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Abstract

This paper characterizes optimal monetary policy in a canonical heterogeneous-agent New
Keynesian (“HANK”) model with wage rigidity. After characterizing optimal policy under
discretion, we develop a timeless Ramsey approach to study i) optimal long-run policy, ii)
time inconsistency and targeting rules, and iii) optimal stabilization policy. We show that
zero inflation is the optimal long-run policy under commitment, while policy under discretion
leads to a inflationary bias exacerbated by a novel redistribution motive: the planner has a
time-inconsistent incentive to lower the real interest rate—thus overheating the economy—to
redistribute towards indebted, high marginal utility households. Time-consistent monetary
policy requires both a standard inflation target that accounts for distributional considerations
as well as a novel distributional target. Optimal stabilization policy trades off aggregate
stabilization against redistribution: Divine Coincidence fails in heterogeneous-agent economies
even in the absence of cost-push shocks due to the distributive pecuniary effects of interest rate
policy. Finally, we show that there are gains from commitment even in the absence of cost-push
shocks. We compute optimal stabilization policy in response to productivity, demand, and
cost-push shocks both non-linearly and using sequence-space perturbation methods, which we
extend to Ramsey problems and welfare analysis.
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1 Introduction

There is large heterogeneity in households” exposure to business cycle fluctuations. At the same
time, there is now a growing consensus that monetary policy has distributional consequences—a
view supported by mounting empirical evidence (Doepke and Schneider, 2006; Coibion et al.,
2017; Ampudia et al., 2018) and the burgeoning heterogeneous-agent New Keynesian (HANK)
literature (McKay et al., 2016; Kaplan et al., 2018; Auclert, 2019; Auclert et al., 2020). Household
heterogeneity may therefore be an important determinant of the welfare impact of monetary policy
and should inform the study of optimal policy design.! However, accounting for rich heterogeneity
and incomplete markets in dynamic optimal policy problems has remained challenging because
the planner must internalize the effects of policy on an evolving cross-sectional distribution.

In this paper, we develop a timeless Ramsey approach to study optimal monetary policy in
heterogeneous-agent environments. This approach allows us to isolate three important dimensions
of monetary policy design: i) long-run policy, ii) time consistency and targeting rules, and iii)
stabilization policy. Household heterogeneity may interact with optimal policy considerations
along each of these dimensions. We leverage the timeless Ramsey approach to systematically
revisit the canonical New Keynesian consensus on optimal monetary policy (Clarida et al., 1999;
Woodford, 2003; Gali, 2015) and study—both analytically and quantitatively—the implications of
household heterogeneity.

We introduce our approach and develop our analytical results in a one-asset HANK economy
with wage rigidity, which represents a minimal departure from the representative-agent New
Keynesian (RANK) model. Our analysis of optimal monetary policy is structured parallel to that
of Clarida et al. (1999), starting with policy under discretion in Section 3 and studying optimal
policy under commitment in Section 4. Concluding with a quantitative analysis in Section 5,
we compute optimal monetary policy both non-linearly and using sequence-space perturbation
methods (Boppart et al., 2018; Auclert et al., 2021), which we extend to Ramsey problems and

welfare analysis.

Policy under discretion. We initially study policy under discretion for two reasons. First, the
economic rationales that determine optimal monetary policy with heterogeneity emerge more
clearly in the problem under discretion. In fact, allowing for commitment simply introduces
promise-keeping considerations. Second, understanding policy under discretion motivates our
subsequent analysis of commitment and targeting rules. In particular, we show that a utilitarian
planner’s incentive to redistribute to indebted, high marginal utility households by lowering

interest rates exacerbates the classical inflationary bias problem, thus implying even larger benefits

!In fact, the Federal Reserve has started taking into account “distributional considerations.” After concluding
a long-run strategic review in August, 2020, Chairman Jerome Powell remarked: “Our revised statement emphasizes
that maximum employment is a broad-based and inclusive goal. This change reflects our appreciation for the benefits of a
strong labor market, particularly for many in low- and moderate-income communities.” The full speech can be found at:
https://www.federalreserve.gov/newsevents/speech/powell20200827a.htm.



from commitment and credibility

An important and well-understood insight from representative-agent analysis is that there are
no gains from commitment in the absence of cost-push shocks when the planner sets an appropriate
employment subsidy in steady state. No time consistency problem emerges in this case, and there
are no gains from commitment relative to discretion. This important benchmark result fails in an
environment with heterogeneous agents.

In a HANK economy, a utilitarian planner under discretion has an incentive to raise output
above natural output and overheat the economy, even in the absence of markup distortions. The
fact that the distributive pecuniary effect associated with lowering interest rates favors indebted,
high marginal utility households provides a rational for the discretionary planner to depress the
real interest rate. This new redistribution motive incentivizes a utilitarian planner to overheat
the economy, generating surprise inflation ex-post, regardless of whether markup distortions
are present. When agents anticipate the planner’s incentives, an inflationary bias emerges in
equilibrium. Hence, the novel redistribution motive exacerbates the inflationary bias problem,
increasing the gains from commitment. Quantitatively, we find that the inflationary bias generated
by the redistribution motive is about 4 times larger than the classical source of inflationary bias
stemming from the Phillips curve (Kydland and Prescott, 1977; Barro and Gordon, 1983).

Motivated by these results, we develop a timeless Ramsey approach to study optimal policy
under commitment in Section 4. The timeless Ramsey approach comprises three steps. Each step
allows us to isolate one important dimension of monetary policy design: long-run policy, time
consistency and targeting rules, and stabilization policy. Our goal is to study the implications of

household heterogeneity for optimal policy along each of these dimensions.

Optimal long-run policy. In the first step of our timeless Ramsey approach, we define a standard
Ramsey problem in primal form and characterize its solution, which we refer to as a Ramsey plan.”
The primal Ramsey problem is constrained by the implementability conditions that characterize
competitive equilibrium. At this stage, Ramsey plans conflate three distinct economic motives
that govern optimal policy dynamics—incentives to respond to long-run distortions, time consis-
tency problems, and stabilization motives in response to shocks. We first solve for the stationary
equilibrium that the Ramsey planner perceives as optimal in the long run—a stationary Ramsey
plan—and characterize the policy that supports it—a stationary Ramsey policy. Crucially, incen-
tives to respond to transient shocks or time consistency problems dissipate in the long run. Hence,
characterizing the stationary Ramsey plan allows us to isolate which policy considerations shape
the optimal long-run policy.

We show that the optimal long-run inflation rate in our baseline HANK economy is zero.

2 Throughout the paper, we say that a planning problem is in primal form when allocations or prices are explicit
control variables for a planner, perhaps in addition to policy instruments. Alternatively, we say that a planning problem
is in dual form when the only explicit control variables are the policy instruments. This terminology is consistent with
standard use in related environments, e.g., Chari and Kehoe (1999) and Ljungqvist and Sargent (2018).

2



Therefore, monetary policy under commitment does not suffer from the inflationary bias problem
that plagues policy under discretion in the long run. The RANK limit of our economy also features
zero optimal long-run inflation. Consequently, household heterogeneity has no implications for
optimal long-run policy in our baseline environment. This result critically hinges on the fact that
the nominal interest rate and inflation enter the Ramsey problem symmetrically, which can be seen
as a relevant benchmark. That is, in environments in which the nominal interest and inflation have
a differential impact on different individuals in the economy, we should expect a stationary Ramsey
policy that features non-zero inflation in the long run, even without other considerations that are

known to affect the optimal long-run rate of inflation, e.g., a demand for fiat money.

Time consistency and targeting rules. In the second step of our timeless Ramsey approach, we
show that standard Ramsey plans feature two dimensions of time inconsistency. The first source of
time inconsistency arises because expectations about future inflation enter the Ramsey problem via
the forward-looking New Keynesian wage Phillips curve. This time consistency problem has been
widely studied in RANK economies by the literature following Barro and Gordon (1983).

In the presence of household heterogeneity, a different source of time consistency—entirely
absent from RANK economies—emerges. As in the problem under discretion, the Ramsey planner
always has an incentive to lower interest rates, redistributing towards indebted, high marginal
utility households. To overcome such a desire to redistribute, the Ramsey planner must put in
place promise-keeping constraints based on households” lifetime utilities. That is, the way in
which a planner commits to not lowering interest rates to redistribute is by penalizing welfare
gains by indebted, high marginal households when making welfare assessments.? These penalties
are engineered to counteract the planner’s desire to redistribute. Time inconsistency is simply a
manifestation of the planner’s desire to break the promise-keeping constraints or, equivalently, to
ignore the penalties.*

While standard Ramsey plans address the problem of inflationary bias in the long run by
building up promises, they still suffer from inflationary bias in the short run. Both time consistency
problems provide an incentive for the planner to overheat the economy in the short run. Motivated
by this observation, we introduce timeless penalties for each of the forward-looking implementability
conditions, extending the approach of Marcet and Marimon (2019) to our setting (i.e., continuous-
time heterogeneous-agent economies). We define a timeless Ramsey problem that augments the
standard Ramsey problem with these timeless penalties and show that it yields time-consistent
planning solutions. That is, the timeless Ramsey planner no longer faces an incentive to overheat

the economy either in the long run or in the short run.

3 Formally, the implementability conditions of the Ramsey problem include a cross section of forward-looking
equations that depend on future interest rates and that characterize individual consumption and savings decisions. By
judiciously designing promise-keeping constraints, the planner can credibly commit to a future paths of interest rates.

* By definition, a standard Ramsey planner faces no promise-keeping constraints at date 0, and builds promises over
time. Hence, time-inconsistent concerns are maximal at the stationary Ramsey plan.



We show that the timeless penalties required for time-consistent policy in HANK can be
interpreted as a combination of an inflation target and a novel distributional target. Connecting to
the vast RANK literature on time consistency and targeting rules, we establish three main results.

First, the inflation target in HANK economies takes the standard form of a linear penalty on
inflation, which is now also shaped by distributional considerations. In the presence of household
heterogeneity, the utilitarian planner’s redistribution motive interacts with the classical time
consistency problem on inflation that emerges from the Phillips curve. The augmented inflation
target that supports time-consistent monetary policy in HANK reflects these interactions. In
particular, the benchmark result of the representative-agent literature is that no inflation target is
necessary in the absence of cost-push shocks when the planner can set an appropriate employment
subsidy to offset markup distortions in steady state. No time consistency problem emerges in
this case. This important benchmark result breaks down in heterogeneous-agent environments,
because a utilitarian planner has an incentive to use inflation to depress the real interest rate to
benefit indebted, high marginal utility households. Whenever a planner (central bank) values
distributional considerations, the inflation target necessary to conduct time-consistent policy must
account for this distributional motive.

Second, since monetary policy faces a second source of time inconsistency in HANK, a planner
(central bank) that adopts a welfare criterion (mandate) that is not the aggregate efficiency one
must also adopt a new distributional target in addition to the standard inflation target in order to
implement time-consistent policy. Similar to the inflation target, this distributional target takes the
form of a linear penalty on lifetime utilities. In particular, it confronts the planner with a penalty
for redistributing towards indebted, high marginal utility households. Formally, we show that
the distribution of promises associated with this form of time inconsistency evolves according
to a particular Kolmogorov forward equation. We leverage this equation to characterize the
distributional target that a planner must adopt to conduct time-consistent monetary policy.

Third, we justify the interpretation of our timeless penalties as targets by showing that policy
under discretion no longer features inflationary bias in steady state when confronted with the
augmented inflation target and the novel distributional target. We relate our results to the literature
on transferable utility mechanisms and point out the resemblance between the timeless penalties

we derive and the optimal mechanisms that typically emerge in that literature.

Optimal stabilization policy. In the third and final step of our timeless Ramsey approach, we
study optimal stabilization policy under the timeless Ramsey plan. Under the appropriate timeless
penalties, optimal policy dynamics in response to shocks are now driven solely by stabilization
motives and are no longer confounded by considerations of long-run distortions and time inconsis-
tency. We characterize an analytical targeting rule for optimal monetary stabilization policy under
commitment that illustrates the departures from optimal policy in RANK, which it nests.

In a RANK economy, the Divine Coincidence result establishes that no tradeoff emerges



between inflation and output in the absence of cost-push shocks; the planner finds it optimal to
close both the inflation and output gaps at the same time (Blanchard and Gali, 2007). In HANK
economies, on the other hand, Divine Coincidence generically fails even in the absence of cost-
push shocks. Due to the distributive pecuniary effects of interest rate policy, the planner always
perceives a tradeoff between aggregate stabilization, i.e., inflation and output, on the one hand, and
distributional considerations on the other hand. Accounting for such distributional considerations
comes at the cost of aggregate efficiency. Indeed, from the perspective of a planner (central bank)
that only values aggregate efficiency, the Divine Coincidence benchmark is restored in our setting.

We provide a quantitative analysis of optimal stabilization policy in Section 5, where we
leverage our timeless Ramsey approach to compute optimal policy dynamics in response to three
types of shocks—demand, productivity, and cost-push shocks. While our approach allows us
to characterize and compute timeless Ramsey plans non-linearly, an important contribution of
this paper is to bring perturbation methods to bear on the question of optimal stabilization policy
in heterogeneous-agent economies. Building on the increasingly popular literature on sequence-
space methods, we develop a sequence-space representation of timeless Ramsey plans. Under
this representation, a Ramsey plan is a system of equations that takes as inputs the time paths of
aggregate allocations and prices, aggregate multipliers, policies, and shocks. While we can also
leverage this representation to compute Ramsey plans non-linearly, we develop sequence-space
perturbation methods—in both a primal and dual form—to approximate optimal stabilization
policy to first order. In the primal representation, we compute an extended set of sequence-space
Jacobians and solve for the time paths of the multipliers that comprise a Ramsey plan. In the dual
representation, we avoid having to compute the time paths of multipliers. However, approximating
optimal policy in the dual is no longer possible in terms of sequence-space Jacobians and instead
requires a second-order analysis. To that end, we introduce sequence-space Hessians as the natural,
second-order generalization of sequence-space Jacobians. Our paper therefore builds on Boppart
etal. (2018) and Auclert et al. (2021) and extends the sequence-space apparatus to Ramsey problems

and welfare analysis in heterogeneous-agent environments.

Related literature. Our paper contributes to multiple branches of the literature on optimal
monetary policy. First and foremost, our paper contributes to the growing literature on optimal
policy in HANK economies. This literature includes the work of Bhandari et al. (2021), who
introduce a small-noise expansion method to compute optimal monetary and fiscal policy in
HANK models; Acharya et al. (2020), who study optimal monetary policy in closed form in a
HANK economy with constant absolute risk aversion (CARA) preferences and normally distributed
shocks; Le Grand et al. (2021), who study optimal monetary and fiscal policy keeping heterogeneity
finite-dimensional by truncating idiosyncratic histories; Gonzalez et al. (2021), who study optimal

monetary policy in an environment with firm heterogeneity; and McKay and Wolf (2022), who



study optimal monetary policy with heterogeneous households in linear-quadratic environments.”

Within this literature, our continuous-time formulation of the optimal monetary policy prob-
lem, treating the cross-sectional distribution of households as a control, is most closely related to
the work of Nufio and Thomas (2020), on which we build.® Nufio and Thomas (2020) study optimal
monetary policy in a small open economy, in which short-term real interest rates and output
are unaffected by monetary policy.” A contribution of our paper is to study optimal monetary
policy in a closed economy that features the classic output-inflation tradeoff, which is central to
the New Keynesian literature and allows us to characterize a new source of time inconsistency
due to the presence of individual heterogeneity. As in their paper, we characterize fully dynamic,
non-linear Ramsey plans. We also develop sequence-space perturbation methods to compute
optimal stabilization policy around the stationary Ramsey plan.

Both in the body of the paper and in the Appendix, we purposefully relate our results to
those of the vast literature on monetary policy in RANK models (Clarida et al., 1999; Woodford,
2003; Gali, 2015). By doing so we are able to provide clear analytical insights into the form of
the optimal policy in a HANK environment and how it relates to the well-understood results in
RANK economies. At an abstract level, our approach is closest to the work of Khan et al. (2003),
who initially characterize standard and timeless Ramsey optimal policy using the exact structural
equations and utility function, and then use perturbation methods to characterize the optimal
responses to shocks. Schmitt-Grohé and Uribe (2010) and Woodford (2010) systematically study
and review optimal long-run policy and optimal stabilization policy in RANK economies.

Our characterization of timeless penalties builds on the recursive multiplier approach of
Marcet and Marimon (2019). We provide a novel application of their approach in a continuous-time
environment where the planner must keep track of a full cross-sectional distribution and faces
a continuum of individual forward-looking constraints. A central contribution of our paper is
to show that the evolution of the distribution of promises associated with such forward-looking
constraints under the optimal Ramsey plan satisfies a Kolmogorov forward equation that accounts
for the “births” and “deaths” of promises.

Finally, we contribute to recent work on computational methods in heterogeneous-agent
environments by extending the sequence-space apparatus to Ramsey problems and welfare analysis
(Boppart et al., 2018; Auclert et al., 2021). We develop a sequence-space representation of timeless
Ramsey plans, which we can compute non-linearly or using sequence-space perturbation methods.
In particular, we extend the fake-news algorithm of Auclert et al. (2021) to compute Ramsey
problems in both primal and dual form. We also introduce and define sequence-space Hessians as

the natural, second-order generalization of sequence-space Jacobians.

® Benigno et al. (2020) study optimal monetary policy in a two-agent New Keynesian model.

® Nufio and Moll (2018) solve constrained-efficiency problems treating the cross-sectional distribution as a control.

7 Formally, the open economy setup in Nuiio and Thomas (2020) immediately implies that both the Lagrange
multipliers of the households’ HJB equation and their optimality condition—which correspond to ¢:(a,z) and x¢(a,z) in
our paper, see equation (32)—are zero by construction. Hence, in their model, the planner would make the same savings
decisions as households. Characterizing and computing these multipliers is a novel contribution of our paper.



2 Baseline Model

Our baseline model is a one-asset heterogeneous-agent New Keynesian (“HANK”) model with
wage rigidity. This model represents a minimal departure from a representative-agent New
Keynesian (“RANK”) model (Clarida et al., 1999; Woodford, 2003; Gali, 2015), which we use as a
benchmark for our analytical and quantitative results. Our baseline model is deliberately stylized
to make our characterization of optimal monetary policy accessible.

We cast our baseline model in continuous time. The time horizon is infinite with ¢ € [0, o).
There is no aggregate uncertainty and we focus on one-time, unanticipated shocks. In particular,
following much of the New Keynesian literature, we allow for three types of shocks: demand,

productivity, and cost-push shocks.

2.1 Households

The economy is populated by a unit mass of households who consume and work. Household

preferences are given by

® — [ psds _ w
]EQ/O e Jo [u(ct) @({nk,t,ﬂk,t}ke[oﬂﬂdt, (1)

where c¢; is the rate of consumption, u(-) captures the instantaneous utility flow from consumption,
and p; is a common but potentially time-varying discount rate, which represents a source of demand
shocks. The function @(-) captures the household’s disutility from work and its details depend
on the wage bargaining and labor market structure, which we discuss below. In particular, ny ;
denotes the hours that the household supplies to union k and 77, is union k’s wage inflation, which
enters ®(-) as an additional cost, as we describe below.

Each household supplies labor to all of k € [0, 1] unions. We denote a household’s total hours
of work by

1
ny :/ 1 pdk.
0

Each union pays the household a nominal wage Wj ;. The household budget constraint therefore

corresponds to

. 1/t
ar = riay + Ztﬁt /0 Wk/tnk,tdk + Tt(Zt) — Cy, (2)

where a; denotes bond holdings, r; the real interest rate, and P; is the price of the consumption
good. Households’ non-financial income comprises labor income, which is proportional to idiosyn-
cratic labor productivity z;, and lump-sum rebates 7;(z;), which may also depend on z;. Finally,
households face a borrowing constraint given by

ar > a,



where a < 0.

Even though there is no aggregate uncertainty, households face idiosyncratic earnings risk. We
assume that labor productivity z; follows an exogenous Markov process that we further specialize
below. Since households are only heterogeneous ex-post, we can index individual households by
their idiosyncratic state variables (a,z). We denote the mass of households with idiosyncratic states
(a,z) by gt(a, z), which we also refer to as the cross-sectional distribution. And since our economy

is populated by a measure 1 of infinitely-lived households, we have [[ g;(a,z)dadz = 1.

2.2 Labor Market

As is standard in the New Keynesian sticky-wage literatures without heterogeneity (Erceg et al.,
2000; Schmitt-Grohé and Uribe, 2005) and with heterogeneity (Auclert et al., 2020), labor unions
determine work hours. Each union k € [0, 1] transforms hours supplied by households into a

differentiated labor service according to the linear aggregation technology

Ny = // zny 8t (a,z) dadz,

where Ny ; is expressed in units of effective labor. Each union also rations labor, so that all house-
holds work the same hours. In particular, this implies Ny, = ng; [[ zg:(a,z) dadz = ny,, after

normalizing cross-sectional average labor productivity to 1.

Labor packer. Unions sell their differentiated labor services to an aggregate labor packer. The

packer operates the CES aggregation technology

N= (s dk> ,

where the elasticity of substitution €; is potentially time-varying. We interpret time variation in the

desired wage mark-up of unions as a source of cost-push shocks, following standard practice (see,
e.g., Gali, 2015). The packer sells the aggregate labor bundle to firms at nominal wage rate W;. The
labor packer’s cost-minimization problem is standard and yields the demand function and wage

index

Wi\ ¢
Nt = (“) N ©)

1 g
W = ( | dk) , (4)
W

where W, is the nominal wage rate charged by union k.



Wage rigidity. Nominal wages are sticky in our model. Each union k faces an adjustment cost
to change its wage. Formally, the union takes Wy ; as a state variable and controls how the wage

evolves by setting wage inflation 77’,, with

e . (5)

In our baseline model, the union’s adjustment cost is directly passed to union members as a

quadratic utility cost, so ®(-) in equation (1) is explicitly given by

) {nktrtw} =0 /1nktdk -I-(S/l(rtw)zdk
A T ke[0,1] 0 , 2 Jo Kkt ’

where v(+) captures pure disutility from working and § modulates the strength of the wage rigidity.

Employment subsidy. As is standard in the New Keynesian literature, we allow for an employ-
ment subsidy. Given union wage receipts z; W ;1 ; to a household with labor productivity z;,
the government pays the household a proportional income subsidy t-z;Wj ;1 ;, which the union

internalizes when setting wages.

Wage Phillips curve. We now formalize the union’s wage setting problem to derive a New
Keynesian wage Phillips curve. We assume that the union chooses wages in order to maximize

stakeholder value—the sum of stakeholders’, i.e., union members’, utilities.® That is, union k solves

o0 ¢ 1 1
n%gx/o efopsd5<// [u(ct(a,z;wklt)) —v(/o nk,tdk) _g/o (n,ﬁ‘ft)zdk}gt(a,z)dad%dt (6)

subject to equations (3) and (5). The union further internalizes the effect of its wage policy on its
members’ consumption—hence the explicit dependence of ¢; on Wy, in equation (6). However,
since union k is small, it takes as given all macroeconomic aggregates, including the cross-sectional
household distribution. We solve the union’s problem in Section C of the Appendix, where we also
derive wage Phillips curves under alternative assumptions on wage adjustment costs.”

There, we show that the wage policies that result from the union’s problem give rise to
a symmetric equilibrium, where wages and labor allocations are equalized across unions, i.e.,

Wi = Wi and Ni; = N;. In such a symmetric equilibrium, the non-linear New Keynesian wage

8 The choice of objective by a union under incomplete markets is subject to the same caveats as the choice of objective
by a firm. It is straightforward to consider alternative objectives.

? There are three natural ways to model wage adjustment costs: as an explicit resource cost that is passed on to
households, as labor productivity distortions, or as a direct utility cost. In the main text, we adopt the utility cost
specification largely because it is most tractable. For robustness, in the Appendix, we derive alternative Phillips curves
under different assumptions, and discuss how they impact our conclusions.



Phillips curve is given by

€t €t—1
0 €t

1+ tHw; // zu'(ce(a,z))gi(a,z) dadz — o' (N;) | Ny,

T = pemry +
highlighting that demand and cost-push shocks directly affect wage inflation dynamics.

Labor wedges. Labor wedges will play a key role in our analysis of welfare and optimal policy. We
introduce them now and show that they provide an insightful interpretation of the wage Phillips
curve. Following Farhi and Werning (2016), we define the individual labor wedge as T(a,z) =
wizu'(c;) — v'(N;). We also define the desired-markup augmented individual labor wedge, which we
simply refer to as the augmented labor wedge, as

e —1

T(a,z) = <€t(1 + Y wizu! (¢r) — Z/(Nt)> N;. (7)

We can now reformulate the New Keynesian wage Phillips curve as

Y = oyt + % // 1(a,2)gi(a,z) dadz, (8)

which highlights that unions’ target when adjusting nominal wages is to set the aggregate aug-

mented labor wedge to 0.

2.3 Final Good Producer

A representative firm produces the final consumption good, operating the linear production
technology
Y; = ANy, ©)

where the aggregate labor bundle is the only input to production. We refer to A; as total factor
productivity (TFP), which is potentially time-varying and represents a source of productivity
shocks. Under perfect competition and flexible prices, the real marginal cost of labor is equal to its
marginal product, with

wy = A (10)

where w; = % denotes the real wage. Moreover, profits are zero, which is consistent with the

absence of profits in equation (2).

10" Consider the limit where wages are perfectly flexible, i.e., § — 0, there are no cost-push shocks, and an appropriate

employment subsidy ensures that % (1+7L) = 1. Then, unions’ target is a 0 aggregate labor wedge, which implies
that wages are equalized with the aggregate marginal rate of substitution between consumption and hours, w; =

/ N,
ff ;Jug(c,))

gt(a,z)dadz.

10



24 Government
We keep the role of the fiscal authority deliberately minimal in our baseline model. Our focus is on

the monetary authority, which optimally sets the nominal interest rate.

Fiscal policy. There is no government spending and no debt, with bonds in zero net supply. The
fiscal authority pays an employment subsidy to households. Running a balanced budget, it pays
for these outlays with a lump-sum tax based on aggregate employment. We assume that both the
subsidy and the tax are proportional to a household’s labor productivity. That is, the net fiscal

rebate that a household with idiosyncratic labor productivity z receives is zero, with

1
Pi(z) = /0 TLsz,tnk,tdk —tLzWN; = 0.

Given this form of fiscal policy and the structure of the labor market, we can simplify and rewrite

the household budget constraint as
ay = ria; + zywiNy — cy.

Monetary policy. The central bank sets the nominal interest rate i; optimally as we describe in

the next section. A Fisher relation holds in our economy, with
Ty =1 — 7T, (11)

where 71; is consumer price index (CPI) inflation. Finally, we can relate price inflation to wage

inflation by differentiating equation (10), which yields

=y — —. (12)
2.5 Equilibrium
Definition 1. (Competitive Equilibrium) Given an initial distribution over household bond holdings and
idiosyncratic labor productivities, go(a, z), a symmetric initial nominal wage distribution, Wy o = Wp, and
given predetermined sequences of monetary policy {i;} and shocks { Ay, p, €+ }, an equilibrium is defined as

paths for prices {t¥, 1t;, wy, 1 }, aggregates { Yy, Ny, Cy, Bt }, individual allocation rules {c;(a,z)}, and for

the joint distribution over household bond holdings and idiosyncratic labor productivities {g;(a, z)}, such

11



that households optimize, unions optimize, final good producers optimize, and markets clear, that is,
Y, =C; = // ce(a,z) gi(a,z)dadz (13)

0=B; = //agt(a,z) dadz. (14)

In Lemma 13 in the Appendix, we provide a complete description of each of the equations that
characterize an equilibrium and formally describe the implementability conditions that act as
constraints for a Ramsey planner. It is helpful to separate the constraints into two blocks: an
individual or “micro” block of three equations, which characterizes household consumption and
utility, as well as the law of motion of the distribution of households, and a “macro block”, of
two equations, which characterizes the economy’s aggregate resource constraint and the evolution
of inflation. While the macro block is almost identical to the RANK version of our model, as we

explain below, the individual block is richer.

Micro block. The individual block consists of three equations. First, there is the households’

Hamilton-Jacobi-Bellman equation, given by

ptVi(a,z) = 0:Vi(a,z) + u(ce(a,z)) — v(Ny) — g(nf’)z + AiVi(a,z), (15)

where V;(a, z) denotes the lifetime utility of a household with bond holdings and idiosyncratic labor
productivity (a,z), and where A; denotes the infinitesimal generator of the process (ay, z;), formally
defined in equation (53) in Appendix A.!! Second, there is the savings optimality condition that

relates the household’s consumption policy function to the value function, and is given by
u'(ct(a,z)) = 9,Vi(a,z). (16)

Finally, there is the Kolmogorov forward equation (KFE), which describes the time evolution of the

cross-sectional distribution of households over the possible individual states, (a,z), given by

o1gt(a,z) = Afgi(a, z), (17)

where A} denotes the adjoint of A;.!? Intuitively, the operator A; accounts for the fact that
households idiosyncratic states vary over time. In particular, it captures how a household’s value
function accounts for the path of future idiosyncratic productivity shocks and bond holdings. In
turn, the adjoint A} keeps track of how the distribution of households over the set of idiosyncratic

states varies over time. Hence, it is natural for A} to be the adjoint of A;. Both 4; and A} are

1" We adopt the more compact notation dy f to represent %.
12 The adjoint of an operator can be seen as a generalization of the transpose of a matrix.
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Macro block. The macro block comprises the aggregate resource constraint of the economy, which
we obtain by combining the goods market clearing condition (13) with the aggregate production

function (9),
// ce(a,z) gi(a,z)dadz = ANy, (18)

where we normalize f f zgt(a,z) dadz = 1, and the New Keynesian wage Phillips curve (8).

2.6 Sources of Suboptimality

Before characterizing optimal policy, it is worth describing the sources of suboptimality in our
baseline HANK model with wage rigidity. This economy features four sources of inefficiency,
whose implications shape different dimensions of optimal policy, as we substantiate below.'?

First, the model features monopolistic competition. Labor unions are monopolistically com-
petitive and charge a wage markup relative to the perceived (utility) marginal cost of work hours
by members. This wage markup drives a wedge between the marginal rate of transformation
(MRT), A¢, and the economy’s average marginal rate of substitution (MRS), A;. When we set the
employment subsidy so that % (1+ tt) = 1, the stationary equilibrium with constant elasticity of
substitution € features no wage markups.

Second, the model has a nominal rigidity. Nominal wages are sticky and can only be adjusted
gradually in our model. This imposes two separate costs from a welfare perspective. First, assuming
a steady state employment subsidy, the economy’s average MRS converges only gradually to the
MRT in response to shocks. Second, wage adjustments are directly associated with a deadweight
(utility) cost.

Third, our model features labor rationing. We assume that unions ration work hours across
their members, imposing that all households supply the same number of hours. While an appropri-
ate notion of average MRS is equal to the MRT in our economy whenever the employment subsidy
is in place, individual MRS are not equalized across households.

Finally, there are incomplete markets for risk. Noncontingent bonds are the only financial
asset in this economy. Households furthermore face a borrowing constraint and are consequently
not able to fully insure against idiosyncratic earnings risk. As a result, households’ marginal rates
of substitution are not equalized across periods and states.

The first two sources of inefficiency are also present in the representative-agent version of our
economy. In fact, these two distortions exactly mirror the sources of inefficiency in the standard
RANK model (Clarida et al., 1999; Gali, 2015). The latter two sources of inefficiency are unique to
the heterogeneous-agent environment. Due to these two inefficiencies, the flexible-price allocation
with an employment subsidy is no longer first-best in a HANK economy, as we show below.

Consequently, the celebrated Divine Coincidence result (Blanchard and Gali, 2007) fails in our

13 This subsection is meant to parallel Section 4 of Khan et al. (2003) and Chapter 4.2 of Gali (2015), which discuss
sources of suboptimality in RANK economies.
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environment, as we show in Section 4.5.

2.7 Comparison Benchmarks

In the analysis that follows, we make reference to two comparison benchmarks.

The RANK limit. In order to relate to the vast literature on optimal monetary policy in the
standard New Keynesian model and to better pinpoint how individual heterogeneity affects the
conduct of optimal policy, it is helpful to characterize the representative-agent limit of our model
as a benchmark for comparison. Starting from the baseline model, the RANK limit obtains when
i) households’” idiosyncratic labor productivity converges to a constant value, that is, z; — z for
all t, and ii) the economy is initialized with a cross-sectional distribution of bond holdings and
productivities that is degenerate at 2 = 0 and z = z, that is, g}){A(a,z) =6(a =0,z = z), where
0(+) denotes a two-dimensional Dirac delta function. In Appendix D, we include a self-contained
characterization of the competitive equilibrium and optimal policy in the RANK limit of our

economy.'* We use R4

superscripts to denote the RANK limit of our economy.

The flexprice allocation and natural output. As in the canonical analysis of the standard New
Keynesian model, we define the flexprice allocation as the limit of our economy as § — 0. We refer
to natural output as the output that obtains in the flexprice allocation, denoted Y,.15 In the following,
1

we sometimes use isoelastic (CRRA) preferences, with u(c) = Z-c'~7 and v(n) = ﬁn”ﬂ, to

illustrate our analytical results. With isoelastic preferences, natural output is given by
1
- e —1 Iy 4147 // zu'(c(a,z)) T
Y, =|——(1 A —_— 1
} ( €t (1+1H)A; 2 (Ch) Qt(a,z)dadz , (19)

where the integral term reflects labor rationing. In the RANK limit, where this integral term
. 1
vanishes, natural output is simply given by YR* = (%(1 + TL)A}H) 7

14 The RANK limit of our economy can be summarized by two non-linear ODEs, the dynamic IS equation,

. 1 A
yRA _ L (RaA _ wRrA At 0\ RA
t ’Y (lt Tt + A, Pt | Yy

and the New Keynesian Phillips curve

wRA _ _wRA_ € [€—1 LyyRA, 7 yRAY o YO\ YR

7Tt —Ptﬂt +§ Tt(l"—’r )Yt M(Yt )—'U Tt Tt .
In the RANK limit, the “micro block” of our HANK model collapses to a single equation, the aggregate Euler or dynamic
IS equation. The macro block takes the same form in both models. However, unions’ perceived marginal value of
higher wages is proportional to u/(YR?) in RANK, whereas it is governed by the earnings-weighted average of marginal
utilities [ [ zu'(c¢(a,z))gt(a,z) dadz in HANK.

15 As 6 — 0, equilibrium requires that 0 = % (1+ ) wi Ay — o' (Ny). That is, the augmented labor wedge is 0 in the

flexprice allocation, and we obtain natural output from this equation.
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3 Optimal Monetary Policy under Discretion

We structure our analysis of optimal monetary policy to parallel that of Clarida et al. (1999), starting

with policy under discretion in Section 3 and studying the gains from commitment in Section 4.

Ramsey problem with finite commitment horizon. In the discrete-time analysis of Clarida et al.
(1999), a planner under discretion chooses policy in each period t taking as given future policy,
starting from period t + 1. Without commitment, the planner cannot credibly influence agents’
expectations about the future and so takes these as given as well. Hence, “policy under discretion”
is given by the solution to the sequence of these one-period planning problems—formally, a Markov
perfect equilibrium of the game played by planners that exercise control for only one period.

We try to stay as close as possible to this notion of policy under discretion. We consider a
planner with control over policy in the present who takes future policy—under the control of a
future planner—as well as agents” expectations about the future as given. In continuous time,
however, we can no longer simply associate the present and future with periods t and t + 1. To
that end, we introduce a finite-horizon Ramsey problem. We consider a planner who exercises control
(and has commitment) over policy over some finite time horizon—the analog of the time interval
[t,t + 1) in discrete time. At the transition time, the present planner is replaced with another who
sets policy going forward until she herself is again replaced. Planners do not honor promises made
by previous planners. We denote the times at which planners transition by {7, }:_,, with 1o = 0
the starting time of the first planner, and we assume that transitions occur at the transition rate 1.

Following a primal approach, we now formally define the problem of a Ramsey planner who
has commitment over the time horizon [0, 7;) but takes as given policy enacted by future planners.
In general, a Ramsey planner chooses policy in order to maximize a particular objective subject
to a set of conditions that define equilibria. Here, we assume that the planner seeks to maximize
a utilitarian social welfare function. Lemma 13 in the Appendix formally describes the set of
implementability conditions that constrain the Ramsey problem in primal form. The finite-horizon
Ramsey problem we now introduce is useful because it allows us to study policy with and without

commitment in a unified framework, as we show in remainder of Sections 3 and 4.1

Definition 2. (Ramsey Problem with Finite Commitment Horizon) A Ramsey planner with finite

commitment horizon [0, Ty) chooses allocations and prices
X = {Ct (Cl, Z)/ ‘/t(ﬂ, Z)/ gt (Cl, Z)/ Nt/ 7-[:01 lf}z—l:()

as well as multipliers
M = {¢:(a,2), x:(a,2), Ar(a,2), 11, 01 },L

16 Formally, our derivation merges insights from Marcet and Marimon (2019) with the continuous-time approach of
Harris and Laibson (2013). See Appendix E for details.
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to maximize social welfare subject to implementability conditions (8, 15 — 18), taking as given the initial
cross-sectional distribution gy(a, z) as well as future policy.'” A Ramsey problem with commitment horizon

[0, 71 ) therefore solves
Wo(8o) = H}vi[n max Eo|L(0,71,80) + €~ Jo! P (80) (20)

where the expectation IEq is over the transition time 11, Eg [e* Jo! Psds)/\/Tl (gfl)] denotes the expected
discounted continuation value, and L(t1,t, g, ) is the planner’s Lagrangian over the horizon [t1, t2), given

an initial cross-sectional distribution g, (a,z):

L(t1,t2,81,) = /: e fotpsds{ // { Ui (a,z) gi(a,z)

+¢(a,z)| —peVi(a, z) + Ui(a, z) + 0:Vi(a, z) + At Vi(a, z)

+ xt(a,z) |u' (ci(a,z)) — ath(a,z)]

+ Ar(a,z) | —0egi(a,z) + .A;kgt(a,z)} } dadz

+ Hi [//(Ct(ﬂ,z) — A4zNy)gi(a,z) da dz}
+ 6; [ — oty + oty + % // T(a,2)gi(a,z) da dz] }dt, (21)

where Uy(a,z) = u(ce(a,z)) — v(Ny) — $(7t)2. The operators A and Aj are defined in Appendix A.

In the remainder of the paper, we focus on two limits of this finite-horizon Ramsey problem: First,
as P — 0, planners never transition. In fact, the first planner stays in power forever. The resulting
Ramsey problem is thus simply the standard Ramsey problem with an infinite commitment horizon
as we show in Section 4.1. Second, as ¢ — oo, planners transition increasingly frequently and their
commitment horizon becomes vanishingly small. This is the limit we associate with policy under
discretion in continuous time.

Formally, for a given 1, we study the Markov perfect equilibrium of the game played by a

17 In this problem, there are two direct linkages between the present finite-horizon Ramsey problem and future policy.
The first is encoded in the continuation value Wr, (g, ): the present Ramsey planner internalizes that choosing policy
today affects the evolution of the cross-sectional distribution and, therefore, the initial condition g, (4, z) of the future
planner at the time of transition. Second, taking future policy as given implies that the present planner faces terminal
conditions for each forward-looking constraint. Concretely, the planner takes as given inflation 77, and values Vy, (4,z)
at the time of transition. This is analogous to the setup in Clarida et al. (1999), where the present planner takes as given
inflation expectations.
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sequence of Ramsey planners with finite commitment horizon. It comprises i) paths for prices, 71",
aggregates, N;, individual consumption allocations and value functions, c;(a,z) and V;(a,z), as
well as cross-sectional distributions, g;(a,z), that satisfy the competitive equilibrium conditions (8,
15 - 18) given paths for policy, i;, and shocks, (A;, p, €;), as well as an initial distribution go(a, z); ii)
a path of interest rate policy 7;; and iii) a sequence of multiplier functions, ¢:(a,z), x:(a,z), A¢(a,z),
¢, and 6; that solve (20). Policy under discretion corresponds to the limit of this equilibrium as
{ — oo and planners have vanishingly small commitment horizons.

The implementability constraints encoded in the Lagrangian (21) incorporate all of the condi-
tions that characterize competitive equilibrium. The first three sets of constraints map to equations
(15) through (17) and apply to every pair of individual states (a,z). The last two constraints are of
aggregate nature, representing the aggregate resource constraint (18) and the New Keynesian wage
Phillips curve (8). Note that this is a minimal characterization of the Ramsey problem in primal
form, in the sense that there are no redundant constraints that can be easily deduced from other
constraints.!®

Two of these implementability conditions are forward-looking constraints: the individual
Bellman equation and the Phillips curve, respectively associated with the multipliers ¢;(a,z) and
0;. A planner under discretion takes future policy—and consequently agents” expectations about
future policy, allocations, and prices—as given. In Clarida et al. (1999)’s discrete-time analysis of the
representative-agent New Keynesian model, lack of commitment implies the planner takes as given
expectations over next period’s inflation. In the continuous-time problem (20), the planner similarly
takes as given expectations about inflation and value assignhments in the future, i.e., beyond the
current commitment horizon. Formally, this is encoded in the terminal conditions 7t and Vz, (4, z)
that the planner faces, and which are themselves part of the solution of Markov perfect equilibrium

as in discrete time.
Policy under discretion: optimality conditions. We now summarize the necessary first-order
conditions that characterize optimal monetary policy under discretion, i.e., in the limit of the

finite-horizon Ramsey problem (20) as ¢p — co.

Proposition 1. (Policy under Discretion: Optimality Conditions) The necessary first-order conditions

18 We could have defined an alternative Ramsey problem that includes households” consumption Euler equations
instead of their HJB equations and consumption optimality conditions. As will become clear below, our formulation
provides valuable analytical insights, by virtue of having two sets of multipliers associated with households’ lifetime
value and consumption-savings decisions, ¢¢(4,z) and x¢(4,z). Our formulation is also computationally more tractable.
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that characterize optimal monetary policy under discretion are given by

pthe(a,z) = Ui(a,z) + p(ce(a, z) — AzNy) + 0eAi(a, z) + Aihi(a, z) (22)
u'(ct(a,z)) = 0ahe(a,2) — pr + Xi(a, 2) (23)
0= [[ il 2)gu0,2) dadz + 28 (0 2 dadz —p~ TN oy

0= / / a0, (a,2)g1(a,2) dadz + a ™ g,(a,2) da dz (25)

where

4™ = (e, 2) = dla D) and (D) = ' (el ) K0,

In the limit as { — oo, the paths of the multipliers on forward-looking implementability conditions converge
to 0y — 0and ¢¢(a,z) — 0 forall t and (a,z).

Equations (23) through (25) correspond to the first-order conditions for individual consumption
ct(a,z), the cross-sectional distribution, g;(a, z), aggregate activity, N;, and the nominal interest
rate, iy, respectively. By judiciously combining these conditions, we will be able to characterize the
properties of optimal monetary policy under discretion.

To that end, we start by providing an economic interpretation of the three non-zero multipliers
xt(a,z), Aa,z), and p;. The multiplier x;(a, z) corresponds to the social shadow value of relaxing
the individual consumption-savings decision of households in state (4,z) in the direction of
consuming more. When x;(a,z) > (<) 0, the planner perceives that households in state (4, z)
save (consume) too much relative to an environment in which the planner could fully manage
consumption-savings decisions.’ The multiplier A¢(a, z) corresponds to the social shadow value of
increasing the mass of households in state (a,z). We show below that it represents the social lifetime
value of a household in state (a,z). Finally, the multiplier y; corresponds to the social shadow value
of increasing aggregate excess demand. When p; > (<) 0, the planner perceives that increasing
(reducing) aggregate demand or reducing (increasing) aggregate supply is socially beneficial. Under
discretion, this occurs when the economy is in a recession (boom) and the aggregate labor wedge is
positive (negative) or, equivalently, the output gap is negative (positive).

Next, we interpret the four optimality conditions (22) — (25). First, equation (22) defines
At(a,z) as the social lifetime value of a household. It takes the form of an HJB equation and
can alternatively be written as pA; = Uy + p¢(c; — wizNy) + Ey (%), suppressing the dependence
on (a,z). The difference between private lifetime value (15) and social lifetime value (22) under
discretion is given by the term p;(c¢(a, z) — wizNy), which captures the contribution of a household

in state (a,z) to aggregate excess demand. Intuitively, households for whom c¢;(a,z) > A;zN;

19°1f x¢(a, z) were 0 for all (a,z) and t, the planner would agree with households on their private consumption-savings
decisions. A non-zero x;(4, z) then represents the shadow penalty that ensures the planner respects individual behavior.
Nufio and Thomas (2020) study a small open economy environment where x;(a,z) = 0.
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put positive pressure on aggregate excess demand, since their contribution to aggregate demand,
ct(a,z), is higher than their contribution to aggregate supply, w;zN;. When p; > 0, i.e., increasing
aggregate excess demand is social valuable (the economy is in a recession), the planner will attach
a higher social value to these households. The opposite occurs when p; < 0.

Equation (22) allows us to characterize the social marginal value of wealth—a key input for

the remaining optimality conditions—as
dare(a,2) = 9aVi(a,z) + Mi(a, z) s, (26)

where M;(a,z) denotes an operator that acts on the path of multipliers y;. In economic terms,
M;(a, z) corresponds to the present discounted value of marginal propensities to consume, which
we make formal in Lemma 36 in Appendix E.?’ The difference between the private and the
social marginal of wealth, M;(a,z), can be interpreted as the present discounted value of the
contribution of future consumption to aggregate excess demand induced by an increase in the
household’s wealth at time t. Intuitively, a marginal increase in wealth translates into higher
aggregate demand at time ¢ and in the future, depending on the household’s propensities to
consume and save out of wealth. Such spending is socially beneficial when p; > 0 or costly when
#t < 0—an effect that only the planner internalizes. Note that a planner under discretion accounts
for the social impact of future consumption via the path of future multipliers y, despite taking
future policy and expectations as given.

Second, equation (23) has the interpretation of a social consumption-savings optimality condi-
tion for households in state (a,z). Similarly to households, the planner trades off the direct benefit
of increasing consumption, u'(c(a,z)), against the marginal value of having higher future assets
from savings, which the planner values at d,A;(a, z). Moreover, increasing consumption increases
aggregate excess demand, which is socially beneficial when p; > 0 (recession) or costly when
ut < 0 (boom). Finally, since the planner must respect private consumption-savings decisions,
she also faces a social shadow cost from adjusting consumption, {:(4,z). Consistently with the
interpretation of {:(a,z) above, when the planner perceives that a household is consuming too
little/saving too much, §¢(a,z) > 0 acts as an additional shadow social cost of consumption,
so that the individual consumption-savings optimality condition is satisfied. Instead, when a
planner perceives that a households is consuming too much/saving too little, {; (a,z) < 0 acts as
an additional shadow social benefit of consumption.

Before moving to interpreting equations (24) and (25) it is valuable to leverage our understand-

20 We show there that M (a,z) is positive and bounded between 0 and 1 under some mild regularity conditions. In
particular, the operator admits the representation

Mi(a,z) = (p — 1t +dact(a,2) — 3 — Ap) L dace(a, 2).

The term p — rt + 9dqct(a,2) = p — d,5¢(a, z) captures time discounting net of the interest rate on the assets not consumed.
The terms d; and A; account for changes in aggregate conditions over time, 9, and for the expected transition of the
household across states, A;. Finally, d,¢¢(a, z) is simply the instantaneous marginal propensity to consume (MPC).
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ing of x:(a,z) and d,A¢(a,z) to determine how the planner values the consumption of a household

at the borrowing constraint. In particular, it useful to characterize d,A;(a,2)g:(a,z) + ™

by

, given

darie(a,z) + E™ =1 (ct(a,2)) + e (27)

which captures the social value of increasing the consumption of constrained households. The
planner must respect the borrowing constraint households face. She internalizes, therefore, that a
marginal change in the income of a household at the borrowing constrained leads, one-for-one, to a
change in consumption. The planner’s perceived social marginal value of wealth for the constrained
household is therefore equal to the planner’s valuation of a marginal increase in consumption,
which comprises the sum of the direct utility benefit, u'(c;(a,z)), and the impact on aggregate
excess demand.

Third, equation (24) represents the planner’s valuation of an increase in hours worked by all
households.?! Such an increase in hours comprises three effects. First, household wealth increases
in proportion to the effective wage zw; = zA;. The planner values this effect using the social
marginal value of wealth for unconstrained households, d,A;(a, z), and the social marginal value
of consumption for hand-to-mouth households, 9,A¢(a,z) + ¢¢(a,z). Second, aggregate supply
increases by [[ zAig:(a,z) dadz = Ay—valued at the shadow value of aggregate excess demand,
ur—which is socially beneficial when the economy is overheated. Finally, households experience
a direct disutility from working more, [[ v'(N;)gt(a,z)dadz = v'(N;). When choosing optimal
aggregate economic activity, the planner trades off these three effects.

Finally, equation (25) represents the planner’s valuation of an increase in the nominal interest
rate. In this environment, an increase in the interest rate redistributes dollars across households in
proportion to their bond holdings a. The planner values such redistribution in dollars according
to 9,A¢(a,z) for unconstrained households and according to d,A:(a,z) + CPTM for constrained
households. We expect the planner to find it desirable to redistribute resources from households
who save, with a > 0, and have a low social marginal value of wealth, to households who borrow,
with a < 0, and have a high social marginal value of wealth. These terms capture the distributive
pecuniary effect of a change in interest rates, which is central to the determination of optimal

monetary policy as we show next.

Targeting rule and inflationary bias. Combining these optimality conditions allows us to charac-
terize a targeting rule for optimal monetary policy under discretion in Proposition 2 below. This
targeting rule clarifies the tradeoffs optimal monetary policy under discretion balances in our
HANK model. It also facilitates the comparison of our results to the canonical analysis of monetary
policy in RANK, which we show to be nested as a special case by our targeting rule.

It is instructive to derive this targeting explicitly in the main text. To that end, we introduce

21 Since the planner must respect how the union allocates labor, the planner can only consider perturbations that
change hours worked for all households symmetrically.
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two useful policy perturbations that are purposefully designed so that they have a neutral impact
on aggregate excess demand. The first perturbation combines equations (23) and (24), yielding an
aggregate activity condition. This perturbation entails making households work an extra hour while
forcing them to consume the proceeds of any additional income. At an optimum, the marginal

value of this perturbation for a planner must satisfy

// <zu’(Ct(a,z)) - W)gt(a,z) dﬂdZ—//ZXt(a,Z)gt(a,z)dadz _

Aggregate Labor Wedge

As one would expect, the aggregate labor wedge captures the social marginal benefit of increasing
aggregate activity. And if the planner had the ability to control households consumption-savings
decisions (i.e., if x¢(a,z) = 0), the aggregate activity condition shows that a planner would set the
labor wedge to zero. However, the planner must account for the fact that increasing consumption
impacts households’ savings decisions, which counterbalacnes the desire to set the aggregate labor
wedge to zero.”

The second perturbation combines equations (23) and (25) and yields an interest rate condition.
This perturbation entails a unit increase in interest rates while making households directly consume
the resulting pecuniary gains. At an optimum, the marginal value of this perturbation for a planner

must satisfy
// au'(c¢(a,z))gi(a,z) dadz — // axi(a,z)gi(a,z)dadz =0

Distributive Pecuniary Effect

In this case, the social marginal benefit of increasing interest rates is captured by its distributive
pecuniary effect, which is negative.

23

The planner understands that a change in rates simply redistributes resources across savers
and borrowers, since distributive pecuniary effects are always zero-sum in aggregate in dollar terms.
However, since borrowers typically have a higher marginal utility of consumption than savers, a
utilitarian planner perceives that an increase in rates decreases social welfare through this channel.
This desire to redistribute towards high marginal utility households by reducing interest rates—

a motive that is absent in representative-agent economies—is a central determinant of optimal

22 The aggregate activity condition also connects ; directly to the aggregate labor wedge when policy is set with
discretion. When substituting in for %;(a, z) from equation (23), we obtain a condition that defines yi; as a weighted sum
of future labor wedges:

I (20 (et (a,2) = 252 g1 (a,2) dadz
e J[z(1—M;(a,z)) g (a,z) dadz

23 We use the terminology distributive pecuniary externalities as in Davila and Korinek (2018). That paper shows
that distributive pecuniary effects are characterized by i) changes in net asset positions, here 4, and ii) differences in
valuation, here d,A+(a,z). As shown in that paper, if the planner valued a dollar across households identically, market
clearing implies that distributive pecuniary effects are zero, so [[ a9,A¢(a,z)g¢(a,z) dadz = 0.
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monetary policy in our environment. As in the case of the aggregate activity perturbation, the
planner must account for the fact that change interest rates impacts households’ savings decisions.

While both policy perturbations are neutral in terms of aggregate excess demand, they are
not neutral intertemporally in terms of their impact on households” savings decisions. However,
we can scale and combine both perturbations to neutralize the intertemporal effect, obtaining the
targeting rule of Proposition 2. This targeting rule shows that, under discretion, a utilitarian planner

in a heterogeneous-agent environment trades off aggregate stabilization against redistribution.

Proposition 2. (Targeting Rule under Discretion) Optimal monetary policy under discretion is charac-
terized by the targeting rule

// (zu’(ct(a,z)) - U/Ei\:t) >gt(a,z) dadz = QP // au'(c(a,z))gi(a,z) dadz (28)

Aggregate Labor Wedge Distributive Pecuniary Effect

where
@)

o J[a(l—Mi(a,z))gi(a,z)dadz — (1 - My(a,z))agi(a z)
21— My(a,2))gi(a,z) dadz — (1 — My(a,z z)

Equation (28) shows that the welfare impact of a perturbation that jointly increases hours worked
by all households and reduces the interest rate by QP basis points—forcing households to consume
the resulting proceeds—must be zero at an optimum.>* Equation (28) implies that, at an optimum,
the planner sets policy trading off aggregate stabilization and redistribution motives.

The LHS of equation (28) is the aggregate labor wedge and represents the aggregate stabiliza-
tion motive of the planner. The RHS represents the redistribution motive of the planner. Crucially,

the marginal utility of consumption falls with household wealth, so that

// au'(ct(a,z))gt(a,z) dadz = Covg,(, ) (a,u/(ct(a,z))> <0,

where Covy, (, .y (a,u'(ct(a,z))) denotes the cross-sectional covariance between wealth and marginal
utility at time ¢. The redistribution term on the RHS of equation (28) is consequently negative.

Proposition 2 therefore implies that, in the presence of a redistribution motive, a utilitarian
planner under discretion targets a negative aggregate labor wedge, implying an overheated econ-
omy. Proposition 2 thus offers a novel perspective on optimal monetary policy under discretion in
heterogeneous-agent environments.

In the RANK limit of our economy, the planner’s motive to redistribute via distributive
pecuniary interest rate effects naturally vanishes. Formally, the RHS of equation (28) goes to 0 in
that limit. And as a result, optimal monetary policy under discretion focuses solely on aggregate

stabilization, targeting an aggregate labor wedge of 0.

24 And since the net present value MPC, My, is bounded between 0 and 1, we have QP > 0.
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When assuming isoelastic (CRRA) preferences, with u(c) = ﬁclﬂ and v(n) = ﬁn”ﬂ, we

obtain the alternative characterization of the targeting rule under discretion

1 1
= / 7
> ) ,z)dad
Yo 7, [ € 1 i <1 QPf au'(ct(a,z))gi(a,z) dadz 29)
e—11+7 [ [ zu'(ct(a,z))gt(a,z) dadz
Desired Markups: > 1 Benefit from Redistribution: > 1

where Y; denotes natural output as defined in equation (19).

While this output gap targeting rule connects more directly to the canonical results on optimal
monetary policy in RANK, equations (28) and (29) have the same content.

Equation (29) shows that, under discretion, monetary policy targets output to be equal to
natural output, i.e., to close the output gap, up to two wedges. The first wedge is the familiar one
deriving from monopolistic competition and unions” desired markups, due to which employment
may be inefficiently low. As in RANK, this distortion motivates the planner to raise output
above potential, i.e., overheat the economy to raise employment. This desired markup wedge is
positive whenever the employment subsidy T is not sufficiently large. In the RANK limit of our
economy,where QP — 0, the desired markup wedge is the only motive for the planner to target a
non-zero output gap under discretion.

In HANK, a second redistribution wedge emerges. Since marginal utility of consumption falls
with wealth, we have Covg, (. (a,u'(ct(a,2))) = [[ au'(ci(a,z))gt(a,z) dadz < 0. The redistribu-
tion wedge is therefore strictly positive, encouraging the utilitarian planner under discretion to
overheat the economy even further.

An important conclusion of the canoncial monetary policy analysis in RANK is that there are
no gains from commitment when the planner sets the correct steady state employment subsidy and
there are no cost-push shocks. In that case, with QP — 0 in the RANK limit and - 1 = 1, the

e—11+7L
targeting rule (29) simply collapses to Y; = Y;: the target of monetary policy under discretion is then

to close the output gap, which in this case also closes the inflation gap. Divine Coincidence obtains
even without commitment. In HANK, this is no longer the case as a planner under discretion
always has an incentive to overheat the economy due to distributional considerations.

Without commitment, the targeting rule (29) suggests that the planner always faces an incen-
tive to raise output above natural output or, by equation (28) engineer a negative labor wedge,
i.e., a boom. We next investigate the long-term consequences of policy under discretion. Consider
a stationary point of the Markov perfect equilibrium for policy under discretion. The following
Proposition shows that such a steady state features substantially larger inflationary bias than in the
RANK limit.

Proposition 3. (Inflationary Bias) The Markov perfect stationary equilibrium with optimal monetary
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policy under discretion features inflationary bias, given by

ce—1

€
= SAssts { (1 - (1+ TL)> Ags — QP Covy (a2) (a, u’(css(a,z))) } . (30)

Monopolistic Competition: > 0 Redistribution: < 0

Inflationary bias now emerges from two sources: inefficiently low steady state employment due to
monopolistic competition and redistribution. Quantitatively, the contribution of the redistribution
motive is over 4 times larger than that of monopolistic competition in our calibration exercise (also
see Figure 1 in Section 4.3). So the redistribution incentive of a utilitarian planner under discretion
contributes more than 4 times as much to steady state inflationary bias as the classical effect due to
Barro and Gordon (1983).

Practical implications of optimal monetary policy under discretion. There are three main
takeways from our analysis so far. First, when monetary policy is set by a utilitarian planner under
discretion, the economy runs overheated. The utilitarian planner values redistribution towards high-
marginal utility households and trades off this redistribution motive against aggregate stabilization.

Second, the stationary equilibrium with policy under discretion features inflationary bias in
the sense of Barro and Gordon (1983). In our setting, inflationary bias results not only from the
standard motive owing to monopolistic competition but is further exacerbated by the redistribution
motive: When setting policy under discretion, the desire to redistribute towards high marginal
utility households manifests in form of inflation. Quantitatively, this redistribution motive is
substantially larger than the standard source of inflationary bias.

Third, an appropriate employment subsidy—set so that <-}(1 + t') = 1—can eliminate
the steady state markup distortion that stems from monopolistic competition. As in RANK,
the employment subsidy can fully address this source of inflationary bias. In HANK, however,
an employment subsidy alone cannot fully undo inflationary bias in steady state due to the

redistribution motive. Gains from commitment remain large.

4 A Timeless Ramsey Approach

We have shown in Section 3 that the redistribution motive exacerbates inflationary bias when a
utilitarian planner sets policy under discretion. In this section, we develop a timeless Ramsey approach
to characterize optimal monetary policy under commitment in heterogeneous-agent economies.
Our approach proceeds in three steps. First, in Section 4.1, we define a standard Ramsey prob-
lem, which in turn allows us to define and characterize Ramsey plans and stationary Ramsey plans.
In particular, we show in Section 4.2 that the optimal stationary equilibrium under commitment

features 0 inflation, addressing the inflationary bias of policy under discretion in the long run.
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Second, we show in Section 4.3 that, while the standard Ramsey problem addresses inflation-
ary bias in the long run, it suffers from multiple dimensions of time inconsistency and consequently
still features inflationary bias in the short run. In order to find time-consistent planning solu-
tions, we extend the approach of Marcet and Marimon (2019) to our setting (i.e., continuous-time
heterogeneous-agent economies) by introducing timeless penalties for each forward-looking imple-
mentability condition. We then define a timeless Ramsey problem, which augments the standard
Ramsey problem with the timeless penalties, and prove that it is time-consistent. That is, the
timeless Ramsey planner no longer has an incentive to deviate from the stationary Ramsey plan in
the absence of shocks. The timeless Ramsey problem resolves inflationary bias in both the short run
and the long run. In Section 4.4, we associate the timeless penalties required for time-consistent
monetary policy in our model with an inflation target in the spirit of Barro and Gordon (1983) and
a novel distributional target.

Third, in Section 4.5, we characterize optimal stabilization policy under the timeless Ramsey
problem.

Each of the three steps of the timeless Ramsey approach allows us to isolate one important
dimension of optimal monetary policy design. Characterizing the stationary Ramsey plan allows us
to solve for optimal long-run policy, with which the planner addresses distortions and inefficiencies
she perceives in a stationary equilibrium. Characterizing the timeless Ramsey plan and the
timeless penalties that support it allows us to isolate the planner’s incentives to deviate from
the stationary Ramsey plan in the short run due to time consistency problems. And finally,
by characterizing optimal stabilization policy with the appropriate timeless penalty around the
stationary Ramsey plan, we isolate the planner’s pure stabilization motive and no longer confound

it with considerations of long-run distortions and time inconsistency.

4.1 Standard Ramsey Problem and Ramsey Plan

The standard Ramsey problem corresponds to the limit of problem (20) as ¢ — 0, i.e., as the

commitment horizon becomes infinite.

Definition 3. (Standard Primal Ramsey Problem / Ramsey Plan)

a) A standard primal Ramsey problem solves

min max L5P(go) (31)
{¢p1(a,z), xt(a,2), Adi(a,z), put, 0} {ct(a,2), Vi(az), gt (a,z), N, T, it }

where L5 (go) denotes the standard primal Lagrangian, given an initial distribution of bond holdings

and idiosyncratic labor productivity go(a, z):

L5P(g0) = lim L(0, T, go)- (32)
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b) A Ramsey plan corresponds to the solution of this problem and comprises i) paths for prices, my’,
aggregates, Ny, individual consumption allocations and value functions, c;(a,z) and Vi(a, z), and the
cross-sectional distribution, g;(a, z), that satisfy the competitive equilibrium conditions given paths
for interest rates, i, and shocks, (Ay, pr, €t), as well as an initial distribution, go(a, z); ii) a path of
interest rate policy i; and iii) paths for the multiplier functions, ¢¢(a,z), xi(a,z), Ai(a,z), pt, and 6;
that solve (31).

We define the standard Ramsey problem (31) as the limit of problem (20) as the commitment
horizon becomes infinite. For convenience, we state the full problem in Appendix A and emphasize
here that problem (31) corresponds exactly to the conventional Ramsey problem in primal form as
defined, e.g., in Ljungqvist and Sargent (2018).

In Proposition 4 we summarize the optimality conditions that characterize the standard

Ramsey plan. Our derivation relies on a variational approach, formally developed in Appendix A.

Proposition 4. (Standard Primal Ramsey Problem: Optimality Conditions) The optimality condi-
tions for the standard primal Ramsey problem are given by

orpr(a,z) = — Ajpr(a,z) + daxt(a, z) (33)
pere(a,z) = Ue(a, z) + pe(ce(a, z) — AzNy) + Ot 5 Tt(a z) 4+ 0tAi(a,z) + AiAi(a, z) (34)
' d7(a, .

u'(ci(a,z)) = daAe(a,z) — py — 9,}% dZiEZ, 2 + Xt(a,2) (35)

0= // 20,A¢(a,2)g¢(a,z) dadz + z¢™M gi(a,z)dadz — pp — U,EL‘Z\}) (36)
+ // ¢i(a,z) (Zu’(ct(a,z)) - U,EL‘N)> dadz+ 6, // ! deﬂ:l]Z (a,z)dadz
t
0y = omy (1 - / ¢i(a,z)da dz) (37)
+// (aa At(a,z)gt(a,z) + agy(a,2)9,Vi(a, z)) dadz + af'™ ¢(a,z)
0= // <a8a/\t(a,z)gt(a,z) + ac[)t(a,z)aﬂ/t(a,z)) dadz + acl'™ ¢,(a, z) (38)
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where®

dvi(a, )
f'TMzu/(ct(aﬂ))+m—aa)\t(aﬂ)+9t?w and - %i(a,z) = —u"(ci(a,z))

xi(a,z)
gt(a,z)

as well as a set of initial conditions for the multipliers on forward-looking implementability conditions

0=6, (39)

0= ¢o(a,z). (40)

The optimality conditions (33) — (34) hold everywhere in the interior of the idiosyncratic state space. For a
formal treatment of boundary conditions, see Appendices A.3 through A.6.

Equations (33), (35), (34), (36), and (37) respectively correspond to the optimality conditions for the
value function, consumption, the cross-sectional distribution of bond holdings and idiosyncratic
labor productivities, aggregate labor, and wage inflation. Finally, equation (38) corresponds to the
optimality condition for the nominal interest rate, i.e., monetary policy. We present the proof of
Proposition 4 first in continuous time in Appendix A.2 for the interior of the idiosyncratic state
space. We then provide a formal treatment of boundary conditions in Appendices A.3 through A.6.

The optimality conditions for a standard Ramsey planner with commitment can be seen as an
augmented version of the optimality conditions for a discretionary planner, described in Section 3.
Building on our analysis of policy under discretion, we present new insights that emerge from the
six optimality conditions of the Ramsey problem.

First, the multipliers on the forward-looking constraints, ¢;(a,z) for households’ lifetime
utility and 6; for the Phillips curve, have the dual interpretation of promises that a planner must
satisfy or penalties that a planner faces when choosing households’ utility or inflation, respectively.
Throughout the paper, we refer to 6; as an inflation penalty or target, and to ¢1(a, z) as a distribu-
tional penalty or target. In fact, by setting ¢»(a,z) = 0 and 6 = 0, and dropping the two equations
that define the laws of motion by both multipliers, we recover the optimality conditions for policy
under discretion.

Second, the multipliers x;(a,z), At(a,z), and p; have the same interpretation as in the problem
with discretion. Namely, x;(a, z) corresponds to the social shadow value of relaxing the individual
consumption-savings decision, with x;(a,z) > 0 when households over-borrow and x;(a,z) < 0
when households over-save from the planner’s perspective; A¢(a, z) is the social lifetime value of a
household in state (a,z); and y; corresponds to the social shadow value of increasing aggregate

excess demand.

25 The interpretation of CETM is the social marginal value of giving a dollar of (unearned) income to every hand-to-
mouth household. For the perturbations where g{TM shows up, we are holding fixed consumption for all households
when, e.g., perturbing i;, except for the hand-to-mouth households: The planner must respect the borrowing constraint
and cannot freely choose the consumption of households at the borrowing constraint. We therefore consider perturbations
where, only for the hand-to-mouth household, a change in income leads to a change in consumption.
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Third, equations (34), (35), (36), and (38) are the counterparts of equations (22) through (25).
Here, they are augmented by the penalties necessary for a planner to sustain previously made
promises under commitment. Equation (35) is the counterpart of equation (23), and corresponds to
the social consumption-savings optimality condition. With commitment, the planner perceives an

additional cost of increasing consumption for households in state (4, z) when increasing consump-

dt(a,z)
’ dci(a,z)
costly for the planner according to the penalty 6;.

tion reduces the labor wedge, i.e.

< 0, since this generates inflationary pressure, which is

Equation (34) is the counterpart of equation (22). With commitment, the difference between
private lifetime value (15) and social lifetime value (34) also includes an additional flow cost
associated with the individual labor wedge. Intuitively, households for whom t;(a,z) > (<) 0
put positive (negative) pressure on inflation, since the contribute positively (negatively) to the
aggregate labor wedge. This inflationary pressure is costly for the planner according to the penalty
6;.

Equation (36) is the counterpart (24) and represents the planner’s valuation of an increase in
hours worked by all households. With commitment, the planner perceives an additional marginal
benefit of increasing hours when ¢:(a,z) > 0 and that household’s individual labor wedge is is

positive, zu'(c(a,z)) — U'%’t)

> 0. The individual labor wedge captures the increase in lifetime
utility (decrease in lifetime utility if the labor wedge is negative) that a paricular household
experiences when working an extra hour. When ¢(a,z) > 0 the planner faces a negative penalty
(a bounty) for increasing the utility of households in this state, which makes increasing hours
more desirable. Furthermore, the planner understands that increasing hours may directly cause
inflationary pressure through a change in the aggregate labor wedge. When 6; > 0, this makes it
less desirable to increase aggregate activity. This equation is the foundation of our discussion of
optimal stabilization policy in Section 4.5.

Equation (38) is the counterpart of (25). It represents the planner’s valuation of an increase
in the nominal interest rate. With commitment, the planner values the redistribution of dollars
towards households in proportion to d,A¢(a,z) + ¢(a, z). That is, besides valuing gains/losses at
the social marginal value of wealth, the increase in rates changes the lifetime utility of households
by a9, V;(a,z), and this change in utility faces a negative penalty (bounty) given by ¢;(a, z).

Fourth, equation (33), which is central to this paper, has the form of a Kolmogorov forward
equation augmented to account for births and deaths. This equation tightly connects the multi-
pliers on households’ lifetime utility ¢;(a,z), which encode how all lifetime policies determine
households’ lifetime utility with the multipliers on households” optimal consumption-savings deci-
sions, xt(4,z), which capture whether the planner perceives that a household is currently over- or
under-saving. Intuitively, equation (33) is the key promise-keeping relation that a Ramsey planner
with commitment must satisfy. In particular, the evolution of the distribution of distributional
penalties must be consistent with the evolution of households across idiosyncratic states, via A*,

but also account for the birth of promises, captured by the term 9;x;(a, z).
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Fifth, note that the optimality condition for inflation (37) simplifies to
0 = om? (41)
whenever the average of the distributional penalties adds up to zero, that is,

/ ¢r(a,z)dadz =0, Vt. (42)

While we have formally proven that this condition is satisfied at a stationary Ramsey plan (defined
below), we strongly conjecture that it holds everywhere, as we have verified numerically. Moreover,
whenever the distributional penalties cancel on average, equation (41) will be identical to the analo-
gous equation in RANK, as we show in Appendix D. In turn, equation (42) has the interpretation

that a planner does not over- or under-promise on aggregate in terms of lifetime utilities.

4.2 Optimal Long-Run Policy

We are now ready to characterize the gains from commitment in our environment and ask to what
extent Ramsey policy under commitment addresses the inflationary bias associated with discretion.
To that end, we formally define a stationary Ramsey plan, towards which a Ramsey plan may
converge when all shocks converge as t — co. Finding a stationary Ramsey plan is critical not only
to characterize optimal long-run policy but also to be able to leverage perturbation methods to

compute optimal stabilization policy.

Definition 4. (Stationary Ramsey Plan) A stationary Ramsey plan, with (A, pt,€t) = (Ass, Pss, €ss)
constant, is given by (i) an inflation rate, 1ty,, aggregate hours, N, stationary individual consumption
allocations and value functions, css(a, z) and Vs(a, z), and a stationary cross-sectional distribution, gss(a,z);
(ii) a stationary Ramsey policy, is;; and (iii) a set of stationary multipliers, ¢ss(a,z), Ass(a,z), Xss(a,z),
Uss, and Ogs, such that the optimality conditions and the implementability conditions for a Ramsey plan are
satisfied.

In Lemma 21 in the Appendix, we describe the conditions that explicitly characterize a stationary
Ramsey plan. They in turn derive from our characterization of the Ramsey plan in Proposition
(4).26

What are the implications of household heterogeneity for optimal long-run inflation? When

policy is set with discretion, the planner’s redistribution motive substantially exacerbates inflation-

%6 From the stationary counterpart of equation (33), it immediately follows that there is a key necessary condition
for the existence of a stationary Ramsey plan, given by [[ 9,xss(a,z) dadz = 0. We highlight this condition because
it has an important economic interpretation in the context of equation (33). It implies that the “births” and “deaths”
of distributional promises must average out to zero in a stationary Ramsey plan. In the Appendix, we show that this
condition is satisfied in our baseline HANK model. This result has the interpretation that a planner does not want to
over- or under-promise in the aggregate in terms of lifetime utilities.
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ary bias. The following Proposition shows that optimal long-run inflation under commitment is
zero even in the presence of household heterogeneity, i.e., the stationary Ramsey plan features 0%

inflation.

Proposition 5. (Optimal Long-Run Policy) With commitment, optimal long-run price inflation in both
HANK and RANK is zero. That is, Tes = TR = 0.

SS

Our HANK model features long-run neutrality of monetary policy: In any competitive stationary
equilibrium, the real interest rate and the allocation are pinned down by real forces. The only choice
that the planner has is the split between nominal interest rate and nominal price inflation for a
given real interest rate. Inflation and the nominal interest rate affect households’ financial income,
which itself is proportional to the real interest rate rss = iss — 75, symmetrically. Therefore, since
maintaining non-zero inflation is costly due to nominal rigidities while adjusting the nominal rate
is not, the planner finds it optimal to exclusively use the nominal interest rate in the stationary
Ramsey plan while promising to keep inflation at zero. Mathematically, any stationary Ramsey
plan must feature 6 = 0 since 0y is constant. Equation (41) then directly implies that optimal
long-run inflation is zero, 7 = e = 0.

It is important to emphasize that the planner can only maintain zero inflation in the long run
under commitment. As we discuss in Section 3, the planner always faces an incentive to generate
surprise inflation. Even with the appropriate employment subsidy to address the monopolistic
markup distortion, a utilitarian planner has the incentive to use surprise inflation for redistribution.
Under discretion, such surprise inflation is self-defeating as it simply results in inflationary bias. It
is only with commitment that the planner can promise not to generate surprise inflation ex-post.

We conclude our discussion of optimal long-run policy with several remarks. First, the Ramsey
optimality condition for inflation in RANK, equation (73), is exactly parallel to that in HANK,
equation (37). In the RANK limit, the optimality condition for the interest rate collapses to pR* = 0,
which automatically removes any desire to adjust policy to change the (degenerate) distribution
of consumption promises. The Ramsey planner in principle also has a distributional “target” as
in HANK but this target becomes degenerate in the representative-agent limit. Consequently,
the economic determinants of the zero optimal long-run inflation result in both models are the
same. Second, given our assumptions, it should not be surprising that zero-inflation is the optimal
long-run policy. A rich literature, including Chari and Kehoe (1999), Khan et al. (2003), and Schmitt-
Grohé and Uribe (2010), has studied environments in which the optimal long-run policy features
non-zero inflation. Third, a corollary of our analysis is that household heterogeneity can only be
a source of non-zero optimal long-run inflation if the nominal interest rate and inflation affect
individual households asymmetrically. That is, in environments in which inflation and the nominal
interest rate have a differential impact on the distribution of individuals in the economy, we should

expect an optimal long-run policy that features non-zero inflation.?”

27 For example, if households consume different bundles of goods and face different price indices, then inflation will
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4.3 Time Inconsistency, Timeless Penalties, and the Timeless Ramsey Problem

Our definition of the standard Ramsey problem assumes commitment by the planner from time
0 onwards. The resulting Ramsey plan features zero inflation in steady state, thus addressing
the problem of inflationary bias in the long run. Importantly, however, standard Ramsey plans
will generically be time-inconsistent as we describe next. As a result, standard Ramsey plans still
feature inflationary bias in the short run. Motivated by this observation, we introduce and define
timeless penalties in this subsection and use them to formalize a timeless Ramsey problem, which we
show is time-consistent and addresses inflationary bias both in the long run and in the short run.

The implementability conditions that constrain the Ramsey planner include two sets of
forward-looking conditions: individual Bellman equations and the New Keynesian Phillips curve.
Each of these implementability conditions is a source of time inconsistency.

First, consider equation (33), which characterizes the evolution of ¢;(a,z), the multiplier
associated with the forward-looking individual Bellman equation. In our continuous-time setup,
time inconsistency materializes as follows: We know from the standard Ramsey problem that

optimality requires an initial condition

¢o(a,z) =0

for all (a,z) because Vy(a,z) is free. But any stationary Ramsey plan will generically feature
¢ss(a,z) # 0, which follows directly from the stationary version of equation (33), as long as
daXss(a,2) # 0. Hence, even if we initialize the economy at the allocation that obtains at the
stationary Ramsey plan, i.e., g0(4,z) = gss(a,2z), the planner will generically not set policy to
ip = iss in the absence of shocks, which would keep the economy at the stationary Ramsey plan.
This would violate the initial condition of the standard Ramsey problem that ¢o(a,z) = 0 and
precisely formalizes the first form of time inconsistency in our setting.?®

The second source of time inconsistency is the forward-looking Phillips curve. While the first
form of time inconsistency owes to the planner’s incentive to redistribute across agents, the second
one owe’s to the planner’s incentive to exploit firms” locked-in prices. Optimality in the standard

Ramsey problem requires the initial condition
=0

because the planner’s choice of inflation at time 0, 71/, is free. As in the case of ¢ss(a,z), the
stationary Ramsey plan generically features 6ss # 0. This is the classical time consistency problem

in the standard New Keynesian model studied by the vast literature following Barro and Gordon

have asymmetric effects on households’ real purchasing power (Clayton et al., 2018; Cravino et al., 2020).

28 Note that Acharya et al. (2020) have already identified a version of this form of time inconsistency in a HANK
economy. More generally, in incomplete market environments in which pecuniary externalities are present, it is
understood that optimal policies are typically time-inconsistent—see, e.g., Bianchi and Mendoza (2018) and Jeanne and
Korinek (2020).
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Figure 1. Inflationary Bias in the Short Run and the Long Run

Note. Figure 1 illustrates the inflationary bias associated with different planning problems in the short run and in the
long run. We normalize to 1 the inflationary bias associated with policy under discretion when there is no redistribution
motive, i.e., the classical inflationary bias associated with monopolistic competition (red, dashed). All units are relative
to this baseline. The redistribution motive a utilitarian planner faces under discretion exacerbates long-run inflationary
bias by a factor of 4 (red solid). Under the standard Ramsey problem (green), there is no inflationary bias in the long run.
Due to time consistency problems, however, standard Ramsey plans still feature short-run inflationary bias. Only the
timeless Ramsey problem (blue), under which monetary policy is time-consistent, fully addresses inflationary bias in
both the short run and the long run.

(1983).

These time consistency problems imply that standard Ramsey plans still feature inflationary
bias in the short run, as we illustrate in Figure 1. The long-run inflationary bias that plagues
the stationary equilibrium under discretion (red lines) is absent from the stationary Ramsey plan
under commitment (green lines). However, the standard Ramsey planner has an incentivize to
use surprise inflation in the short run because, at time 0, no past promises constrain the planner.
Inflationary bias therefore persists in the short run.

Motivated by this observation, we now introduce timeless penalties, which are at the heart of
our approach. As we show below, a Ramsey planner confronted with these timeless penalties no
longer has an incentive to use surprise inflation in the short run. That is, the timeless penalties
ensure the planner already internalizes at time 0 the promises she would like to make for the future.
Formally, building on Marcet and Marimon (2019), we introduce a penalty or initial promise for
each forward-looking implementability condition that the Ramsey planner faces. In Section 4.4, we
associate the timeless penalties with an inflation target in the spirit of Barro and Gordon (1983) and

a novel distributional target.
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Definition 4. (Timeless Penalty) We define the timeless penalty as

T(¢,0) = //cp(a,z)Vo(a,z) dadz — 0n§

~
Distributional Penalty Inflation Penalty

where we refer to ¢(a, z) as the initial distributional promise and 0 the initial inflation promise.

In principle, the timeless penalty is defined for any pair of initial promises ¢(a,z) and 6. As we
show next, when we confront the Ramsey planner with the timeless penalty for a specific set of
initial promises, the penalty exactly offsets the two time consistency problems. Intuitively, the
timeless penalty ensures that the Ramsey planner at time 0 behaves consistently with the promises
that she would like to make for the future. In other words, the timeless penalty encodes precisely
those promises that the planner would like to make for the long run under commitment.

In order to characterize optimal time-consistent monetary policy, we now define the timeless
Ramsey problem (Woodford, 1999, 2003, 2010) in its primal form.%? 30 Formally, we build on
and extend Marcet and Marimon (2019) to our setting—continuous-time heterogeneous-agent
economies—by augmenting the standard Ramsey problem with the timeless penalties defined
above. The resulting Ramsey problem is indexed by and defined for any set of initial promises ¢ and
6, which act as state variables. The main result of this section is that, under the appropriate penalty,
the timeless Ramsey problem is time-consistent: a timeless Ramsey planner has no incentive to

deviate from the stationary Ramsey plan in the absence shocks.
Definition 5. (Timeless Primal Ramsey Problem) A timeless primal Ramsey problem solves

min max LT (0,9,6),
{p1(a,z), xe(az), A(az), ur, 0} {ct(a,z), Vi(a,z), g1 (az), Ni, i’ i}

where L™ (o, ¢, 0) denotes the timeless primal Lagrangian, given an initial distribution gy as well as two

new state variables: a distributional promise ¢ and an inflation promise 0. The Lagrangian is defined as
L(30,9,0) = L7 (30) + T (9,9) (43)
where LY (go) is the standard primal Lagrangian defined in equation (32).

While we define the Lagrangian LF (o, ¢, ) for an arbitrary set of initial promises ¢ and 6, it will
become clear in the following that the timeless primal Ramsey problem is time-consistent only

if we set ¢(a,z) = ¢ss(a,z) and 0 = 6, for all (4,z). In that case, the timeless penalty encodes

29" A timeless policy, as defined by Woodford (2010), represents a policy that, “even if not what the policy authority would
choose if optimizing afresh at a given date t, ... it should have been willing to commit itself to follow from that date t onward if the
choice had been made at some indeterminate point in the past, when its choice would have internalized the consequences of the policy
for expectations prior to date t.”

30 In Appendix A.8, we also characterize the dual form of the timeless Ramsey problem.
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precisely the promises that the Ramsey planner would like to make in the long run, i.e., in the
stationary Ramsey plan. Also note that the timeless Ramsey problem nests the standard one, which
is time-inconsistent, when we set ¢(a,z) = 0 and 6 = 0, implying L™ (go,0,0) = L5 (go).

A key insight of our approach is that we can transform the standard primal Ramsey problem
into a time-consistent, timeless problem by augmenting it with the timeless penalty. Intuitively, by
confronting the Ramsey planner with a set of penalties for each forward-looking implementability
condition, we introduce an artifical cost that, on the margin, exactly offsets the marginal benefit of
time-inconsistent deviations from the stationary Ramsey plan.

Technically, the timeless penalty enforces a set of initial conditions on the promise-keeping
multipliers of the primal Ramsey problem. In continuous time, the choice of initial lifetime values
Vo(a,z) and inflation 71§ is free under the standard Ramsey problem, which gives rise to the initial
conditions (40) and (39) of the standard Ramsey plan. Indeed, ¢y(a,z) = 0 and 6y = 01is precisely an
expression of the fact that the standard Ramsey planner is not bound by past promises on lifetime
values and inflation at time 0, even though she would like to bind her future self by making such
promises. By augmenting the Ramsey problem with the timeless penalty 7 (¢, 6), we technically

enforce new initial conditions,

¢o(a,z) = P(a,z) (44)
6o =6, (45)

which in turn constrain the planner’s choice of initial lifetime values and inflation. Formally, the
first-order optimality conditions of the timeless primal Ramsey problem, which define the timeless
Ramsey plan, comprise exactly the same equations as in Proposition 4, i.e., equations (33) through
(38), except that the initial conditions for the multipliers are now given by (44) and (45). In economic
terms, it is for this reason that we refer to ¢(a,z) and 6 as initial promises. And when we initialize
the timeless penalty at ¢(a,z) = ¢ss(a,z) and 6 = O, it is as if the timeless Ramsey planner is
confronted with the same promises at time 0 that she herself would like to make in the long run.
Having introduced the timeless Ramsey problem, we now show that it is time-consistent in
Proposition 6, which is the main result of this subsection. At an abstract level, we can interpret
all endogenous variables as functions of (i) the policy path, which we denote by i = {i;}, the
(ii) exogenous shocks, which we denote by Z = {A;, ps, €}, and (iii) initial conditions for the
distribution go(a, z) and promises (¢(a,z),0). This already anticipates the sequence-space repre-
sentation of our model, which we introduce in Section 5. Hence, given an exogenous sequence
of shocks, an initial cross-sectional distribution, as well as initial promises, the planner chooses
among different equilibria by choosing a sequence of policy. We can therefore evaluate the timeless
Ramsey planner’s objective for any given policy path i. The timeless Lagrangian then directly
implies a local efficiency criterion, according to which the Lagrangian’s derivative with respect to

the policy path i must be 0 for any locally efficient policy.
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Proposition 6. (Time-Consistency of the Timeless Ramsey Problem) Optimal policy under the
timeless Lagrangian is time-consistent around the stationary Ramsey plan under the timeless penalty

T<¢SSI st)- That iS,

d .
7LTP <gSSI (,bss: 955/ 1ss, Zss> =0. (46)

di

Proposition 6 is an important pillar of our timeless Ramsey approach, and we state its proof in
Appendix A.7. Equation (46) says that, when we initialize the economy at the stationary Ramsey
plan, i.e. g0(a,z) = gss(a,z), and set the timeless penalties of the timeless Lagrangians equal to
the stationary multipliers, i.e., ¢(a,z) = ¢ss(a,z) and 0 = b, then in the absence of shocks, i.e.,
Z = Z, the stationary Ramsey policy is optimal, i.e., £ L™ (-) = 0 when we set i = i.

Proposition 6 therefore formally establishes that a planner who sets policy according to the
timeless Ramsey problem has no incentive to deviate from the stationary Ramsey plan in the
absence of shocks. That is, the timeless Ramsey planner faces no incentive to use surprise inflation
either in the long run or in the short run. We illustrate this in Figure 1, which shows that the

timeless Ramsey planner always sets inflation to 0 in the absence of shocks.

4.4 Targets for Monetary Policy

We introduced timeless penalties in Section 4.3 and showed that they are critical to address time
inconsistency and resolve inflationary bias in the short run. In this subsection, we argue that the
timeless penalties 655 and ¢ss(a, z) can respectively be interpreted as an inflation target in the spirit of
Barro and Gordon (1983) and a novel distributional target. Connecting to the vast RANK literature on
time consistency and targeting rules, we establish three main results: First, an augmented version
of the standard inflation target is necessary for monetary policy to be time-consistent in HANK. In
the presence of household heterogeneity, the utilitarian planner faces an incentive to use surprise
inflation for redistribution. These novel distributional considerations therefore interact with the
classical time consistency problem on inflation that emerges from the forward-looking Phillips
curve. Second, monetary policy faces a second source of time inconsistency in HANK economies,
stemming from households” forward-looking consumption-savings decision, which requires a
novel distributional target. We show that the two sources of time inconsistency—aggregate and
individual—meaningfully interact now. Third, we justify the interpretation of the timeless penalty
as targets by showing that policy under discretion, when confronted with the timeless penalty, no

longer features inflationary bias in steady state.

4.4.1 Inflation Target

The presence of time inconsistency in the representative-agent New Keynesian model has been
the subject of a vast literature starting with Barro and Gordon (1983)—see Clarida et al. (1999)

and, in particular, Woodford (2010), who, as we do, works with exact structural equations, for
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modern treatments.>! The nature of time inconsistency in RANK models is due to the fact that the
planner faces a forward-looking constraint, the Phillips curve, which makes promises over future
inflation useful to achieve the planner’s objective. In the following, we establish that our timeless
penalty on inflation in the RANK limit of our model, i.e., 05715 RA  takes the exact same form as
the inflation target derived in the literature that follows Barro and Gordon (1983).%? The same time
consistency problem appears in HANK, where the Phillips curve also incentivizes the planner to
make promises about future inflation.

The following Proposition proves an analytical characterization of the inflation target, nesting
both our baseline HANK model and its RANK limit, assuming isoelastic preferences with u(c) =
ﬁclﬂ and v(n) = 1+77n1+’7
Proposition 7. (Inflation Target) With isoelastic (CRRA) preferences, the timeless penalty on inflation in
both RANK and HANK economies is given by

0Ol — (YRA)’y—Hy

0
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where YRA is natural output in the RANK limit, defined in Section 2.7, and
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are distributional wedges that converge to QL, Q% — 1in the RANK limit. In the HANK model, Q,, Q2 #

SS7

1, so distributional considerations shape the inflation target.

The inflation target of Proposition 7 generalizes the standard “Barro-Gordon” inflation target to
environments with heterogeneous households. In particular, equation (47) nests the inflation target
in both HANK and RANK. The only difference is that the distributional wedges disappear in the
RANK limit, i.e., QL, Q% — 1.

In RANK, therefore, the inflation target simplifies to 684 = —2 1 ()T
4 ’ get stmp 7 TSI (1= (1) (VBT

which is the standard linear penalty form of the inflation target. It is well understood that time

inconsistency only emerges under a distorted steady state so that the planner perceives an incentive

to generate surprise inflation and engineer a positive output gap in the short run. In our setting,

31 Tt is well understood that RANK economies suffer from a time consistency problem on inflation whenever i) there
are cost-push shocks or ii) the appropriate employment subsidy is not in place.
32 Lemma 33 in the Appendix provides an exact characterization of the marginal benefit a Ramsey planner perceives

in the RANK limit from time-inconsistent deviations from the stationary Ramsey plan at time 0. We also prove that

the timeless inflation penalty in that limit, XA g’ RA , exactly offsets this benefit and can therefore be interpreted as the

marginal cost of such time-inconsistent deviations.
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this is the case whenever the employment subsidy is not large enough to offset the steady state
markup distortion. In fact, it is easy to see that no inflation target is required under the appropriate
employment subsidy, with % (1+ t*) = 1, because no time consistency problem emerges in that
case.”?

This is no longer true in HANK. Even with the correct employment subsidy to address the
markup distortion in steady state, the time consistency problem on inflation does not disappear.
The marginal benefit a Ramsey planner in HANK perceives from time-inconsistent deviations from
the stationary Ramsey plan now features a set of distributional motives. Specifically, comparing
fss in the RANK and HANK models shows that the two sources of time inconsistency in HANK—
inflation and redistribution—interact. The planner faces a new redistribution motive for surprise
inflation: By overheating the economy with lower nominal interest rates, higher inflation, and
a positive output gap, the planner can depress real interest rates in the short run. This benefits
indebted, high marginal utility households.

An important corollary of this result is that the choice of the inflation target takes on a
distributional dimension whenever the planner has a welfare criterion (or the central bank has a
mandate) that goes beyond aggregate efficiency considerations. The standard time consistency
problem associated with inflation interacts with the novel redistribution motive of the planner.
Crucially, HANK economies feature a time consistency problem on inflation that requires an
inflation target even with the correct employment subsidy to address markup distortions in steady

state.

4.4.2 Distributional Target

We now characterize the second source of time inconsistency in HANK economies, which is
completely absent from RANK economies. It arises because the Ramsey planner disagrees with
households on their consumption-savings decisions given the current nominal rate. In particular,
a Ramsey planner in a HANK economy finds that households in general save too much or too
little, in principle to different degrees. The planner can use the nominal interest rate to adjust
consumption-savings decisions on average, and this is sufficient in a RANK economy to fully
correct the representative household’s consumption-savings decisions. In a HANK economy,
however, the planner would still like to modify households’ relative consumption-savings decisions.
Under commitment, therefore, a Ramsey planner finds it optimal to make promises about future
interest rates, which in turn manifests via promises on household continuation values. It is through
this mechanism that a planner generates promises ¢:(a,z) over time, opening the door to time
inconsistency.

In a RANK economy, it follows from equation (75) that the Ramsey planner sets ¢R* = 0 at all

times. This implies that it is sufficient for the planner to adjust the current nominal interest rate to

3 To see this, plug in for %(1 +7L) = 1 and set the distributional wedges to 1. Then the steady state with
YRA = YRA = 1 implies 682 = 0.
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implement any desired level of aggregate consumption-savings. That is, given that the planner
can adjust the nominal interest rate, there is no need to further distort the consumption-savings
decision of the representative household. And certainly not by making future promises. This
eliminates time consistency problems in RANK economies.

In a HANK economy, on the other hand, two equations determine the multiplier ¢;(a, z). First,
the optimality condition for the nominal interest rate, equation (38), implies that a planner seeks to

distort individual decisions by setting a weighted average of ¢:(a, z) equal to

// adgAt(a,2)gt(a,z) dadz

which captures the distributive pecuniary effects of a change in the nominal interest rate. Intuitively,
an increase in interest rates benefits savers (with a > 0) and hurts borrowers (with a < 0). When
a planner values dollars in the hands of borrowers and savers differently at the margin—it does
so according to the social marginal value of wealth, d,A;(a, z)—this provides a rationale to distort
individual decisions.

Second, the optimality condition for household lifetime value V;(4, z) shows that the evolution
of the distribution of individual penalties satisfies the Kolmogorov forward equation (33), which

we restate here for convenience:
orpr(a,z) = —Afpi(a,z) + daxi(a, z).

Intuitively, this KF equation implies that the distribution of penalties must be consistent with the
law of motion of households across the different individual states, summarized by the operator
A; 3 The term 9,x¢(a, z) is a forcing term and thus a source of time variation in the distribution
of promises ¢;(a, z). If individuals” optimal consumption and savings decisions change as they
transition between different wealth states, then d,x:(a, z) can be interpreted as “births” and “deaths”
of relative promises in the cross section. Solving for ¢; and )x; jointly and characterizing how they

are linked via the Kolmogorov forward equation (33) is one of the contributions of this paper.*®

Proposition 8. (Distributional Target)

a) A utilitarian planner faces a distributional time consistency problem, with distributional penalties that

evolve via the Kolmogorov forward equation defined in equation (33).

b) An Aggregate Efficiency planner—see Divila and Schaab (2021)—does not face a distributional time
consistency problem.

34 Note that the operator A} is mass-preserving, that is, f f A ¢r (a,z) dadz = 0, which allows us to interpret ¢ (a,z)
as a distribution.

35 It should be evident that if households made multiple individual decisions in addition to the consumption and
savings decisions, these would enter equation (33) as additional forcing terms.
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Figure 2. Distributional Target

Note. The left panel of Figure 2 shows the steady state values of the individual target, ¢ss (4, z), normalized by the mass
of households, gss(4, z). The right panel of Figure 2 shows the steady state values of the savings multiplier, xss(4, z), also
normalized by the mass of households, gss(4, z). From the right panel, it immediately follows that the planner perceives
that all agents are under-saving. Note that we formally show that [ [ ¢ss(4,2) gss(4,z) dadz = 0. Note that the planner
perceives that a household is under-saving when xss(4,z) < 0.

An important conclusion from this section is that if a planner (central bank) adopts a welfare
criterion (mandate) that is not the aggregate efficiency one, and if the planner (central bank) would
like to implement a time-consistent policy, then it must also adopt what we call a distributional
target in addition to the standard inflation target. In other words, outside of the aggregate efficiency
criterion, the distributional target becomes necessary for optimal policy.

Finally, it may be helpful to illustrate the form of the distributional penalties, as we do in
Figure 2. The left panel of Figure 2 plots the distributional penalties associated with the stationary
Ramsey plan, ¢ss(a,z), normalized by the mass of households, gss(4, z). The right panel of Figure
2 displays the stationary consumption-savings multiplier, xss(4, z), also normalized by the mass
of households, gss(a,z). From the right panel, it immediately follows that the planner perceives
that all households are under-saving and over-consuming, since xss(a,z) < 0, with poorer and

unemployed households less so.

4.4.3 Targets, Discretion, and Inflationary Bias

We conclude our discussion of targets by briefly revisiting the policy problem under discretion.
Consider again problem (20), where a Ramsey planner sets policy with commitment over a finite
horizon. Our discussion in Section 3 focuses on the limit of this problem as the commitment horizon
becomes vanishingly small, i.e., as ) — oo, which we refer to as policy under discretion. We now
revisit this discussion in the context of timeless penalties and targets. We show—in the spirit of the

canonical analysis of targets (Gali, 2015)—that timeless penalties correspond exactly to the policy
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target—or penalty, in the language of a transferable utility mechanism—that aligns (Markov) policy
under discretion with policy under commitment in steady state.

Define the timeless Ramsey problem with finite commitment horizon by

Wo(g0,9,6) = min max Eo| L(0,71,0) + T (9,0) +¢~ It ety (gr,, 9,0 |, (48)

Timeless Lagrangian: L™

where M, X, and L(0, T, go) are defined as in (20). In words, we confront each finite-horizon Ramsey
planner with the timeless penalties 7 (¢, 0). Consider again the limit {y — oo, which we continue to
associate with policy under discretion. In this limit, Ramsey planners transition instantaneously
and their commitment horizon becomes vanishingly small. But whenever a new Ramsey planner
takes over, she is again confronted with the timeless penalties. In the limit, therefore, these penalties
are active in every instant. In the discrete-time analysis of, e.g., Gali (2015), we would say that the
planner faces these penalties in every period.*® In this sense, the resulting sequence of timeless
penalties 7 (-) takes the form of a linear penalty target using the language of the mechanism design
literature following Barro and Gordon (1983) and Walsh (1995). We now obtain the following result.

Proposition 9. (Monetary Policy under Discretion with a Target) The Markov perfect stationary
equilibrium that corresponds to problem (48) as { — oo, which we refer to as policy under discretion with

targets, features no inflationary bias. That is, 75 = 0.

Proposition 9 underscores again that the timeless penalties we introduced and characterized in this
section should be thought of as targets: an augmented inflation target and a new distributional
target. The resulting problem (48) resembles the kind of transferable utility mechanism that
has been shown to address time inconsistency in the standard New Keynesian model (Walsh,
1995). Proposition 9 shows that our timeless penalty aligns monetary policy in the Markov perfect

stationary equilibrium under discretion with optimal policy under the stationary Ramsey plan.

4.5 Optimal Stabilization Policy

Finally, we compare optimal monetary stabilization policy in HANK and RANK. In the classical
representative-agent analysis, prescriptions for monetary stabilization policy have commonly been
summarized in the form of targeting rules (Clarida et al., 1999; Gali, 2015). We follow this tradition
in our analysis. In fact, our main result in this subsection is a non-linear, i.e., exact, targeting rule for
optimal monetary stabilization policy in response to demand, productivity, and cost-push shocks
that nests both RANK and HANK. As in our discussion around equation (19), we denote by YtRA

36 Equation (48) closely resembles the optimal transferable utility mechanism that emerges in this kind of environment.
See for example Clayton and Schaab (2021) for a recent treatment. Establishing formally whether our timeless penalty
corresponds to the optimal transferable utility mechanism in our environment goes beyond the scope of this paper.

40



natural output in the RANK limit of our economy, which varies with productivity and cost-push

shocks, but not with demand shocks.

Proposition 10. (Targeting Rule for Stabilization Policy under Commitment) We summarize

optimal monetary stabilization policy with the targeting rule

(14 7F )Ql—i—Gt(l—'y)Q%}”i’/‘ (19)

Y, = YR4
e { 1+60,(1+7n)%

We start by revisiting the classical results on monetary stabilization policy in RANK through the
lens of targeting rule (49). In RANK, we have Q] = O? = 1. Suppose that we also allow for the
appropriate steady state employment subsidy, so that <1 (1 + ) = 1 and there is no steady state
distortion due to monopolistic competition.

Consider first the case of demand and TFP shocks. Suppose the planner closes the wage

@RA — 0. This implies OR*

inflation gap so that 7, = 0 from equation (73) because, under zero
inflation, the planner never builds up inflation promises. Consequently, the term in brackets in
equation (49) simply becomes 1, and we have YR* = YRA. In response to demand and TFP shocks,
the Ramsey planner in RANK wants to close both the inflation and output gap. This is the seminal
Divine Coincidence benchmark (Blanchard and Gali, 2007). In RANK, there is no tradeoff between
inflation and output in the absence of cost-push shocks.

In the case of cost-push shocks, Divine Coincidence breaks down, even in RANK. Suppose
again that the planner closes the wage inflation gap, implying 7t} RA — gRA — 0. With ¢; # €, we
have YRA = YRA{ s(14 7)o 7 . The planner consequently does not find it optimal to close the
inflation and output gaps at the same time.

In a HANK economy, we generically have O}, O? # 1. In the presence of these distributional
wedges, Divine Coincidence fails even with the appropriate employment subsidy: the Ramsey
planner never finds it optimal to close both output and inflation gaps at the same time. In other
words, the Ramsey planner always perceives a tradeoff between aggregate stabilization, i.e., the
inflation and output gaps, on the one hand, and distributional considerations on the other hand.

At the same time, Proposition 10 tells us that accounting for distributional considerations in
stabilization policy generically comes at the cost of aggregate efficiency. For a planner (central bank
mandate) that only values aggregate efficiency, Divine Coincidence is restored (Dévila and Schaab,
2021). The targeting rule for optimal monetary stabilization policy for such a planner is the same as

the RANK targeting rule.
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5 Quantitative Analysis in Sequence Space

In this section, we extend the sequence-space approach (Boppart et al., 2018; Auclert et al., 2021)
to Ramsey problems and welfare analysis. This allows us to compute transition dynamics under
optimal policy—with and without commitment—efficiently and fast. In particular, we show that
the timeless Ramsey approach we developed in Section 4 allows us to leverage sequence-space
perturbation methods and extend the fake-news algorithm of (Auclert et al., 2021) to compute

optimal policy dynamics.

5.1 Sequence Space Methods for Optimal Policy in HANK

To characterize optimal stabilization policy, we work with an abstract sequence-space representation
of our model. The results we develop in this section build on recent work by Boppart et al. (2018)
and Auclert et al. (2021), and extend the sequence-space approach to Ramsey problems and welfare
analysis in heterogeneous-agent economies.

Equilibria in our baseline HANK economy can be summarized by an equilibrium map that take

as inputs the time paths of aggregates,
H(X,i,Z) =0, (50)

where i = {i; };>¢ denotes the path of policy, Z = { Ay, pt, €t }+>0 the path of exogenous shocks, and
X the path of macroeconomic aggregates. Given an initial cross-sectional distribution gy (a, z), which
is implicitly encoded in (-), the equilibrium map (50) characterizes macroeconomic aggregates in
terms of policy i and shocks Z, i.e., X = X (i, Z). The sequence-space representation (50) of general
equilibrium in our model is as in Auclert et al. (2021), except that 7{(-) here also takes the path of
policy i as an input, which is set optimally by the planner. Optimal policy, in turn, is determined as

part of a Ramsey plan, whose sequence-space representation we characterize next.

Proposition 11. (Sequence-Space Representation of Ramsey Plans) Given an initial distribution
Qo(a, z), initial promises ¢(a,z) and 6, as well as a path for exogenous shocks Z, a Ramsey plan jointly
characterizes macroeconomic allocations and prices X, optimal policy 8, and multipliers M. Its sequence-
space representation is given by

R(X,M,i,Z) =0, (51)

where we leave implicit the dependence of the Ramsey map R(-) on go(a,z), ¢(a,z), and 6.
We prove the sequence-space representations of equilibrium (50) and Ramsey plans (51) in Appen-
dices B.1 and B.2.

Our sequence-space representation of Ramsey plans in heterogeneous-agent economies is

valid for any initial distribution gy(a,z) and initial promises ¢(a,z) and 6. Equation (51) therefore
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recovers the standard Ramsey plan of Proposition 4 when we set ¢(a,z) = 0 for all (a,z) and
= 0. Similarly, it follows directly from Proposition 6 that the Ramsey plan characterized by (51)
is time-consistent when instead evaluated at (gss, ¢ss, 0ss)- In that case, we refer to it as a timeless
Ramsey plan. In the following, we always initialize the timeless penalty at ¢(a,z) = ¢ss(a,z) and
8 = 0ss, and focus on characterizing the response of optimal policy, di, to exogenous shocks, dZ,
under the timeless Ramsey plan.

The Ramsey plan representation (51) consists of two sets of equations. The first block is the
system of equations (50), which characterizes aggregate allocations and prices X given policy i
and shocks Z. The second block comprises the first-order optimality conditions of the Ramsey
problem that solve for aggregate multipliers M and policy i. Crucially, the Ramsey equations
that characterize optimal policy are coupled with those that describe the evolution of multipliers.
Unlike the equilibrium map #(-), which suffices to solve for transition dynamics given policy, the
Ramsey map R(-) takes as inputs the aggregate multipliers M and features the equations that
characterize them.?’

In this sequence-space representation, we refer to a (timeless) Ramsey plan as the time paths
of aggregates, R = (X, M,i).*® The system of equations (51) characterizes a Ramsey plan as a
function of the exogenous shocks, i.e.,

R =R(2),

implicitly taking as given an initial distribution go(a,z) as well as initial promises ¢(a,z) and
6. The sequence-space representation of Ramsey plans R in Proposition 11 is not unique. One
minimal representation of our baseline economy, which we use in our numerical implementation, is
X = {A, Nt }i=0, M = {1, 0: }1>0, and i = {i; }+>0, where A; is the aggregate labor wedge. In that
case, the Ramsey plan representation (51) becomes a system of five equations: the definition of A;
as the aggregate labor wedge, the resource constraint (18), as well as the three aggregate optimality
conditions (36), (37), and (38). Together, they solve for the Ramsey plan as a function of shocks,
ie, X(Z), M(Z), and i(Z), taking as given an initial cross-sectional distribution go(a, z), as well as
initial promises ¢(a,z) and 6.

Finally, notice that while Proposition 11 develops a sequence-space representation of Ramsey
plans in heterogeneous-agent economies, it is a non-linear, i.e., exact, representation. We will not
make use of sequence-space perturbation methods, i.e., approximate representations, until Section
5.1.2.

57 In this sense, Proposition 11 and the sequence-space representation of Ramsey plans (51) are closely associated
with the timeless primal Ramsey problem, rather than its dual form. This discussion already anticipates that solving the
Ramsey plan in its primal sequence-space representation requires solving for the transition dynamics of multipliers, as
we further discuss below.

3 In Section 4.1, we defined a Ramsey plan as the time paths of both aggregates and individual objects—namely,
individual allocations, the cross-sectional distribution, and individual multipliers. In the sequence-space representation
of our economy, we can express these individual objects as functions of the time paths of aggregates, as we formally
show in Appendices B.1 and B.2. We thus loosely refer to a Ramsey plan in sequence-space form as the time paths of
aggregates (X, M, i) with the understanding that the remaining individual objects can be expressed and easily obtained
as functions of these.
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5.1.1 Non-Linear Optimal Policy

The sequence-space representation of a timeless Ramsey plan in our economy is a system of non-
linear equations. We can directly solve (51) non-linearly to compute optimal stabilization policy
around the stationary Ramsey plan for any sequence of shocks Z that reverts back to Z.

Computing timeless Ramsey plans non-linearly is tractable and fast in our baseline HANK
economy. Using an efficient quasi-Newton algorithm, we can solve the system (51) non-linearly in
less than 10 seconds.*” However, computing non-linear transition paths in more complex HANK
economies with richer cross-sectional heterogeneity can become cumbersome. Local perturbation
methods, on the other hand, are fast and oftentimes very accurate in the context of canonical HANK
environments.*’

In the remainder of this section, we develop sequence-space perturbation methods to approxi-
mate optimal policy in a neighborhood around the stationary Ramsey plan. In principle, we can
take either the primal or the dual representation of our Ramsey problem as a starting point to
approximate optimal policy. In Sections 5.1.2 and 5.1.3, we present both approaches and argue that

they have distinct advantages and disadvantages in different contexts.

5.1.2 Optimal Policy Perturbations in the Primal

To approximate optimal policy in the primal representation of the Ramsey problem, we take as our

starting point the system of equations (51).

Proposition 12. (Optimal Policy Perturbations in the Primal) Consider the primal Ramsey problem
and the associated Ramsey plan, which is characterized by (51) and solves R(-) = 0. Suppose we initialize
the Ramsey plan at the cross-sectional distribution go(a,z) = gss(a, z) and with initial timeless penalties
¢(a,z) = ¢ss(a,z) and 6 = Oss. To first order, optimal stabilization policy is then characterized as part of
the Ramsey plan by

dR = —Ry'RzdZ (52)

where dZ = Z — Zg is the exogenous shock, dR = (dX,dM, di) denotes the response of the Ramsey plan,
and Rg and Rz are Jacobians of the Ramsey plan map.

39 We use the quasi-Newton algorithm developed by Schaab and Zhang (2021) and Schaab (2020) to compute non-
linear transition paths in heterogenous-agent economies. The code is available at https://github.com/schaab-lab/
SparseEcon. Using this solver, computing non-linear Ramsey plans for our baseline HANK economy takes less than 10
seconds on a personal computer for discretized time grids with up to 150 nodes. For this experiment, we use a 2020
13-inch MacBook Pro with an M1 chip and 16 GB memory.

40 When computing Ramsey plans non-linearly, we use quasi-Newton rather than standard Newton methods. This
means that we compute the Jacobians involved in the algorithm once and subsequently use a recursive approximation.
In practice, the algorithm never has to recompute the Jacobians and converges quickly, precisely because first-order
perturbation solutions are typically very accurate approximations in canonical HANK economies. Therefore, the objects
we need are precisely those we also compute below in Section 5.1.2, i.e., Rg and Rz evaluated around the stationary
Ramsey plan, using a fake-news algorithm. As long as the quasi-Newton algorithm does not require that we recompute
the Jacobian matrix, computing the non-linear solution is just as fast as the fake-news algorithm for the perturbation
approach, requiring the computation of only a single column of the Jacobians Rr and Rz.
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We prove Proposition 12 in Appendix B.3.

Note that the characterization of stabilization policy in Proposition 12 relies on initializing
the Ramsey problem with the proper timeless penalties, so that R(-) characterizes a timeless
Ramsey plan. With the appropriate timeless penalties, 4R only captures the planner’s stabilization
motive in response to shocks dZ. Without them, 4R conflates the stabilization motive with time
consistency problems and is consequently no valid solution of optimal stabilization policy to first
order. Our timeless Ramsey approach is therefore the critical foundation that allows us to leverage
perturbation methods to compute optimal stabilization policy.

To approximate Ramsey plans to first order in the primal, we have to compute two first-order
derivative matrices, Rgr and Rz. These matrices can in turn be constructed from sequence-space
Jacobians, which allows us to leverage the power of sequence-space perturbation methods. In
Appendix B, we extend the fake-news algorithm developed by Auclert et al. (2021) for sequence-

space Jacobians to compute optimal policy and Ramsey plans.*!

5.1.3 Optimal Policy Perturbations in the Dual

Appendix A.8 formally introduces the dual form of our timeless Ramsey problem. While the
previous subsection directly leverages the primal representation of Ramsey plans, an alternative
sequence-space perturbation method can be developed by using the dual form as a starting point.
We do so in Appendix A.9.

The key advantage of the dual approach is that multipliers do not explicitly have to be com-
puted as part of the Ramsey plan solution. When the multiplier equations are particularly complex
and computationally intensive, this can be an important advantage. The main disadvantage of
the dual approach is that it relies on second-order derivatives, whereas the primal approach re-
lies on first-order derivatives. In Section B, we therefore introduce sequence-space Hessians as the
natural second-order generalization of sequence-space Jacobians. Finally, Appendix A.9 offers
a detailed discussion on the advantages and disadvantages of the dual approach relative to the

primal approach of Section 5.1.2.

5.2 Optimal Stabilization Policy Experiments

In this section, we compute and characterize optimal monetary stabilization policy in response to
different types of shocks, comparing results for our HANK baseline economy against the classical

RANK benchmark. The primary goal of our quantitative analysis is to further shed light on the key

41 Auclert et al. (2021) show how to use the equilibrium map (50) to efficiently compute transition dynamics for
a given path of policy to first order. They develop a general model representation of the standard micro block of
competitive equilibria in heterogeneous-agent economies, i.e., the set of equations that characterize the allocations and
behavior of individual agents. We show in Appendix B that computing optimal policy using the sequence-space Ramsey
plan representation (51) requires a second “micro block,” namely the set of individual multiplier equations. We develop
a general sequence-space representation for this multiplier block and show that the same principles underlying Auclert
et al. (2021)’s fake-news algorithm can be used to efficiently compute sequence-space Jacobians for multipliers.

45



departures from the classical consensus on optimal monetary policy as, for example, summarized
in Clarida et al. (1999), Woodford (2003), and Gali (2015).

Calibration. We adopt isoelastic preferences and use standard parameters for household prefer-
ences in both model benchmarks, setting the discount rate to a quarterly p = 0.02, the elasticity of
intertemporal substitution to y = 2, and the inverse Frisch elasticity to 7 = 2. We set the elasticity
of substitution between labor varieties to € = 10 and the nominal wage adjustment cost to 6 = 100,
following standard practice in the wage rigidity literature (Auclert et al., 2020).

The main difference between our representative- and heterogeneous-agent benchmarks is
the earnings process that households face. In our HANK model, we assume that z; follows a
two-state Markov chain, with z; € {z%,z1}, where z& = 0.8 and z = 1.2. We set the quarterly
Poisson transition rate out of both states to 0.33. Our RANK benchmark can be seen as the limit as

zbzZH 57 =1 and using as initial condition for the cross-sectional distribution a Dirac mass at

(a,z) = (0,2).

Finally, in the following exercises we assume that the planner sets the employment subsidy t*
to address the wage-markup distortion in stationary equilibrium. That is, (1 + t*) % = 1. Since
much of the analysis of monetary policy in RANK has made use of such an employment subsidy;
we also report results in the main text under this assumption to facilitate comparison to the classical

results.

Shocks. Following the standard New Keynesian literature, we consider three types of shocks—
demand, productivity, and cost-push shocks. We assume that the three shocks follow mean-

reverting AR(1) processes. In continuous time, this implies that

Ay =Ca(A—-Ay), é=Cc(e—e), and pr=2Ep(p—pr)

where A, €, and p denote the steady-state constant levels. We study one-time, unanticipated (“MIT"”)
shocks at time t = 0, so that Ay, €p, and pg jump and subsequently revert back to their steady-state
levels following the above laws of motion. We set the initial shock levels to Ag = 1.005A4, €9 = 1.25¢,
and pp = 1.5p, and calibrate the shock’s persistence in each case to a half-life of one quarter.

Transition dynamics with interest rate rules. For reference, we also compute the transition
dynamics of both HANK and RANK models for the case where monetary policy is not set optimally
but instead follows a standard interest rate rule. We report these results in Appendix F.3.

Sensitivity analysis. We perform additional sensitivity and robustness analysis in Appendix F.4.

In particular, we replicate the following numerical experiments for economies featuring differing

degrees of earnings and consumption inequality. These exercises underscore that uninsurable
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Figure 3. Optimal Policy Transition Dynamics: Demand Shock

Note. Transition dynamics after a positive discount rate shock in both RANK (red) and HANK (blue) models under
optimal monetary stabilization policy. Discount rate shock is initialized at pg = 0.025 and mean-reverts to 1ts steady state
value p = 0.02, with a half-life of 1 quarter. Panels (A) through (C) report the dynamics of the output gap Y‘ , hatural
output, and the shock, all in percent deviations from the stationary Ramsey plan. Panels (D) through (F) report CPI
inflation, wage inflation, and the optimal interest rate, all in percentage point deviations from the stationary Ramsey
plan.

earnings risk and incomplete markets are the key economic force that motivates departures of

optimal policy from the classical targeting rules in RANK.

5.2.1 Demand Shocks

We start by discussing optimal stabilization policy in response to a demand shock. We display
the associated transition dynamics in Figure 3. See Figure 10 in Appendix E.3 for the analogous
impulse responses under a Taylor rule. Demand shocks have no impact on natural output in RANK.
In HANK, we see natural output increase slightly after a positive demand shock because unions’
valuation of wages changes.

The classical result on optimal monetary stabilization policy in RANK is that Divine Coinci-
dence obtains in the face of demand and productivity shocks: the planner perfectly stabilizes both
the output and inflation gaps. This sharp benchmark result requires the appropriate employment
subsidy, of course, which we assume here. To support this desired allocation, the planner raises the
interest rate by about 50 basis poins to lean against the 50 basis point discount rate shock.

In HANK, the planner again leans against the demand shock, stabilizing output and inflation
gaps, but not as strongly as in RANK. Especially the output gap is allowed to open up meaningfully.
The on-impact output gap response under optimal policy is only dampened by 50% relative to

the Taylor rule case. The inflation gap, on the other hand, is stabilized almost entirely. Unlike in
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Figure 4. Optimal Policy under Discretion: Demand Shock

Note. Transition dynamics after a positive discount rate shock, comparing optimal policy in HANK with commitment
(blue), i.e., under the timeless Ramsey problem, and under discretion (red). Discount rate shock is initialized at py = 0.025
and mean-reverts to its steady state value p = 0.02, with a half-life of 1 quarter. Panel (A) plots output in percent
deviation from the O-inflation steady state for commitment (blue) and in percent deviation from the Markov perfect
equilibrium with inflationary bias for discretion (red). Panel (B) plots the underlying shock in percent deviations.

RANIK, the path of interest rates that supports this allocation features a hump, where the planner
only gradually increases the nominal rate.

The hump-shaped paths of the output and inflation gaps under optimal monetary policy in
Figure 3 are due to commitment. In Figure 4, we plot the relative output paths when optimal
monetary policy is set under discretion (red) and under the timeless Ramsey problem (blue). Under
discretion, the planner cannot manipulate expectations about future policy and has no incentive to
promise an over-shooting. With commitment, the planner finds it optimal to promise over-shooting
of both output and inflation. This is reflected in the hump-shaped optimal interest rate path in

Figure 3.

5.2.2 Productivity Shocks

We next turn to optimal stabilization policy in response to a TFP shock. Figure 5 reports the
transition dynamics of the economy under optimal policy, while Figure 9 in Appendix E.3 reports
those under a Taylor rule for comparison.

In both model benchmarks, natural output increases in response to a positive productivity
shock. Natural output increases less than one-for-one, primarily due to diminishing marginal utility
from consumption and convex disutility from labor (see Section 2.7). In HANK, natural output
increases slightly less than in RANK as a result of union wage bargaining, which now features a
distributional consideration.

Optimal stabilization policy in HANK follows the same principles as in RANK, with minor
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Figure 5. Optimal Policy Transition Dynamics: TFP Shock

Note. Transition dynamics after a positive TFP shock in both RANK (red) and HANK (blue) models under optimal
monetary stabilization policy. Initial shock is 1% of steady state TFP and mean-reverts with a half-life of 1 quarter. Panels
(A) through (C) report the dynamics of the output gap, Yf , natural output, and the shock, all in percent deviations
from the stationary Ramsey plan. Panels (D) through (F) report CPI inflation, wage inflation, and the optimal interest
rate, all in percentage point deviations from the stationary Ramsey plan.

quantitative departures. The planner largely stabilizes both output and (wage) inflation gaps, but
not fully. The planner allows both to become briefly negative on impact, before becoming positive
and overshooting, yielding a hump-shaped response. The wage inflation gap on impact is small,
reaching only —0.02%, and consequently not meaningfully different from 0. Compared to the
response of wage inflation under a Taylor rule, where the wage inflation gap opens up to 0.4%
under the same shock, this deviation from the Divine Coincidence benchmark of RANK should be
viewed as minimal. Similarly, while optimal policy stabilizes the output gap substantially relative
to policy under the Taylor rule, the planner allows a small negative output gap to open up. The
on-impact negative output gap under optimal policy is less than 20% of the size of the output gap

under the Taylor rule.

5.2.3 Cost-Push Shocks

Finally, we consider a cost-push shock under which the desired wage mark-up of labor unions
changes and natural output increases by 0.25%. We report the transition dynamics under optimal
policy in Figure 6, and also report the analogous transition dynamics under a Taylor rule in Figure
11 in Appendix F for comparison.

In RANK, Divine Coincidence fails in the presence of cost-push shocks and the planner now
faces a tradeoff between inflation and output. Optimal stabilization policy is accommodative,

lowering the nominal interest rate, but a small negative output gap still opens up.
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Figure 6. Optimal Policy Transition Dynamics: Cost-Push Shock

Note. Transition dynamics after a positive cost-push shock in both RANK (red) and HANK (blue) models under optimal
monetary stabilization policy. The cost-push shock is modeled as an increase in labor union’s desired wage mark-up.
The shock is initialized at g = 11 and mean-reverts to its steady state value € = 10, with a half-life of 1 quarter. Panels
(A) through (C) report the dynamics of the output gap, Yf , natural output, and the shock, all in percent deviations
from the stationary Ramsey plan. Panels (D) through (F) report CPI inflation, wage inflation, and the optimal interest
rate, all in percentage point deviations from the stationary Ramsey plan.

In HANK, natural output again increase but slightly less due to distributional concerns in
union bargaining. Monetary policy eases substantially less than in RANK, allowing a sizable
negative output gap to open up. However, there is still substantial stabilization relative to the

Taylor rule case. Especially inflation is again stabilized substantially.

6 Conclusion

In this paper, we have characterized optimal monetary policy in a HANK economy in which
households face uninsurable idiosyncratic risk and wages are rigid. We showed that policy under
discretion is subject to a novel redistribution motive, which leads to exacerbated inflationary bias
in steady state. Following a timeless Ramsey approach, we have studied optimal long-run policy
and optimal stabilization policy under commitment, analyzed the question of time consistency, and
analyzed optimal policy under discretion. We show i) that zero inflation is the optimal long-run
policy (in our baseline model), ii) that a planner faces two sources of time inconsistency (inflation
and distributional) that non-trivially interact with each other, and iii) that the Divine Coincidence
does not hold in HANK economies in response to non-cost-push shocks, even when it would in
RANK economies.

Lastly, our paper establishes that time-consistent, optimal monetary stabilization policy gener-

ically requires a distributional target—alongside the classical inflation target—whenever a welfare
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criterion is used that has distributional considerations beyond aggregate efficiency. If societies
consider expanding central banks” mandates in the future to include distributional considerations,
they will also confront a new set of time consistency problems that may warrant a revision of the

classical targeting framework.
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A Proofs and Derivations for Section 4

In this Appendix, we present the proofs and main derivations for the results of Section 4. We start
in Appendix A.1 by stating formally the implementability conditions for the Ramsey problem of
Section 4 in continuous time. We also provide additional details on the generator and adjoing, A;
and A}, which we use in the main text.

We then formally state and solve the standard primal Ramsey problem in Appendix A.2. The
resulting optimality conditions, which we report in the main text in Proposition 4 hold everywhere
in the interior of the state space over (4, z).

A key challenge in solving Ramsey problems with heterogeneous agents is to formally account
for boundary conditions, in particular the borrowing constraint at 2. We find it convenient to derive
all proofs that explicitly account for the boundary of the state space in a discretized version of our
model. We follow Achdou et al. (2021) and work with a consistent finite-difference discretization of
our continuous-time heterogeneous-agent equations, which of course converge in the limit to our
baseline HANK economy. We follow this approach in the remainder of this appendix.

In recent work, Gonzélez et al. (2021) follow a similar approach, first casting the optimal
policy problem in continuous time, and then discretizing the resulting Ramsey plan conditions.
The main difference between our paper and theirs is that they directly take their discretized system
of equations to Dynare to obtain a numerical characterization of the Ramsey plan. We leverage
the discretized equations to prove the main results on time consistency for our timeless Ramsey
approach in Section 4. Our primary interest in discretizing the Ramsey plan conditions is to
properly take into account the borrowing constraint faced by households, as well as the distribution

mass point that emerges at the borrowing constraint.

A1 Competitive Equilibrium and Implementability

A competitive equilibrium of our baseline HANK model can be characterized by three blocks
of equations. First, there is an individual block, explained in the text, which corresponds to
the households” HJB, their optimality condition for consumption, and the Kolmogorov forward

equation:

pVi(a,z) = 0iVi (a,z) +u(ct (a,2)) — v (Ny) — g () + AVi (a,2),
u' (¢t (a,z)) = 9,V; (a,z)
018t (a,z) = Aj g (a,2) .

Ay is the infinitesimal generator of the process (a;,z;). Intuitively, it captures an agent’s perceived

law of motion of the process d(a;, z¢). It is analogous to a transition matrix in discrete time, and it is
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defined by
Aifi(a,z) = (rta + zw; Ny — ct(a,z))auft(a,z) + A.fi(a,z), (53)

for any function f;(a,z) : R®> — R, where A, is an additively separable component that captures
perceived transition dynamics of earnings risk. We leave the structure of A; fully general in our
derivations, except that we assume it to be independent from policy. Our baseline results currently
do not apply to the case of counter-cyclical earnings risk that responds to monetary policy, for
example, but extending our approach to this more general case is straightforward.

We denote the adjoint of the infinitesimal generator by .A;. The adjoint is defined by

Al fi(a,z) = —0, [(rta + 2wy N — ct(a,z)) ft(a,z)} + A fila,2), (54)

where A is the adjoint of A..
Second, there is an aggregate block, which includes the New Keynesian wage Phillips curve,
the production technology, the wage equation, the Fisher equation, and and equation that relates

price and wage inflation:

ele—1
7'[;0 = pﬂ'?} + S c (1 + TL)tht — U/(Nt) Nt
Y: = AiN;
wy = Ay
ry = it — 70
A
=1y — Zi

Finally, we have the market clearing conditions in the goods and bond markets, given by
Y =C = //ct (a,2z) gt (a,z)dadz
0=B;= //agt (a,z)dadz.

The following Lemma defines the set of implementability conditions that act as constraints for

a Ramsey planner.

Lemma 13. (Implementability conditions) The set of equations that define an equilibrium can be
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expressed as implementability conditions for a standard primal Ramsey problem as follows:

pVi(a,z) = 0;Vi(a,z) + u(ce(a,z)) —v(N;) — g(n?’)z + AiVi(a, z)

u'(ct(a,z)) = 9,Vi(a, z)

0igt(a,z) = Afgi(a, z)

0= A;N; — // ct(a,z)gt(a,z)dadz

A.2 Derivation of Ramsey Plan in Continuous Time

In this section, we prove Proposition 4 and derive the continuous-time optimality conditions that
characterize the optimal Ramsey plan in the interior of the state space. We defer a formal treatment
of the boundary and associated boundary conditions to the following sections.

It is useful to adopt more compact notation for this derivation. In particular, we drop time
subscripts and make implicit the dependence of individual variables on states, so that c;(a,z)
simply becomes c. Furthermore, we now reserve subscripts to denote partial derivatives, so that
osct(a, z) will simply become c;.

The functional Lagrangian associated with the standard primal Ramsey problem is given by
SP © t o w\2
L (g0) = [ e {//{[u<c>—v<w>—2<n 2s
[ )
+¢| —pV+Vi+u(c)—v(N) - E(rcw)2 + AV
afwe -
+A| -+ A*g} }dadz

—u //cgdadz—AN}

+ 0| — Y+ o + g (6;1(1 +1HAA — v’(N))N} }dt

We now use the following auxilliary results, integrating various partial derivatives in the
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above Lagrangian by parts. We have
/Ooo // [epfqavt] d(a,z)dt = / [— v(0,a,2)V(0,a,z) +p /000 e PloVdt — /Ooo ept(Ptth] d(a,z)
/ooo // [emgf] d(a,z)dt = / [— A(0,a,2)8(0,a,2) +p /0 " e Piagdt — /0 N ePfAtgdt] d(a,z)
/OOO [e_ptﬁm] dt = —8(0)7(0) +p /O.oo e Pomdt — /Ooo e PO rrdt.

Next, for the adjoint, we have

— /OOO e_“’t/ AA*gd(a,z)dt = — /Ooo e Pt //(A/\)gd(a,z)dt,

where we drop boundary terms, which we consider formally in the following subsections. And for

the generator, we have

/Oo e_pt/gbAVdadzdt = /oo e‘pt/ VA*$pdadzdt
0 0

Finally, for the consumption FOC, we simply have

~ [ et [[ xVidadzdt = [t [[ xoVdadzt,
0 0

where we also drop boundary terms.

The functional Lagrangian can thus be rewritten as

L (g0) = [ epf{ // { 1(6) = e = o(N) ~ 57
=V VA ()~ o(N) - 572
+x1'(c) + xaV
+ A — pAg o+ gAA}dadz

+uAN

+ O+ 19% <€ - Lafehyan— v’(N))N}dt

We now consider a general functional perturbation around a candidate optimal Ramsey plan, and

parametrize this perturbation by a« € IR. Since « is a scalar, the maximum principle then implies
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that our candidate plan can only be optimal if L5 (o, &) |x—0= 0.
We have

157 (g0, ) / ¢ Pf{//{[ (c + ahe) y(c—l—uchc)—v(N+thN)—§(7rw+thn)2] (g + ahy)
— (V+ahy)g + (V + ahy ) A*(a)¢
+ [u(c +ahe) — o(N + ahy) — g(nw 4 ahn)z]
+ xu'(c+ ahe) + xa(V + ahy)
+ (g +ahg)Ar — pA(g + ahg) + (g + txhg)A(tx)A}dadz
+ HA(N + ahy) + 0 (7 + ahy)
+19§<€

We now differentiate and take the limit & — 0. Setting the resulting expression to 0, we have the

“La4)a // W' (c + ahe) (g + ahg)dadz — o' (N + thN)> (N + ahy) }dt

following first-order necessary condition for optimality:

O_/ ¢ pt{//{[ ¢)he — phe _U(N)hN_‘sﬂwhn}g—i—hg[u(c)—‘uc_y(N)_j(nw)Z}

— hyr + hy A*(0)¢ + ViA*(O)qb I [u’(c)hc — o (N)hy — m%n]
+ xu” (¢)he + xahv

d

+ ,uAhN + Othy
—|—l9§( c)hg+u"(c )ghc]dadz—v’(N)hN>N
+th9§<€_ Ly rhyan - v’(N)) }dt

where we have

%A(O) = (ahy; + zhy N + zwhy — he)o,
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and, again dropping boundary terms,
a .. _d
V%A (0)p = cpﬂA(O)V
= ¢(ahy + zhyN + zwhy — he) V.

Finally, we group terms by h, hg, etc., and invoke the fundamental lemma of the calculus of
variations. We directly obtain the optimality conditions that characterize the optimal Ramsey plan
of Proposition 4 in the interior of the state space.

In the following, we provide a formal treatment of boundary conditions. To that end, we start

by discretizing the conditions for competitive equilibrium in the spirit of Achdou et al. (2021).

A.3 Discretized Competitive Equilibrium Conditions

We now prove a discretized representation of competitive equilibria in our baseline HANK model.
This will elucidate how boundary conditions are treated formally by the Ramsey planner. For
any function ¢;(a,z), we discretize both in the state space and in time, so that we write ¢, for
n=0,...,N.In particular, ¢, is a ] x 1 vector, so that ¢;,, = ¢, (a;,z;) associated with grid point i.
We also use notation ¢, .5}, for example, to denote the (] —1) x 1 vector consisting of elements 2
through ] in ¢j,.

We summarize the discretized competitive equilibrium conditions of our model in the follow-
ing Lemma, using a finite-difference discretization given a policy path 8 = {6, },,>0. The proof
follows along the lines of Achdou et al. (2021) and Schaab and Zhang (2021), and we refer the
interested reader to those papers. This characterization will justify setting up the Ramsey problem

using the following discretized equations as implementability conditions.

Lemma 14. A consistent finite-difference discretization of the implementability conditions of our baseline
HANK model is as follows. For the Hamilton-Jacobi-Bellman equation, we have

Vi1 —V, inay — mray + Al AnN, 5
oV, = n+1 n+u<1nal Tt + =gz, 01+ 2140 n) —U(Nn)——(nw)z

dt Cn,[2:]] !

0 D
22V, + APV,

+ (. B
memﬂﬂwﬂ+%ﬁf%m+%mﬁﬂ%—%mj da

For the consumption first-order condition of the household, we simply have

D,
u/(c ,[2:]]) = <Vn+1>
' da 24/
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For the Kolmogorov forward equation, we have

1 —8n _(pzyg 4 Do 0
= g + _ &
dt " da A";;AHA" ap:j + Z[zJ]AnNn = Cp,[2:]] "

(fn“[z:n — T apg) +

Finally, for the resource constraint we simply have
AnNn - C:/lgndx

and for the Phillips curve

w W
7[11+1 Ty

dt

€ c—1

5 1+t Au(z-u'(c,)) gudx — ' (N,) | N,

= p7ty +
and we have alread d = i,a; — TY Anp1—An A, N
yused cy1 = lpd1 — 7T, 41 + dA, M —+ 21 An Ny

Crucially, the discretized system of equations in the above Lemma properly accounts for the
household borrowing constraint, leveraging results from Achdou et al. (2021). In particular, they
prove that in the simple Huggett economy with two earnings states the only point in the state
space where the borrowing constraint binds is (a,z%). We use this result here to plug in the
borrowing constraint directly at that discretized point. While we have not formally proven that
their representation extends to our HANK economy, we verify its validity numerically ex-post.
And since the stationary equilibrium of our model is almost identical to theirs, there is little reason

to expect any sharp discrepancies in this context.
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A.4 Discretized Standard Ramsey Problem

The standard primal Ramsey problem in our baseline HANK model is associated with the dis-

cretized Lagrangian

N-1
L5 (go) = max Z e_pt"{{

min '
{(Pn/anAn/]/ln/l?n } {Vn/cn,[z;]] /8,708 N jin } n=0

. . w An+17A" A N ' 5
+u<lna1 Tt + =gix, 1+ 21 A4nNy gt—v(Nn)llgt—E(nZ))zllgt
Cu,2:]]
v v . _w Ap1—4An A, N
Y B e B e e R U VA
C,[2:]]

D, |

. A1 — A
+ v, A"V, + Zvi,n <znai — mya; + ol g 4 2, AGN, — cn,l-) #Vn

= dtA,

D,
+ X;,[Z:]] [”/(Cn,[Z:]]) - (ElaVnJrl) [2_”]

— w;gﬂ-&-ldt_ 8n + w;(Az)/gn
D' . 0
a,li, ]
+ Wy i . w _ -8 dx
; da (lna[Z:]] — Ty apg + A"JtlAnA"ﬂ[z:]] + z[z:]]AnNn - Cn,[Z:]]) n] }

+ U | Chgndx — AyNy

[ v — —1
10, _”l+1dt”+p7rnw+§<€6(1+TL)An(z.u’(cn))’gndx—v’(Nn)>Nn] }dt

where the planner takes as given an initial condition for the cross-sectional distribution, go.
As in Appendix A.3, we fix from the beginning that unemployed households at the borrowing

constraint always consume their income, that is

A1 — A
nil nal +ZlAnNn

. w
Cp1 =yl — 70, a1 + 7th
n

for all n. The planner takes this as given and does not get to consider perturbations in c,,; for any n.

We want to emphasize at this point how important it is exactly which finite-difference stencils
are used for the discretization. For discretization in the time dimension, for example, the above
Lagrangian assumes a semi-implicit backwards discretization of 9;V; in the HJB. And it assumes an
explicit forwards discretization of d;g; in the KF equation. For the aggregates, it assumes an explicit

forwards discretization for A; and also an explicit forwards discretization for 71. These assumptions
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also correspond to the appropriate stencils we use numerically to implement our results.
We also want to echo Achdou et al. (2021) at this point, recalling that the correct discretization

stencil for the KF equation in the wealth dimension is given by
(A")g = (s Do)'g = 3. Difs-g).
da da "
That is, the correct stencil uses the tranpose D}, rather than, as one might have expected, —D,(s - g).

A.5 Auxilliary Results

Before tackling the main proof of this appendix, we state several auxilliary results that will be
helpful below. Most of these results follow trivially by applying well-known properties of matrix
algebra. We consequently provide only some of the proofs explicitly.

Lemma 15. The following matrix algebra tricks will be useful. Let x, y and z be | x 1 vectorsand Aa ] x |
matrix. Transposition satisfies
(Ax) =x'A'.

We also have
¥ Ay = ZinAmy = ;xi ;A[i/j]yj = ]nylZAl[]}i]xi =y A'x.
We also have
¥(y - A)z=x'(y (Az)) = (x-y)'Az = (Az)/(x y) = A/ (x-y) =2 (y- A)'x.

Taking derivatives, we have

dx

d / / !/ /
—_— A = =
Y Ar=(yA) =AYy
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Lemma 16. In the Lagrangian, the H|B term can be rearranged as follows:

i>2

1 1
— Y isiD, gV = = Y visiD, i |V
da da =

1
= %v'(&Da)V

1
= %V,<S . Dg>/1/

1
= %V'Dé(s-v)

where Dy, is the upwind finite-difference matrix in the a dimension. We sometimes use s - D, = A"

Proof. We have

Y visiDaji gV =) visi) Dyji iV

i>2 i>2 =1

=Y visi) Dy

i>2 =1

= Z Vi Z sz,[,; i|ViSi

>1 i>2

= Z Vi Z sz,[,; i|ViSi

>1 i1

= Z ‘/jD{/l,[j, :] (S ’ V)
j21

=V'D)(s-v)

where D/ ;) denotes the jth row of the matrix D,

y .

Lemma 17. The correct adjoint operation, i.e., the one we use to define A* ~ A’, is given by

D)(s-v) = (A")v.
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In particular, we have

(s-8)
g'(s-Dy)
= (D,w)'(s- g)
0
D, gl
(D) (“ﬁzznﬂ[z:n—C[zzn—G> $

Lemma 18. We can “integrate by parts” the FOC term in the Lagrangian to arrive at

1, 1 (0
X oot (DaVi =V D .
dﬂx“”)'[z”< Vi) 2y da tY (X[2:]],t(n)>

Proof. We have

daZXlt a[z]th—H daZth ZD z] t(n+1)

i>2 i>2 j>1
= ; b (n+1) ED L) Xit(n)
1=

0
Z Hn+1) < )
d i>1 X[2:]),t(n)

1 0
—V/. D! ( ) .
n+1)~a
~da 1D X[2:]],(n)

It is important to note that we cannot roll the sum };-., forward to simply read } ;~. This is only
possible for the terms that include savings, using the fact that s; = 0. n

Lemma 19. We can “integrate by parts” in the time dimension as follows. For any x,,, we have

N-1 N-1
Y e Py, g =P Y e Plnx, — ePixg 4 efMe PNy,
n=0 n=0
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We prove the following results below. In particular, this implies

1 N-1
Y e Py Vg =) e Pherdty! W, —ePity! Vo 4 ePMe PNy 1V

as well as
N-1 I Hpdt,
w ePw
_ e ptnw/ En+1 — &n o Pt 1 n—1
Z D VU
1 1 _
+ ﬁepdtw’_lgo — ae"dte PIN 18N
and

D D,
Z e pt”xn [2:]] <dan+l> = Z e ptnepdl‘xn 1,[2:)] <d Vn)
[2:]] (2:]]

n= n=0
D, _ D
_eplty! o ”( Vo> + Pty ptleNfl,[Z:]] (d;VN>
(2:]] (2:]]

Finally, we have

w N-1 dt
—pty +1 Thy1 — Tty —pt, On — 0 1 1 dt L o
Proof. We have
" pt(n) 1 L " ppt(n) ot(n1) ,—pt(n+1) s L
n=0 n=0
. _ 1
— }:e pt(n+1) ppt(n+1) Pf(n)vt/(n)%vt(nﬂ)

n=0

1
= 26’ pin pdt tn l)dtVt(n)

> 1 1 1
— dt —pt dt —pt dt
_2:1:3 pt(n) pp Vt( )avt(n)Jrep()p /_%V(O)_ep()p /—ﬁvt(o)
> 1 _ 1
n=
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Similarly, we can rearrange

D, D,
Z e P 2] <dth(”“)> . = Z e~ PH(n) gt (n+1) o= Pt(n+1)x( 2] <dth(n+1)>[2ﬂ

n=0

_ Z o Ptn+1) pot(n+1)—pt(n )X( L2l (D Vt(n+l)>

n:O [2]]

D
:Zept eptxt 1),[2: (uV >
(n=1),[2:] t(n)
L2\ da 2]

D, D,
— Z o PH(1) pp tXt (1) 2] < Vt(n)> — o Pt0) ppd tX L) <dth(0)>
[2:]] [2:]]

Finally, notice that

1
= Vi(n)

1
epdtvt(n 1) 77 1) 3¢

5 Vi = (1 + pdt)vi,

1
= vt,(nfl)avt(”) + pvtl(n71)Vt(n)

Lastly,

o —pt(n (n+1) - ) 1
—n;)@ pt()“’;(nw ;ept wt n)8t(n+1) +Z€pt ar W) 8t(n)

1 & 1
T Ze prm gptln L) g=pt(nil) ()3t n+1) T ZE pHn dt ;(n)gt(n)

1 ) 11
= Eepdt Ze i +1) ( )gt n+1) + 2 e —pin dt /(n)gt(n)

n=0
1
= dtepdtZ”t " @18 +Z€’” (m8t(m)
n=1
And so we get
= Lt et g L podt—p1(0),,, L podt—p1(0),,, Ly e Ly
- a L t(n—-1)8t(m) T it ( &Ko) ~ 7 ( 1)84(0) = dt Ym8i(n)
1 odt - —pt(n), ./ 1 odt pt() —pt(n
= e Y e Wi(n-1)8t(n) T+ e 0) + Z e () 8t(n)
n=0
© 1 1 . 1 .
= ;)e pt(n)(dtw;(n) aep twt(n—1)>gt(n) dtep e PO ( 1)81(0)
o ot(n “’;(n) _“’i( -1) 1 _
= Z%)e Pt( )(dtn _pw;(n1)>gt(1’1) + aepdte Pt(O)w;(il)gt(O)
n=
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Finally, we drop the second term on the RHS because g;¢) is fixed as an initial condition and so it

does not respond to dier which is precisely why the KFE is not a forward-looking constraint. W

Lemma 20. In the continuous time limit as dt — 0, we have

P~ 1+ pdt.
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A.6 Proof of Proposition 4 with Boundary Condition

We are now ready to present our main proof. We use the auxilliary results above to rewrite the

discretized Lagrangian that corresponds to the standard primal Ramsey problem of Section 4 as

N-1 : Api1—An

. -~ ina] — Tya + a1 + z1A,N,

L% (go) = min max ) e P lu " A, ") gn
{‘Pn/?(nrAn/Hn/ﬂn} {Vnzcn,[z;]]/gn/n',zf,Nmin} n=0 Cn,[z;”

inay — ¥y + gy 421 AN, 0
+ i ( nfl 1 dtA, 1 > —o(Ny)1g, — 5(71';110)21/371

n,[2:]]

dt/
v, —ef
——“Vn+v

é
— —o(N,) - 5 (8

pV+u<”al_n na1+ "H Ell—l-ZlA Nn>
—PVn

n,[2:]]
0

Api1—An
L%,“mn+zmm%Nh—%pﬂ>

1
+v,A*V, + —V (v, -D,) | .
n n da n n a in [2” _nwa[2]]+

1 0
+ Xb et (€ o ) — et —V'D! ( >
B da "0\ X

n epdt —1
+ Tgn + w ( ) 8n

+1(Dw)'[< 0 )g]}dx
5 aWt . _ .4/
da in@p.) — 70 p.g) + 7A”§fAﬂA" ap.g) + zp) AnNn — €4 2]
- ,unAnNn
Oy — et 1 " €,
+ ————7 + 8oty — 9, =0 (Ny) Ny
dt 0
_ / n+1 A N
+19n§Nn€€1(1+TL)An(Z-gn)/u/ (znm T a1 + Aigy + 21 )dx}dt
n,[2:]]

— Py’ Vodx + ePte PNy Vydx

+ePdf1V5D;< 0 )dxdt—epdfe—PfNV{VD;( 0 >dxdt
da X—1,[2:]] AN-1,[2:]]

+ et godx — efMe PN Wl gndx

+ P9 _ 1l — ePite PNy _ 1T

In the spirit of Marcet and Marimon (2019), we have reordered the forward-looking constraints—
this corresponds to integration by parts in the time dimension in the fully continuous case. The

resulting “boundary” terms in the last few lines of the above Lagrangian are the key objects at the
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heart of the time consistency problems we discuss in Sections 4.
We are now ready to take derivatives and characterize necessary first-order conditions for the

standard Ramsey plan.

Derivative V,. We have

v — epdtvli 1 1 0
0= —”d—t“ — vy + (A%) v, + 7 (v -D,)'s; — epdt%D;
Xn—1,[2:]]

Using our auxilliary results, we have (v, - D;)’s, = (s, - D;)'vy = (A?)'vy, and so

v/ — epdty! 1 0
0=-—"— "1 _pv, +Av, — e D), ( .
dt da Xn—1,[2:]]

Derivative g,. We have

5 w = epdtw/_
0 =u(cn) + pucn — o (Nw)1 = 5 (7)1 + —— —= + (w;, (A7)

c—1

d [1 €
+ dgn [dll(Dawn),[sn ’ g?’l]] + 19nl\ll‘g (1 + TL)A”Z ) u/(c”)

Now we work out the remaining derivative,

o |-l = gt (- (Do)
. :g;(sn‘(Duwn)):|

=— :g;((sn : Da)wn)}

Thus, we have

!/

- _ €
0 :u(Cn) + ,uncn - U(Nn)l - 7(7-(;;])21 + HTM + Awn + ﬁnth

e—1

(1+1H Az (cn)
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Derivative ¢, p.j. We now take the derivative with respect to c,,; for i > 2. We have

ce—1
0 :ul(cn,i)gn,i + Un&ni + u/(cn,i)vn,i + ul/(cn,i)Xn,i + ﬂnNngT(l + TL)AnZiu//(Cn,i)gn,i

i1, i1, ,
don: [dasn(vn Du)Vn} +dcn,i Llas” (Dawn)gn}

Working out the remaining derivatives, we have

d 1 ’ . 1 dsn,i
dcy i Lias”(vn Da)Vn] B da<(vn Da)Vn) ] dey

1
= _%Vn,iDg,[z }Vn
And similarly,
d [1 d [1
dc. %S; : (Dawn)/gn} = de. [dag; <Sn : (Duwn)>]
n,i n,i
ds, i 1
= dcnll,t %gn,i(Dawn)[i}
n,i
1
= — 7, 8niDai;)@n-
Thus, we have
ce—1
0 =u'(Cni)8ni + Mngni + U (Ci)Vni + U (Cpi) X + ﬂnNngT(l + ) Anzitt” (i) i

1 1
= 35 VniDa i) Ve = - 8niDa i wn.
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Derivative 77;,. We have

0= [ —u'(cy1)gn1d1 — ngn1a1 — O gy — vy’ (cp1)ay — 57r,’f1/,’11] dx

-1
"5 € (1+ 14 ANz (1) gn101d%
D’ . 0
[1 d ali]
Vinti— —Vp + Wh,i [ gn:| dx
[ 1; z; da (‘“[M)

Oy — eP9, 4

7 + 0,

Alternatively, we have

d 1 , B 1 '
W%(Dawn) [Sn gn] =4 ;“da <Sn Dawn> &n

1, [ds,
_dag”<d7rff D"“’”)

i>2
Thus, we have
0=|-— U/(Cn,l)gn,lal — Hn&n141 — (57‘[::]1/811 - Vn,l“/(cn,l)al - (57-[:;]1/7/11 dx
ce—1

_ ﬂ”ST(l + TL)Ananm”(Cn,l)gn,lﬂldx
D, 0, — ey,

_vaal de—Zg,“al d[]wnd +”d—t"1+p19n

l>2 1>2 a
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Derivative i;,. The nominal interest rate derivative is very easy because it’s parallel to wage

inflation, except in the Phillips curve. That is, we have

D, . D, ;.
0 =1 (Cu1)8n101 + Pngn 181 + Vo att' (Cu1)ar + ) Vinti iy, 4 Zgn,iaiia’[l"} Wy
i>2 da i>2 da
ee—1
+ O (1+ 1) ANyz1u" (cup)guaar
Derivative N,,. Finally, we take the derivative for aggregate labor. This yields
) ) D, i, D, i
0 =1 (en1)8n171An + Hngnaz1 An + Vit (€n1) 71 An + ) VinZiAn—1 =V + ) guiziAn— 1 = wn |dx
i>2 a i>2 a
ee—1
+ 19115 (1 + TL)Ananlu”(Cnll)gnllzlAndx

— 0 (Ny)1' gndx — o' (Ny)v) 1dx

€

_,unAn +l9n5

(e ; ! (141t Au(z - ' (cn)) gudx — v’(Nn)> — gﬁnv”(Nn)Nn

These derivations conclude our proof. In particular, the first-order conditions we have now derived
are the exact, discretized analogs of the conditions we present in Proposition 4. For convenience, we
formally state the discretized characterization of the stationary Ramsey plan here, so that interested
readers can follow the mapping more easily. In the following representation of the stationary

Ramsey plan, we use the fact that, in any stationary equilibrium, we simply have
u'(c;) = iD AV
)= 14 a,[i]
fori > 2.

Lemma 21. (Discretized Stationary Ramsey Plan) A consistent discretization of the stationary Ramsey

plan, with Ass = 1, is given by the following equations. For the value function, we have

_ ppdt 0
0:—1 df v—pv—I—A’v—ePdt;D;( )
a X[2:]]
and for the distribution
_ ppdt —
01 w0+ Aw+ue) + e~ o(N) ~ g(nzv)Z +ONES Ltz ul(e)
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For consumption, for i > 2, we have

1

%Du,[i,:] w|gi

ee—1
—u"(ci)xi = |u'(ci) + p+ ONs——(1 + ™)z (¢;) —

The optimality condition for monetary policy, i.e., the nominal interest rate, is given by

1 1 D, ;.
0= <”/(Cl) = Dy + 05— (1+ TL)Nzl”‘”(Cl)>glal F Luawle) - Laa g,

i>1 i>1

We see here nicely how we need a boundary correction at the borrowing constraint. For inflation, we have

— erdt

1
0= —6r" —6mv'1dx + 5

U+ p?

where we used the optimality condition for monetary policy to drop terms. Finally, the optimality condition

for aggregate labor, i.e., aggregate economic activity, is given by

1 —1 D,
0=|u'(c1) +p— 5Dy jw+ 9 € (1+ )Nz (c1) | §121 + Y vizind' (ci) + Zgiziﬁw dx
da " o € i>1 i>1 da
/ / / efe—1 L / / / €4
—v(N)—v(N)vldx—,u—i—ﬂg - (14 7")(z-u'(c))'gdx —v'(N) —5190 (N)N

Remark 22. Crucially, this discretized representation of the Ramsey plan provides a formal treat-
ment of boundary conditions. We see exactly how the planner takes into account the borrowing
constraint that households face. And we see exactly where the corresponding boundary terms

enter the optimality conditions and targeting rules for optimal monetary policy.

A.7 Proof of Proposition 6

Our goal is to show that

dLTD (gssr ¢SS/ 1955/ 6SS/ ZSS)
de

=F (gss/ Pss, Uss, Oss, Zss) =0. (55)
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In the following, we will prove that this perturbation is 0 for a given diekf and we can then simply

“stack” up to arrive at any perturbation %. For our baseline HANK model, % takes the form

> in AuNy
Ozd{ Ee‘f”{u (1 ap — 1y, a1+ a1+Z1 ) gn—v(Nn)l’gn—5(7tﬁ’)zl’gn}dxdt
doy | = [2” 2

dt

1 1
+—ePt ' Vodx — ﬁepdtﬁné"
gss/¢ss/l955/ess/zss
Timeless Penalties

for all k > 0. We start by evaluating the derivative for any arbitrary set of inputs to F(-). This yields

5 'd de AN,

_ ot i B w\2| 48t Y 14Cn w

0=Y ¢ {[ o(8,) = (] 8 + o e)) Gt — (0 (N1 + 01 g, B }dt
1 Pty =2 /4Vo leﬂdf dmy 1
dt 6, dt aey dx

where we note that we always have ddcél'{” = 0 because the planner is constrained by the same

boundary condition that the household faces when considering policy perturbations.

Our proof strategy will be to five sets of auxilliary terms to this equation, each of which
evaluates to 0, and then use these additional terms to rearrange. In particular, the expressions we
add correspond to the discretized competitive equilibrium conditions. And our goal will be to then
evaluate the corresponding expression at the stationary equilibrium, group terms, and show that

everything evaluates to 0.

Equation 1. We have

[oe]

0=1) e g

vV, 5 1
— oV, 4 Vi = Vu +u(cy) —v(N,) — E(nﬁ’)z—i—AZVn—l—— sn-D,V,,)
n=0

dt da(

where we use ¢ = ¢ss. We now use auxilliary results and derivations from before to rewrite this

equation as

5 1
0= Ze Pln gp [ —v(N)—E(n;“)Z—i—AZVn—k— sn - DaVy)

1
_ ppdt gl =
i e v
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Differentiating, we obtain

ad de dN, ary
0= e[ (-1 (ch)) ot — 1( o >
Y et () ot — o/ /(N St + o

av, | ds, 1, av,

1dV,
¢ -D,V, ¢'sy - D= Pt 0
d@k ( ) 46, da S P doy

T a0,

+¢/AZ

This is the first auxilliary equation that we will add to our desired expression.

Equation 2. We obtain the second auxilliary condition by simply differentiating the consumption

1 0
+ e VoD, ( )
X[2:))
where we use x = Xss, and then differentiate to obtain

X[2:]] da X271

Equation 3. For our third auxilliary equation, we differentiate the discretized Kolmogorov forward

tirst-order condition. We rewrite the equation as

0= e xpyt" (Cnfe )—epdtV/lD;< )
r;) [ 27} 2] da X[2:)

/
avp

/
dVy aVo
a6,

"dey, o) 1
(X[ZH . u/,(cn,[z:ﬂ>> dniek - epdt% dek

oo
0=) e
n=0

equation. From before, we have

[ole]

0=) e [ — oA g, + A (A7) g, — %(sn -gn)DIA| +

n=0

odt
dte A'go

Differentiating with respect to 0, we obtain

+ l pdt/\/ dg()

2 —pty dgﬂ +A’(AZ)/dg” +(g .D /\)/dsﬂ +( .D A) dgn
=0 dt doy

dG a6y a0y a0y

where we again use A = Ag.

Equation 4. We have the aggregate resource constraint with

O—Ze Pluy

A nNp — C;Zgn] ’
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where we use u = jgs. Differentiating, we have

O—Ze ptn [ ndNn_C’%_g/dcn].

a0y " d6y " A6y

Equation 5. And finally, we use the Phillips curve, which we rewrite using previous results as

-1

O—Ee Phng— (

14+ t)A,(z-u'(c,)) gndx — ' (N,) | N, + le”‘”ﬂnw

Differentiating, we obtain

—1

- Eenl(

1d8n o/ ) /& o ANy
(1+1hHA, <(z u'(cn)) d9k+(z u"(cn) - gn) 0, dx —v"(Ny) 0, N,

e—1 L ! / ) dNy 1 Pt dn,(z)u
—|—< - (14 14)Au(z-u'(cy)) gndx U(Nn)) i, —|—d ﬂde

Evaluate at stationary Ramsey plan. Crucially, each of our five auxilliary equations must necessar-
ily also hold when evaluated at a stationary Ramsey plan. The key step now, is to evaluate each of

the first-order derivatives we taken at the stationary Ramsey plan.

Putting everything together. Having evaluated all derivatives around the stationary Ramsey plan,

we add the five auxilliary equations we have derived to the expression for 2 d9 Wthh we started
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out with, where we now also evaluate the latter at the stationary Ramsey plan. This yields

0= ni)e—m{ [u(C) —o(N) — g(ﬂ ) } Z‘gt + (g~ /(C))/;lg’; — (' (N)1 +5nw1)’g(i;§:
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+ 19% (6 g ! (1+tHA(z-u'(c)) gdx — v’(N)) il];: }dt

‘Odt([) pdt dﬂO
d@k d9k dx
d ary 1
_ ppdt odt 41380 | odt 0o L
¢d9 A e T e,
!/
s a2 [y ( 0 ) avy
a
da X[Z]] de

where every term that does not have a time step subscript 7 is understood to have been evaluated
at the stationary Ramsey plan.

Our proof is now almost complete. First, note how the timeless penalties exactly offset the
“boundary terms” that resulted from rearranging the forward looking implementability conditions.
In particular, notice that %i’ = 0 and the term in the very last line goes to 0 as dt — 0. The remaining
boundary (or initial condition) terms exactly cancel out.

Second, we plug in for

ds, dry, dN dw, dcy

a0, — d0." TV s, 0, oy

when evaluated at the stationary Ramsey plan.

Third and finally, we group all terms by derivatives. After this last step, we see that the grouped
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expressions correspond exactly to the optimality conditions that define the stationary Ramsey plan.
Consequently, they must be 0. This concludes the proof: We started with an expression for %,
and added five auxilliary expressions, each of which itself evaluated to 0. Then we evaluated the
resulting expression around the stationary Ramsey plan and showed that it was 0. Consequently;,

we have shown that
d LTD

a0y =0

when evaluated at the stationary Ramsey plan. And since k was arbitrary, we have our desired

result for any policy perturbation around the stationary Ramsey plan. We have thus shown that

Ramsey policy according to the timeless dual Lagrangian L™ is indeed time consistent.
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A.8 The Timeless Ramsey Problem in Dual Form

The timeless Ramsey problem also admits a dual representation, which we introduce next. The
distinction between the primal and dual problems lies in the treatment of the constraints that
a planner faces. In the primal approach, the planner optimizes over allocations, prices, and
instruments given a set of constraints or implementability conditions. In the dual approach, the
planner explicitly optimizes over the policy instrument, in this case, interest rates, using the
implementability conditions to characterize the comparative statics of endogenous variables to
policy.*? The primal and dual representations of the timeless Ramsey problem have their distinct

advantages and we leverage both in our analysis.

Definition. (Timeless Dual Ramsey Problem) A timeless dual Ramsey problem solves

max LTP . .
nax LT(50(-),¢(-) ),

where L™ (go(+), ¢(+), ®) denotes the timeless dual Lagrangian, given an initial distribution go(-) as well
as initial promises ¢(-) and O. The Lagrangian is defined as

o 0
L2(g0(),p()8) = [ [ utera,2)) — o(N0) = (78| g, 2) dadzdi-+ Tio(),9), (66)
where all endogenous variables are understood as functions of the policy path {i;}.

Proposition 23. (Time-Consistency of the Timeless Ramsey Problem) Optimal policy under the
timeless primal and dual Lagrangians is time-consistent around the stationary Ramsey plan under the
timeless penalty T (¢ss(-), Oss). That is,

d

IGLTD (gss(')/ (Pss(')/ 1955/ 955/ Zss) = O (57)

“2 In simple terms, a useful analogy may be to interpret the dual approach as substituting constraints into the objective
of an optimization problem, and the primal approach as accounting for constraints as additional terms in a Lagrangian.
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A.9 Sequence Space Perturbations in the Dual

In this section, we develop a sequence-space perturbation approach to solve optimal stabiliza-
tion policy in the dual. We take as our starting point not equation (51) but a sequence-space
representation of the timeless dual Lagrangian, which we now introduce.

The timeless dual Lagrangian defined in Appendix A.8 takes as its inputs (i) the time paths of
allocations and prices, (ii) an initial distribution, and (iii) initial timeless penalties. Unlike in the
primal form, it does not explicitly feature the time paths of multipliers. For a given path of policy i
and shocks Z, we can directly use the equilibrium map (50) to solve out for allocations and prices,

ie., X = X(i,Z). A sequence-space representation of the timeless dual Lagrangian is then given by
L™(X(i,2),i,Z), (58)

where we again leave implicit the dependence of L™P(-) on go(a,z) as well as ¢(a,z) and 6.

The timeless dual Lagrangian (58) implies the local efficiency criterion for optimal policy

F(i,Z) = ;iLTD(X(i, 7),i,Z) =0, (59)

where F(-) implicitly takes as given an initial distribution as well as initial promises. Equation (59)
represents the planner’s necessary first-order optimality condition in sequence-space form. We can

use it to directly characterize optimal policy in the dual in terms of exogenous shocks, i.e.,
i=1(Z).

Importantly, given policy i, the timeless penalty (¢, ) does not affect competitive equilibrium,

summarized by (50). It only influences the planner’s assessment of optimal policy.

Proposition 24. (Optimal Policy Perturbations in the Dual) Consider the dual Ramsey problem, under
which a locally efficient policy is characterized by F (-) = 0. Suppose we initialize the Ramsey problem at the
stationary Ramsey plan, with go(a,z) = gss(a,z), and with initial timeless penalties ¢(a,z) = ¢ss(a,z)
and 6 = Oss. To first order, optimal stabilization policy is then characterized by

di = —F; ' FzdZ, (60)

where dZ = Z — Zs is the exogenous shock, and where F; and Fz denote Hessians of the timeless dual

Lagrangian.
We prove Proposition 24 in Appendix B.4.

In the dual, approximating optimal policy using sequence-space perturbation methods re-

quires computing second-order total derivatives of the timeless dual Lagrangian. These are in turn
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given by the Jacobians of the planner’s first-order condition, i.e., /; and Fz. The recent literature on
perturbation methods in heterogeneous-agent economies has shown that sequence-space Jacobians,
i.e., first-order derivatives of model objects in sequence-space representation, are sufficient to
characterize transition dynamics to first order. Similarly, we have shown in Section 5.1.2 that com-
puting optimal policy and Ramsey plans in the primal also only requires sequence-space Jacobians.
Computing optimal policy and welfare in the dual representation of our Ramsey problem requires
a second-order analysis, however.

To that end, we introduce sequence-space Hessians as the natural, second-order generalization
of sequence-space Jacobians. In Appendix B.5, we formally define sequence-space Hessians, and
we show both how to efficiently compute and leverage them to characterize optimal policy in
the dual. We extend the methodology developed by Auclert et al. (2021) to problems that require
second-order derivatives, i.e., sequence-space Hessians. While we focus on their use in the context
of computing Ramsey plans in the dual, we argue that sequence-space Hessians are useful more

broadly whenever a second-order analysis is required.

A.9.1 Advantages and Disadvantages of Primal and Dual Formulations

Our approach allows for a representation of Ramsey problems in either the primal or the dual form,
and we show how to characterize and compute optimal policy in both cases. We conclude this
section with a discussion of the advantages and disadvantages of both approaches.

The primal form and, in particular, the associated Ramsey plan representation (51) are more
conducive to computing optimal policy non-linearly. Computing the Ramsey plan in the primal
requires solving a system of non-linear equations. Fully optimized quasi-Newton methods and
other non-linear equation solvers can be leveraged for this task.

In the primal approach, however, we have to compute multipliers and their transition dynam-
ics. In the Ramsey plan representation (51), multipliers M enter as an explicit argument. It is not
generically possible to characterize Ramsey plans in the spirit of (51) without multipliers. The dual
approach, on the other hand, takes as its starting point the timeless dual Lagrangian, which does
not explicitly depend on multipliers. Consequently, it is not necessary to compute the time paths of
multipliers to characterize optimal policy in the dual.

The relative disadvantage of the dual approach, however, is that a first-order approximation
of optimal policy requires second-order total derivatives of the timeless dual Lagrangian. Unlike
in the primal approach, which only requires computing sequence-space Jacobians, in the dual we
have to compute sequence-space Hessians. Computationally, this is a more complex task both in
terms of compute time and memory demands. In summary, therefore, the main tradeoff between
the primal and dual approaches is that the former requires computing the time paths of multipliers,
while the latter requires sequence-space Hessians instead of only Jacobians.

Another advantage of the dual representation is that it provides an easily implementable local

efficiency criterion. In particular, assessing whether a policy i is locally efficient in the dual only
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requires computing first-order derivatives of the timeless dual Lagrangian, which is possible in
terms of sequence-space Jacobians. Unlike in the primal, however, efficiency assessments in the
dual do not require computing the derivatives of multipliers. In practice, even if optimal policy is
computed in the primal, verifying local efficiency in the dual is a cheap but helpful exercise.
Lastly, sequence-space Hessians and, more broadly, second-order sequence-space perturbation
methods likely have many useful applications beyond computing Ramsey plans in the dual. We

therefore view our treatment of sequence-space Hessians as a standalone contribution of this paper.
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B Optimal Policy and Ramsey Plans in Sequence Space

In this Appendix, we discuss how to operationalize our method and compute optimal policy
numerically. Following much of the recent literature on computational methods in heterogeneous-
agent economies, we work with a sequence-space representation of our model. In the interest of
accessibility, we follow the notation and conventions of Auclert et al. (2021) as closely as possible,
extending their work on sequence-space Jacobians to Ramsey problems and welfare analysis. While
they work in discrete time, we show below that continuous-time heterogeneous-agent models
are nested by the same general model representation they propose. To establish this relationship,
we first discretize our model following the same steps that would also be required for numerical

implementation.

Discretization. We first discretize the equations that characterize competitive equilibrium and
optimal policy in both time and space. We use a finite-difference discretization scheme building on
Achdou et al. (2021).8 In particular, we discretize the time dimension over a finite horizon, t € [0, T|
where T can be arbitrarily large, using N discrete time steps, which we denotebyn = 1,..., N. With
x—, we have t, = dt(n — 1). We similarly discretize the idiosyncratic state space
over (a,z) using J grid points. Using bold-faced notation, we denote the discretized consumption

a step size dt =

policy function of the household at time ¢, as the | x 1 vector ¢,, where the ith element corresponds

to ¢y, (a;, z;).

B.1 Sequence-Space Representation of Equilibrium

After discretizing our model, the resulting equations satisfy the general model representation of
heterogeneous-agent economies presented in Auclert et al. (2021). To facilitate comparison, we
follow their notation in this Appendix. We consider a general representation of a heterogeneous-
agent problem as a mapping from time paths of aggregate inputs (X, 8, Z) to time paths of aggregate
outputs Y. We use bold-faced notation here to indicate time paths, with 8 = {6, }_,. It will be
useful to explicitly distinguish between the time paths for policy 8 and the exogenous shock Z on
the one hand, and the time paths for other aggregate inputs X on the other hand. To simplify the
exposition, we assume that there is only one aggregate input variable other than policy and the
shock, so that X,, € R.

Denoting the discretized cross-sectional distribution by the | x 1 vector g,, our main focus
will be on outcome variables that take the form Y, = vy, g,, where y, is a | x 1 vector that represents

an individual outcome.** For example, aggregate consumption takes the form C, = c/,g. Given an

43 For a detailed description of the discretization procedure, see Achdou et al. (2021) or Schaab and Zhang (2021).
We also leverage the adaptive sparse grid method developed by Schaab and Zhang (2021) and Schaab (2020) to solve
dynamic programming problems in continuous time.

44 We normalize the discretized distribution representation so that g, sumsto 1, ie., 1'g, =1, wherelisa ] x 1
vector of 1s.
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initial distribution go, aggregate outcomes Y then solve the system of equations

V1’l = V(Vi’l—‘rll Xi’l/ 91’1/ Zl’l) (61)
gn+1 = A(Vn—H/ X, On, Zn)gn (62)
Y, = ]/(Vn—i—l/ X, On, Zn),gn- (63)

The implementability conditions of our baseline HANK economy can be expressed in terms
of the time paths of macroeconomic aggregates as well as those of aggregate outcomes Y. Using
the above representation, aggregate outcomes Y can in turn be expressed in terms of the time paths
of aggregate allocations and prices X, policy 6, and shocks Z. In summary, equilibria given policy

and shocks can be expressed in terms of the equilibrium map H (X, 6, Z)=0.

B.2 Sequence-Space Representation of Ramsey Plans

We now show how to express the Ramsey plan optimality conditions, which characterize the
multipliers and optimal policy, in a general model representation akin to equations (61) through
(63). In general, Ramsey plans in heterogeneous-agent economies feature three types of multipliers:
aggregate multipliers, individual forward-looking multipliers, and individual backward-looking
multipliers. In our baseline environment, the aggregate multipliers are ¢; and y;, the individual
forward-looking multiplier is A¢(a,z), and the (system of) individual backward-looking multipliers
is ¢¢(a,z) and x:(a,z).

The Ramsey plan representation (51) summarizes the optimality conditions of the timeless
Ramsey plan in sequence-space form. In particular, the Ramsey map R(-) takes the time paths of
aggregate multipliers M as explicit inputs. Our goal now is to show that the optimality conditions
of the timeless Ramsey plan can be written in terms of R = (X, M, 0) and Z.

Forward-looking individual multipliers take the form
AH = f(Ai’H—l/ Vn/ Xl’l/Ml’l/ 011/ Z}’l)/ (64)

which is analogous to equation (61), which characterizes individual forward-looking behavior. For
example, it is straightforward to verify that equation (34) satisfies this form: it expresses today’s
multiplier A,(a,z) in terms of today’s aggregate multipliers, individual allocations, aggregate
allocations and prices, as well as the future multiplier A,,1(a, z).

Analogously to equation (61), the recursive structure of forward-looking individual multipliers
allows us to efficiently compute their first-order derivatives. We summarize this observation in the

following Lemma.
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Lemma 25. For any k > 1, we have

oA, o if n>k
90, ) s
¢ s

else fors<n

and likewise for first-order derivatives in Xy, M, and Z,,.

Backward-looking individual multipliers typically correspond to promises that the Ramsey planner
makes to individuals. They are characterized by a particular kind of Kolmogorov forward equation.
In particular, promise-keeping Kolmogorov forward equations feature a forcing term that captures
the “births” and “deaths” of promises, captured by d,x:(a,z) in equation (33). Consequently,

backward-looking multipliers can be represented as

D1 = A(Vn+1/ X, 0, Zn)(Pn + b(‘i’m An, Vi, 8ns X, My, 0y, Zn)- (65)

The multiplier representations (64) and (65), together with equations (61) through (63) and
the equilibrium map (50), let us conclude that timeless Ramsey plans admit the sequence-space

representation (51).

B.3 Proof of Proposition 12

Denote the Ramsey plan by R = (X, M, 0). Using a first-order Taylor expansion around the

stationary Ramsey plan, we have
R(Rr Z) ~ R(RSS/ Zss) + RR(RSS/ Zss)dR + RZ(RSSI Zss)dZ~

Notice that we have R(R, Z) = 0 by the definition of R as a Ramsey plan, i.e., as solving R(-) =0
for a given Z as in (51).

We now show that R(Rss, Zss) = 0 as well, assuming, as we do in Proposition 12, that the
Ramsey problem is initialized at (go(), ¢(-), ¥) = (gss(-), Pss(+), ¥ss). The Ramsey plan map R(-)
is a system of equations that comprises two sets of conditions, those for competitive equilibrium
as well as the first-order conditions associated with the timeless Ramsey problem in the primal
representation. By definition, the stationary Ramsey plan comprises a feasible competitive equilib-
rium. Consequently, when evaluated at (R, Z) = (Rss, Zss), those conditions in R (-) associated
with competitive equilibrium are 0.

That leaves the first-order conditions associated with the timeless primal Ramsey problem.
It follows from Proposition 6 that the timeless primal Ramsey problem is time-consistent, so that
the planner does not want to deviate from the stationary Ramsey plan when Z = Z. It also
follows from our duality proof for the primal and dual representations that %LTP(BSS, Zs) = 0also

implies that each of the associated first-order conditions of the timeless primal problem are 0 when
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evaluated at (Rss, Zss). Putting these observations together implies R (Rss, Zss) = 0.
We are then simply left with

0~ RRr(Rss, Zss)dR + Rz(Rss, Zss)dZ.

Rearranging and inverting R yields the desired result.

B.4 Proof of Proposition 24
We proceed as follows. A first-order Taylor approximation of F(-) (in 6 and Z) around the stationary
Ramsey plan yields
F(gss/ Pss, Uss, 0, Z) :P(gss/ Pss, Uss, Oss, Zss)
+ Fy (gss/ Pss, Uss, Oss, Zss) (6 - Bss) + Fz (gss; Pss, Uss, Oss, Zss) (Z - Zss)-
First, we must have
F(gss/ Pss, Uss, 0, Z) =0

by construction because that’s our definition for optimal policy 8(Z). Second, we also have

F(gss/ Pss, Uss, Oss, Zss) =0,

which is the main result of Section 4.5 and whose proof was just presented in the previous Appendix
subsection. Denoting d0 = 0 — 05 and dZ = Z — Z;, we thus have

0 = Fod0 + FzdZ,

where the Jacobians of F(-) are evaluated at the stationary Ramsey plan.

B.5 Sequence-Space Hessians

To compute optimal policy to first order using Proposition 24, we effectively need to differentiate
L™(.) twice. In particular, F(-) = 4L L™ features first-order derivative terms, which can be cast as
sequence-space Jacobians (Auclert et al., 2021). Therefore, computing the total derivatives d%F ()
and %F (), which are used in equation (60) to characterize optimal policy 40, we require second-
order derivatives. Consequently, computing optimal stabilization policy using our approach
requires that we compute both first- and second-order total derivatives of all objects that feature in

the timeless dual Lagrangian.*®

45" An alternative approach is to work in the primal representation of our timeless Ramsey problem and solve for the
time-consistent Ramsey plan—including all multipliers—to first order using the system of equations that characterizes
the Ramsey plan. We develop this alternative approach in ongoing work. The dual approach avoids having to compute
the multipliers but requires sequence-space Hessians. For the primal approach, we have to compute an extended set
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In a sequence-space representation of our model, these objects are all functions of the time
paths of aggregate inputs, i.e., (X,0,Z), where X = X(60,Z). Moreover, the timeless dual La-
grangian itself can be represented in terms of aggregate outcomes Y, using the general model
representation above. Consequently, computing the matrices d%P and %P requires taking total
derivatives of specific aggregate outcomes Y.

We define sequence-space Hessians as the matrices of mixed partial derivatives of model objects
that can be represented as functions of aggregate sequences around the stationary Ramsey plan. We
discuss these mixed partial derivative matrices in detail in Section B.5.1. Subsequently, in Section
B.5.2, we show how to build up the second-order total derivatives of the timeless dual Lagrangian,

ie., %F and %F, from sequence-space Hessians.

B.5.1 A Fake-News Algorithm to Compute Sequence-Space Hessians

We now extend the fake-news algorithm of Auclert et al. (2021) to compute sequence-space Hessians,
i.e., the matrices of mixed partial derivatives %Yn in a sequence-space representation of the
model. The results we present below hold for any mixed partial derivative of Y,,(X, 6, Z), but to
ease notation we focus specifically on the mixed derivative ﬁzel for some given k, I € {1,...,N}.

Using equation (63), we can rewrite the mixed derivative of aggregate outcome Y, at time ¢,

as

2Y, 9 ( 080,

— = OYn) _ s 0°8n  08u'0Yn  , Pyn +ayn/%
9000, _ 96, \ V" 96,

"30, ) ~ Y"a6.00, " a6, 6, " S" 600, 96, 06,
This derivation underscores that we generally need both the first-order and second-order mixed par-
tial derivatives of individual outcomes y,, and the distribution g, to compute aggregate sequence-
space Hessians 9?Y. Our method leverages several useful properties of these first- and second-order
derivatives. In the following, we prove key properties of the second-order mixed derivatives ﬁz(%yn
2

and ﬁ gn, and we refer the reader to Auclert et al. (2021) for the properties of the first-order
partial derivatives.

First, notice that mixed partial derivatives are symmetric, or interchangeable, by the standard
continuity argument. That is

azyn azyn aZgn aZg”

0000, ~ 9800, ™ 3008 26,08,

Second, the recursive structure of the system (61) - (63) gives rise to the following key property

of mixed partial derivatives in sequence space.

of sequence-space Jacobians, solving to first order for the transition paths of i) allocations, ii) optimal policy, and iii)
multipliers.
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Lemma 26. We have
oy, )0 if n>min{k, 1}

89k891 - azyn—s
96, .90, . else fors<n

Leveraging these first two properties of mixed derivatives of individual outcomes in sequence
space, we can construct sequence-space Hessian matrices using the following shortcut: Instead of

computing all N2 numerical derivatives, we simply compute

azyn
00,00y

for 1 < k < N, which requires only N numerical derivative evaluations.*®

Third, we exploit the fact that the transition matrix A, which describes the law of motion of
the cross-sectional distribution in equation (63), has a particular structure in continuous time. In
particular, we have

A(Vis1, X, 00, Zn) = 1+ dtA(Vyi1, X, 0, Z)',

where A is the | x | matrix that discretizes the HJB operator .4, and A/, its transpose, is the analog

for the adjoint A*. In our baseline HANK model, the discretized transition matrix takes the form
A, =s, -D,+ A* (66)

where A? is given exogenously, and its derivatives with respect to 0y, Xy and Z are therefore 0. The
matrix D, discretizes the partial derivative d, as we show in Appendix A, and it is also invariant
to perturbations in aggregate inputs as long as the step size used for the numerical derivative is
fine enough. In particular, the key insight here is that taking derivatives of the general transition
matrix A in equation (63) simply amounts to differentiating s, in equation (66).*” We record this

observation in the following Lemma.

Lemma 27. The first- and second-order mixed partial derivatives of the transition matrix A\, in our setting

are given by
aAn o aSn azATl o
A TR I T

d%s, .
00,00,

D,.

Fourth, we characterize the properties of the mixed derivatives of the cross-sectional distribution.

We assume for simplicity that the economy is initialized at the cross-sectional distribution that

2 2 2.
46 For other mixed derivatives, such as szgnzz , we require 2N evaluations, i.e., both aeakayi'N and agNya”Zl .

47 Notice that equation (66) is specific to our baseline model and consequently breaks with the spirit of gener-
ality otherwise adopted in this section. However, an equation like (66) will generally hold in any continuous-time
heterogeneous-agent model. We think there is some value to highlighting how to leverage this equation when con-
structing sequence-space Jacobians and Hessians, and we therefore use equation (66) in the following while otherwise
maintaining our general notation.
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corresponds to the stationary Ramsey plan, that is, g1 = gss, where we recall that n starts at 1
and t; = 0. The initial distribution is given exogenously and does not adjust on impact. That is,

2
aaekgle, = 0. Using equation (63) and Lemma 27, the response of the cross-sectional distribution at

a2g2 82/\1 azsl
86k891 - 89k891 8ss = at (aekael . Da>8ss

time step n = 2 is thus

We now exploit the recursive structure of equation (63) to derive two alternative expressions for

. N 92 ..
the mixed derivatives Wg’;’, for n > 3. We summarize in the next Lemma.

Lemma 28. The mixed partial derivatives of the cross-sectional distribution g, at time steps n > 3 can be

computed recursively using

36,96, 58 36,96, aek—(n—Z)ael—(n—Z) min{k—(n—2),I—(n—2)}>1
ds1 0gn—1 ds1 0gn—1
(e D) B (D) B
or non-recursively using
azgﬂ 3 n—r—1 > 82
00,00, _r;(Ass) 00,00,

R s 0 0 0
n—r—2 1 &1+ n r—2 51 . L1+r
at ) (As) (aek_r ) 96, ””Z (aez_r D”) 96,

r=

where Ry = min{k,I,n — 1}, R, = min{k —1,n — 2}, and R3 = min{l — 1,n — 2}.

Fifth and finally, we discuss how to efficiently compute a given mixed partial derivative numerically.

The most popular finite-difference stencil to compute second-order mixed derivatives is given by

Py oyt -yl -y, Ty,

90,00, 412

(67)

wherey, " =y, (..., 0c+h,...,00+h,...),yf " =yu(...,0+h,....00—h,..),y, " =y.(..., 00—
h,...,00+h,...),andy,” =yu(...,0c—h,...,00—h,...). This stencil requires 4 function evalua-
tions for every mixed derivative and is therefore very costly.

An alternative and, in our case, substantially more efficient stencil is

PYn _ Yk = Yi —Yi 2~ Y —Yi T Yn (68)
96,90, 212

wherey, = yu(...,0c+h,...,0,..0, 9y, =yu(-..,0k....00+h,..0),y; =yu(...,0c—h,...,0,...),
andy;,” = yn(..., 0k ...,0,—h,...). Stencil (68) requires only 2 new function evaluations compared
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to stencil (67)’s 4. The additional terms y,, y,;*, and y;," are already available from constructing the
first-order sequence-space Jacobians. And the terms y,," and y,,” can be computed very cheaply

using the standard fake-news algorithm for first-order derivatives.

Comparison to fake-news algorithm of Auclert et al. (2021). In their seminal contribution,
Auclert et al. (2021) develop a highly efficient algorithm to compute sequence-space Jacobians,
showing that computing a single column of the Jacobian suffices to derive all other columns from
it. For sequence-space Hessians, on the other hand, we need to evaluate one “block” of the Hessian,
which requires N numerical derivatives, and is consequently substantially more expensive than
computing a sequence-space Jacobian.

Why does the Hessian matrix have a higher information requirement? For Jacobians, Auclert
et al. (2021) show that we only require a single piece of information to evaluate the impact of shocks
on household behavior: How far in the future is the shock, i.e., what is the distance from the present
to the shock. For Hessians, on the other hand, we need two pieces of information: How far in the
future is the (later of the two) shock(s), and, in addition, what is the relative distance between the
two shocks. We therefore cannot obtain all required information with a single numerical derivative
as in the case of the Jacobian.

Nonetheless, our fake-news algorithm for sequence-space Hessians represents a substantial
improvement over computing the Hessian matrices directly, which would require the evaluation of

N2 numerical derivatives.

B.5.2 Total Derivatives and General Equilibrium

Our perturbation approach to optimal stabilization policy in the dual requires the two total deriva-
tives %F and %F . In particular, the [k, []th entry of the N x N matrix Fy is given by

al 42U P2V, P2
—= _pt” 471 / 1 1
(Fo)iey = L™ g0, %+ () G0, * * g, (69)

n=1

where U, = (u(c,) — v(Ny) — §(7%)?)"gy. The first term in equation (69) thus captures the present
discounted sum of future aggregate social welfare flows, and the second and third terms capture
the timeless penalties.

So far, we have discussed how to construct the first- and second-order partial derivatives of
the economic variables that comprise F. To compute total derivatives, we start with a discussion of

general equilibrium.
General equilibrium. General equilibrium considerations in our model can be summarized in

terms of the equilibrium map (50), which is a system of N equation, assuming for now that X,, € R.

Given paths for policy 6 and the exogenous shock Z, we can solve equation (50) for X = X(6, Z).
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To compute the total derivative Fy, i.e., the response in the planner’s first-order condition to a
perturbation in the policy path, we must take into account both the direct effect of the policy via its
partial derivative and the indirect general equilibrium effects. We use the first-order derivatives
Xp

. = —Hy'Hy, . Likewise, the mixed partial derivatives are given by

X6, = —Hyx ' Hp,p, + Hy'Hxo Hy ' Hy,. (70)

Total derivatives. We now summarize how total derivatives of Y, relate to the partial derivatives
we have discussed so far. For notational convenience, we drop the n subscript and instead use
subscripts to denote partial derivatives. Recall that Y depends on the time paths of all aggregate
inputs, Y(X,6,Z).

Lemma 29. The total derivatives of Y are given by

%
10,46,

= (YxlxXe, - YXNXX9,> X, + Yxo,Xp, + YxXp,0, + Yo, xXo, + Yo,0, (71)
where subscripts denote partial derivatives, and likewise for the total derivatives %.

The total derivatives for V; and 7}’ take the same form and can be computed via their second-
order partial derivatives together with the general equilibrium maps, i.e., the partial derivatives of
X. We now have all the objects we need to implement our perturbation approach in the dual and

compute optimal stabilization policy numerically.

B.5.3 Algorithm to Compute Optimal Policy in the Dual

We summarize in Algorithm 1 our fake-news algorithm to compute sequence-space Hessians and,
with them, optimal stabilization policy to first order in the dual representation of the timeless

Ramsey problem.

B.5.4 Accuracy and Performance

We test the accuracy of our method in a number of ways. In Appendix F.2, we show that the
numerical solution of optimal policy in RANK using our perturbation method based on sequence-
space Hessians is highly accurate. In RANK, we can compute optimal policy analytically. We
compare this exact analytical solution to the first-order approximation of optimal policy given by
a0 = —F, 1r,dZ. For demand shocks, we show that the difference in optimal CPI inflation, for
example, is on the order of 107°. In the case of TFP shocks, the remaining discrepancy is slightly
larger, with the two optimal interest rate paths differing by about 1 basis point.

In ongoing work, we use our perturbation method to compute optimal monetary policy

numerically in the analytical HANK model of Acharya et al. (2020). Since their model admits
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Algorithm 1 Optimal Stabilization Policy using Sequence-Space Hessians

1: Compute stationary Ramsey plan

2: Compute sequence-space Jacobians around the stationary Ramsey plan using fake-news algo-
rithm of Auclert et al. (2021)

3: Compute N numerical mixed partial derivatives, and > use stencil (68)
a: construct policy Hessians > use Lemma 26
b: construct distribution Hessians > use Lemmas 27 and 28

4: Use Hessians to compute mixed derivatives of H and X > use equations (50) and (70)

5: Compute total derivatives for Fg and Fz > use equations (69) and (71)

6: Compute optimal stabilization policy as d0 = —F, 'FzdZ

an analytical solution for optimal policy in a heterogeneous-agent context, it represents a useful

environment to benchmark the accuracy of our method.
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C Labor Market Structure and Wage Phillips Curves

C.1 Wage Phillips Curve with Utility Adjustment Cost

The union’s problem is associated with the Lagrangian

L= [ et ‘W b (W _eNdk A - zdk d d
=, e ulc(a,zzWey) | —v o\ W ¢ ~5 TOt gt (a,z)d (a,z)dt
+ /0 e P! |:]/lt7'f]z£twk,t — oUWy + Wk,t}'lt] dt + uoWio,

where in the second line we already integrated by parts. Thus, the two first-order conditions are

given by

dci(a, z; W, N .

0= [ w(en XM EEN) o, (0,2) 4 (a,2) + €0/ (N R+t — o +
aWk’t Wt 4

0= —(57‘(}& + Wiy,

as well as the initial condition yg = 0. By the envelope theorem, we have

der(a,z;Wiy) 1 L
Tk,t - E(l +T )(1 - G)ZtNt.

Defining
A = /zu/(ct (a,2))gt (a,z)d (a,z),

the first FOC becomes
0= (1+7H)(1—e)wiN;As + €0 (Ny) Nt + us Wi — oWipts + Wity
Differentiating the second FOC yields
tht + Wy = o7t
Plugging back into the first FOC, we arrive at
0= (1+75(1 —e)wiNiAs + €0’ (N;) Ny — pd7t? + 57

which yields the result after rearranging.
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D RANK with Wage Rigidity

In this Appendix, we present a self-contained treatment of optimal monetary policy in RANK. We
leverage our timeless Ramsey approach to give an exact, non-linear characterization, which we

leverage in Section 4 of the main text to compare optimal policy in HANK to the RANK benchmark.

D.1 Model

The representative household has preferences over consumption and labor. We assume that the
household’s labor decision is intermediated by a continuum of k € [0, 1] unions, which we further

describe below. Preferences are thus given by

/ e P! [u(Ct) — V(N ty) | dt,
0 )

where C; denotes consumption of the final consumption good and V (1, 71i’,) denotes disutility

from work. The representative household’s budget constraint is given by
At =rA++E+71—-GC,

where A; is the aggregate bond position, r; the real interest rate, and E; denotes real labor income.

Finally, 7; denotes a real lump-sum rebate to households.

Labor market structure. The labor market structure and union problem in the RANK benchmark are
unchanged relative to HANK except for one important difference: Union k maximizes stakeholder
value, which in HANK is an appropriately weighted average of its members” utility flows. In
RANK, on the other hand, there is a single representative household. Consequently, the marginal
cost term in the New Keynesian wage Phillips curve that obtains in RANK simply features the

marginal utility of consumption of the representative household, i.e.,

€

c—1
5 (1+TL)?wtu'(Ct)—v'(Nt) N;.

i = prif +
instead of the weighted average of marginal utilities, A;, which features in the Phillips curve in
HANK.

Equilibrium. The characterization of firms in RANK is identical to that in HANK. As are the
details of fiscal and monetary policy. To formally define equilibrium and RANK and state the
implementability conditions for the Ramsey problem, we first characterize the representative
household’s optimal consumption behavior in terms of an aggregate consumption Euler equation.

Under isoelastic preferences, which we assume in this Appendix, we simply arrive at the standard
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differential equation

G _rn—p
Ct ¥

The equilibrium conditions of the RANK economy are then given by

Ct:rt_pct
Y

Y: = AiN;

Y =G

B =0

T =1 — T

wy = Ay

nt—nw—ﬁi

€

ﬁ?zpﬂf‘ur(s

-1
1+ TL)ethu’(ct) — o (N) | N;
We drop the bond market clearing condition. We substitute in for the real wage as well as CPI

inflation. And we drop output. We summarize the resulting implementability conditions in the
following Lemma.

Lemma 30. The implementability conditions that a Ramsey planner faces in RANK can be summarized as

¢ =""F¢
Y
Ci = ANy
, Ay
s w4
Ty = 1t Tty +At

-1
Y = pry + g (1+ TL)%AHA/(CL‘) —0'(Ny) [ N

It is important to note that the implementability conditions of Lemma 30 could be simplified further.

We refrain from doing so in order to maintain as parallel a structure to the Ramsey problem in
HANK as possible.
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D.2 Optimal Policy

We associate the standard Ramsey problem in the primal with the following Lagrangian, where we

drop time subscripts for convenience,

[e] 1 5
= _pt S 1_7— —_ = wy2
L /0 e {1_7C v(N) 2(7r )

1/ ., A .
+4’_7<1_” +A—p)C—C]

+u AN—C]

+ 9| o + % ((1 + TL)%Au’(C) — v’(N)) N — ﬁW} }dt
Crucially, both Cy and 71§ are free from the planner’s perspective.
Lemma 31. The first-order conditions for optimal monetary policy in RANK are given by
1 A , —1
0=CT—pt¢—(i—m"+5—p)—pp+¢+0(1+1H)"Au"(C)N
0% A ) €
0= —5nw—¢ic+ﬁp—pﬁ+19
€

((1 + TL)%AL/(C) _ v’(N)) 65 (NN

€

oz—v/(N)+yA+195

1
0=¢—-C,
4)7
with initial conditions

0= ¢o

0 = .

(72)

(73)

(74)

(75)

We see that we must have ¢ = O for all t. This allows us to simplify the first-order conditions and arrive at

€

-1,
S+ Th =AW (ON

0=C7—pu+9

1
0=—0'(N)+puA+ ﬁg(l + TL)GTA”'(C) - ﬂ%’/(N) N ﬁgv”(N)N
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with initial condition ¥y = 0.

Proof. We now integrate by parts and consider a general functional perturbation, yielding

— -pt) 11—y Y w 2

L /Oe {1_7(C+ahc) (N + ahy) 2(71 + ahy)
1/, “ A

+¢ 7<z+o¢hl~—n —ahﬂ+A—p>(C+ahc)]

+ u|A(N +ahy) — C—ahc]

¢
5

0 [p(r + ahe) + ((1 +eh A (C 4 ane) - v’<N+ahN>) (N+0¢hN)]

— p¢p(C + ahc) + (C+ ahc)p — p8(n” + ahy) + (¥ + thn)f’}dt + ¢o(Co + ahcp) + So(rry + ah;

Working out the Gateaux derivatives and employing the fundamental lemma of the calculus of

variations, we arrive at the following

0= / e_Pt{C_”hc — o' (N)hn — 67T%hy
0

[1 1/, o, A
+¢_v<hl—hn>c+7<l—n —i—A—p)hC]

+u Ahyn —]’lC:|

+ 0| phy + g ((1 + TL)%Au/’(C)hC - v”(N)hN> N

+ g ((1 + TL)%Au’(C) — z/(N))hN]

— p47hc + ]’lccp — pﬁl’ln + ]’lﬂﬁ}dt + (PUhC,O + 190}171,0
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Grouping terms,

o 1
02/ Pt CVhe — phe + <
A e { c— Hhc ([)71

A . —
—av 42 —p)hc — phc +hcq>+z9§(1 e

A

1

Au” (C)th

— o/ (N)hy + pAhy + ﬁg <(1 + TL)%AL['(C) - v’(N)) Iy — ﬂgv"(N)hNN

1
+ (P,),Chi}dt + ¢pohco + Bohrp

The fundamental lemma of the calculus of variations yields the desired result.

Lemma 32. The stationary Ramsey plan in RANK satisfies

w

Tleg =

0

iss =p

Css =

1955 =

Uss = L(Z\]ssy7 +

1
€— 1] L
NSS

1—(1+7h)ed
(y+ms1+th)t

n —
——(Css) 7.
’Y+’7( )

T

Importantly, we see that dss = 0 if and only if an appropriate employment subsidy is in place, so

that (1 +7th) et = 1.

€

D.3 Timeless Dual Lagrangian

In the following, we leverage our timeless Ramsey approach to give a novel, non-linear characteri-

zation of optimal monetary policy in RANK. We associate the timeless Ramsey problem in the dual

with the Lagrangian

o 1 5o
L™ (9) :/0 e pt{l_q,ctl W—U(Nt)—i(”t )z}dt

-0y
——
Inflation Target
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Lemma 33. The timeless dual Ramsey problem in RANK is time consistent. In the absence of shocks, the

Ramsey planner has no incentive to deviate from the stationary Ramsey plan. That is,

d
—LTP =0.
dae (9) . 0
Proof. Suppose we differentiate
A gy [T o) ANy o drr L)
a6" (19)_/0 N i Niae T e (7 ae

Next, we evaluate at the stationary Ramsey plan. This yields

d TD . © *pt 7,\rdCt WdNt dT[SU
Tl (19)_/0 e C e TN (0

S e e—1dN, A
_ —pt ) o=y Bt L b —_9=0
/O e {c [d(-) (1+7h) de”dt 6

Next, from C; = A;N;, we have when evaluated at the stationary Ramsey plan that

dcCy AdNt

de T de’

Thus,

iTD — [ et 77@_ 17@ — %
Tk w)_/o "N e N e (s

=C [1 —(1 —|—TL)€;1] /O e_PtiIC(;dt - ﬁdgg).

Next, we use the Phillips curve. With limr_,., 7% = 0, we have in integral form

€

=P+

[(1 + TL)%Atu/(Ct) — v’(Nt)} N;
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Thus, we have

dmr§ © € e—1 dCs dN;
70 —p(s—0) = LN 2 -
T /0 e 5[(1—{—1’ ) - (1—7v)C T - (1+7) 70 ds
__°€ ne-1lg_ e 7 /oo —prdCt
_ 5[(1—1—'[) e (1+17)N] [ e
€ -1 b dc
hd o —pt 2t
5(1+r) Cc” (7+;7)/ e dedt
Thus, we have
Marginal benefit from time-inconsistent deviations
SLTP(9) =C 7|1 — (14 7h /O i
€ e—1 © dC
9= (1+ Tt~ / —pt 2t
195( +1°) - C"v+n) € dedt

Marginal cost of time-inconsistent deviations under timeless penalty / inflation target
Finally, we now have

e—1

0=C7 [1_(1+TL) ] —19%(1+TL)%C_7(7+’7)

€ — - et e
- [1_(1+TL) 61} - (vingtai)ﬂie‘ s e
0 €
= [1—(1+7L)€_1} — [1—(1+TL)€;1 ,

which concludes the proof.

Remark 34. Our constructive proof of Lemma 33 characterizes clearly the marginal benefit from

time-inconsistent deviations from the stationary Ramsey plan. And it also shows clearly how the

timeless penalty, the marginal cost of deviations, exactly offsets the marginal benefit. Importantly,

we see here in closed-form what the economic determinants are of the marginal benefit and the

timeless penalty.

D.4 Retracing Classical RANK Results

We are now ready to use our apparatus to retrace the classical analysis of optimal monetary

stabilization policy in RANK. In this subsection, we restate several of the classical results in an

exact, non-linear form.
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To that end, we now consider a version of the baseline RANK model with demand, productiv-

ity, and cost-push shocks. Formally, we assume the following exogenous processes
A =Ea(A—A))
€ = ée (6 — Gt)
o1 =Eo(p —pr)

where A, €, and p are the steady-state constant levels. We will consider one-time unanticipate
(“MIT”) shocks at time t = 0, so that Ag, €9, and pp jump and subsequently revert back to their
steady-state levels following the above laws of motion. With this enriched structure, the imple-

mentability conditions for the optimal policy Ramsey problem become

. 1/, A
Ct:7<lt—7'(§u+Ai—pt>Ct
Ct:AtNt—Gt

€t

_ 1Afu’(Ct) — U/(Nt) Nt

, €
7Y = oy + gt [(1 +7h) :

In much of the standard RANK literature, e.g., Clarida et al. (1999), optimal policy analysis
drops the IS equation as an implementability condition and then proceeds to derive targeting rules
for inflation and output (gaps). In the following, our goal is to retrace this classical analysis in
our setting. We will leverage the results we derive below in Section 4 of the main text to compare
optimal policy and targeting rules across RANK and HANK.

We drop the IS equation and use the resource constraint to solve out for N;. Following Gali
(2015), we define the natural level of output, denoted Y}, as the equilibrium level of output under

flexible prices. From the Phillips curve, which is in our setting given by

-1 =
Y = [(1 +TL)€f€A}+’7] : (76)
t
Going back to the Phillips curve and using the resource constraint with Y; = A;N; = C;, we have
T+ PV
s % [(Y{l) — Y;’“} YA (77)

which is our sole remaining implementability condition and features all three shocks: Ay, €;, and py.
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The planner’s Ramsey problem can now be associated with the Lagrangian

= > _fofPst _ ﬁ _é w\2
L /Oe {u(m 0<At> ()

€t €t

-1 Y, Y,
w L / _ At At w
+ &% [ptr( + 5 ((1—|—T ) €t A’ (V) — o (At)>At nt}}dt

We now state the main result of this appendix: a non-linear targeting rule for optimal monetary

policy in RANK under demand, TFP, and cost-push shocks.

Proposition 35. (Optimal Policy Targeting Rules / Divine Coincidence in RANK)
a) (Targeting Rule) Optimal monetary policy in RANK is fully characterized by the non-linear targeting rule

1
. 1
Y, =y < Goaat $0(1— ’Y)) T 78)

1+ $0:(1+7)

b) (Divine Coincidence) Suppose there are no cost-push shocks, i.e., €; = €, and we implement an employment
subsidy so that (1+ t+) <L = 1. We have

1
_yn 1+%ﬁt(1_7) "
Yt = Yt (1—|—§19t(1—|—17) . (79)

A solution to the non-linear Ramsey plan is then given by Y; = Y|', %y = 0, and 7}’ = 0.

Proof. Crucially, both Yy and 71§’ are free from the planner’s perspective. We start by integrating by
parts, yielding

— ® ffot sds . ﬁ _é w\2
L /Oe P {u(Yt) U(At) 2(7rt)

w . €t L e —1 / R E ﬁ
+l9t|:pt7'[ + 5((1‘{‘1’) & Atu (Yt) U(At)>At:|

— ptﬁtﬂ?} + 7T§%9{| }dt + 1907'[80
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The two first-order conditions are then given by

Yt 1 €t €t—1 Yt 1 Yt
—q! Y.) — / - “ts 1 L A " Y.) — nf tty - | 1t
0 =u ( t) v (At) At + ) t|:( T ) €t tH ( t) v (At> At:| At

o (1 &=L awir o (Y)) L
+5l9t<(1+'f) y Atl/l (Yt) U(At>>At

for output and % =9 ity for the multiplier.

We now simplify the first condition, which will take the form of a targeting rule, as discussed

in much of the classical optimal policy analysis in RANK. With isoelastic preferences, we have

_ i € e —1 _ _y_
0=y, —Y/A" 1+(;ﬁt<(1+rL)t€t(1—’r)Yt T ()Y AT 1)

Further rearranging yields

0 =11 =37 4 Lo (1 ) L (1) AP - L (14
t

or simply

1
€t i 1 €t €t L e —1 1+y ta
1+ —%(1 Y; = —%(1— 1 —A

Using the definition of natural output, we therefore have

1
€t v 1 € € GZI
{1+519t(1—|—17):| Yt_<1+TL€t—1+5l9t(1 ’)’)) Yt

or simply

Importantly, the targeting rule of Proposition 35 echoes the seminal result of the standard New
Keynesian framework, that Divine Coincidence obtains unless there are cost-push shocks. In the
presence of only productivity and demand shocks, the planner perceives no tradeoff between

inflation and output.
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E Optimal Policy under Discretion

The optimal planning problem under discretion at time s is formally associated with the Lagrangian

LD(gS) =

N-1
min max S et
¢S/XSIA‘S/I"S/19S ‘/s:rcs,[z;]]/gerl/”?)/Ns/ls n=s

+u

za—ﬂwa+”“ a1+ z1AnNy )
(” 1 s ) g = o(N)Vgi = 5 ()" 1'g:

n,[Z:H

. Api1—A
Vn+1 — Vn +u <1na1 - n.)zqual + ”!;tlAn “a1 + ZlAnNn>

0
—0(Ny) — (ﬂ“’)2]
dt Cn,[2:]] 20"

. A — A D, .
+ ¢;A2Vn + Z(Pi,ﬂ <lnﬂi — ﬂ;ugi + %ai + ZiAnNn _ Cn,i> Z[Z, ] Vn
i>2 n a

D
u'(en o) — (an—H) ]
! da [2:]]

Y gnJrldt &n + A (AZ) Sn

+2Am 3

i>2

+ X2

0
, _ “gn| pdx
<ln“[zzn — mapy) + AR apy + 2 ANa — Cw:n) ] }

+ ]/ln C;/lgndx - AnNn

19, — %t_n” + pmty + g <€;1(1 + TL)An(Z ' (cy)) gndx — v’(Nn))Nn] }dt

where the superscript D denotes the planning problem under discretion. The planner takes as

given an initial condition for the cross-sectional distribution, g;.

Unlike in the Ramsey problem with commitment, we only integrate by parts the state variables

of the problem, and not those terms associated with forward-looking constraints. That is, we use

N-1 A — P th/
_ Z e ptnA/ gn+1 Z Pt - n— 1gn
n=s

1 1
+ aepdt/\/ 185 — jepdte ptN/\/ 18N
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and rewrite the Lagrangian as

N-1
LP(g;) = min max Y e Pt {{

‘PS/XS//\S/HS/ﬂs Vs/cs,[z;]] rgs+1/7T§0/Ns/is n=s

. A, 1—A
. <1na1 — a1+ Zgp a1+ 214, Ny

/
)
gt —o(Ny)1'g — = () 1'g;
Cn,[2:]] 2

V.11 -V, inay — may 4+ AmiAng 4o AN 1)
+ ¢, —PVn—FHldlLrl%-u(nl n Cth” s n)—v(Nn)—z(ng’)zl
n,[2:]]
I A% i w Apt1— An Du,[il ]
+ ¢, AV, + Z¢i,n Ina; — 70, a; + Tﬂi +2;iAuNy — Cpji “dn Vi
i>2 n a
D
"‘7(:1,[2;]] u/(cn,[Z:]]) - (d;VnH) ]
2]
Al — epdt)!
e n—Hgn + AL (A%) gn

dt

In@.] — 70, Apg) + A"&EA" ap.g) + zp:) AnNn — € 2]

D’ .
e

i>2

+ U | Chgndx — AyNy

19, — % + o + g (e;l(l + 1AL (z - (cn)) gndx — v'(Nn)>Nn] }dt

+ epdt]tg_lgsdx — epdte’ptN/\},_lgNdx

We now characterize the first-order optimality conditions associated with the planning prob-

lem under discretion.

Derivative for V;. We have

0= ps — 4ps + (At 1 (9Du)'s, — e D2 ( X )
- S S S sHa S
dt da da Xs—1,2:]]
or simply
! 0
dt da \ x5_1,
Consider the last term in this equation. The household’s consumption FOC says that consumption

today is a function of “expected” future value, which therefore uses V,, ;. The planner under
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discretion takes the future value V;, 1 as given. And the planner is constrained by the competitive
equilibrium condition that households make consumption decisions purely in terms of V;, 1. By the
household’s first-order condition, then, ¢, is pinned down as a function of V;,1.

We now see from this that, in the continuous-time limit with dt — 0, we must have

¢s = 0.

This is the proper boundary condition for the formal continuous-time problem under discretion.

Moreover, from the consumption FOC in the Lagrangian, we also have

/
da \ x5_1,.1

for all s.

Derivative for g, 1. We have

(1+ TL)AS—HZ ' (€s41)

0 w2 g+1 _epdt/\; / Z\/\/
0 =u(csq1) + psp16s41 — 0(Noy1)1 — E(nerl) 1+ T + (Ai1(A%))
d 1 ce—1
+ [(Du/\s+1)/[ss+l 'gs+1]:| + 195+1Ns+1*

da 0

dgs-i—l

Now we work out the remaining derivative,

d 1
dgs—H |:da(Da/\s+l)/[ss+l 'gs+1]:| = AaAs+1~

Thus, we have

) AL —erA!
0 =u(cs41) + Ps+16s+1 — (Noy1)1 — 5(”?@1)21 + %

ee—1
+ AAgi1 + 01 1Nsy1 5

) (1+ TL)AS+IZ ' (€s511)

Derivative c; .. Notice that the planner under commitment also just solves a static problem for
consumption at every time step. In other words, the choice of consumption today doesn’t “bind”

the planner tomorrow in any way under commitment. Therefore, we again have

ce—1
0 =u'(cs1)gs,i + Msgs,i + U (Csi)psi + U (csi)Xs,i + 19st57€ (14 75) Asziu" (c5,) s,
1 1
= 7, P5iDaig Vs — 7-85iDa iz As
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Derivative t%¥. We have
n

0= [ —u'(cs1)gsp01 — PsQs1a1 — 6Tt gs — Ppsau’ (cs1)a1 — (5712“(]);1} dx

S(S el (1 + TL)AstZﬂ/lN(Csll)gsllald.’x
[ ] Diiaf( o
Pisti—r Ve + Y Asi— [( >'g5}dx
[ l; z; da [ \-apy)
1
+ aﬁs

Thus, we have

0= [ —u'(cs1)gsp01 — PsQs 101 — 6Tt gs — Ppsau’ (cs1)a1 — (5712”(]);1} dx

e—1
55 (1+ 1) AsNyzq 1" (cs1)gs 101d%
D, 1
2¢1s i }Vsd _ng,i i d[ }/\d +dtl9
i>2 i>2

Derivative i,. The nominal interest rate derivative is very easy because it’s parallel to wage
inflation, except in the Phillips curve. In particular, the choice of the nominal interest rate is again a

fundamentally static problem, even in the case with commitment. We have

i D i
0 =u'(cs1)8s101 + Ms&sp1 + Psaut’ (csp)ar + Y ¢istii d[ —lily 4+ Y g d;/}/\s

i>2 i>2

ce—1
+ 19SET(1 + TL)ASNSZ]HH(CSJ)gS,lﬂl

Derivative N,,. Finally, we take the derivative for aggregate labor. This is again a static problem.

So, as before, we have

0= [ ' (Cs1)8s1214As + Usgsp 21 As + Ps 11t (C51)21As + ) isziAs d[ Vs + ) gsiziAAs dfz iy Vax

i>2 i>2

ce—1
+ ﬁng(l —+ TL)Astzlul/(Cs,l)gSJZlAsdx

— v’ (Ns)1 gsdx — ' (N;) pl1dx
e—1

(1475 As(z - 1/ (c5)) gsdx — v’(NS)) — € 9.0" (Ny) N,

€
_ﬂsAs+19s(5< 5
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We now summarize the resulting optimality conditions for the problem under discretion. We state
these optimality conditions here for the fully discretized problem, which we have worked with
thus far. For the main text, we bring these equations back to the continuous case.

We see immediately that 9; = 0 and

4’5:0

because the planner does not respect consumption promises from the past. These two conditions
signify the lack of commitment. The optimality condition for the cross-sectional distribution still

characterizes the evolution of the social lifetime value. We have

8w oy, Mepr — €A
0 :”(Cs—l—l) + Us41Csp1 — U(NS-H)I - E(ns+l) 1+ T + A/\S-‘rl
ee—1
+0s1Nsi15 (147" Actaz - ' (es11)
The optimality condition for consumption becomes
" / ee—1 L "
—xu"(c) = u(c)—i—‘u—/\a—i—ﬁNg (14 1)Azu"(c)|g.

The optimality condition for monetary policy now becomes

Ee—l
0

D ;.
0= |:u/(cs,1) + ps + I (1 + TL)Astzlu//(Csrl)] o101 + ng,iaiMAs

= da

And finally, the optimality condition for aggregate economic activity becomes

D ;..
0 =|u'(cs1)gs121As + Hsgs1214s + gs,iZiAsM/\s dx
da

i>2
-1
+ ﬁsg%(l + T8 AsNsziu" (cs1) 85121 Asdx
/ efe—1 L / ’ . _€a
—0'(Ns) — usAs + 1955 - (14+717)As(z-1'(cs)) gsdx — 0 (Ns) 61950 (Ns)N;

Plugging in for ¥; = 0 and ¢s = 0, we can leverage that several terms drop out and simplify
to give an even sharper comparison to RANK. In RANK under discretion, the optimality condition

for aggregate economic activity is given by

) €s
e, N N A AR AR
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which is unchanged from before because this is a fundamentally static optimization. However, as in
HANK, we now have 8 = 0 under discretion. So we can simplify the condition as

1+7

— eyl
Ys - As

where, importantly, the RHS is not equal to the natural level of output—it is if and only if there are

no cost-push shocks and we have the appropriate employment subsidy. Notice that we still have
14y

1 /s
the same definition of natural output, Y = [(1 + %) %] 1 AJ™. And so we get

__1
e

-1
Y, = Y. {(1 + TL)ESG]
S

in RANK. This tell us that commitment is only useful when there are cost-push shocks or when there
is no appropriate steady state employment subsidy in place—this insight is, of course, well known
from the classical analysis, which has established that the time consistency problem associated
with the Phillips curve only emerges under these two conditions. See, e.g., Clarida et al. (1999) for
a detailed treatment.

In HANK, on the other hand, we now have

¢
6

0=——79(N) —|—/zg/\ad(a,z) —u+9

4 [€;1(1+TL)AA—U’(N) —z/’(N)N}

1
A
To proceed, we first state an auxilliary result.

Lemma 36. The social marginal value of wealth can be expressed as

Ap =V, + (p—r—at - A+ca> {ycu +19N§€T(1 —|—TL)Azu”(c)ca}.

After discretizing in the space dimension, we can alternatively write this as

Ee—l
0

Ay = Va+l"{ptca+19N (1+TL)AZ-MH(C)Ca}

Proof. The private and social lifetime value of a household in state (a, z) are, respectively, given by

oV = @+ AV +u(e) —o(N) — 3 (7

e—1

oA = (3 + A)A + u(c) — o(N) — 2 ()2 + N

5 3 (1+tH) Az (¢) + uc
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This should imply that we have
A=V (p—d - A>_1{yc + ﬂNg%(l + TL)Azu’(c)}
or similarly
(p — 0 — A) (A — V) = {yc + ﬂN%%(l + TL)Azu’(c)}

Differentiating with respect to a yields

(p — 0 — A) (/\a — Va> — (;ﬂA) </\ — V) = uc, + 19N§€ ; L (1+tH)Azu" (c)c,

or simply

Ee—l

5 (1+ ) Azu" (c)c,.

(P—at—A)</\a—Va) —(Y—Ca)<)\a—Va) = e, + 9N

Rearranging leads to the desired result. u

Using our auxilliary Lemma 36 and plugging back into the optimality condition for aggregate

economic activity in HANK, we obtain

0=— %v’(N) + /zg(Va + uKc, + KﬂNge -1 (1+ TL)Azu"(c)cu> d(a,z) —u
+ 05197 42y an — o/ (N) — o (N)N | -
| e A’
where
-1
K= (p—r—at—A+Ca)
while for RANK we had
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E.1 Proof of Proposition 2

The derivation of the targeting rule of Proposition 2 is in the main text. To obtain the CRRA

representation of it, we use

// Wgt(alz) dads — thwAt—(Hrz) _ QP // Wgt(a’z) dadz.

Using natural output definitions

- - T+
YRA = (ef 1(1+TL)A}+’7)

1

- -1 1+ zu'(c(a, z)) 7
yHA _ (€= Ly g1t //
: < - (1+717)A, 2 (C) gt(a,z)dadz
we rearrange and obtain

E(1 + ol = et_tl (14thyA ™" ( // Zulb(lfz(ci')z))gt(a,z) dadz — QP // W,L(;E(Ci')z))gt(a, z)da dz>

€t €

or simply
1 1
T aw'(ciez) o (g,7) dadz\ T
Y = Y; x ( o ! L) X (1 o QP ff zu’lzc(((:z;)z))gt( & ) (80)
e—11+7 [ ey 8(a,z)dadz
Cost-Push Wedge Redistribution

E.2 Proof of Proposition 3

Our expression for inflationary bias follows by plugging in the targeting rule of Proposition 2,
rewritten as an expression for the aggregate labor wedge, into the Phillips curve (8). Setting 7t = 0,
this yields

v'(Nss)

wo__ _E e—1 L / o
e = 5ASSNSS //( - (14 7")zu'(css(a,2)) AL >gss(a,z) dadz

o = _gAssts // (e ; 1 (1+ th)zu' (css(a, 2)) — zu' (css(a, 2)) + anu'(css(a,z))>g55(a,z) dadz

¥ = gAssts [(1 _€ ; 1 (1 +TL)> // z1' (css(a,2) ) gss (a,2) dadz — QO //.au’(css(a,z))gss(a,z) dadz|.
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F Quantitative Analysis: Sensitivity, Robustness, and Further Results

F1 Equilibrium Conditions with Shocks

We start by restating all relevant equilibrium conditions of our baseline HANK model when all
three shocks are present.

The individual block is then given by

Vi (a,2) = 0¢Vi (a,2) +u(ct (a,2) —v (Ny) — g () + AiVi (a,2),
u' (¢t (a,2)) = 9,Vi (a,2)
018t (a,z) = Aj g (a,2) .

and the aggregate block by

€t ler—1
Al = it + gt tet (1+ ) wiAs — o' (Ny) | N;
Yt = AtNt
Wy = At

Ty =i — 7T

Importantly, household preferences must be modified to account for time variation in the discount

rate. They are now given by

[ e i ugen) — o) - G e .

E2 Accuracy

In this section, we report a series of numerical tests to benchmark the accuracy of our perturbation
method using sequence-space Hessians. In Figure 7, we compute the transition dynamics under
optimal policy in RANK in response to a TFP shock using both our perturbation method and the
exact analytical solution. The Figure underscores that our first-order perturbation method is highly
accurate in the case of the baseline RANK model. The remaining error in the two solutions amounts
to 0.01% in the output gap or, conversely, 1bps in the optimal interest rate response.

Likewise, Figure 8 reports the analogous comparison exercise for optimal policy in response
to a demand shock in RANK. Here, the numerical error is even smaller. The discrepancy in optimal

CPl inflation, for example, is on the order of 10,
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Figure 7. Transition Dynamics with Optimal Policy: Perturbation vs. Exact Solution
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Note. Impulse responses to positive TFP under optimal monetary policy in RANK. The Figure compares the exact
analytical solution of optimal policy (yellow) against our numerical perturbation approach using sequence-space

Hessians (blue).

Figure 8. Transition Dynamics with Optimal Policy: Perturbation vs. Exact Solution
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Note. Impulse responses to positive demand under optimal monetary policy in RANK. The Figure compares the
exact analytical solution of optimal policy (yellow) against our numerical perturbation approach using sequence-space

Hessians (blue).

E3 Transition Dynamics without Optimal Policy

In this section, we present impulse response plots that display the transition dynamics of both

RANK and HANK economies in response to TFP, demand, and cost-push shocks without optimal

policy interventions. We model monetary policy instead as following a Taylor rule, with

ip =1¥ + Ay,
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Figure 9. Transition Dynamics under Taylor Rule: TFP Shock

Note. Impulse responses to positive cost-push shock in both RANK (yellow) and HANK (blue) models. The nominal
interest rate follows the Taylor rule (81) and is not set optimally. The cost-push shock is modeled as an increase in labor
union’s desired wage mark-up. The shock is initialized at ¢y = 11 and mean-reverts to its steady state value € = 10, with

a half-life of 2 quarters.
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Figure 10. Transition Dynamics under Taylor Rule: Demand Shock

Note. Impulse responses to positive cost-push shock in both RANK (yellow) and HANK (blue) models. The nominal
interest rate follows the Taylor rule (81) and is not set optimally. The cost-push shock is modeled as an increase in labor
union’s desired wage mark-up. The shock is initialized at ¢y = 11 and mean-reverts to its steady state value ¢ = 10, with

a half-life of 2 quarters.

where we calibrate A, = 1.5.
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Figure 11. Transition Dynamics under Taylor Rule: Cost-Push Shock

Note. Impulse responses to positive cost-push shock in both RANK (yellow) and HANK (blue) models. The nominal
interest rate follows the Taylor rule (81) and is not set optimally. The cost-push shock is modeled as an increase in labor
union’s desired wage mark-up. The shock is initialized at ¢y = 11 and mean-reverts to its steady state value € = 10, with
a half-life of 2 quarters.

F4 Sensitivity Analysis: Low Inequality

In this section, we explore the implications of inequality for optimal stabilization policy. In our
benchmark calibration in Section 5, we set z& = 0.8 and zH = 1.2. The RANK benchmark can be
viewed instead as the limit where z",zH — z = 1.

We again compute the impulse responses to TFP, demand, and cost-push shocks under optimal
policy. However, we solve an alternative calibration with less uninsurable earnings risk, setting
zl = 0.95 and z" = 1.05. This calibration is between the RANK and HANK benchmarks of Section
5. We use this robustness exercise to confirm that the hump-shapes of the IRFs under optimal
policy in Section 5 are driven by distributional considerations. We indeed find that less uninsurable
risk and, consequently, lower cross-sectional consumption dispersion lead to less pronounced

hump-shapes in the optimal policy IRFs.
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Figure 12. Optimal Policy Transition Dynamics with Low Earnings Rrisk: TFP Shock

Note. Impulse responses to positive TFP shock in both RANK (yellow) and HANK (blue) models under optimal
monetary stabilization policy, using an alternative calibration with less uninsurable earnings risk with z~ = 0.95 and
zH = 1.05. The initial shock is 1% of steady state TFP and mean-reverts with a half-life of 2 quarters.

15

0.0
0.1
02
0 3 6 9 12
08 (D) CPI Inflation
04
0.0 ‘
0 3 6 9 12
Quarters
008 (A) Output Gap
0.03
-0.02 ‘ s ‘
0 3 6 9 12
(D) CPI Inflation
0.01
0.00
-0.00
0 3 6 9 12
Quarters

15

0.004

0.002

0.01

0.00

-0.00

(B) Natural Output

3 6 9 12

(E) Wage Inflation

15

3 6 9 12
Quarters

15

(C) Demand Shock

15

15

25
m HANK
m— RANK
12.5
O L
0 3 6 9 12
s (F) Optimal Interest Rate
0.2
-0.1
0 3 6 9 12
Quarters

Figure 13. Optimal Policy Transition Dynamics with Low Earnings Rrisk: Demand Shock

Note. Impulse responses to positive discount rate shock in both RANK (yellow) and HANK (blue) models under optimal
monetary stabilization policy, using an alternative calibration with less uninsurable earnings risk with z = 0.95 and
zH = 1.05. The discount rate shock is initialized at py = 0.025 and mean-reverts to its steady state value p = 0.02, with a

half-life of 2 quarters.

117

15



(A) Output Gap

15

0.0
-0
02 ‘
0 3 6 9 12
(D) CPI Inflation
0.01
0.02
0.05
0 3 6 9 12

Quarters

15

(B) Natural Output

03
0.1
0.0
0 3 6 9 12 15
oot (E) Wage Inflation
-0.02
-0.05
0 3 6 9 12 15
Quarters

0 (C) Cost-Push Shock

= HANK
m RANK
5
0
0 3 6 9 12 15
ol (F) Optimal Interest Rate
-0.0
-0.2
0 3 6 9 12 15
Quarters

Figure 14. Optimal Policy Transition Dynamics with Low Earnings Rrisk: Cost-Push Shock

Note. Impulse responses to positive cost-push shock in both RANK (yellow) and HANK (blue) models under optimal
monetary stabilization policy, using an alternative calibration with less uninsurable earnings risk with z = 0.95 and
zH = 1.05. The cost-push shock is modeled as an increase in labor union’s desired wage mark-up. The shock is initialized
at ¢g = 11 and mean-reverts to its steady state value € = 10, with a half-life of 2 quarters.
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