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Abstract

Pricing decisions are crucial for managing a firm’s reputation and maximizing prof-
its. Consumer reviews reflect both the product quality and its price, with more fa-
vorable reviews being left when a product is priced lower. We study whether such
review behavior can induce a firm to manipulate the review process by underpricing
its product, or pricing it below current consumers” willingness to pay. We introduce
an equilibrium model with a privately informed firm repeatedly selling its product to
uninformed but rational consumers who learn about the quality of the product from
past reviews and current prices. We show that underpricing can arise only when the
firm reputation is low and then only under a specific condition on consumers’ taste
shock distribution, which we fully characterize. Rating manipulation unambiguously

benefits consumers, because it operates via underpricing.
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1 Introduction

Consumer reviews often reflect not just product quality but also value for the price. Cur-
rent consumers leave better reviews for higher-quality goods than for low-quality ones,
but the reviews are worse if the same good is sold at a higher current price (Abrate, Quin-
ton, and Pera 2021, Luca and Reshef 2021). Future consumers then make purchase deci-
sions based on a firm’s reputation for quality, which is shaped by these reviews (Cheva-
lier and Mayzlin (2006)). In settings where consumers observe past reviews but not past
prices of a product (such as Amazon, Google Maps, Airbnb, etc.), the firm selling the
product may strategically manipulate its own reputation through prices, a phenomenon
that is supported by empirical evidence (Sorokin 2021).

In this paper, we propose a novel model to analyze how firms make pricing decisions
in the presence of reputational incentives driven by price-dependent consumer reviews.
We derive a necessary and sufficient condition for these reputational incentives to cause
the firm to price its product below consumers” willingness to pay, a phenomenon we call
underpricing.

In our model, an infinite stream of short-lived consumers decide whether to purchase
the product based on their expected utility from consuming it. After purchasing the prod-
uct, a consumer can leave a review for it depending on the quality of the product and her
realized utility, which additionally depends on the current price of the product and the
consumer’s idiosyncratic taste shock. Future consumers rationally learn about the quality
of the product from past consumer reviews and the current price of the product, but they
do not observe past prices. Our technical contribution is solving this reputation model
with observable current actions (prices) and dynamic price-signaling.

To solve the model, we analyze the firm’s trade-off between the reputational and the
myopic pricing incentives. Consumers’ ability to observe past reviews but not past prices
of a product creates a reputation-management channel for the firm selling that product.
Specifically, if the firm lowers the price of its product today, the firm will receive bet-
ter consumer reviews today and build a better future reputation. Future consumers will
have higher beliefs about the quality of the firm’s product because they cannot distin-
guish whether the firm’s better reviews are due to its higher product quality or lower
past prices. The downside of lowering the price today is a lower current profit, either di-
rectly, via price, or indirectly, via signaling a lower quality today and lowering the current
demand for that product.

We show that the consumer taste shock distribution, specifically, its adjusted hazard

rate, determines whether underpricing occurs in equilibrium. For a wide range of primi-



tives, including the case when consumer taste shocks are distributed uniformly, there is a
unique equilibrium where the firm prices its product at consumers’ willingness to pay at
all reputation levels and never tries to build its reputation via underpricing. For another
range of primitives, underpricing occurs only at lower reputation levels. Underpricing is
unlikely to occur when the taste shock distribution is sufficiently dispersed. Additionally,
we show that the reputation-management channel, and therefore underpricing, is more
prominent when consumers arrive more frequently.

Although many insights can be extended to other review processes, we focus on the
case when the reviews are modeled as perfect good news. Consumers leave only good
reviews, and they can leave a review only for a high-quality product.! Each consumer’s
probability of leaving a good review is increasing in the utility delivered net of the price
and is therefore decreasing in the price. We model this feature by introducing an explicit
review rule: the consumer leaves a review if the overall ex-post utility depending on
the price of the product and the consumer’s idiosyncratic (ex-post) taste shock exceeds
the given threshold.? The taste shocks are i.i.d. mean zero distributed and realized only
after the decision to purchase the product. These taste shocks can be interpreted as after-
purchase idiosyncratic experiences from consuming the product. Examples include faster
or slower delivery of the product or service in the restaurant on a given date, or horizontal
matching shocks unobserved prior to purchase.

To build intuition and show that underpricing need not occur, we first consider the
case when ex-post taste shocks are distributed uniformly. We show that reputational in-
centives are always dominated by the static profit motive. At lower reputation levels, the
tirm is forced to charge low prices, whether via underpricing or not. Under the uniform
shock distribution, the reputational incentives become insensitive to price reductions rel-
ative to the overall speed of reputation building. Therefore, future reputation-building
crowds out any incentives to underprice a product today. This means that both the high-
quality and low-quality types of firm have the same pricing incentives, so price signaling
never occurs. Thus, both types of firm pool at consumers” maximum willingness to pay
at any rating and underpricing does not occur.

More generally, for an arbitrary taste shock distribution, there do not exist equilibria
where firms pool and price their products below consumers” willingness to pay. Either
there is a unique equilibrium where both firm types pool at consumers” willingness to

pay or the two types separate at low reputation levels and pool at high reputation lev-

1. There is empirical evidence for mostly positive reviews on online platforms including AirBnB
(Carnehl et al. 2021) and Amazon (Hu, Zhang, and Pavlou 2009).

2. This implies only people with extreme experiences select into leaving a review, an idea with empirical
support (Schoenmiiller, Netzer, and Stahl 2019, Lafky 2014, Marinescu et al. 2021).
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els. In the second case, for a given reputation level below a threshold, the high-quality
type of firm (“high type”) prices its product below that of the low-quality type of firm
(“low type”). Then, prices are also fully informative about the quality of the product
at low reputation levels. We derive necessary and sufficient conditions on the ex-post
taste shock distribution and the consumer arrival rate that determine which type of equi-
librium arises. Underpricing does not occur in equilibrium if the density of marginal
consumers that the firm can win by using underpricing is low relative to the mass of
consumers who will leave reviews regardless of whether underpricing is used.

With equilibrium pricing behavior in hand, we analyze the welfare implications. Con-
trary to the standard intuition that review manipulation harms consumers, underpricing,
when it occurs, makes consumers better off relative to a myopic benchmark for two main
reasons. First, underpricing directly increases the consumer surplus. Second, underpric-
ing by the high-quality firm increases the arrival rate of good news, which speeds up
consumer learning and effectively transfers information rent from the low-quality firm to
consumers. The welfare consequences for the high-quality firm are ambiguous because it
cuts prices at low reputation levels but is sooner differentiated from the low-quality firm.

The rest of the paper is organized as follows. We discuss the related literature and
our contribution to it in Section 2. We introduce the model in Section 3 and show the
equilibrium characterization and main results in Section 4. The robustness of our results
to a number of extensions and the welfare implications are discussed in Section 5. Section
6 concludes the paper.

2 Literature Review

Our paper is related to a set of papers that study how a firm sets prices over time in the
presence of a consumer review system. In this literature, papers typically consider two
types of reviews: those that do not depend on product prices (He and Chen (2018)) and
those that do. Our model belongs to the second category. Many papers in this litera-
ture consider consumers which are behavioral rather than Bayesian. Shin, Vaccari, and
Zeevi (2021) consider consumers who choose a single quality and a single price faced by
past consumers that rationalize the observed current average rating. Carnehl, Stenzel,
and Schmidt (2021) consider consumers who form beliefs about product quality that ra-
tionalize the current rating at the current price. Crapis et al. (2017) consider a firm that
sets a price once and for all and consumers who assume all past consumers had the same
information.

Behavioral assumptions on consumers are typically used because “a fully rational con-
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sumer would have to solve a dynamic signaling game with rating systems, which is a
highly complicated problem” (Carnehl, Stenzel, and Schmidt 2021). Our contribution to
this literature is an analysis of fully rational consumers that make Bayesian inferences
from the current price and full history of reviews of a product. One important difference
between our model and those in the literature is that we allow for static price signaling,
and it occurs in equilibrium. Of the four papers mentioned in the previous paragraph,
three explicitly assume price signaling does not occur.

A small literature (Huang, Li, and Zuo 2022, Martin and Shelegia 2021) considers
pricing incentives and learning in the presence of both consumer reviews and Bayesian
consumers, similar to our paper. One key difference between the models in these papers
and ours is that they consider a single period of building reputation via reviews, while we
consider an infinite number of periods. This is one reason underpricing is more common
in the models in this literature: there is only one attempt at building reputation, while
underpricing generically need not occur in our model, because the firms might simply
wait for their future selves to build their reputation.

Our paper is also related to work on sequential learning through review systems. In
line with this literature, one goal of our paper is to understand how and what consumers
learn from rating systems. However, we focus on how dynamic pricing undertaken by a
forward-looking strategic firm interacts with consumer learning. In contrast, other work
in this literature, including Acemoglu et al. (2017) and Koh and Li (2023), focuses on the
case when prices are given but other questions are of interest, including how the selection
of consumers into purchase impacts learning.

Our paper contributes to the literature on reputation management and is most related
to Holmstrom (1999) and Board and Meyer-ter-Vehn (2013). We discuss these papers us-
ing the language of our model, for clarity. In Holmstrom (1999), the firm has a quality
that is fixed but initially unknown by everyone. The firm makes costly effort choices that
impact the utility delivered to consumers. Importantly, while the full history of utility
delivered is observed by consumers, effort choices both today and in the past are unob-
served. In Board and Meyer-ter-Vehn (2013), the firm can make costly effort choices that
determine quality when it is redrawn. Importantly, while the firm observes its quality
and its effort choices, consumers do not; instead, they observe signals about quality via a
process that the firm cannot influence.

Our paper is also related to the strand of reputation literature with observable actions
(such as the seminal paper by Fudenberg and Levine 1989, and most closely to Pei 2020).
The main differences between our paper and this literature are that in our model (1) we

do not have the commitment type, (2) current rather than past actions are observable, (3)



the long-lived player is not necessarily patient, (4) we analyze a different class of stage
games.

In our model, the firm cannot influence the quality of its product; instead, the firm
makes costly effort choices (prices) that impact the utility delivered to consumers. Re-
views are left when the firm is high quality, but the firm can influence the arrival rate by
changing the prices of its product. Importantly, consumers observe the full history of re-
views and the current price, but not the full history of prices. Our paper is like Holmstréom
(1999) (and unlike Board and Meyer-ter-Vehn 2013) in that the firm can influence learning
about quality but not quality itself. Our paper is like Board and Meyer-ter-Vehn (2013)
(and unlike Holmstrom 1999) in that the firm knows its quality, but consumers do not.
Our paper is different from both in that the firm takes an observable action (price). Sim-
ilar to Board and Meyer-ter-Vehn (2013), we find that when incentives for underpricing
exist, equilibria take a partition form with investment (underpricing) at low reputation
levels and shirking (pricing at consumers” willingness to pay) at high reputation levels.
Different from Board and Meyer-ter-Vehn (2013), we find that for a wide class of primi-
tives, there is a unique equilibrium where investment never occurs.

Finally, our paper is related to a literature where individuals signal by choosing an
information structure. A few examples are Rodriguez Barraquer and Tan (2022) (tasks
on the job), Degan and Li (2021) (precision of information), and Daley and Green (2014)
(grades across levels of education). In our case, the firm’s choice of price influences the
arrival rate of future information. In some cases, this gives rise to a form of endogenous
single crossing where high-quality firms separate themselves from low-quality firms by
choosing to price their products low, to invest in reputation. The biggest difference from
our model is that we assume a repeated dynamic structure where the choice of signal
structure is observed today, but its realization is observed in the future. For this reason,

(semi-)separating equilibria are less common in our model.

3 Model

Firm. A single long-lived firm repeatedly sells a single product. Time is continuous,
and the firm posts a price p, € [0, 1] at each moment of time ¢ € R,. Production is
costless and the future is discounted at rate r. The quality of the firm’s product 6, is low
or high 0, € {L, H}, with a prior probability ¢, € (0,1) of being high at ¢ = 0. Quality is
exogenously redrawn from the same prior distribution at a Poisson rate x.> High quality

3. Almost all results in the paper will be for a positive but “small” x.



is normalized to H = 1, and low quality is assumed to be strictly positive (L > 0).

Consumers. The market is composed of a stream of short-lived consumers that arrive
at Poisson rate \. When a consumer arrives, she decides whether to buy a single unit
of the product. Consumer utility from purchasing a product of quality ¢, at price p; is
equal to uv; = 0, — p; + £, where the consumer’s idiosyncratic ex-post taste shock ¢, is
drawn i.i.d. from a symmetric, unimodal, and mean-zero distribution with CDF F_ and
PDF f..* This shock is realized only after the good is purchased, i.e., the consumer makes
the purchase decision based only on the expected quality net of the price. We normalize
the consumer’s outside option to 0, which implies each consumer purchases the good if
her expected utility from consumption of that product is greater than 0, with indifference
resolved in favor of purchasing.

Consumer Reviews. Consumer reviews are modeled by perfect good news. Specifi-
cally, a consumer only leaves a good review at ¢ if (1) she purchases a high-quality prod-
uct, 0, = H, and (2) her realized ex-post utility exceeds threshold @: v, = H — p; + &, > a.
This implies that conditional on the product of high-quality being purchased, the proba-

bility of a good review being generated is decreasing in the price of the product:
Prie,>u—(1—-p))=1-F.(u—1+p)

Consumers never leave good reviews for a low-quality product, but as long as the product
is truly high quality, consumers are more likely to leave good reviews if their expected
utility from consumption is higher. The firm’s review history h'~ = {t,7,...,7,} is a
public history of good review arrival times before time ¢ (7; < t) that also tracks the
current calendar time ¢.

Information. A consumer at ¢ observes the review history 4'~ and the currently posted
price p; of a product, but not past prices, and forms an expectation about the firm’s current
quality A(p,, h'~) € [L, H]. Then, she buys the product if her expected utility from the
consumption of that product is weakly positive: 6(p;, ht~) — p; > 0. The firm is privately
informed about the quality of its product, but consumers are initially uncertain of it. The
firm also observes the review history prior to setting a price p, = p(6*, h*").

Firm’s Problem. Even though consumers arrive at discrete times, the Poisson struc-
ture implies that expected discounted profit can be expressed as if consumers were ar-
riving as a flow. From the firm’s perspective, at any small interval of time (dt), a con-
sumer arrives with probability Adt. Thus the firm’s expected profit during dt is equal to

L (5(pu.nt—)>p )y WPedt, and we can write the firm’s expected discounted value at the ¢ = 0 as

4. Normal, logistic, uniform, and type-1 extreme value random variables are examples.
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3.1 Model Discussion

Several ingredients in our model allow us to highlight the key economic forces present in
the environment without sacrificing tractability. We discuss these in turn.

The product quality in our model is exogenous and changing but highly persistent
over time: x > 0 but small. This is mainly a technical assumption that guarantees the
continuity of value functions at all points. It also guarantees that consumers do not learn
the product quality perfectly and allows us to produce more realistic price dynamics. In-
tuitively, there may be some idiosyncratic changes in the firm’s supply chain that impact
its product quality that are observable by the firm but out of its control.

A binary type with perfect good news is a tractable benchmark model in the reputa-
tion literature. To model the idea that consumers are reciprocal and more likely to leave
good reviews when the product is priced lower, we introduce an additional condition
that a consumer leaves a good review only if the overall utility, including an idiosyncratic
taste shock, is above some threshold. This model provides a micro-foundation and is
also isomorphic to modeling the arrival rate function of perfect good news explicitly as a
primitive. The ex-post taste shock ¢; captures unexpected differences in the consumer’s
individual experience of the product, such as faster or slower delivery of the product or
service in the restaurant.

Consumers in our model are fully Bayesian in the way they update their beliefs based
on the review history and the current price. However, they do not observe the full history
of past prices. These ingredients imply that the firm can invest in its reputation by choos-
ing off-path prices, and because the different types of firm may have different incentives,
price signaling becomes a possibility. In this way, we allow for price signaling to occur in
any given period instead of assuming it away ex-ante.

3.2 Equilibrium Concept

We define a pure Markov Perfect Bayesian Equilibrium (MPBE) with the current firm’s
quality and the public belief about this quality, which we call the firm’s reputation, as the

Markovian states.



Definition 1 The firm’s reputation q is the public belief that the firm's quality is high:

0 - L

(') =22 e 0,1

The firm’s reputation is a single sufficient statistic that summarizes the whole review
history and describes the quality distribution in the market for this review history. Under
the Markov assumption, the firm’s prices and consumers” beliefs depend on the review
history only via the firm’s reputation. Definition 2 below formalizes that the firm’s rep-
utation is Markovian and the full review history is not necessary for updating the firm’s
reputation in equilibrium.

To proceed with defining the equilibrium concept, we first introduce an auxiliary func-
tion, the good news arrival rate, which is the arrival rate of good news for the high-quality
product sold at price p, conditional on that the high-quality firm sells its product at price

p if a consumer arrives:
Ag(p) == A (1= F(a—1+p))
Now we can formalize the equilibrium concept.

Definition 2 A pure Markov Perfect Bayesian Equilibrium (MPBE)® consists of
1. Piecewise continuous® in q firm’s pricing strategies: p(0,q) : {L, H} x [0,1] — [0, 1];
2. Value functions: V(0,q) : {L,H} x [0,1] — R,;
3. Consumers’ belief about prices: p(0,q) : {L, H} x [0,1] — [0,1];
4. Consumers’ expectations about the firm’s quality: (p, q) : [0,1]* — [L, H]
such that:

(a) The value functions V (0, q) solve the Hamilton-Jacobi-Bellman (HJB) equations (1) and
(2).”

5. Maskin and Tirole 2001
6. A condition the guarantees its integrability and dlfferentlablhty of the Value function.

7. Where V, (0, q) is a left or right derivative 8V 6 ov(.a) depending on whether 7 is negative or positive.



(b) Prices p(0, q) maximize the right-hand sides of H]B equations (1) and (2):

rV(H,q) = tax {1{é(p,q)>p} “[Ap+ Ag(p) - (V(H, 1) = V(H,q))]

Y0 G (1= ) V(L) - V(H.0) } 0

dgq
V(L q) = max {1{é<p,q>zp} AP+ Vo(Lyq) -+ xao(V(H, q) = V(L q))} 2)

where q jumps to 1 at rate 1550 »>pan  Ao(P(H, ), and otherwise drifts as

dq -
2 = Loz e PH @) - a(l —a) +x - (00— q) 3)

(c) Consumers’ expectations about the firm’s quality (p, q) is Bayesian for the on-equilibrium-
path prices {p(L, q),p(H, q)}.

(d) Consumers” belief about price is correct p(60, q) = p(6, q).

We now explain each component of this definition:

* Strategies and beliefs. Definition 2 formalizes that the firm’s price and continuation
value depend only on its current quality and reputation: p(6;,q(h'~)) = p(6*, h'7).
Consumers’ belief about prices for each type of firm depends only on the current
reputation of the firm, and their expectations about the firm’s quality depend only
on the current reputation of the firm and the price of the product: 8(p;, q(h")) =

0(pi, ht™).

e HJB. Equations (1) and (2) are recursive formulations of the low- and high-quality
tirms” problems. The first line of (1) includes the revenue stream as well as the
possibility of getting a value jump as the reputation jumps from ¢ to 1 after receiving
a good review. It is multiplied by an indicator function because the firm gets the
revenue and reviews only if a consumer buys the firm’s product at the chosen price.
The second line reflects how the future continuation value drifts down without good

reviews and might also jump to a different type’s value if the quality is redrawn.

* Law of motion of reputation. To derive the law of motion for the firm’s reputation
(3), we need to understand how the consumers form their beliefs about the firm’s
quality based on the firm’s review history. The review history process is governed
by the prices chosen by the firm. Consumers do not observe past prices, so they use



their beliefs about those prices in order to update their belief about the firm’s quality
in the absence of good news. Intuitively, consumers “fill in” unobserved past prices

using their understanding of equilibrium and the review history.

Consumers believe that the high-quality firm charges price p(H,¢) and receives a
good review at arrival rate \,(5(H, q)) - 1{0(p(H,q), q) > p(H, q)}]. We derive the
law of motion for the firm'’s reputation ¢ using the fact that without redrawing the

state, it is a martingale and it jumps to 1 immediately after a good review.

Otherwise, since the time of the last review, the reputation drifts down. An addi-
tional term x - (g0 — ¢:) represents the mean reversion of the firm’s quality because
the quality is stochastically redrawn at rate . The HJB equations include all these
events to calculate the expected continuation value of each type of firm.

A set of acceptable prices is a set of prices at which consumers purchase the good:

Py = {p €[0,1]|0(p,q) > p} (4)

Any type of firm at any reputation level would only choose a price for its product
among the acceptable prices p € P, (4), because selling today adds weakly positive rev-
enue to a stream of payoffs and allows a possibility of getting good news, which increases
revenue in the future.® Thus the law of motion of the firm’s reputation in equilibrium can
be expressed as

da_

i o(H,q))-q(1 —q)+x-(q —q) (5)

There is a signaling game at every reputation level that endogenously defines both
the firm’s prices and consumers’ expectations, which prohibits us from solving for full
HJB equations paths for a given consumers” expectation function. Thus, to derive value
functions and MPBE, we first need to define and solve an auxiliary signaling game as a
static version of our model played at a single moment for a given reputation level, with
the firm’s payoffs derived from the H]B equations (1) and (2).

To be a signaling equilibrium at ¢ for a given value function V' (H, ¢), the firm’s prices

8. We show in online appendix Section 7.5 that Vg : V(H,1) > V(H,q)
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must be optimal

p(H, q) € argmax{Ap + \y(p)(V(H,1) = V(H,q))} (6)

PEPy

p(L,q) = max P,

and the consumers’ expectations function is correct for the equilibrium prices, i.e.,

oy
~
)

1. 0(p(L,q).q) = Land 0(p(H,q),q) = H,if p(L,q) # p(H,q) OR

2. 0(p(L,q),q) = 0(p(H,q),q) = ¢H + (1 — )L, if p(L, q) = p(H, q).

!

Equation (6) includes only the parts of the firm’s HJB (1) that depend on the chosen
price and therefore reflect the same pricing incentives for the firm. Equation (6) illustrates
the main trade-off in the model. Conditional on choosing a price that signals a quality
high enough to sell today, a higher price increases the revenue today but decreases the
arrival rate of good news (for the high type), which decreases future payoffs.

The low type’s arrival rate of good news is always zero, and therefore the payoff is
increasing, and p(L, ¢) = maxP,. We continue the analysis of this trade-off for the high
type and how it affects the signaling equilibrium and MPBE structure in Section 4.

Therefore MPBE conditions (a)-(d) are satisfied if and only if, (A) the firm’s prices
and consumers’ expectations satisfy the equilibrium conditions of the signaling games at
(almost) every ¢ for the given value functions, and (B) the value functions are derived
from HJB equations (1), (2) for given price functions with the law of motion for ¢ given
by equation (5).

4 Analysis

In this section, we derive necessary and sufficient conditions for underpricing in equilibria:
pricing below the consumer’s expected value of the product at the given reputation of the
firm 6(q) := qH + (1 — q)L.

First, we analyze the case with a uniform taste shock distribution, which allows us to
illustrate the main forces in the model and introduce a continuity equilibrium refinement.
In this case, we show that underpricing will never arise in equilibrium and different firm
types pool at consumers’ willingness to pay 6(q).

Second, we solve the general case of the model and characterize the necessary and

sufficient condition under which underpricing occurs in equilibrium. A key element of
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Figure 1

the model is the taste shock CDF F; and a related primitive object that we call the adjusted
hazard rate:

MF.(i—1+L)— F.(a—1))/L

he =
AMl—=F.(u—1+L))+r

(7)

The adjusted hazard rate represents the value of underpricing to the firm. The nu-
merator of this expression is equal to the density of reviewers at p = 0 if L — 0, and the
average density of reviewers between p = 0 and p = L if L > 0. It reflects the density
of reviewers the firm can attract through underpricing when its reputation is lowest. The
denominator includes the mass of consumers who leave reviews regardless of the firm'’s
underpricing at its lowest reputation level. Thus, this expression is equal to the ratio of
the marginal to the inframarginal reviewers (see Figure 1).

Additionally, the adjusted hazard rate is affected by the discount rate and the con-
sumer arrival rate. A higher discount rate makes the current marginal reviewers less
valuable. A higher consumer arrival rate makes the review channel, and therefore the
marginal reviewers, more important.

In Theorem 1, we show that there is underpricing in (every) MPBE if and only if the
adjusted hazard rate is high (h. > h*). Otherwise, there is no underpricing in the unique
MPBE.

4,1 Uniform Case

In this subsection, we analyze a version of our model where the taste shock e is distributed
uniformly. In this natural case, we show that the possibility of good news in the future

12



crowds out any incentive of the firm to underprice its product today, and the reputational

incentives do not lead to underpricing.

Assumption 1 The taste shock has a uniform distribution with sufficiently large support (a >
u>1—a):

e~ Ul—a,al

Under Assumption 1, we can show that ), is linear in price:

l+a—-—u—p

2a ®)

Ag(p) = A1 = F(u—1+p)) = A

We will show that underpricing does not occur, in two steps: First, we will solve the
tirm’s problem and derive the pricing incentives for different types of firm in order to
characterize all possible equilibria of the auxiliary game. Second, we will characterize a
unique (in terms of prices) equilibrium in this model under a continuous belief refine-
ment.

We can see three different components of the pricing incentives in the high-quality
tirm’s objective function in equation (6) and (4). The reputational incentive is the combi-
nation of the probability of the good news with the value jump \,(p)- (V(H,1) -V (H,q)).
The myopic profit maximization incentive is reflected by Ap. The signaling incentive and
the demand confound the other two incentives, because firms must choose a price at
which the consumer’s belief is sufficiently high to purchase the good (p € P,).

We will analyze the first-order condition (FOC) of the firm’s problem formulated in
(6) subject to the selling-price constraint P, to determine the optimal price p(H,q). We
determine the pricing incentives by differentiating the firm’s objective. Because the firm'’s
problem is linear in p, the sign of the FOC will determine if /I chooses the maximum or

the minimum price in Pg:

0 A

gy P T A(p) - (VIH, 1) = VIH, )] = A =520 (V(H, 1) = V(H,q)) ©)
Lemma 1 ° For small x'°, the high-type firm always prefers the highest possible price, i.e., (9) is
positive and p(H, q) = max P, (4).

This lemma implies that for a low redrawing rate x, the high-quality firm has no in-

centives to underprice its product. A high-quality firm gains the most from receiving a

9. The proof is provided in the online appendix, Section 7.1.
10. There exists x* > 0 such that for any x < x*
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good review, (V(H,1) — V(H, q)), when its reputation ¢ and the current value V (H, ¢) are
low. However, when the firm’s reputation is low, the product sells only at low prices.
Because the firm always sells in any profit-maximizing strategy, the only deviations we
need to consider are those from already low prices to even lower prices.

The marginal benefit of reducing the price today is decreasing the expected time until
getting a good review and jumping to a high reputation level. Without good reviews at
low reputation levels, the firm also has to charge low prices in the future. For a uniform
distribution of taste shocks, the density of marginal consumers that the firm can win by
underpricing, 2, is low relative to the mass of consumers who will leave reviews regard-
less of whether the firm uses underpricing today or will use it in the near future (because
the density in the tails of the uniform distribution is high). Thus, underpricing does not
significantly reduce the expected time until getting a good review, and the benefit of it is
lower than the cost of sacrificing the profit today.

From an algebraic perspective, one could try to break this result by making the \,(p)
function steeper, i.e., increasing the density of marginal consumers X, (p) = 3- in order to
make the continuation value more sensitive to price. However, this effect is completely
counteracted by also increasing the reviews arrival rate at ¢ ~ 0, when the firm is forced
to charge p &~ 0 no matter what: A\;(0) > 2. Increasing this rate decreases the value jump
V(H,1)—V(H,0), because a review will arrive very soon when ¢ = 0 and ¢ will jump to 1
almost immediately. For this reason, the firm has no incentives to decrease the price when
the firm’s reputation level is low because the good news will arrive very soon regardless
of whether the firm uses underpricing."

Thus, the high and low types have the same pricing incentives and, as a result, all
equilibria under uniform taste shocks will be pooling equilibria. The problem is that both
types of firm are choosing the same price for each equilibrium belief, so on-path behavior
pins down only one point of the equilibrium belief function. Thus there is a continuum
of equilibria with pooling at any given price point and fully pessimistic off-path beliefs
at all other prices (0(p,q) = 1y—p(rr.40(¢)). Further, many common refinements do not
help select an equilibrium because both types of firm have exactly the same preferences
over actions for any consumers’ belief functions. To remedy this problem, we introduce a

continuity refinement.'?
Assumption 2 For all q, the expectation function 0(p, q) is continuous in p.

11. This and the previous arguments can be thought of as a form of the one-shot deviation principle,
where we consider a price path that is equal to consumers” willingness to pay at every reputation level of
the firm, and then show one-shot price cuts are not profitable.

12. A similar continuity refinement is used in Gertz (2014).
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This continuity refinement requires that small differences in price do not cause large
jumps in perceived quality. This requirement is reasonable in the context of online mar-
ketplaces such as Amazon: We do not expect consumers to believe a product priced at
$99.99 has a significantly different quality than a product priced at $100. Under this re-
finement, there is a unique equilibrium.

Proposition 1 Under Assumptions 1 and 2, and for small x, no underpricing is the unique
MPBE: the high and low types pool at the willingness to pay, p(L,q) = p(H,q) = 0(q), at any
reputation level q.

Proof. We show that any pooling equilibrium with the pooling price strictly below
consumers’ belief (p* < 6(q)) cannot be an equilibrium of the signaling game if the be-
lief function is continuous by contradiction. If it is, then by definition of the equilib-
rium, the expectations é(p, q) should be correct on-path (for p*) and strictly above the
price é(p*, q) > p*. By continuity of é(p, q), for a small range of prices around p*, this
consumers’ expectations about the quality of the product is still above the price. Thus,
consumers would also buy the good for a price a little higher than the equilibrium price
and both types of firm would prefer to deviate to that higher price (see Figure 2). This
contradicts optimality. Therefore, in the unique equilibrium of the auxiliary game at any
¢, both types of firm always charge the consumers’ willingness to pay: 6(¢). Thus, the
unique MPBE features no underpricing. B

0 N
RIS . N o).
? p D
Po(a) i
(a) Unreasonable Underpricing (b) NUP Proof by Contradiction

Figure 2

4.2 General Case

In this section, we derive the main results of the paper for a general class of unimodal taste
shock distributions and show that underpricing occurs if and only if the adjusted hazard

rate, h., is sufficiently high. We show that any equilibrium is defined as a partition of the
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firm reputation interval, with no underpricing at higher reputation levels and possibly
full underpricing at lower reputation levels.

If underpricing occurs, the high-quality firm charges lower prices than the low-quality
tirm, and prices are fully informative about quality. This happens because the high-
quality firm values establishing its reputation, while the low-quality firm does not. The
high-quality firm knows that its quality is high and it only needs to “convince” consumers
that this is so, to start collecting high profits. Thus, the high-quality firm prefers to under-
price its product heavily when its current reputation is low.

In contrast, the low-quality firm at the lower reputation level cannot “convince” con-
sumers that the quality of its product is high, not even by charging low prices. Thus, the
best the firm can do is collect as much profit as possible given its reputation, which entails
selling the product at face value to consumers, whereas the high-quality firm prefers to
price its product even lower.

Throughout this section, we maintain two important assumptions. First, we retain
our continuity belief refinement introduced in the linear case (Assumption 2). Second,
we assume « > 1, which implies that reviews are sufficiently selected, and therefore the
review arrival rate \;(u) is convex (Lemma 2). This assumption is equivalent to requiring
that the fraction of consumers leaving reviews be never above 1/2. This requirement is
consistent with empirical evidence that a very small fraction (1 out of 1000) of consumers

leave a review (Hu, Pavlou, and Zhang 2017).
Lemma 2 Ifu > 1, \;(p) is decreasing and convex.

Proof. Ex-ante utility, u, is bounded by 1 from above in any equilibrium. Thus v, — @ is
below zero if u > 1. A random variable that is unimodal has a CDF that is concave above
its mode (zero for ¢); thus F; is concave over the relevant domain of @ — 1 + p. Finally,
1 — F.(@ — 1 + p) is a linear increasing function composed within a convex decreasing
function and is thus decreasing and convex. B

We show that convex good news arrival rate functions can induce underpricing and
separating equilibria at lower reputation levels. Intuitively, a convex arrival rate means
that the good reviews arrival rate function is more sensitive to price when the price is low.

In Theorem 1, we will show precisely which distributions F; lead to underpricing for
small x. The necessary and sufficient condition for underpricing is that . (7) be suffi-
ciently high or F; be convex “enough” around the marginal consumer point, or the taste
shock be sufficiently concentrated around its mean. If F. is linear or nearly linear, then
there is no underpricing. On the other hand, making F. steeper between u—1and u—1+L

generates underpricing.
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Theorem 1 An equilibrium exists.

1. If h. < {X, then for small x, no-underpricing is the unique MPBE:

Vq: p(L,q)=p(H,q) =0(q)

2. If he > {27, then for small x, there must be underpricing at low reputation levels and no

underpricing at high reputation levels in any MPBE, i.e., 30 < ¢* < ¢** < 1:

Vg <q :p(Lq) =L, p(H,q) =0
Vg > ¢ : p(L,q) = p(H,q) = 0(q)

High h. corresponds to a case where there is a large density of consumers who can be
convinced to leave a review after the firm cuts the price of its product from L to 0 and a
small mass of consumers who leave reviews even if the firm does not cut the price. When-
ever this is the case, the high-quality firm with a low reputation exploits the opportunity
because it knows that if a customer leaves a review, the product will be revealed for what
it truly is: high quality. The high-quality firm with a good reputation does not cut the
price of its product, because the gains it obtains from a good review are small when the
tirm’s reputation and the profit stream are already high.

In contrast, the low-quality firm, at any reputation level, knows that regardless of
how low it cuts the price of its product, no customer will leave a good review. Therefore
it sets the price of its product as high as it can to exploit its current reputation as much as
possible. In this way, the two types of firm engage in separate pricing strategies at low
reputation levels, but pool and engage in the same pricing strategy at high reputation
levels.

Proof. We prove Theorem 1 in three steps: First, we discuss how the high-quality
tirm’s pricing incentives determine the signaling-game equilibria at different reputation
levels and characterize all possible MPBEs as a partition of the reputation interval. Sec-
ond, we prove equilibrium existence and show that more generally there is a dichotomy:
either there is a unique equilibrium with no underpricing or all equilibria have underpric-
ing. Third, we derive the condition on )\, along which the dichotomy occurs and translate
it into a condition on the primitives.'?

First, similarly to 4.1, we first need to analyze the high-quality firm’s pricing incentives

for a given reputation ¢q. Let us fix all the future strategies of the firm and consumers,

13. The full proof is provided in the online appendix, Section 7.2.
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which determines V(H, ¢) and V(H, 1), and analyze an auxiliary signaling game at g. The
high-type (H) firm’s problem is characterized by (6):

p(H,q) € arg max{Ap + A (p)(V(H, 1) = V(H,))}
Because \,(p) is convex, the whole objective function in (6) is also convex in p, for any
given (V(H,1) — V(H,q)). This implies that the optimal solution to (6) is bang-bang;:
p(H, q) € {0,maxP,}.

Given that the low type always plays p(L,q) = max P, and the high type plays 0 or
max P,, there can be two possible equilibria in the auxiliary game: separating or pool-
ing. Knowing the consumer’s preference, we can characterize the two equilibria. In
any separating equilibrium, p(H,q) = 0 and p(L,q) = L because the consumers are
not ready to buy an obviously low-quality good for any price above L, and they are
ready to buy any kind of good for any price weakly below L. In the pooling equilibrium
p(L,q) =p(H,q) = é(q) because of the continuity refinement.

Because all these equilibrium prices are within [0, §(q)] interval, we need to determine
the high type’s preferences over prices on this interval, or, more specifically, its prefer-
ences over 0, L, and (q). Both the continuation value and the public belief about the
quality ¢ (3) are continuous functions of time, so the value function V (6, ¢) is also a con-
tinuous function in any MPBE. To simplify the next argument, we assume just for now

that V(H, q) is monotone increasing in q."*

0

a (Ap + () (V(H, 1) = V(H, Q))) = A+ A(p)(V(H,1) = V(H,q)) (10)

We start by showing that pooling is a unique equilibrium of the auxiliary game at high
reputation levels. When ¢ is high and V(H, 1) — V(H, q) is small (since V (H, ¢) is continu-
ous), the static profit motive dominates the reputational incentive and (10) is positive for
any p. Therefore, the objective in (6) is monotone increasing in p and H always prefers
higher prices to lower prices (see Figure 3a), thus p(H, ¢) = max P, and pooling at §(q) is
a unique equilibrium of the auxiliary game. Because of the continuity of V(H, q), there
must be a non-empty interval of high reputations at which this is a unique equilibrium of
the auxiliary game.

Next, we show that separating is a unique equilibrium of the auxiliary game for low
reputation levels. When reputation ¢ is low and the value gap V(H, 1) — V(H, q) is large,
the high type prefers p = 0 to p = 6(¢) and therefore to all prices in [0, 6(q)] (see Figure 3b).

14. We relax this assumption in the full proof in the online appendix, Section 7.2.
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P+ Ag(p)- (V(H,1) = V(H,q))

; ; P ; : p ; LD
0 L 6(q) 0 L 6(a) 0 L 6(a)
(a) high reputation (b) low reputation (c) intermediate reputation

Figure 3: Pricing Incentives

This happens because the reputational incentive becomes more significant than the static
motive in (10). In this case, the high type unambiguously chooses 0 in any equilibrium
P,, and separating p(H,q) = 0, p(L,q) = L is a unique equilibrium of the auxiliary game.

Finally, if ¢ is intermediate, such that both 6(q) and V(H, 1) — V(H, q) are sufficiently
large for the high type to prefer p = 6(q) to p = 0 to p = L (see Figure 3c). In this
case, both pooling and separating equilibria are possible in the auxiliary game. In the
pooling equilibrium, both types charge p = 6(g) and have no profitable deviations. In
the separating equilibrium, the high type would like to deviate from 0 to 6(g), but it is
not available because max P, = L. Thus, neither type has a profitable deviation from
p(H,q) =0and p(L,q) = L.

This auxiliary-game equilibria characterization suggests that equilibria can be described
as partitions with separating, or underpricing, at low reputation levels, pooling at high
reputation levels, and multiple equilibria at intermediate reputation levels (we formalize
how this partition and the thresholds ¢* and ¢** are defined in the appendix).

Second, we prove equilibrium existence by constructing a partition equilibrium with
underpricing below some reputation threshold and no underpricing above it. We start
with a no-underpricing strategy profile and keep increasing the underpricing interval of
the partition until it becomes an equilibrium (a formal proof is provided in the appendix
and relies on the intermediate value theorem).

Then we show generally that if there exists an equilibrium with complete pooling and
no underpricing, then it is unique. Otherwise, there must be some non-empty interval
of low reputations where the auxiliary game exhibits separating equilibria. We show it
by proving that a complete pooling equilibrium generates the highest values for the high
type at any ¢, including V' (H, 1) (the full proof relies on comparing equilibria values by
imitating the MPBE with underpricing as a long deviation from the MPBE without un-
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derpricing). It also generates the largest gain from a positive review, which is the value
gap V(H,1) — V(H,0) (this follows from the 1). Underpricing cannot occur in any equi-
librium, because the high type has no incentive to use underpricing even when the value
gap is largest.

Finally, the condition separating between cases (1) and (2) of the theorem follows from
the HJB equation (1). If x is small, then approximately V(H,1) = A/r. Then V(H,0) =
(Ag(L) - V(H,1) + AL)/(Ay(L) + 7). Then for the high type to prefer p = L to p = 0,
the absolute value of the average slope of A\, between them (\,(1) — A\,(L))/L should be
smaller than A\/(V(H,1) — V(H,0)). We can rewrite this condition as

or as equation 11 in terms of the model primitives:

F.1—a)—F.(1—L—a) <F€(1—L—a)+r/)\
L 1—L

(11)

which is equivalent to h. < 7. W

4.3 Comparative Statics

In this section, we discuss how the spread of the taste shock distribution, consumer ar-
rival rate, and discount factor affect the occurrence of underpricing in equilibrium. The
following proposition gives a partial characterization of the set of situations when under-

pricing does not occur.

Corollary 1.1 '° Take a set of primitives L, qo, \, r, F.. Then

1. There exists a* < 400, such that for any o > o* and £ = e no underpricing is the unique
MPBE (for small x).

2. There exists \* > 0, such that for any X < \* no underpricing is the unique MPBE (for
small x).

3. There exists r* < oo, such that for any r > r* no underpricing is the unique MPBE (for
small x).

4. There exists L* < 1, such that for any L > L* no underpricing is the unique MPBE (for
small x).

15. The full proof is in the online appendix.
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The first statement of Proposition 1.1 states that increasing the consumer taste shock
spread above some threshold (by multiplying it by a constant) guarantees that there is no
underpricing in equilibrium. The same is true if the discount rate is sufficiently large, the

consumer arrival rate is sufficiently small, or the low quality is sufficiently high.

(F(a—1+L) - F@a-1))/L 1
|~ F(a—1+L)+r/xA  1-1L

To prove show these comparative statics, we rewrite the no-underpricing condition

(12)

from Theorem 1 as (12). Increasing (resp., decreasing) any of the parameters from 14
above (resp., below) some threshold decreases the left-hand side of (12) below its right-

hand side {27 and thus guarantees the equilibrium from the first case of Theorem 1'°.

5 Discussion and Future Work

5.1 Welfare Analysis

Underpricing benefits consumers at the expense of the low-quality firm. To illustrate this,
compare our model to a myopic benchmark. Consider a model where the firm ignores its
ability to influence future reviews through prices. In this myopic model, the first-order
conditions of the low- and high-quality firm are the same, with both desiring to price their
products at consumers’ willingness to pay, which implies zero consumer surplus.

Whenever the adjusted hazard rate is high, consumer surplus is unambiguously higher
under our baseline model than in the myopic benchmark via the direct benefit of paying
a strictly lower price for a range of reputation levels. Moreover, the high-quality firm sets
a lower price to speed up the arrival rate of good reviews. When this happens, the low-
quality firm is revealed to be low quality and forced to charge exactly its market value.

Although the welfare benefits of underpricing seem straightforward ex-post, they are
not obvious ex-ante. This is because once a good review arrives, the price increases to 1,
and consumer surplus is 0. Thus revealing the quality of the product does not directly
lead to high consumer surplus.

5.2 Price Dynamics

In our model, a combination of quality changes, review arrivals, and (in some cases)

strategic underpricing generates nontrivial price dynamics over time. We highlight sev-

16. See online appendix Section 7.3 for a detailed proof.
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eral examples in turn.

Consider the case with uniform consumer taste shocks so that there is no underpricing.
Then the price moves downward over time until a good review arrives, at which point
the price jumps to 1. The true quality of the firm’s product matters only indirectly via the
reputation dynamics.

Next, consider the case when the adjusted hazard rate is high enough so that there is
underpricing. If a good review arrives, the price jumps immediately to 1 and then moves
downward until it reaches a critical threshold. At this point, what occurs depends on the
quality of the firm’s product. If it is high quality, the firm will engage in underpricing
and the price will suddenly drop to 0 and stay there until a good review arrives. If the
product is low quality, the price will still drop, but only to L > 0. The price will remain at
L until the quality becomes high, at which point the firm will drop the price further to 0
and engage in underpricing.

The taste shock distribution is the primitive of the model which determines whether
underpricing occurs. Because preference distributions are typically unobserved, we may
want an alternative empirical test for underpricing. Price dynamics provide such a test.
When underpricing is occurring, we should observe both upward jumps in prices when
good reviews arrive and downward jumps in prices when the firm’s reputation is low.
When underpricing is not occurring, we should observe only upward jumps in prices at
all levels of a firm’s reputation.

In many models with uncertain quality, firms price their products low early on in
order to build their reputation later, a strategy called introductory pricing.'” Although
there are conceptual differences between our model and many of those in the literature,
underpricing in our model can be viewed as a form of introductory pricing. To see this,
consider when high-quality products are uncommon but nevertheless a firm begins its life
with a high-quality product. Then the firm’s reputation will start out low, and in some
cases, the firm will underprice its product initially in order to build reputation, which it
will exploit via higher prices when a good review arrives. Crucially, introductory pricing

of this type occurs only for certain consumer taste shock distributions.

5.3 Price Signaling

In our model, when price signaling occurs, the firm with a high-quality product signals
with a low price. This may seem to clash with past work, where high-type firms typically
signal with higher prices (Milgrom and Roberts 1986). However, to better understand

17. See for example, Shapiro (1983).
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our result, recall that the high-quality firm prices its product lower than the low-quality
firm only conditional on reputation. However, from an unconditional perspective, high-
quality firms are more likely to have high reputations at any given moment of time be-
cause they have some probability of receiving good reviews, while low-quality firms do
not. As a result, there is still a sense in which firms with high-quality products set gener-
ally higher prices: they enjoy a high reputation for longer.

Even with this qualification, it is still true that when price signaling occurs, a price of
0 signals high quality, while a price of L > 0 signals low quality. To understand why this
occurs, we can ask what single crossing is supporting separation. Recall that there is no
difference in the costs of producing high- and low-quality products, and conditional on a
firm’s reputation, there is no difference in demand. The only source that could generate
single-crossing is the review process. This is why the high-quality firm has an incentive
to underprice its product, while the low-quality firm does not: using underpricing today

can increase the arrival rate of good reviews in the future.

5.4 Perfect Bad News

In our main model, we consider a review process with perfect good news. Under this
model, the interesting strategic choices and forces operate when the firm has a high-
quality product. When underpricing occurs, it is used by a firm with a high-quality
product attempting to improve its low reputation. One could also consider a perfect-
bad-news review process, where consumers leave reviews only for low-quality products.
Our framework can be easily adjusted to accommodate such an extension.

In this alternative model, the interesting strategic choices and forces operate when
the firm has a low-quality product. If underpricing occurs, it will be used by the low-
quality firm with a good reputation attempting to preserve its reputation. In this case
underpricing can harm consumers, because it allows the low-quality firm to slow down
consumer learning.

In general, the forces in this model will differ from those in the perfect-good-news
model. However, when idiosyncratic taste shocks follow a uniform distribution, it con-
tinues to be true that no underpricing occurs.'® In this sense, one of the main results of
the paper is robust to some alternative review processes.

In terms of price dynamics, our benchmark model produces a smooth downward
trend in price punctuated by sudden upward jumps when good reviews are left. An

alternative model with perfect bad news produces the opposite: a smooth upward trend

18. See online appendix Section 7.4 for formal results.
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in price punctuated by sudden downward jumps when bad reviews are left.

6 Conclusion

This paper proposes a model of dynamic pricing, where a firm privately informed about
the quality of its product faces a market of rational consumers and a rating system that
depends on both product quality and net utility delivered. The model allows us to fully
account for three important economic forces at play in many online markets: static profit
maximization, price signaling, and ratings-based reputation building. We characterize a
simple necessary and sufficient condition for when such a review system leads to under-

pricing in equilibrium.
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7 Appendix [Latest Version of Online Appendix]

7.1 Section 4.1 Proofs

Proof of Lemma 1. We prove this lemma by contradiction. First, we notice that the high-
quality firm’s value V(H,¢) at any ¢ cannot be lower than that of charging p = 0 until
receiving a good review. The high type can always charge zero price at any reputation
level since the consumers are ready to buy a product of any quality at any price weakly
below L.

Moreover, V(H,1) < \/r, that is selling the product to every consumer arriving at the
maximum price consumers are possibly ready to pay.

Then for small y, rearranging (1) together with (3) under Assumption 1 implies

%-(V(H 1)=V(H,q)) < Ag(0)-(V(H,1)=V(H,q)) <rV(H,0) <rV(H,1) <rx(A/r) =A
Therefore
A — % -(V(H,1)-V(H,q)) >0

This inequality immediately implies that 9 is positive for any ¢. B

7.2 Section 4.2 Proofs

To proceed with the characterization of the set of all possible equilibria, we require addi-
tional notation. First, we need to determine what happens to the firm’s reputation on-path

in any given equilibrium.

Definition 3 The lowest rating is q := sup{q € (0, 1)|dq/dt > 0} for a given equilibrium price
p(H, q).

Lemma 3 The lowest rating is well defined and q € (0,qo). Without good reviews, the firm’s

rating drifts down until it reaches q, where it stays forever.

Proof. By definition of ¢, dq/dt < 0 for ¢ > q and ¢ drifts down without good reviews.
When ¢ drifts down to g, it does not drift up or down anymore and stays at ¢ without
good new. Thus, all reputation levels ¢ < g are off-path. B

Proof of Theorem 1. In equilibrium, H’s price p(H,q) determines ¢, and given g,
equilibrium prices should be defined on [¢, 1]. We are now ready to define equilibrium

partition thresholds for a given equilibrium and unify those partitions across all equilibria
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as ¢* and ¢**:

¢-= _inf inf{q € [q,1]|p(L,q) > L}

all equilibria

0= sup swite € lo1lp(Lg) < 0(q)} U{a}}

The auxiliary-game equilibria characterization suggests that equilibria can be described
as a partition with separating, or underpricing, at low reputation levels, pooling at high
reputation levels, and multiple equilibria at intermediate reputation levels. By the defi-
nition of thresholds ¢* and ¢**, [0,¢*) and (¢**, 1] are separating and pooling regions re-
spectively, that is, in any equilibrium, high and low types always pool at §(q) for any
q € (¢™, 1], and always separate at p(L,q) = L, p(H,q) = 0 for any on-path ¢ € [0, ¢").
For a range of reputations [¢*, ¢**| the prices can vary across (multiple) equilibria. Now,
we need to show MPBE existence and characterize the equilibrium dichotomy in terms of
these thresholds.

Lemma 4 MPBE exists.

Proof. We prove existence of MPBE by constructing a bi-partition equilibrium with
underpricing below some reputation threshold and no underpricing above it: ¢* = ¢**.
We start with a no-underpricing strategy profile ¢ = ¢* = ¢** and check if it is an equi-
librium from the firm’s optimality perspective. If it is not, then the high type wants to
underprice at low ratings, and we start increasing the underpricing region by increasing
¢* = ¢**. Our goal is to find a threshold which the H’s pricing incentives are consistent
with (there are multiple such thresholds), for instance, at which H is indifferent between
p = 0and p = 0(q) (this would be just one possible equilibrium). We know that at
q" = ¢~ = q H strictly prefers 0. Also, if ¢* = ¢"* = 1, then V(H,q) = 0 for any ¢ and
H prefers any positive price to 0. By the continuity of the values in ¢* = ¢, there ex-
ists a threshold at which H is indifferent between p = 0 and p = é(q), and this will be a
threshold for which the strategy profile is an equilibrium. Thus, an equilibrium exists. W

Then we show generally that if there exists an equilibrium with complete pooling
and no underpricing, then it is unique: ¢* = ¢** = ¢q. Otherwise, there must be some non-
empty interval of low reputations where the auxiliary game exhibits separating equilibria:
q¢* > supq > 0. We show it by proving that a no-underpricing equilibrium generates
the highest values for the high type at any ¢, including V' (#, 1) and therefore the largest
gap V(H,1) — V(H, q) (this follows from the 1). Then, underpricing cannot occur in any
equilibrium, because the high type has no incentive to underprice in the NUP MPBE,

where the value gap is largest.
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Lemma 5 If there are multiple MPBE and no-underpricing is one of them, then it generates the
largest V (H, 1) among all MPBE.

Proof. Consider any other possible equilibrium with underpricing at some reputation
levels. Let us recreate it as a long off-path deviation of H from the NUP equilibrium (we
can do it because pricing at 0 is always allowed). This deviation is not profitable for H,
since we assumed that complete pooling is an equilibrium and no single-shot or longer
deviations are profitable. Thus the pooling equilibrium value is higher than the off-path
deviation one at any ¢. The off-path deviation value on the other hand is higher than the
value in the underpricing equilibrium we picked because the prices are the same for every
q, but the public belief ¢ drifts down slower in the off-path deviation as the consumers
do not expect lower prices and a higher rate of the good news arrival in the past, which
benefits H. This implies that the value in the pooling equilibrium is higher than in the
underpricing one and this concludes the proof.l

Thus if no-underpricing is an equilibrium, it generates the largest V' (H, 1) and thus
the largest gap V(H, 1) — V(H, q) because

(r* +rx)V(H,1) — (r + x)AL
2 +1rx + (r + Xq0)\g(L)

V(H,1) =V (H,q) =

which is increasing in V(H, 1) (the expression follows from equations (1) and (2)).

The next step is to show that if no-underpricing is an MPBE it is unique. Here we
explicitly rely on small . Specificly, when x is small, ¢ is small and é(g) ~ L. Thus the
choice between p = 0 and p = L is nearly the same as betweenp = 0 and p = 0 (q). Thenby
the continuity of the problem in Y, if x is small enough H prefers p = L to p = 0 because it
prefers p = 6(g) to p = 0. Therefore, there can be no underpricing signaling equilibria with
the largest gap V(H,1) — V(H, q), which implies that there cannot be any underpricing
signaling equilibria (since all other value gaps V(H,1) — V(H, ¢q) are smaller).

The previous point implies that the condition separating between cases (1) and (2) of
the theorem can be characterized as an explicit condition for when no-underpricing is an
MPBE. This condition follows directly from the H.JB.

If x is small, then V/(H,1) ~ A\/rand V(H,0) = (A\,(L)-V(H,1)+AL)/(Aj(L)+7). Then
for the high type to prefer p = é(g) ~ L to p = 0, the absolute value of the average slope
of \, between them (\,(1) — \,(L))/L should be smaller than \/(V(H,1) — V(H,0)). We

can rewrite this condition as
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or as equation 11 in terms of the model primitives:

F.1—a)—F.(1—L—a) <Fg(1—L—ﬂ)+r/>\
L 1-L

which is equivalent to k. < 1.

Finally, when relaxing the monotonicity of V' (H, ¢) assumption, we need to show that
the underpricing and no-underpricing regions in case (2) of Theorem 1 are non-empty.
This follows from the continuity of V(H, ¢) in q. Specifically, if h. > 1 then H prefers to

underprice at ¢ and at least some small interval of ¢’s around it. B

7.3 Section 4.3 Proofs

Proof of Comparative Statics. Let us rewrite /. (7) in an alternative form:

(Fe(u—1+L)—F.(u—1))/L
l1-F.(u—1+L)+r/A

he =

We want to show that we can make this expression below 1 < L in either part of

Corollary 1.1.

1. Increasing « above large threshold increases 1 — Fi,.(u — 1 + L) and and decreases
density f..(z) forany « € [u — 1,7 — 1 + L]. By decreasing the density at any point

of this interval below , we make h,. below 2.

A(lr—L)
2. h. is increasing in A and ;in% h. = 0. Thus there is a threshold \* above which there
—
is no underpricing.

3. h.is decreasing in r and lim k. = 0. Thus there is a threshold r* above which there

r—00
is no underpricing.
4. h, < %in% h. < co. By making L < L* and {1+ above this limit, we guarantee no
%
underpricing.

7.4 Section 5 Proofs

Perfect Bad News with Uniform Taste Shock.

Assume model modification where consumers leave only bad reviews if the quality is
low and the overall utility is below u and the taste shocks are distributed i.i.d. uniformly
between —a and ¢ with a > max{L — u,1 — (L — u)}. Then the bad news arrival rate is

linear in the price
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u—L+a+p

(p) = A
5(p) 50

Proposition 2 For small x, no underpricing is the unique MPBE.

Proof. L’s pricing incentives are given by

ov A
A= L V(L) - V(L
5 =\~ g0 (V(La) = V(L,0)
Given that V(L,0) ~ 0 and rV(L,1) ~ max,{\p + X\(p)(V(L,0) — V(L,1)}, we can

show that

A
V(L,1) -V (L,0) < ———
and oV A
b WA
dp — 2a T+%>O

Thererfore, L always prefers max P,, and pooling at the consumers” willingness to pay is
a unique signaling equilibrium at any ¢. Thus, no underpricing is the unique MPBE.

Consumer Arrival Rate Depending on q.

Assume a model modification, where consumers are more likely to arrive for a firm
with a higher reputation, i.e. A\(¢) is increasing. We want to show that the analysis remains
the same as in the main model and we can easily characterize the condition for when there
is underpricing in equilibrium.

Notice that for any given value function V(H, ¢) and ¢, A(¢) multiplies both the static
and the dynamic parts of H’s objective. Therefore, signaling equilibrium characterization
remains the same.

However, \(q) affects the overall solution of the HJB equation (1), V(H, ¢). Therefore,
we need to verify the condition on the taste shock distribution for the lowest ¢ and A(0):

/\(0)'(Fs(a_1+L>_Fs(a_1))/L
AMO)-(1—F.(u—1+1L))+r

he =

But for the threshold following from V(H,1) ~ @, which is equal to ﬁ instead

A(0)

of -1+ in the benchmark model. Thus, if A(0) = X from the benchmark model, then the
reputation-based consumer arrival rate (popularity-based demand) increases the possi-
bility of underpricing, which is quite intuitive given that the higher reputation increases
the profit stream both via the price and demand. B
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7.5 Section 3 Proofs

Law of motion of ¢ without redrawing the state:

G = - Ag(D(qe))dt - 1+ (1= g - Ag(P(ar))dt) Guran

G = - Ag(D(ar))dt - 1+ (1= g - Ag(P(qr))dt) (qu + day)

dqy - (1 — Q- Ag(ﬁ(@t))dﬂ = Qt(l - Qt))‘g(ﬁ(%))dt
dq; 5 1
a = W WP T G

dg; . _ 1
d_qt = dltlg{) Qt(l - Qt)/\g<p(%)) : (1—gq, - /\g(ﬁ(qt))dt)

Adding mean reversion and a possibility of selling or not selling at p(q) implies the
law of motion in equation (3).

= Qt(l - Qt))\g(ﬁ(%))

H]JB for high type (1) We show an intuitive way of deriving this HJB (simplifying some
aspects, such as demand, for simplicity of notation). It can also be derived more formally
from the continuation value of the firm introduced at Section 3.1.

VI(H,q) =Apdt + (1 — rdt)[(1 = x(1 — qo)dt)As(p)dtV (H, 1)
+ (1= x(1 = qo)dt)(1 = Ag(p)dt)V (H, q + dgq) + x(1 — qo)dtV (L, q + dq)]

rV(H,q)dt = Apdt + (1 —rdt)[(1 — x(1 = qo) A\g(p)dt(V(H,1) — V(H, q))
+ (1= x(1 = qo)dt)(1 — Ng(p)dt)dV (H, q) + x(1 — qo)dt(V (L, q) + dV(L,q) — V(H,q))]
(13)

rV(H,q) :CE% RHS(13)

dV (H,q)

= A+ A (p)(V(H, 1) = V(H,q)) + ——

+x(1 = q)(V(L,q) = V(H,q))

Incorporating the demand 14, -, to this equation gives us equation (1).
Finally, we want to show that, for small x, V(H,1) > V(H, q) Vq. That follows (almost)

immediately from the fact that lin%) V(H,1)=A/randVq: V(H,q) < \/r.
X—
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