = Vi (s0) -

Note that all of these SWF are Paretian, although the Rawlsian/maximin and the dictatorial SWE’s

are not strictly Paretian.”*

G.3.2 Relation to Saez and Stantcheva (2016)

It is straightforward to define welfare assessments in our framework that are based on the approach
introduced by Saez and Stantcheva (2016).

Definition 7. (Desirable policy change for a planner who uses generalized social marginal welfare

weights (Saez and Stantcheva, 2016)) A planner who uses generalized social marginal welfare weights

finds a policy change desirable if and only if % > 0, where
dWSS (So) dV; (So)
Bl A SV . i (- , A
— / hi () S (OA9)

where h; (1) > 0, Vi € I, are a collection of individual-specific positive functions, and where %5950) is

defined in Equation (2).

By comparing Equation (OA9) with Equation (6), it is evident that the approach based on
generalized social marginal welfare weights introduced in Saez and Stantcheva (2016) is more general
than the welfarist approach. The key difference between the two approaches is that for welfarist

planners the functions h; (-) are restricted to take the form

W ({Vi (50)}ier)

hi () oV ’

while h; (-) can take many other values under the Saez and Stantcheva (2016) approach. Saez
and Stantcheva (2016) show that their approach can capture alternatives to welfarism, such as
libertarianism or equality of opportunity. It is also evident from definition 7 that a planner who uses
generalized social marginal welfare weights is not paternalistic, since welfare assessments are based

on individual lifetime welfare effects, dV;; o)

In static economies, the individual component of the individual multiplicative decomposition of
DS-weights introduced in Lemma 1 exactly corresponds to the notion of generalized welfare weights
introduced in Saez and Stantcheva (2016). In other words, in static environments, the contribution
of our paper is only to introduce the aggregate additive decomposition of welfare assessments in
aggregate efficiency and redistribution, but not to introduce the notion of generalized individual

weights for particular individuals, which is already in Saez and Stantcheva (2016).

54 A planner with an isoclastic SWF is strictly Paretian when ¢ > —oco if a; > 0, Vi.
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G.3.3 Relation to Kaldor/Hicks principle

The classic Kaldor/Hicks (Kaldor, 1939; Hicks, 1939) compensation principle can be formalized in
marginal form in static environments by equal individual generalized weights among individuals, see
e.g., Hendren (2020). This observation implies that the Kaldor/Hicks welfare criterion can also be
formalized as a particular DS-planner.

In dynamic environments, there is some ambiguity on when and how to compensate different
individuals. When the Kaldor/Hicks compensation is defined in permanent dollars (dollars across all
dates and histories), the Kaldor/Hicks welfare criterion exactly correspond to the pseudo-welfarist

NR planner introduced in Section 5, in which
&' (s0) =1, Vi. (Kaldor-Hicks)

Intuitively, if a welfarist planner has access to permanent lump-sum transfers among individuals, an

optimality condition for such a planner is that

T
Ou; (st
3 (50) Y (80 T (o] s0) 21

t=0 st Cy
must be equal across all agents, implying that @° (sp) = 1.°° This is the sense in which & (sg) = 1
has the interpretation of a Kaldor-Hicks planner. However, while allowing for lump-sum transfers
implies that @ (sg) = 1, the converse is not true, that is, it is possible to make welfare assessments
using &' (sp) = 1 as individual weights even when no transfers at all are made in the background.

We further elaborate on the role of transfers in Section G.3.5.

G.3.4 Relation to Lucas (1987) and Alvarez and Jermann (2004)

It is common in papers that study the welfare consequences of policies in dynamic and stochastic
environments to compute welfare gains or losses of policies as in Lucas (1987), who measures the
welfare gains associated with a policy change — specifically, the welfare gains associated with
eliminating business cycles. Since our approach is built on marginal arguments, we connect instead
our results to those in Alvarez and Jermann (2004), who provide a marginal formulation of the
approach in Lucas (1987).

While the Lucas (1987) and Alvarez and Jermann (2004) approach is easily interpretable in
representative agent economies, it has the pitfall that it cannot be meaningfully aggregated when
there are heterogeneous individuals. See, for instance, how Atkeson and Phelan (1994), Krusell and
Smith (1999), or Krusell et al. (2009) carefully avoid aggregating welfare gains or losses for different
individuals.

To illustrate these arguments, here we consider a policy change for a given individual ¢, who

Ou; (SO)
acé
equivalent to assigning a higher individual weight to individuals with higher willingness to pay for T-consol bonds.

55Alternatively, as discussed in Footnote 24, a date-0 Kaldor-Hicks normalization, so that A; (so)

=1, is
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could be a representative agent or not. Formally, we consider a special case of the environment laid

out in Section 3, in which an individual ¢ has preferences given by

T

Vi(so) = D2 (80" Yo mi ('] s0) wi (< (7)) -

t=0

We suppose that the consumption of individual i at date ¢ and history s’ can be written as

ck (st) =(1-6)c (st> + ch (st) ,

t. The sequence

where both ¢f (s) and ¢ (s') are sequences measurable with respect to history s
¢} (s) can be interpreted as a given initial consumption path (when 6 = 0) and the sequence ¢ (s")
can be interpreted as a final consumption path (when 6 = 1). In the case of Lucas (1987), § =1
corresponds to fully eliminating business cycles.

First, we compute the marginal gains from marginally reducing business cycles, as in Alvarez
and Jermann (2004). Next, we compute the marginal gains from marginally reducing business cycles

using an additive compensation.

Multiplicative compensation. Lucas (1987) proposes using a time-invariant equivalent varia-

tion, expressed multiplicatively as a constant fraction of consumption at each date and history as

follows
5 30 5 (] o e () 0+ 200) = 00 S () (1= 00k ()5 ().
t=0 st =0 st

(OA10)
where A () implicitly defines the welfare gains associated with a policy indexed by 6; the exact

definition in Lucas (1987) exactly corresponds to solving for A (§ = 1).
Following Alvarez and Jermann (2004), we can compute the derivative of the RHS of Equation
(OA10) as follows:

( z’)tzstﬂ't(st|8 Yui ((1—0)ct(st) Z%(St) T | - o
B | ‘g"l 2. > (3" S (o] o) (-0 (s9) + 6 (1)) 221

t (OA11)

st

where here dcdet) = ¢} (s") —cf (s").

56Note that one could also define an alternative compensating variation as

ZTJ (B:)" > e (5] s0) i (e} (s7)) = XT: B> e (s s0) ws ((* (s) +0Ac (sf)) (1+ A(G))) .

st t=0 st
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Analogously, we can also compute the derivative of the LHS of Equation (OA10) as follows:

d (Z?zo (ﬁl)t Zsf Tt (St‘ 80) Wi (C’l5 (St) (1 A (9)))) = XT: (/BZ)t Zﬂt (5t| 50)

ui (et (s") L+ X (0))) et (s") X' (0).

do
t=0 st
(OA12)
Hence, combining Equations (OA11) and (OA12) and solving for % = XN (0), yields the marginal
cost of business cycles, as defined in Alvarez and Jermann (2004). Formally, we can express % as
follows
T N t 1 (1= 0)é (st) + ¢ (st dcj(s')
dA_)\,(H)_Zt:O(Bl) S (8] s0) ui (1= 0) ¢ (s') +0c; (s') ) =5
do im0 (B1) g me (5] s0) wj (cf (s1) (1 +A(6))) ¢ (1)
T i (ot
, dcy (s
= ZZwi (st‘ so) td(e ), (OA13)
t=0 st

where the second line shows how to reformulate % in terms of DS-weights given by

o (] s0) = g 2 (100 (6 + 62 o)
t 0) = Etho (B,;)t S e (8t s0) (¢ (st) (1+ A (6))) ¢ )

(OA14)

Additive compensation. Here, we would like to contrast the approach in Lucas (1987) to one
that relies on a time-invariant compensating variation, expressed additively in terms of consumption

at each date and history as follows:

T T

3 30 X (o s e () 3100 = 3 0 X (o ) (101 () 0 ()

t=0 st t=0

In this case, we can follow the same steps as above to find the counterpart of Equation (OA13),

which is given by

@ —\ 9) = Ztho (Bz')t Y st Tt (st‘ 30) uf ((1 — Q)Ci (St) + 007}; (St)) dcgd(;t)
v S0 (B0 S me (57 s0) (e (1) + A(0)) cf (s°)
T . dci (St)
= 23wk (o] s0) = (OA15)
t=0 gt

where the second line shows how to reformulate % in terms of DS-weights given by

w! (st‘ s ) B (ﬁz‘)t T (st| so) u) ((1 _ g)ci (st) L+ 00—% (st))
T (8" S (] s0) uf (cf (1) + A (6)

(OA16)

Comparison and implications. We focus on comparing Equations (OA13) and (OA15) in the
case of § = 0 — similar insights emerge when 6 # 0. When 6 = 0, Equations (OA14) and (OA16)
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become

Z - (B:) e (5] s0) u (g (' )
“i (St‘ SO) B Zz:o (Bz)t Zst Tt St| 50 u; C

) (multiplicative = Lucas/Alvarez-Jermann)

(OA17)

i (5] ) = Dm0 (44)
t ST (B)' St me (8] 50) uf (ch (1))

(additive = normalized welfarist DS-planner)

(OA18)

Two major insights emerge from Equations (OA17) and (OA18). First, the DS-weights defined for
the additive case in Equation (OA18) exactly correspond to the dynamic and stochastic components
of DS-weights for a normalized utilitarian planner, as defined in Equations (13) and (14). Second,
note that the denominator of the DS-weights in the multiplicative case includes ci (s') at all dates
and histories. This captures the fact that the welfare assessment is computed as a fraction of
consumption at each date and history, not in units of the consumption good. The presence of ci (st)
in the denominator is what complicates the aggregation of welfare assessments using the Lucas (1987)

approach.

Relation to EV, CV, and CS. Finally, note that the analysis in this section illustrates how
the marginal approach relates to the conventional approaches in classic demand theory: equivalent
variation (EV), compensating variation (CV), and consumer surplus (CS).

The approach of Lucas (1987) and Alvarez and Jermann (2004), and the alternative version
described in Footnote 56 are the dynamic counterpart of compensating and equivalent variations,
expressed in proportional terms, in a dynamic stochastic environment. Hence, the analysis of this
section shows that a DS-planner can be used to operationalize the counterpart of all three notions
— either proportionally or additively — in dynamic stochastic environments. As expected, these
considerations only matter away from the § = 0 case. However, the consumer surplus approach

yields the most straightforward approach to making global assessments, as explained in Section G.5.

G.3.5 Relation to welfare assessments that involve transfers

Finally, it is worth discussing how having the ability to costlessly transfer resources across individuals
impact the welfare assessments of a DS-planner. To do so, we consider an environment in which a
DS-planner has access to a set of transfers T} (s'), so that individual’s budget constraints have the

form

In that case, it follows immediately that

deS :
o =t (o] ).
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Hence, having transfers available will endogenously impose restrictions across the DS-weights of
different individuals. For instance, a welfarist planner who can transfer resources freely across all
individuals, at all dates and histories will equalize the DS-weights across all individuals, at all dates
and histories. Given Proposition 2, this implies that this planner will only value aggregate efficiency.

Similar conclusions can be reached when a DS-planner only has access to a subset of transfers.

G.3.6 Relation to existing welfare decompositions

Our paper is not the first to introduce a decomposition of welfare assessments in different components.
In fact, most of the existing literature that applies welfare decompositions to specific environments
follows versions of the decompositions introduced by Benabou (2002) and Floden (2001). There is
also the more recent decomposition introduced by Bhandari et al. (2021). We discussed how our

approach is related to both of these next.

Benabou (2002)/Floden (2001) The starting point for the Benabou (2002)/Floden (2001)
approach is the (incorrect) presumption that the welfarist approach cannot distinguish the effects
of policy that operate via efficiency, missing markets, and redistribution. Benabou (2002) explicitly

writes:?”

“I will also compute more standard social welfare functions, which are aggregates of
(intertemporal) utilities rather than risk-adjusted consumptions. These have the clearly
desirable property that mazximizing such a criterion ensures Pareto efficiency. On the
other hand, it will be seen that they cannot distinguish between the effects of policy that
operate through its role as a substitute for missing markets, and those that reflect an

implicit equity concern.”

In this paper, we have shown that it is possible to distinguish — using standard Social Welfare
Functions — the effects of policy that operate through efficiency, including in economies with missing
markets, and redistribution/equity. As Benabou (2002) points out, his non-welfarist approach may
conclude that Pareto-improving policies are undesirable. When staying within the welfarist class,
our approach is trivially Paretian. When consider DS-planners outside of the welfarist class, our
approach is precise in the way in which specific departures take place.

In terms of properties, it is evident that the Benabou (2002)/Floden (2001) approach does not
satisfy Proposition 6, in which we show that all normalized welfarist planners conclude that the risk-
sharing and intertemporal-sharing components are zero when markets are complete; Proposition 7, in
which we show that all normalized welfarist planners conclude that intertemporal-sharing component
is zero when individuals can freely trade a riskless bond; and Proposition 8, in which we show
that different normalized welfarist planners exclusively disagree on the redistribution component.

Their approach satisfies Proposition 9, in which we show that the efficiency components (aggregate

57The Benabou (2002)/Floden (2001) approach is based on first computing certainty-equivalent consumption levels
for individuals and then building measures of inequality from the distribution of such certainty-equivalents.
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efficiency, risk-sharing, and intertemporal-sharing) of the aggregate additive decomposition are
invariant to monotonically increasing transformations of individual’s lifetime utilities and positive
affine (increasing linear) transformations of individual’s instantaneous utilities. However, the
Benabou (2002)/Floden (2001) approach satisfies Proposition 9 only because it is defined for

environments in which all individuals have identical preferences, which are highly restrictive.

Bhandari et al. (2021) The approach introduced by Bhandari et al. (2021), considers the case of
a utilitarian planner with arbitrary weights «;. although it seems obvious to apply to general Social
Welfare Functions. In contrast to Benabou (2002)/Floden (2001), the approach of Bhandari et al.
(2021) is defined for a general dynamic stochastic economies in which individuals may have different
preferences.

For simplicity, we consider a scenario in which there is a single consumption good. In this
environment, Bhandari et al. (2021) propose to first decompose the consumption of a given individual

at a given date and history as
ci (st) =C xw; X (1 + & (st» , (OA19)

where C captures aggregate consumption, w; captures the share of individual ’s consumption relative
to the aggregate and 1+&! (s') captures any residual variation. While Equation (OA19) may resemble
the individual multiplicative decomposition introduced in Lemma 1, it is conceptually different. First,
and most importantly, the decomposition in Equation (OA19) decomposes consumption, c (s'),
while the individual multiplicative decomposition introduced in Lemma 1 decomposes DS-weights,
i.e., social marginal valuations, w! (s'). Second, the term w; in Equation (OA19) can heuristically be
mapped to the individual component of our individual multiplicative decomposition, while the term
1+¢ (s') can be heuristically mapped to both the dynamic and stochastic components.

Bhandari et al. (2021) then introduce a second-order Taylor expansion around a midpoint to

write welfare differences (partially adopting the notation in that paper) as follows:

WwB w4 ~ / oldi + / di\idi + / bivil\idi, (0A20)
—— —_—— —_—
agg. efficiency redistribution insurance
8ui(st)

where ¢; = a; >0, > . 3t ci (s') denotes quasi-weights — using the terminology in Bhandari et al.

82ui(st) Bui(st)
a(c 2 act

A; = nwP —Inw, and A; = —% [Van [ln cﬂ — Var; [ln cf‘”. It is then possible to decompose
WE — W4 into three terms as follows:

J ¢il'di [ ¢ildidi [ ¢ivilidi
TWB WA T WE A B A

agg. efficiency  redistribution insurance

(2021) — and +; is a measure of risk-aversion, —c (s!) ,and where I' = InCP —In C4,

(OA21)
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Bhandari et al. (2021) establish three properties of the decomposition in Equation (OA21): a) a
welfare change that affects aggregate consumption C' but not {w;,e;}; is exclusively attributed to
aggregate efficiency; b) a welfare change that affects expected shares {w;}, but not C' and {e;},
is exclusively attributed to redistribution; c) a welfare change that affects {e;}, but not C' and
{w;}, is exclusively attributed to insurance.”® These properties are conceptually the counterpart
of Proposition 3, since they consider properties of a decomposition for particular policy changes.
However, it should be evident that properties a), b), and ¢) in Bhandari et al. (2021) neither imply nor
are implied by the properties that we establish in Proposition 3. This occurs because properties a), b),
and c¢) consider proportional changes while Proposition 3 considers changes in levels of consumption,
with both the proportional and level approaches being different but reasonable.””

However, more importantly, the decomposition of Bhandari et al. (2021) does not satisfy the
counterparts of Proposition 6, in which we show that all normalized welfarist planners conclude
that the risk-sharing and intertemporal-sharing components are zero when markets are complete;
Proposition 7, in which we show that all normalized welfarist planners conclude that intertemporal-
sharing component is zero when individuals can freely trade a riskless bond; Proposition 8, in
which we show that different normalized welfarist planners exclusively disagree on the redistribution
component; and Proposition 9, in which we show that the efficiency components (aggregate efficiency,
risk-sharing, and intertemporal-sharing) of the aggregate additive decomposition are invariant
to monotonically increasing transformations of individual’s lifetime utilities and positive affine
(increasing linear) transformations of individual’s instantaneous utilities.

That is, it is possible to consider complete market economies in which the decomposition of
Bhandari et al. (2021) attributes welfare changes to their insurance component. Also, it should
be evident from Equation (OA21) that changing the Pareto weights «; that a utilitarian planner
assigns to an individual or simply multiplying the lifetime utility of a single individual by a constant
factor — a transformation that has no impact on allocations — will change all three elements
(aggregate efficiency, redistribution, insurance) of the decomposition introduced by Bhandari et al.

(2021).%° The are two choices that explain why the decomposition in Equation (OA21) does not

*8The insurance component in Bhandari et al. (2021) is heuristically related to the risk-sharing and intertemporal-
sharing components in our paper. Bhandari et al. (2021) also establish a fourth property, reflexivity, which our approach
also satisfies.

59Formally, note that by writing ci (st) =C xw; X (1 +el (st)), We can express 15( ) as follows:

a1+ ()
dé

du;j. (' dey (s* dc i
de( ): td(9>:w><wi><(l+5t(st))+cx

d(1+ei(s"))

do

dwi

do

X (1—|—5i(st))—|—C><wi><

=0, a change in 9, by virtue of being proportional to existing consumption,

de
du”c(st)
d

. d .
In this case, even when %7t =

across individuals, dates, and histories, which are the changes considered

aei(s")

in Proposition 3a). A similar logic applies to changes in % and —5;—%. More generally, the decompositions yield
different conclusions. For instance, the decomposition in Bhandari et al. (2021) attributes welfare gains associated
to smoothing business cycles in a representative agent economy — as in Lucas (1987) — to insurance, while our
decomposition attributes such gains to the aggregate insurance subcomponent of aggregate efficiency, as described in
Section 6.1.

59Formally, it follows from the definition of ¢; above that a change in a; or a linear transformation of utilities will

does not imply a uniform change in
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satisfy Propositions 6 through 9, which are central properties of our aggregate additive decomposition.
First, the decomposition in Equation (OA19) does not ensure that the insurance component vanishes
when individuals marginal rates of substitution are equalized across dates/states. Second, WB A
in Equation (OA20) (as well as ¢;) is expressed in utils, not consumption units.®" Hence, changes
in Pareto weights or utility transformations directly affect all the components of the decomposition,
including aggregate efficiency and insurance in Equation (OA21). By introducing normalized DS-
weights for welfarist planners, our approach confines the impact of varying SWF’s or considering
utility transformation to the redistribution component. Alternatively, directly specifying the
individual component of DS-weights allows a DS-planner to directly modulate how the redistribution

component is determined.

G.4 Optimal policy problems using DS-weights

Throughout most of the paper we have focused on how to make welfare assessments. Here, we show
how it is straightforward to use DS-weights in the context of optimal policy problems, both in primal
and in dual forms. To do so, we consider an environments in which a planner chooses a set of policy
instruments 7 to maximize social welfare, which depends on allocations X (7). We consider two
possibilities.

First, we consider a primal problem, in which a planner maximizes social welfare W (X (1)),
subject to a set of implementability conditions, H (X, 7).? Consistent with Section 6.4, we assume

that W (X (7)) corresponds to an instantaneous SWF. In this case, the planner solves

mgnmaxW(X) +AH (X, T1),

,T

with optimality conditions for 7 given by
—+ A= =0. (OA22)

Second, we consider a dual problem, in which a planner maximizes social welfare W (X™ (7)), where
X™ (1) denotes the equilibrium mapping implicitly defined as H (X* (7),7) = 0. In this case, the
planner solves

max W (X™* (1)),

with optimality conditions for 7 given

oW dX*
0X dr
change ¢’ and consequently each of the three elements on the right-hand side of Equation (OA20).
61Bhandari et al. (2021) explain how W® — W is measured in utils as follows:

(OA23)

“Quasi-weights {¢;}, convert percent changes {T', As, A}, that into a welfare change WP —W*, measured
in utils.”

52While social welfare is a scalar, bold variables can be vectors/matrices.
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In both cases, it is necessary to characterize %I(/ to find optimal policies. Hence, by defining g—‘;(/

as in Definition 3, it is straightforward to find optimal policies for different DS-planners. As a final
remark, note that, consistently with Section 6.4, it is important to understand that one cannot
define a conventional SWF from the onset, DS-weights must be introduced at the marginal level in
Equations (OA22) and (OA23).

G.5 Global welfare assessments

In the body of the paper, we have focused on marginal welfare assessments because there is no
ambiguity about the welfare gains or losses of a policy when measured in units of a particular
numeraire — see Schlee (2013) for a formal proof.® But one may still be interested in exploring the
impact of non-marginal welfare assessments. It is well understood that even for a single individual
there is no unambiguous approach to measure welfare gains or losses for non-marginal changes — see
e.g., Silberberg (1972) or Mas-Colell, Whinston and Green (1995) — with the same logic extending to
every component of the aggregate additive decomposition. This phenomenon is typically illustrated
by the discrepancy between consumer surplus, equivalent variation, and compensating variation in
classic demand theory. Despite this unavoidable hurdle, it is possible to make judicious global welfare
assessments.

In practice, the easiest approach to study global policy changes is to parameterize policies using
a line integral, as we illustrate in Scenarios 1 and 2 in Section 7. Assuming that policy changes can
be scaled by 6 € [0, 1], where § = 0 corresponds to the status-quo and 6 = 1 corresponds to a global

non-marginal change, it is possible to define a non-marginal welfare change as follows:

1 DS (. .
WS (3050 = 1)~ WS (sps0 = 0) = [ D0l gy

0 do

DS .
where 6 is an explicit argument of Mdi(w, which is given by

A eit) _ | 53wk (s ) e 0 (0A24)

dé P dé
. . dWDS(so;G) . .. . . .
That is, by recomputing ——_;— along a particular path, it is possible to come up with a social

welfare measure that is akin to consumer surplus, with the same logic applying to each of the
components of the aggregate additive decomposition. While in principle using different paths may
yield different answers when considering multidimensional policies even for identical start and end
points, in practice it is often possible to find monotonic paths of integration, as defined by Zajac
(1979) and Stahl (1984), which guarantees that the approach laid in Equation (OA24) yields globally
consistent welfare assessments.

Two additional remarks are worth making. First, while the approach outlined here is the

53Schlee (2013) shows that the measures of consumer surplus, equivalent variation, and compensating variation are
identical for marginal changes in a classical demand setup.
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easiest to implement, it is possible to use the same methodology as Alvarez and Jermann (2004)
to consider equivalent/compensating variation-like global assessments for welfarist planners within
the DS-weights framework, although this will only be valid for aggregate assessments, not necessarily
each of the components of the aggregate additive decomposition. Second, the potential for ambiguity
of global assessments is not relevant if one is interested in using DS-planners to solve optimal policy

DS
problems, since dwdie(%) is unambiguously defined for any policy perturbation. Hence, if there is a

point at which % = 0 given the set of policy instruments, this will be a critical point and,
under suitable second-order conditions, a local optimum. If there is single local optimum and it is
possible to establish that the optimum is interior, this optimum will be global. If there are multiple
local optima, one could use the value of the SWF to rank them in the welfarist case. So welfarist
planners can unambiguously rank any two policies globally. Outside of the welfarist case, one can
look for monotonic paths of integration (Zajac, 1979; Stahl, 1984) to rank different local optima, so
it is only when this is not possible to find such paths that there may be some global ambiguity when
ranking two particular policies.’* In general, one can choose a set of reasonable policy paths (e.g.,
linear paths or bounded paths) and compare the predictions for the associated welfare assessments

both in aggregate and for each of the elements of the aggregate additive decompositions.

G.6 Welfare assessments in economics with idiosyncratic/aggregate states

Until now, we have introduced our results in a canonical dynamic-stochastic model, following closely
the notation of Chapter 8 in Ljungqvist and Sargent (2018). However, at times — in particular in
Bewley-style economies — it is more convenient to work with a different notation that differentiates
between idiosyncratic and aggregate states. We explain how to extend our framework to these
environments, in which it is possible to derive new results. Our notation follows Krueger and Lustig

(2010) whenever possible.

Environment We consider an economy populated by individuals that can be different for
two different reasons at any point in time. First, we assume that individuals may be ex-ante

® This form of heterogeneity is meant to

heterogeneous, and we index this heterogeneity by .
capture immutable heterogeneity, for instance in terms of preferences. Second, we assume that
individuals have different idiosyncratic states, so at a given point in time individuals that have in
principle identical preferences may be different because they have a different idiosyncratic state.

In our economy there are aggregate and idiosyncratic states. We denote aggregate states by
z+ € Z and idiosyncratic states byy; € Y. For simplicity, both Z and Y are assumed to be finite. We

let 2t = (20,...,2) and y* = (yo,...,y:) denote the history of aggregate and idiosyncratic states.

64Stahl (1984) proves that there always exist monotonic paths of integration in a classical demand context. While a
formal proof of existence of such paths for the general framework considered here is outside of the scope of this paper,
there is no reason to believe this result cannot be extended to natural applications.

55Importantly, the index ¢ in this section, which indexes ex-ante heterogeneity, is completely different from the index
i in the body of the paper, in which 4 indexes individuals. Formally, s* in the body of the paper maps to z’ in this
section, while ¢ maps to the triple {i, Yo, yt}.
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States can be exogenous, in which case we refer to them as shocks, are they can be endogenous state
variables (e.g., wealth or asset holdings). We denote the unconditional probability of transitioning
from state yo given an initial aggregate state zo to a state (y',z%) for an individual of ex-ante type
i by 7 (y', 2" Yo, 20). We assume that the economy starts at an initial aggregate state zo, which a
cross-sectional distribution of individuals represented by dG (yo,%), where [[dG (yo,i) = 1. Given
our assumptions, at a give date t, there is a single aggregate state (of any dimension), but there are
as many idiosyncratic states (of any dimension) of individuals in the economy.

The lifetime utility of an individual of type 4, with initial idiosyncratic state 39, given an aggregate

state zg, is given by
T . . .
y()vZU Z 6@)152271_; (ytazt‘ymz()) Uy (C; (ytazt) 7nff (ytv'zt>) 3
t=0 2t oyt

where, for simplicity, we assume that 3; and u; (-) are not functions of y* and 2%. It is straightforward
to extend our results to environments in which 3; and w; (-) can be directly functions of y* and z*.
Hence, we can express the change in the lifetime utility of an individual ¢ with initial idiosyncratic

state at a given initial aggregate state zy induced by a marginal policy change as follows:

T

dV az dzc
yo,zo ~3(8) ZZ%(?J Z‘yo’z(]) ui (yt, 24) dug (4", z)

= 7 dcl df

In the case of a welfarist planner, the counterpart of Equation (6) is now

dww (ZO) :/ s (10 Zo) dV; (y(),Zo)

o a 96 wo.1)

= //)\z (yoyzo)zT: (Bi) ZZW (y z ‘yo7zo) 8ulay ) duwa(lz 2 )dG(yoyi),
=0 ”

i

W ({Vi(yo, ;
where \; (o, 20) = { (é;?/izo)}wo) . Hence, a desirable policy change for a DS-planner, that is, the

counterpart of Definition 2, is now based on

dW

) (1555 (55 ) 2T 0,

t=0 2t t

where w} (y", 2" yo, 20) denotes the DS-weight assigned to an individual of type 7, whose idiosyncratic
state at the time of the assessment is yg, when the aggregate state at the time of the assessments is
20, for a date ¢ in which the idiosyncratic state of such individual is ¢y and the aggregate state is 2.

In this case, note that it is possible to define an individual multiplicative decomposition — the
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counterpart of Lemma 1 — that takes the form:

,yo (y 5 ‘ ) — Lo (20) & 1,90 (20) d);}yo (yt,zt\zo) _
A/—’%/—/\ .

individual dynamic stochastic

In this case, the individual multiplicative decomposition of a normalized welfarist planner — the

counterpart of Proposition 5 — takes the form:
. 8 i t7 t . a i t7 t
(B:)" i (v, 2| o, 20) %iz) 7t (v'5 2| yo, 20) %
t _ t
tod (ot ot duiyt,zt) i (ot ot dui(yt,2)
Dot 2oy (Ba) mi (Y 2 o, 20) = a2y T (Yh 2 wo, 20) T
t t

. o i t7 t
(61)1: Zzt Zyt 7rllf (yt7 Zt‘ Yo, ZO) %ﬁ)

wz,yo,W (yt7 zt\zo) _

dj:,ymW (ZO) _
- 8 i t7 t
S0 Xt Sy (B)' i (4, 2] yo, 20) 5™
; du; (y' 2"
. A (0, 20) S0 Xt Syt (B0) i (41, 2| wo, 20) 20
obYo (ZO) —

ST X (0, 20) T T Ty (8 i (yt, 2] 9o, 20) 24055dE (o, 6)

In this case, note that 3¢ >, (D:‘,yo,W (y', 2" z0) = 1, Vi, Yyo; >, wt,yo,W (20) = 1, Vi, Vyo; and
[ @5%0W (20) dG (yo,i) = 1. Interestingly, under mild assumptions, note that there is scope to

further decompose the individual and stochastic components as follows:

G0 (29) = @' (29) GYolt (20) (individual) (OA25)
—_—
ex-ante state variable

G2 (1 ) = % () A (M) o) (02

aggregate idiosyncratic

The two sub-components of the individual component capture redistribution towards immutable
ex-ante heterogeneity (indexed by ) and initial idiosyncratic state-variable heterogeneity (indexed by
yo)- The two sub-components of the stochastic component will allow us to decompose the risk-sharing

component into pure risk-sharing of idiosyncratic and risk-transfer of aggregate risk.

Proposition 19. (Welfare assessments: aggregate additive decomposition) The aggregate welfare
DS

assessment of a DS-planner, dwdie(zo), can be decomposed into four components: i) an aggregate

efficiency component, ii) a risk-sharing component, iii) an intertemporal-sharing component, and iv)

a redistribution component, as follows:
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= Eiyo |9 ( E, E ., |V, %)
g e [wt ZO i| Z ’y v Gt (y ’Zt’yﬂa 20,1 ) 7'7y073/ do

=Eap (Aggregate Efficiency)

T , i,90 ¢ du. (yt Zt)
Ei ~ 1,90 ) : Wy (y z |ZO) ilc ;
*; w [5G0 ;C"”’y“y’ lat (%, g0, 20,4) b

=ERs (Risk-sharing)

T
+3 " Covyyy | @™ (20) Zzw”’“ (y Zt‘ZO) dug (y',2") (y zt)

t=0

=Z1s (Intertemporal-sharing)

81 du;).
+C07)zy0 wﬂo ZO ’Z 51 ZZﬂ't(y z‘yo, ) uagi Z) U|C(ZZZ Z) s
t

=Egrp (Redistribution)

where we denote by Gy (y', z'|yo, 20, 1) the transition likelihood with which an individual i that starts

at states yo and zy transitions to histories y' and z' at date t.

Typically, in applications, Gy (y!,2!|yo, 20,4) will equal 7} (y', z¢|yo, 20), but not always, for
instance when agents have heterogeneous beliefs. The definition of intertemporal-sharing and
redistribution are exactly identical to those in Proposition 1. The definitions of risk-sharing
and aggregate efficiency, which crucially hinge on taking cross-sectional average and covariances
conditional on the values of idiosyncratic states, need to be slightly adjusted to account for the fact
that agents transition between different states.

Finally, note that by combining Equation (OA25) with the definition of Zgp, it is possible to

provide a subdecomposition of the redistribution term into three terms:

dV;PS (yo, 20)
do

Erp = Cov;y, ld)z (20) @¥°1 (29) ,

dv;Ps (y07 ZO)

— Eigo [ (20)] Covi [w (s0), 2

+ Ei,yo [Lvyo‘i (Z())} (COUZ',yO [&)yoi (Zo) d9

dV DS (y()v ZO)

|

ex-ante redistribution state-variable redistribution

+Eigo | (@ (20) = Bigo [& (20)] ) (30 (20) = Ei [0V (20)] ) ( i

VP (yo.20) _p  [dViP? (30, 20)
»yYo d@

Dl

ex-ante/state-variable coskewness redistribution

A similar subdecomposition emerges combining Equation (OA26) with the definition of Zrg. In this
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case

[1]

RS Gt (yt,Zt‘yo,Zo,i)’ do

@ (' #'z0)  duge (yt,zt)]

T

) ~ 1,50
E Ei,yo [Wt (20)] § Cov; yo yt
t=0 2t

~ 1,90
Ei yo [‘*’t’ (ZO)] E Cov; yo
2t

-

Qpvo (zt|zo) du;). (yt,zt)
Gy (2t|20) ' do

t

0

risk transfer
T
~ 190
+ E Eiyo [‘*’t (ZO)] § Cov; o 4t
2t

idiosyncratic risk sharing

T w:;?/()(zt‘zo) B E . . &Z»?/O (Zf"ZU) « L:)Zyy() (ytlzt,z()) _ ]E . . L:)Zv?/() (ytlzt,zO)
B [aivo E Ge(=*1z0) BYRYE | Gi(ETz0) Gz z0w0.) vt | Gyt z0.90,0)
+ 1,90 [‘*’t (ZO)] 1,90,y ¢ ot t ot
= O R O S PN
- 40 i,y0,yt do

&J?yo (yt\zt,zo) dUz‘|c (yt,zt)
G+ (yt|2t, 20, 90,1)’ do

risk coskewness

where, under mild assumptions, we can define Gy (v, z'|vo, 20,1) = Gy (2%]20) Gt (y']2%, 20, yo, ).
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