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Abstract

In this paper, I develop an aggregation theory for distorted production network economies with
heterogeneous households. I provide general decompositions for how the aggregate and distribu-
tional effects of shocks are sensitive to underlying consumer and firm heterogeneity. The workers’
value-added over labor income ratios (distortion centralities) gauge the importance of workers in
the production of heavily distorted firms and are sufficient statistics for the effect of income dis-
tribution variations on TFP. The average distortion centrality faced by a household’s expenditure
(expenditure centrality) and a firm’s revenue (revenue centrality) are sufficient statistics for the
effect of expenditure variations on TFP. Labor misallocation rises and TFP falls as labor income
shifts toward high distortion centrality workers, consumption shifts toward high expenditure cen-
trality households, or demand shifts toward high revenue centrality firms. The reason is that when
aggregate expenditure on relatively undistorted firms rises, their labor demand increases, reallo-
cating workers from distorted firms with high marginal productivity to relatively undistorted firms
with low marginal productivity. These second-best results show how distributional variations affect
aggregate output by changing the aggregate allocation efficiency of workers. I estimate the first
production network model with household heterogeneity for the United States. I show that varia-
tions in the income distribution have been responsible for 20% of the TFP volatility. Additionally,
income distribution variations reduced misallocation between 2001 and 2009, and accentuated mis-
allocation after the Great Recession. Heterogeneities in the production network are essential in

explaining income and real consumption inequalities.
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1 Introduction

“While we often must focus on aggregates for macroeconomic policy, it is impossible to think
coherently about national well-being while ignoring inequality and poverty, neither of which is
visible in aggregate data. Indeed, and except in exceptional cases, macroeconomic aggregates

themselves depend on distribution.”

— Deaton (2016)

Modern economies are a complex web of market interactions shaped by the decisions of billions of
agents. Agents determine their production strategies, consumption patterns, and work levels based
on income, prevailing prices, and market access. These economic interactions rely on multilayered
networks through which disaggregated flows of goods, services, and payments circulate. Within these
complex economies, understanding the aggregate and distributional effects of microeconomic shocks is
foundational for a theory of macroeconomic aggregation. Developing this theory is challenging because
it requires an explanation for how the propagation of shocks depends on the positions of firms and

households within the network and the network structure.

In this paper, I contribute to the theory of macroeconomic aggregation by building a neoclassic
environment for production network economies with heterogeneous households and distortions. In
this environment, labor supply can be endogenous or exogenous. My main objective is to provide
decompositions that capture the effect of distributional variations on aggregate measures of real output
and idiosyncratic measures of real consumption. The main theoretical contribution of this paper shows
that variations in the distributions of labor income and consumption expenditure influence total factor
productivity (TFP), and these effects are only neutral under highly restrictive conditions. I prove this
by identifying sufficient statistics that capture, under a general setting, the aggregate and idiosyncratic
effects of distributional variations. The common intuition behind the mechanisms introduced in this
paper is that tracing the variations in how expenditure flows through the economy is crucial for
understanding the aggregate and distributional effects of the reallocation of workers among firms.
The TFP decomposition I introduce is the first for a distorted general production network economy

with household heterogeneity in preferences and income.

Using my model, I estimate the first empirical implementation of a production network environment
with heterogeneous households for the United States. The model indicates that distributional varia-
tions increased TFP by 8.2% before the Great Recession (2001 to 2009) and reduced TFP by 7.5%
after the Great Recession (2010 to 2020). These results contribute to the secular stagnation literature

by introducing evidence for a new distributional channel based on factoral misallocation.
Theoretical Contribution

The theory of aggregation for multisector input-output economies has relied on the Domar aggregation
developed by Hulten (1978), which builds on the growth accounting work from Solow (1957) and

Domar (1961). Hulten’s theorem is a macroeconomic envelope condition for a perfectly competitive



representative household economy. This theorem states that the first-order variation for the aggregate
efficiency wedge of the production possibility frontier depends exclusively on productivity shocks, the
sales distribution is a sufficient statistic for these aggregate effects, the microeconomic structure of the

network is irrelevant, and the reallocation of factors is neutral.

Hulten’s theorem relies on an undistorted allocation of workers and intermediate inputs. In this al-
location, firms operate at their competitive margin, so the value-added that passes through a firm
coincides with its revenue. The symmetry between the propagation of costs (from labor costs to final
expenditure) and the propagation of revenue (from final expenditure to labor income) is essential for
this theorem. Introducing rebated distortions (e.g., taxation, tariffs, financial constraints, nominal
rigidities, and market power) breaks this symmetry, changes the system of prices, alters the choices
of firms and households, and keeps factors and intermediate inputs away from their undistorted allo-
cation. For this reason, Baqaee & Farhi (2020) find that in a distorted input-output representative-
household economy with exogenous factoral supply, the first-order variation in TFP depends on a
technological component and the endogenous reallocation of factors and intermediate inputs across
firms. Technological shocks shift the aggregate production possibility frontier, and reallocation moves
the equilibrium along the edges of the production possibility frontier. Now, the firms’, workers’, and
households’ location in the network and the microeconomic structure of the network structure are

necessary to understand the aggregate effects of microeconomic shocks.

I segment the influence of the reallocation of resources on TFP into effects from exogenous variations
in distortions and endogenous changes in income distribution. I show that for each worker, the value-
added to labor income ratio, which I call distortion centrality, indicates the extent of their income
exposure to heavily distorted supply chains. The distribution of distortion centralities is a ranking
for the negative effect on the aggregate marginal labor productivity of one additional percentage
point of labor income share for a type of worker. Aggregate misallocation worsens as labor income
shifts towards workers with large distortion centralities because resources reallocate towards relatively
undistorted firms that operate with low marginal productivities. Consequently, for an economy with
distortions, the allocation of resources improves as the income distribution becomes more distant from
the value-added distribution. This decomposition aligns with the findings from Baqaee & Farhi (2020).
However, the workers’ distortion centralities and the corresponding second-best results offer a novel

approach for measuring distributional effects on the aggregate efficiency wedge.

My main contribution comes from decomposing the distributional sources of variation for the aggre-
gate efficiency wedge. 1 do this by deriving the first-order approximation for the labor income shares.
I show that variations in a worker’s labor income share depend on two sources. First, changes in
the households’ consumption expenditure distribution holding fixed the economy’s demand structure.
Second, changes in the economy’s demand structure holding fixed the households’ consumption expen-
diture distribution. The economy’s demand structure has as a sufficient statistic a matrix of bilateral
centralities that represent the share of expenditure from each household that reaches the labor income
for every worker. These bilateral centralities depend on the whole set of distortions that the economy
faces, the households’ consumption patterns, and the firms’ demand for labor and intermediate inputs.

Hence, understanding the changes in the economy’s demand structure requires decomposing the bi-



lateral centrality variations into four channels: (i) distortions, (ii) endogenous changes in households’
demand structure, (iii) endogenous changes in firms’ labor demand structure, and (iv) endogenous
changes in firms’ intermediate input demand structure. Endogenous shifts in the demand structure
reflect how expenditure shares adjust based on relative price variations. These decompositions are
related to Bigio & La’O (2020), who obtain the first-order variation for the aggregate labor wedge
around the efficient equilibrium in a production network representative household economy with one
type of endogenous labor. The aggregate labor wedge measures the effect of distortions on the la-
bor supply decision, and in equilibrium, it equals the aggregate labor share. Their paper shows that
around the efficient equilibrium, the first-order variation for the aggregate labor share depends ex-
clusively on distortions, and the sales distribution is a sufficient statistic for these aggregate effects.
My decompositions for the labor income shares extend these results to a production network economy

with heterogeneous households and distortions on the equilibrium.

Using the variations of the labor income shares, I decompose the effect on TFP from endogenous
perturbations in the income distribution into (i) changes in the households’ consumption expenditure
distribution holding fixed the economy’s demand structure, and (ii) changes in the economy’s demand
structure holding fixed the households’ consumption expenditure distribution. I define each household
and firm’s exposure to distortion centralities through expenditure or revenue as expenditure centrality
and revenue centrality, respectively. These metrics serve as sufficient statistics for the expenditure
reallocation effects on TFP. The distribution of expenditure centralities is a ranking for the negative
effect on the aggregate marginal labor productivity of one additional percentage point of expenditure
share for a type of consumer. The distribution of revenue centralities is a ranking for the negative
effect on the aggregate marginal labor productivity of one additional percentage point of expenditure
on a firm. High expenditure or revenue centralities indicate that a significant share of households’
consumption expenditure and firms’ revenue will reach workers essential for production in distorted
supply chains through labor compensation from firms operating in relatively efficient supply chains.
When expenditure leans towards consumers or firms with high centrality measures, aggregate misal-
location worsens because resources reallocate from distorted firms with high marginal productivities
to relatively undistorted firms with low marginal productivities. The TFP decomposition allows me
to establish two neutrality results. First, expenditure redistribution and demand recomposition have
no first-order effect on TFP around the undistorted equilibrium. Second, expenditure redistribution
is neutral on TFP if the expenditure centralities are symmetric across households. One case in which
the symmetry in expenditure centralities is satisfied is when consumption preferences are homogenous.
This latter result indicates that aggregate demand non-homotheticity is necessary but not sufficient

for the redistribution of expenditure to influence TFP.

By comparing the decentralized market solution with the allocation from a constrained social planner
that centralizes households’ decisions, I show that the decentralized solution faces additional external-
ities from the individual labor supply decision. The planner’s solution requires symmetric distortion
centralities, which equalizes the effects of labor income redistribution on the aggregate marginal labor
productivity. In other words, symmetry in distortion centralities represents the optimal composition

of the aggregate labor supply. If this condition is not satisfied, there is still space to augment ag-



gregate welfare by shifting the production possibility frontier through the aggregate efficiency wedge.
Workers do not internalize this condition when choosing their labor supply, creating an externality
on aggregate welfare. The constrained social planner resembles a representative household with the
additional problem of choosing distributional allocations. Consequently, the representative household
economy coincides with the heterogeneous household model only under the highly restrictive condition
of symmetry in distortion centralities, and only then are the allocations efficient from the perspective
of the constrained planner. This result allows me to prove that for a representative household or a con-
strained planner environment, the distributional effects on aggregate misallocation are proportional to
the growth in the aggregate labor share. Hence, changes in the aggregate labor share are sufficient to
represent the effects on TFP, and tracing the variations for the whole income distribution is no longer

necessary.

Household heterogeneity also allows me to consider the distributional effects of microeconomic shocks.
For this reason, I introduce the positional terms of trade (PTT) as an object that captures idiosyncratic
efficiency wedges. I use the term “positional” because they depend on the location of households across

multiple networks. The changes in PTTs are a distributional decomposition of the variations in TFP.
Empirical Contribution

My model requires four types of money flows: (1) business-to-business in the supply of intermediate
inputs, (2) business-to-workers in the supply of labor, (3) consumer-to-business in the supply of final
goods, and (4) business-to-households in the distribution of dividends. I use the following data sources
from 1997 to 2021 to capture these bilateral linkages. First, I use the sectoral input-output tables from
the Bureau of Economic Analysis for business-to-business transactions. Second, I combine the county
business patterns from the Census Bureau with the occupational employment and wage statistics from
the Bureau of Labor Statistics to measure geographic and occupational intensity for business-to-worker
transactions. Third, I employ the state-level personal consumption by product type from the Bureau
of Economic Analysis and create a product-to-sector crosswalk that measures consumer-to-business
transactions. Finally, I use the integrated industry-level production accounts from the Bureau of

Economic Analysis to identify sectoral productivity shocks.

The technological component was the primary source of growth in TFP; without it, TFP would
have grown 24% less. Without the productivity shocks in oil and gas extraction and the computer
and electronic products industries, my model predicts that TFP would have grown 11.1% and 6.6%
less, respectively. The reallocation of resources had a secondary role; TFP would have grown 2.5%
more without variations in profit margins and 2.8% more without distributional-driven misallocation.
Nevertheless, almost 60% of the volatility in TFP was attributable to the reallocation of resources.
Out of this, 40% corresponds to changes in profit margins and the remaining 20% to variations in the

income distribution.

For specific business cycles, the distributional-driven misallocation of resources had a significant role.
For the cycle before the Great Recession (2002 to 2009), TFP’s growth would have been 8.2% lower

without the variations in the income distribution. The primary drivers of this growth-enhancing



environment were the higher sectoral profit margins, particularly in the oil and gas extraction and
the computer and electronic products industries. After the Great Recession (2010 to 2020), without
the variations in the income distribution, TFP growth would have been 7.5% higher. The main
culprits behind this stagnated growth environment were the higher labor demand from the credit

intermediation industry and the higher final and intermediate demand for wholesale trade goods.

These aggregate variations hide a rich story of distributional effects. According to the PTTs, the last
two decades, on the one hand, have been unfavorable for low-skill industrial workers with occupations
heavily exposed to the printing, shoe, leather, and textile industries. On the other hand, the same

shocks have benefited high-skill workers in computer science and mathematics occupations.
Related Literature

This article relates to the literature on disaggregated national accounts, production networks, het-
erogeneous agents, growth accounting, and misallocation. The most foundational is the literature
on disaggregated national accounts with heterogeneous consumers and producers. The roots of this
literature trace back to the work from Cantillon (1756) and Quesnay (1758), who considered that a
successful system of macroeconomic accounts should build up from bilateral flows that add up to the
national aggregates. These principles inspired the diagrams of circular flow developed by Lahn (1903),
Foster (1922), Knight (1933), Meade & Stone (1941), and Kuznets (1946), and the measures of inter-
industrial trade from Leontief (1928, 1986). These studies are the foundation for modern national
accounts (Stone, 1961). However, the disaggregated transactions these accounts collect still need to
be completed. For example, they capture no information about the flows between firms and house-
holds. For this reason, Andersen, Hansen, Huber, Johannesen, & Straub (2022) take a step forward in
measuring these flows in Denmark, where accessible administrative data and credit card transaction
data from the largest retail bank allow them to estimate direct bilateral flows. My model defines new
measures of bilateral centrality that utilize these disaggregated flows to capture the importance of the

direct and indirect channels that connect any two households or firms throughout the economy.

The production network literature builds on the canonical multisector models from Hulten (1978) and
Long & Plosser (1983). The main emphasis of this literature has been on the propagation of sectoral
productivity shocks (Foerster et al., 2011; Horvath, 1998, 2000; Dupor, 1999; Acemoglu et al., 2012,
2016; Carvalho et al., 2021). However, the same models have been used to study the propagation
of sectoral distortions under specific (Basu, 1995; Ciccone, 2002; Yi, 2003; Jones, 2011; Asker et al.,
2014) and generic (Jones, 2013; Baqaee, 2018; Liu, 2019; Baqaee & Farhi, 2020; Bigio & La’O, 2020)
input-output structures. The literature on production networks belongs to the broader attempt to
map the aggregate effects from “granular” microeconomic shocks that follow the seminal work from

Gabaix (2011). My model nests all of these environments and shocks as specific cases.

Within the extensive work on heterogenous agents, my article is related to the literature on asym-
metries in marginal propensities to demand goods and labor. These publications show that static
marginal propensities to consume can be heterogenous across regions, countries, sectors, or categories
of goods (Clayton et al., 2018; Jaravel, 2019; Cravino et al., 2020; Argente & Lee, 2021; Huneeus et al.,



2021). This argument is captured in production network environments with heterogeneous households
by the models from Baqaee & Farhi (2019b, 2022) and Devereux et al. (2023). My model differs
from Baqaee & Farhi (2019b) in taking distortions into account and from Baqaee & Farhi (2019b,
2022) in the use of the first-order decomposition for the labor income shares and in the inclusion of
a microfounded labor-leisure tradeoff; however, relative to these papers, the most crucial difference is
that I represent the production network as separated substochastic matrices, which allows me to intro-
duce new measures of bilateral centrality. Relative to the open economy environment with production
networks and an endogenous labor supply from Devereux et al. (2023), my model generalizes its dis-
tributional implications from a Cobb-Douglas environment to a generic nonparametric specification.
The treatment of the elastic labor supply borrows from the representative household environment in
Bigio & La’O (2020).

Finally, in the growth accounting literature opened by Solow (1957), and developed by Domar (1961);
Hulten (1978); Jorgenson et al. (1987); Hall & Diamond (1990); Basu & Fernald (2002); Petrin &
Levinsohn (2012); Osotimehin (2019); Baqaee & Farhi (2020), I develop a segmentation of the alloca-
tive component from the aggregate TFP that depends on the variations in distortions, the demand
structure, and the consumption distribution. The aggregate and distributional decomposition of the
effects from the reallocation of resources relates my model with the misallocation literature (Restuccia
& Rogerson, 2008; Hsieh & Klenow, 2009).

Layout

The structure of the paper is as follows. Section 2 introduces the multisector input-output model with
heterogeneous households and distortions. Section 3 characterizes the equilibrium and the centrality
measures. Section 4 presents sufficient statistics for aggregate TFP and household-level PTTs under a
nonparametric environment. Section 5 characterizes how the equilibrium and the sufficient statistics
would change if a constrained social planner centralized households’ decisions. Section 6 describes
the data and the quantitative implementation for aggregate TFP and distributional PTTs. Section
7 introduces a parametric setting that disciplines endogenous variations. Section 8 presents the most
simple economy for which the distributional effects on TFP will show up. Section 9 evaluates the ag-
gregate and distributional effects from a manifold of sectoral shocks in productivities and markdowns.
Section 10 identifies four general classes of economies for which there are zero first-order distributional
reallocation gains on TFP, which allows me to understand the economic structure and primitives
necessary for variations in the income and consumption distributions that allow for non-technological

growth. Section 11 concludes.

2 General Framework

In this section, I set up a static nonparametric general equilibrium model with constant-returns-to-
scale (CRS) for economies with N sectors and H types of households. Sector ¢ € A4 = {1,--- ,N}
consists of two types of firms: (i) a unit mass of monopolistic competitive firms indexed by z; € [0, 1]

producing differentiated goods, and (ii) a perfectly competitive producer that aggregates the indus-



try’s differentiated goods into a uniform sectoral good that can be consumed by households or used
by other firms as intermediate inputs. Firms differ along three dimensions; first, monopolistic firms
across sectors operate under different technologies; second, monopolistic firms within sectors have
heterogeneous input demand; and third, sectoral aggregators face different distortions. Households of
type h € # = {1,--- , H} consume sectoral goods using the income received from their endogenous
labor supply and rebated profits. Households differ along three dimensions; first, their preferences; sec-
ond, a type-specific horizontally differentiated labor supply; and third, the composition of their equity
portfolio. Financial markets are incomplete, and households cannot cross-insure their idiosyncratic

income shocks.

2.1 Production

Monopolistic firms within sectors produce differentiated goods using the same technology. The pro-
duction for firm z; in sector 7 follows

g = A Qi (Lo Xo), L= ALQE({Aftn) ). Xe=ArQr ({45 amg) e, ). (1)

het

where y,, stands for output, A; is the sector-specific Hicks-neutral productivity term. L. is the labor
composite that depends on the productivity Af . L, is the amount of labor hired from household h
and is influenced by the productivity Afh. X, is the intermediate input composite that depends on
the productivity A7. x.,; is the amount of intermediate input goods purchased from sector j and is

influenced by the productivity A7;.

The technologies Q); : Ri — Ry, Qf : Rf — Ry, and QF : Rf — R, are neoclassical and satisfy the
following regularity conditions: they are positive, finite, and for the set of labor types and intermediate
inputs for which there is effective demand, they are monotonically increasing, twice continuously

differentiable, strictly concave, and the Inada conditions hold.

The profits for firms z; are given by

T2y = PziYzy — Z Wh gzih - Z Dj T4,

he# jenN (2)

=P£«i in =P§iXZi

where p,, is the price of its output, pﬁi is the price for the labor composite, p?. is the price for the
intermediate input composite, wy, is the wage received by households of type h, and p; is the market

price for the good produced by the competitive aggregator in sector j.

The competitive firm in sector ¢ guarantees a homogeneous good by aggregating sectoral production

using the following CES production function

1
Yi = (/ yziui dZZ) " ) (3)



where p; < 1 stands for the sector-specific markdown, and y, represents the demand of goods produced

by firm z;. The aggregator takes prices as given and maximizes profits given by @; = piyi — [ P2, Yz, dzi.

2.2 Households

Households of type h share the preference utility function Uy, (Cp,, L), where C}, stands for real con-
sumption, and Lj for the labor supply. The utility Uy, : Ri — R, satisfies the following regularity
conditions: Ug, > 0, U, < 0, twice continuously differentiable, strictly concave, and the Inada con-
ditions hold. The composite real consumption Cj, = Qf ({Chi}ie, /1/) depends on the final consumption
Chi of goods from sector i. The consumption aggregation technology Q5 : Rf — R, is neoclassical:
positive, finite, homogeneous of degree one, and for the set of goods for which there is effective final
demand, it is monotonically increasing, twice continuously differentiable, strictly concave, and the

Inada conditions hold.

Each household is infinitesimal, and for this reason, they take prices and wages as given. Consequently,
for any two households with type h, their choices are equivalent, and the notation of the model becomes

simpler by assuming a type-specific representative household with a budget constraint given by

Ep=piCh=> piChi <Jp+1y,  and =Y ki (7_Ti + /7721' de') : (4)
1EN ieN
Expenditure Ej must not be greater than income; the latter includes labor income J;, = wy Ly, and

dividend income II;. Households of type h own a fraction ;; of the firms in sector 3.

2.3 Market Clearing

For this economy, the technologies, productivities, markdowns, and ownership distributions are primi-
tives. Monopolistic competition is the only source of market imperfections. These distortions reallocate

resources and imply no wasted resources. Hence, the goods market clearing is given by

yi:ZChi—s—Za:ji Vie N, (5)
hest jeN
where z;; = [ T,;i dz; is the total amount of intermediate inputs from sector 7 bought by all monopo-

listic firms in sector j. Labor market clearing requires Ly, = ¢, Yh € €, with €, = >, , [ €. dz;.

2.4 Remarks

This environment also applies to the following three generalizations. First, following McKenzie (1959),
economies with variable (increasing or decreasing) return to scale can be handled by appropriately
introducing producer-specific fixed entrepreneurial factors in a constant return model. Second, without

loss of generality, the model and the following results apply to any production factor with endogenous



or exogenous supply, not only labor. Finally, the effects of markdowns are isomorphic to other sector-
specific distortions that deviate the system of prices from its first-best solution, such as taxes and

financial constraints.

A potential limitation of my model is that I assume segmentation of the labor supply across types
of households. The parsimony from this premise allows me to bypass three problems. First, I do
not need to consider an ownership matrix that specifies the factor share supplied by each household
type. Second, I do not need to consider the cross-elasticities in preferences that arise from the supply
of multiple factors by the same household. Third, I can abstract from strategic complementarities

between multiple types of households in the supply of the same factor.

3 Equilibrium, Centralities, and Information Theory

In this section, first, I characterize the equilibrium for this economy. Second, I introduce measures of
bilateral centrality across firms and households, and measures of aggregate centrality that portray each
firm or household’s role in the economy. Third, I explain how the concept of relative entropy borrowed
from information theory serves as a measure of statistical distance between distributions. This section

is essential to understand the first-order approximations that make up the main contribution of this

paper.

3.1 Equilibrium Characterization

Let e = (7, u, k) represent the aggregate state, and & denote the measurable collection of all possible
realizations for this state. The matrix &/ = (A, Ay, Az, Ay, A,) collects all productivity measures,!
and sectoral markdowns are captured by pu = (u1,--- ,,uN)'. The equity matrix k£ = (kg,--- JEN)
of size N x H contains the ownership distribution of firms in sector i represented by the vector

ki = (Kit, -, ki)', with ki1pg =1, and where 1y is an H sized vector of ones.

For this economy, a mapping of the realization of the aggregate state to an allocation ¥ = (¥ (€)),cx

and the price system p = (p (e)),c, is represented by the set of functions

000 = {{ (1 O e @ {0y @) ), (C <e>}heﬁ} ACu (), L <e>}h€ﬁ} 7

2;€[0,1]

€N

— 4 T c
ple) = {{(pzi ()7L, (€) P, (€))coy i ()}, {wn (€)1 <e>}he%} .
Definition 1. For any realization of the aggregate state e in the state space &, an equilibrium is the

combination of an allocation and a price system (4, p) such that:

(i) given wages {wp (€)},cr and prices {p;(€)};c 4, monopolistically competitive firms’ labor

{€zn (€)}per and intermediate input demand {x;; (e)};c -, output y, (e), and price p; (e)

’

1A = (A17'.‘ ’AN)/a AE - (Afv 7A§V)
(AL, Aly)', and AT = (A%, -, A%y

Ae = (AT, JAR), A, = (AL AL A, = (AT, AR, AL =
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maximize their profits;

(i) given prices [pz, (€)],,c[0,1), aggregator firms’ good demand [y, (€)],,¢(o 1> and output y; () max-

imize their profits;

(iii) given prices {p; (e)},c » and wages {wp, (€)},c 4, households’ consumption {Cy; (e)},c » and
labor supply Ly, (e) maximize utility while satisfying their budget constraints;
(iv) goods and labor markets clear.

Proposition 1. The set of functions (¢, p) are an equilibrium if and only if the following set of

conditions are jointly satisfied

0Cy (e) /6Chj (e) o yi (e) 1—pi(e) dy., (e) o |
sar ot =@ (1) ey e vach, ©)

Vh € A, and Ve € & such that Ch; (e) > 0, Cp; (e) >0, and z,,; (e) > 0,

_wy(e) Ur, _ o) (Y (©) 7 ayi(e) . .
wh(e) Uc,, 7’[%( )(yzL (€>> 351‘17(6) Vie N, VIE[O,I], (7)

Vh,b € #, and Ve € & such that Cp; (e) > 0, and ¢;;, (e) > 0,

and resource constraints

yi () = Z Chi (e) + Z /:czji(e) dzj Yie N,

hes# jeN

and Ly (e) = Z /Ezih (e) dz; Yhe .
ieN

Proposition 1 identifies the set of equilibrium allocations. In equation (6), for a firm z;, the markdown-
adjusted marginal productivity from using the good from sector j as an intermediate input has to
equate for every household the marginal rate of substitution between goods i and j.2 In equation
(7), for a firm z;, the markdown-adjusted marginal productivity from using the labor supplied by
households of type b, has the equate for every household a wage-adjusted marginal rate of substitution

between the consumption of the good from sector ¢ and their labor supply.

Notice that in the set of conditions captured by equation (7), the only thing that is necessary for the
existence of an equilibrium relationship between the labor demand from firm z; and the labor supply
from households of type h, is the consumption from the latter of the goods supplied by sector 1.
Whenever firm z; hires households of type b, and b # h, the differential wage adjustment wy/wy, arises
in these equilibrium conditions. This wage ratio is a point of difference with Bigio & La’O’s (2020)
representative-household economy, where they only consider the endogenous supply of one factor. For
households of type h, a higher wy/wy, is isomorphic to an increase in the marginal rate of substitution

between consumption and labor supply, and in equilibrium, it requires a higher marginal productivity

2In the right-hand side of equation (6), notice that for fixed marginal rates of substitution, and under no variation
in the relative production of firms within a sector (i.e., y; (e) /y:,; (e) fixed Vz; € [0,1]), an increase in p; (e) has a
heterogeneous effect across firms in sector . On the one hand, for firms with relatively low levels of production (more
precisely 1 < p;log (yi/y=;)) the markdown increase forces a reduction in the demand for intermediate inputs. On the
other hand, it increases the demand for intermediate inputs for the rest of the firms. Furthermore, notice that for fixed
marginal rates of substitution and markdown p; (e), an increase in y; (e) /y., (€) requires a reduction in the demand for
intermediate inputs. The same analysis holds for equation (7).

11



in firm z; of the labor supplied by households of type b. Additionally, there is an isomorphism between
distortionary markdown increases and positive productivity shocks in equations (6) and (7): both will

increase the markdown-adjusted marginal productivities from labor and intermediate goods.

Furthermore, a relevant technicality is that Proposition 1 does not require final consumption in each
sector. The usual assumption for this type of proof in the production network literature is that
Vi € 4, the representative household’s consumption technology satisfies 9 C/0C; > 0 (see Bigio
& La’0O (2020) and La’O & Tahbaz-Salehi (2022)). The equivalent assumption under heterogeneous
households is that Vi € .4, there 3h € # such that 9 C} /0 Cr; > 0, but this assumption does not
match the empirical input-output tables, where it is not uncommon to find sectors for which there is
no direct registered final consumption, e.g., oil and gas extraction. The less stringent assumption that
I make instead is that Vh € J#, there 3i € .4 such that for all the firms in this sector, it is possible
to establish a direct or indirect demand of labor supplied by workers of type h.

To make the notation cleaner, the definitions and implementation of the model in the following sections
are conditional in a specific aggregate state e € &, e.g., u (e) is portrayed by u. Finally, I will abstract
from within sector firm heterogeneity by imposing the assumption of symmetry, i.e., ¢;;, = £,,5, and
Tij = T, V2 € [0,1], Vi,j € A and Vh € .3 For this reason, I will refer indistinguishably to firm

z; as firm 3.

3.2 Measures of Centrality

For the following measures, downstream or cost centrality refers to the propagation of costs from the
supply of labor or intermediate inputs through supply chains, and upstream or revenue centrality refers
to the propagation of money flows from the demand for labor and goods through payment chains.

Table 1 summarizes the direct centralities and Table 2 the network centralities.

3.2.1 Direct Centralities

/ . oy
The vectors wy = (w{, e ,wf\,) and w, = (wf, - ,w?{,)’ portray the direct cost centralities from
: ¢ — Ologei(¥,p) _ piLi x — Ologei(V,p) _ piXi :
composites. Its elements w; = Dlognt = (o) and wf = —5 Togp® = c(9p) capture respectively

firm 4’s cost elasticities to pf and p?, and in equilibrium they equal the cost share of the labor and

intermediate input composites. For this reason, wf +wf =1.

The matrices ﬁg and ﬁz depict direct labor and intermediate input downstream centralities. Its el-

Of — Ologei(¥.p) _ wyly, Oz — Ologei(V.p) _ PpjTij ; 5
ements (), = Dlogwn . = (o) and Qij = ologp, = @y capture respectively firm i’s cost

elasticities to wy, and p;, and in equilibriym they equal the cost share of the labor supplied by house-
holds of type h and the good from firm j. The fact that ), . th + Zje/i/ (lej = 1 indicate that all

costs come from labor or intermediate inputs.

Using these definitions, I obtain the labor network o = diag (wg)fl §~2g and the input-output network

3As a consequence Y; = Yz, , Pi = Pz;, Li = L.;, and X; = X,.
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alogpf L; _ wp i

0logwy, ptL;

W = diag (z,um)_1 ﬁm, where diag stands for the diagonal operator. Its elements o, =

_ Ologp? X; _ pjxij
and Wij = dlogp; — p¥X;

capture respectively firm ¢’s composite cost elasticities to wy, and p;, and
in equilibrium they equal the corresponding composites’ cost share of the labor supplied by households

of type h and the good from firm j. Notice that »,_ ., a;; = 1 and Zje/ wij = 1.

From here, I can define the revenue-based upstream centrality matrices Qy = diag (1) Qy and Q, =

diag () Q. Since p; € (0,1] Vi € A, Q= Q and Q, = Q., where = stands for elementwise

greater than or equal to. Its elements th = DlogS _ w%fih and QFf; = gé‘o’gi’_’

Jlogwp,
respectively the elasticities of firm i’s sales to wy, and p;, and in equilibrium they equal the sales share

— DPj%i
= =3 capture

of payments for labor supplied by workers of type h and goods from firm j. Additionally, Q7, = %f’
portrays the equilibrium sales share of firm i’s profits rebated back to households of type h. The fact
that >, Qf + > jen Ui+ D e 2, = 1 indicate that all revenue generated by firm i ends as

payments for labor, intermediate inputs, or dividends.

Finally, for households, the consumption network 8 = (fi,---,Bg)" contains the vectors 3, =
(Buis- -, Pun)’. Its element Bj; = %ZZOO% gf = piEC:L hi captures the expenditure elasticity for house-

holds of type h to p;, and in equilibrium they equal the expenditure share on the good supplied by
firm ¢. For this reason ), , Bn; = 1.

Table 1: Direct Centralities

Matriz Definition In Equilibrium Properties
Wy wf = dlogci(9.0) Cost share of L;
8logPi wg +wx -1
z — 9logci(9,p) Cost sh £ X, ’ ’
Wy Wi = Hlogpr ost share of X;
Q QY = dlogciVp) Cost share of ¢; ~ ~
4 ih Jlogwy, ih E th + E ij -1
o A ol (9, ® €.
Qs f = %(pjp) Cost share of ;; he# jeN
. P ol £ L; .
diag (we) o = Qy o = % Cost share of £;;, in L; hgf o =1
. 0 __ Ologp? X; . -
diag (wy) W = Qy Wij = “iogp Cost share of z;; in X je%wij =1
B Bri = %lfo%gﬁ Cost share of Cj; > Pri=1
! ieN
K Kip = % Equity share of h in i > k=1
‘ het
g o __ Olog S;
Oy = diag (u) Q th = alooggwh Share of S; for ¢;,
O, = diag (1) Q. QF = gigg Si Share of S; for z;; > (th + th) + > Q=1
9Pi he# jEN /
Qr =diag(AIy — p) K an = %f’ Share of S; for IIj,
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3.2.2 Network Adjusted Centralities

The firm-to-firm downstream centrality matrix or cost-based Leontief inverse matrix is given by U, =
1 ~ ~

(I — Qx> = Z;’io QZ. Tts element wfj captures the centrality of intermediate inputs supplied by

firm j on the costs of firm ¢. Similarly, I define the firm-to-firm upstream centrality matrix or revenue-

-1

based Leontief inverse matrix ¥, = (I —Q,) " = 2210 Qf, where its element Y7, represents the

revenue share from firm ¢ that through the payment of intermediate input reaches sales of firm j.

The firm-to-consumer downstream centrality matrix is given by B = ﬁ(f/gg. Its element ,%7;”- =
Zje{ v B 1’/;;5% captures all direct or indirect paths through which the costs of firm ¢ can reach the
expenditure for households of type h. The cost-based sales Domar weight A\; = 3, ,» Xn PBh; stands
for the average firm-to-consumer centrality from sector i, where y; = Ej,/GDP represents the ex-
penditure share for households of type h. Likewise, I define the consumer-to-firm upstream centrality
matrix B = ¥, where its element %p; = > jen Bj ¥7; represents the share of expenditure from
households of type h that through the payment chain reaches the revenue of firm ¢. The revenue-based
sales Domar weight A\; = 3, c ,» Xn Bni = Si/GDP stands for the average consumer-to-firm centrality
towards sector i, and in equilibrium it coincides with the ratio of sales to GDP. These definitions
generalize the supplier centrality vector from Baqaee (2018), or the influence vector from Acemoglu

et al. (2012), to an environment with heterogeneous households and distortions.

The worker-to-firm downstream centrality matrix is given by \Tlg =, ﬁg. Given that ), ,» th =1,
all costs for a firm can be traced back through the production network to some original labor cost.
As a consequence, th is the value-added share by workers of type h on the production process of firm
i. In the same way, I define the firm-to-worker upstream centrality matrix ¥, = ¥, )y, where the

element wfh represents the revenue share from firm ¢ that reaches labor income for workers of type h.

The worker-to-consumer downstream centrality matrix is given by ¢ = 153 \Tlg. Given that >, ,» ‘éb =
1, its element ﬁb represents the value-added share for households of type h attributed to workers of
type b. The cost-based factor Domar weight Kh = D pew Xb ‘é{,h stands for the average worker-to-
consumer centrality from workers of type h. Consequently, Kh is the share of aggregate value-added by
their labor. All the costs from this economy originate in labor costs, and for this reason, ) ;. ., /N\h =1
Similarly, the consumer-to-worker upstream centrality matrix is given by € = 8 ¥y, where its element
%np portrays the share of consumption expenditure from households of type h that reaches labor
income for workers of type b. The revenue-based factor Domar weight A, = 3", ,» X Gon = Jn/GDP
stands for the average consumer-to-worker centrality towards workers of type h. In equilibrium Ay,

coincides with the ratio of labor income to GDP.

Cost-based centralities are greater than or equal to revenue-based centralities, i.e., T, = v, B = AP,
Ty Wy, ¢ = €, X = A, and A = A. For this reason, for workers of type h, o, = Kh/Ah >1is
a measure of distortion centrality that captures how undervalued a worker is in the market. When
workers supply their labor to sectors that operate in heavily distorted supply chains, their distortion
centrality will be high, and a higher share of their value-added will reach households’ income via

rebated distortions. For this reason, My, = > ., Gnp0p and F; = >, 1/th 0, capture the average
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distortion centrality faced by the consumption expenditure from households of type h and the revenue
from firms in sector . For M} and F; to be relatively high, it is necessary that the consumer-to-worker
{€hb}pe  and the firm-to-worker {wfh ey centralities are high, and this requires that the demand
for goods and inputs is relatively undistorted. For this reason, M} and F; will be respectively called

household h’s expenditure centrality and firm i’s revenue centrality.

Table 2: Network Adjusted Centralities

Matrix Definition in Equilibrium Properties
Downstream or Cost-Based Centralities
~ ~\ 1 LT firm-to-firm
¥, = (1- %) iy
* * Centrality of j in the costs of ¢
~ ~ 95’7;1' firm-to-consumer
B =LY ‘
f e Centrality of ¢ in the costs of h
~ = )t ker-to-firm ~
T =00 vy, worker ¢
¢ v Value-added share by h in the production of i hezjf Yin
1 ~ %Zlb worker-to-consumer 1
C=p¥ Gy =1
bl Value-added share by b in the consumption of h beZ% hb
T 5 X\ cost-based Domar weight T
A=% ’ =1
X Share of aggregate value-added that passes through ¢ Zgy Wi A
~ > Ay cost-based labor share
A=¢" h Ap=1
X Share of aggregate value-added generated by A hg%ﬂ g

Upstream or Revenue-Based Centralities

T

o B i firm-to-firm
U, =1 - Q) Share of S; that reaches S

#=pva Shate of By thas renchos
S ot . that e 4 W= B
c=su, Shave o B that enches 7 = X
A= x ggresate salos shave $,/GDP et
A= Libor tnoome shate Ju/CDP r=z, M=t
X =(Q+0) A Consumpt>i<;n ei%osgcﬁfgfs :}?;l:z Xn/GDP hezjf Xn =
Other Definitions
0 = diag (A)_l A Measihre fiiszfgjjol?ngzgzﬁiyis Ly, on = Kh/ An
M=% Average]:\/{ihist()eizi)(e)zdci:l:iaclfgft?;ﬁ% by Ej My = bezj:f o 0
F="eo Average cﬁ;tof‘fiZianeeniiZIt;cC;flifgced by S; Fi= hezyf 1/th On
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Additionally, for households of type h and firm ¢, I will respectively use ¢, = >, Gn and
z/Jf =D hew ¢fh to capture their payment centrality, i.e., the share of their expenditure that reaches
households’ income via labor income. Notice that the cost-based equivalent for %, and 1/Jf are equal

to one, which implies that these measures will shrink as the influence from distortions rises.

Finally, in equilibrium, the expenditure shares are connected to the revenue-based Domar weights via

the following relationship x5 = Ay, + >, 4 Q7 A, and by definition ), ., x5 = 1.

3.2.3 A Diagrammatic Recap

Figure 1: Measures of Centrality

G

T
1 1 fi 7 QZ] PR ij s P
- P 1 f;' P
1 \ - \ - \ ”¢’ -
N _ >3 _e* _,.\>, .
1 Samm=- Samm=- Samm= Samm=-
1} T I4 id Ly
\ Bhi wfj Qﬂfb .° jb
\ '
. s’
. ’,‘
AN .-
~ ——
~~.----—-——
Cghb

Notes: Continuous and dashed arrows represent the cost-based and revenue-based centrality measures, respectively.

Figure 1 illustrates the centrality measures for firms f,i,j € .4 and households h,b € 7. Household
b supplies labor to firm j, firm j supplies intermediate inputs to firm ¢, firm ¢ supplies intermediate
inputs to firm f, and firm f supplies goods to household h. Firm f does not demand intermediate
inputs from firm j, but it is exposed to its costs through the demand and supply of intermediate
inputs from firm ¢; the indirect linkages between f and j are captured by QZ% and w;’fj. Firm ¢ does
not demand labor from worker b, but it is exposed to its costs through the demand of labor and supply
of intermediate inputs from firm j; the indirect linkages between ¢ and b are captured by Jfb and ¢fb.
Household A does not demand goods from firm 4, but it is exposed to its costs through the demand
of intermediate inputs and supply of final goods from firm f; the indirect linkages between h and i

are captured by @hi and Ap;. Household h is exposed to the labor costs from worker b through the
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demand and supply from firms f, ¢, and j; the indirect linkages between h and b are captured by
%?;Lb and %pp. Finally, income for household b comes from the labor compensation and profits from
firm j which are captured by ng and Q;Fb. This is not an exhaustive list for all the relationships that

characterize this economy; for example, it ignores %, and %,

3.2.4 Networks as a Markov Chain

Alternatively, the transition matrix that represents the downstream probabilities of cost propagation
between agents (firms and households) in a Markov chain, and its corresponding generalized down-
stream Leontief inverse matrix that gathers the effects from all of the previous cost-based centrality

matrices are given by

_ (@ @Z> o (e (1-%) B W (1-4)
Q= c(1-9) = s N
B0 (1-%) = (1-%)

Instead of using the absorbing Markov chain, I work independently with the substochastic matrices.*
In this sense, my notation is closer to the models from Hulten (1978), Long & Plosser (1983), Acemoglu
et al. (2012, 2016), and Bigio & La’O (2020), with the added complexity of accounting for consumption
and income heterogeneity at the household level. My decision to operate with substochastic matrices
differs from Baqaee & Farhi (2019a,b, 2020, 2022), where the Markov transition matrix is the pro-
duction network, and its Leontief inverse lumps together all of the measures of centrality previously
introduced. The segmentation of the production network in its different components allows me to
analytically separate the different channels for the propagation of shocks through the economic net-
work and introduce bilateral measures for each firm or household’s centrality on every other firm or

household across the economy.

3.3 Information Theory

This subsection introduces the variation of the relative entropy as a measure of distance between
distributions. I will use it in Section 4 to characterize the aggregate and distributional effects from
variations in the income distribution. Skipping this section will not affect the reader’s understanding

of the model’s central mechanism.

A discrete random variable Q with G mutually exclusive events is distributed according to the prob-
ability vector ¢ = [q1,- - ,q(;]'. The natural units of information carried by an event g are given
by I(f|Q) = —logg,.°> Shannon’s (1948) entropy captures the average amount of information con-

veyed by a random draw, or similarly the expected surprise from observing an event,® and is given

4The upstream probabilities of money flow between agents are portrayed by the Markov chain Q = (Qﬁ” S JBQ" .

This function satisfied the two properties. First, it is decreasing, i.e., ¢4 < ¢ implies that I (a|Q) > I (b|Q). Second,
it is additive, i.e., I (ab|Q) = I (a|Q) + I (b|Q). Monotonicity captures the idea that less probable events convey more
information, and additivity means that combined information is the sum of separate information.

SIn information theory, maximum entropy is equivalent to maximal surprise under current knowledge. For the case
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by H (q) = 25:1 g1 (91Q) = — 25:1 gglogqy. The excess surprise from using the distribution ¢
instead of the true distribution ¢ is given by the Kullback-Leibler (K L) divergence or relative entropy
K (qlq) = — 25:1 qglog (qg/qy). From Gibbs’s inequality K (¢|¢) > 0, which captures the idea that
using an incorrect probability model ¢ will introduce a positive bias in the measure of average ex-
pected information conveyed by a random draw. This excess surprise measures the statistical distance
between the two distributions ¢ and ¢. However, the KL divergence is not a metric, as it does not

satisfy the properties of symmetry and triangle inequality.

The first-order variation on the relative entropy when the distribution ¢ changes are given by

G
dK (qlg) = =) qq dlog Gy.
g=1

When ¢ = ¢ this implies that d K (¢|q) = 0, which reflects that the average expected excess information
from changing the model distribution ¢ around the true distribution does not add any excess surprise
up to a first-order. In other words, the information conveyed by ¢ satisfies an envelope condition

around ¢.”

4 Aggregate and Distributional Accounting

In this section, I derive the nonparametric ex-post sufficient statistics necessary to characterize the
first-order variations in prices, labor income shares, labor wedges, aggregate TFP, and household-level
terms of trade. I call these measures ex-post because they assume that the necessary variations are
observable and do not depend on underlying model primitives. First, I present the price variation
in response to exogenous shocks and show that these effects propagate downstream through the cost
of intermediate and final goods. Second, I characterize the first-order variation for the labor income
shares. Third, I decompose the first-order variation for aggregate TFP and the household-level po-
sitional terms of trade (PTT) and establish a connection with the labor income shares that allow
me to decompose the aggregate and distributional effects from the endogenous reallocation of labor
across firms into variations of (i) exogenous distortions, (ii) endogenous variations in the expenditure
distribution keeping the demand structure fixed, and (iii) endogenous recomposition in the demand
structure from firms and households in response to relative price variations while keeping the expen-

diture distribution fixed.

4.1 Price Variation

Proposition 2 captures the network-adjusted response of prices to supply shocks. These shocks prop-
agate downstream through the costs of intermediate inputs and final goods, and the cost-based firm-

to-firm and firm-to-consumer centrality measures capture their magnitude.

of distributions with no prior information, the uniform distribution maximizes the entropy.
"For this envelope condition it is required that when § changes to §*, the new distribution satisfies 1 §* = 1.
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Proposition 2. The change in sector i’s prices and household A’s price index in response to produc-

tivity, markdown, and factor cost shocks are, to a first-order,

dlogpf = —dlog Af — Z Qih <dlog Afh —dlog wh> ,

heAt
dlogp; = —dlog A} — Z Wij (dlogAfj — dlogpj) ,
jen
dlogp; = — Z ij (dlog Aj 4 dlog pj) + Z Vb, dlogwy,
jenN hext
dlogpf, = — Y Bi (dlog A; + dlog ;) + > Cpy dlogwy,
ieN beA

where dlog A; = dlog A; + w! dlog AL + wf dlog A? + 37,0, Q) dlog A% + .., QF dlog A2,

First, non-Hicks neutral productivity shocks directly influence firms’ composite bundle prices. Second,
firm ¢’s compound measure of productivity dlog A; incorporates Hicks-neutral, labor-specific, and
input-specific augmenting productivity shocks, and its effect on prices across all firms and households
is isomorphic to an increase in the markdown for firm 4. Third, labor costs have a direct effect on
the labor bundle price that propagates through the supply of intermediate inputs to other firms and

finally reaches consumption bundle prices.

4.2 Income Distribution

Theorem 1 decomposes the endogenous variation of the labor income distribution.

Theorem 1. The change of A, in response to variations in the consumption distribution and consumer-

to-worker centralities are, to a first-order,

Distributive Income
Incomey, Centrality;,
dAy = Gon d d 6 )
h—z bh Xb+ZXb bhs
bes’ be’
Final Demand Intermediate Demand Labor Demand Competitive
Recomposition;, Recompositiony, Recompositiony, Incomep,
Income £ ) £ P) = 0 ¢ (10)
Centralit - Z Vin Z X d By + Z Yin Z Hi Ade:J%_‘_ Z pi A d i, + Z bin Ai dlog pi
Yo iew  bew ieN  GeEN ieN ieN

Equation (9) divides the first-order variation of the labor income share into changes in the consumption
distribution and changes in the consumer-to-worker centralities. First, distributive income captures
how the revenue share for workers of type h increases as the expenditure share grows for households
whose expenditure has a relatively high upstream centrality on their labor income. For example,
Ay, will increase in response to an endogenous redistribution of expenditure from type ¢ to type b
households if €35, > €4n,. Second, income centrality portrays how the revenue share for workers of type

h increases as the consumer-to-worker centralities on their labor income rise.®

8The following variations in relative entropies capture these two insights: Ay d X (A;I%’)dx) + Distributive Incomey, =
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The income centrality variation collects four different effects. The final and intermediate demand
recomposition characterize the income distribution effects from households’ and firms’ expenditure
reallocation, respectively. These two channels convey that the labor revenue share for workers of type
h will increase as the households’ consumption patterns or the firms’ cost structure shifts towards
sectors with a high firm-to-worker centrality on their labor income. For example, Ay rises in response
to a cost reallocation from sector j to sector ¢, by any firm or household, if 1/15,1 > ¢§h. The labor
demand recomposition portrays the influence on the labor income share from higher labor demand;
the magnitude of this effect is more prominent for big and relatively undistorted sectors. Finally, the
competitive income tells us that lower profit margins in a sector will increase the labor income share
for workers of type h in a magnitude proportional to the sector’s size and the sector’s centrality on

the labor income of these workers.

Corollary 1 portrays the equilibrium characterization of the households’ labor supply for endogenous
types of labor. This theorem represents an extension of the labor wedge decompositions from Bigio
& La’0O (2020) to an environment with heterogeneous households and a distorted equilibrium. For
workers of type h, the labor wedge I'}, gauges how the whole set of economic distortions influences

their labor supply decision.

Corollary 1. In equilibrium, the labor supply from households of type h satisfies

UL, Ch, , A
+I'y,— =0 with Iy, = —.
Ugc, "Ln " Xh

(11)
The decentralized labor wedge I'y, from equation (11) relates the marginal rate of substitution be-
tween consumption and the labor supply with the household’s average labor rate of transformation
on consumption C}/Ly. In equilibrium, the decentralized labor wedge equals the share of labor in-
come to consumption expenditure, i.e., J/E}. This wedge is decentralized because each household
independently chooses it, and it differs from the centralized labor wedge that in Section 5 is chosen by
the constrained social planner. For an economy without distortions, labor compensation is the only

source of income and I'j, = 1. The first-order variation for I'y, is given by
dlogTy, = dlog Ay, — dlog xn,

with dlog A}, coming from Theorem 1.

4.3 Aggregate Accounting

Theorem 2 characterizes aggregate real output Y in equilibrium and its first-order variation around

the equilibrium.

0 and Ap dK (A, "6 x|%1n) + Income Centrality, = 0 with €n = (%in, -+ ,€rn)’. This underscores how A increases
as the statistical distances of A, '@y relative to the distributions x and @ fall.
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Theorem 2. In equilibrium, real GDP satisfies

Y = Qv ({Chlner) = TFP F ({Lntner)

where TFP captures total factor productivity, and Qy and F satisfy dlogQy /dlog C},
dlog F/dlog Ly, = Ay,

The change in Y and TFP are, to a first-order

dlogY = dlogTFP+ Y Apdlog Ly,
hes#

dlogTF P = Technology + Competitiveness — Misallocation,

where

Technology = Z Xz dlog A;, Competitiveness = Z Xz dlog p;,
€N ieN

and Misallocation has the following four equivalent definitions

Entropic TT Labor Terms of Trade (TT) Corporate Income
—
LY Gndhy, 20 > (Gn—1DApdlogJy— > A ((1—p)dlog S — d ),
hes#t hest ieN
Distributive TT Centrality TT
3.0 Mudxa+ Y xn Y 0 d%h,
hes#t hes# beX’
Final Demand TT Intermediate Demand TT
4. ZMthh—i-thZFidﬁhi‘quz‘)\iZFjdﬂfj
heA’ he 1eN ieN jeN
Labor Demand TT C’ompet/z’fz’ve TT
+ Z i N Z Sy dQ, + Z i F; dlog s,
€N hest icN

with &5, = Kh/Ahy M;, = Zbe,}f Gy Op and F; = Zhejf ¢fh o,

From equation (12), real GDP in equilibrium has two representations. First, as a CRS function Qy

that aggregates consumption across households, with elasticities equal to the expenditure

shares x.

Second, as the product of TFP, and a CRS function F' that aggregates labor with elasticities equal to

the value-added weights A.

Equation (13) segments the output response into a TFP and a factoral component. Equation (14)

divides the first-order variation of TFP into three components. First, technology captures

the direct

effect of changes in productivity under a fixed allocation of resources. Second, competitiveness portrays

the reallocation effects from distortions in the absence of income distribution variations. These two

components tell us that in the absence of distributional reallocation, the effects on TFP of productivity

and markdown shocks in sector ¢ are proportional to its cost-based sales Domar weight Xz Third,
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misallocation portrays the aggregate efficiency losses from reallocating factors and intermediate inputs
across firms in response to variations in the income distribution. The last two components capture
the effects on TFP from the reallocation of resources across firms arising from exogenous variations
in distortions and endogenous changes in the labor income shares. For this reason, Baqaee & Farhi
(2020) label competitiveness—misallocation as the variation in allocative efficiency. Here, I refrain from
using the efficiency tag as with endogenous labor, an increase in real GDP is not necessarily welfare-
improving. Finally, Hulten’s (1978) theorem holds in the absence of distortions (i.e., dlogTFP =
N dlog A), which implies that variations in the labor income distribution and distortions around
the first-best equilibrium generate reallocation of resources that are allocative-neutral on output (i.e.,

competitiveness = misallocation).

Theorem 2 also contains four equivalent definitions for the misallocation component, and each one
gives us a different intuition about the effects on TFP from changes in the income distribution. All
four definitions capture the idea that aggregate misallocation rises as resources move from firms that
operate in heavily distorted supply chains with high marginal productivities to firms that operate in
relatively undistorted supply chains with low marginal productivities. Markdowns generate profits
that dilute revenue as consumption expenditure flows upstream in a production network. For this
reason, upstream firms operating in heavily distorted supply chains receive less revenue and demand
less labor than in equivalent economies without distortions, which allows them to operate with high
marginal productivities. Workers with high distortion centralities are essential for heavily distorted
sectors. As the labor demand from firms in heavily distorted supply chains falls, high § workers
move into more firms that operate in more efficient supply chains with lower marginal productivities,

aggravating aggregate misallocation.

In the first definition, the entropic terms of trade capture a reduction in the statistical distance between
the value-added and the labor income distributions as measured by —d K (/~\|A) This result coincides
with the main theorem from Baqace & Farhi (2020). The distribution of distortion centralities is an
inverse ranking for the effect on TFP from one additional percentage point of labor income share for
a type of worker. Aggregate misallocation improves as labor income shifts from high to low distortion
centrality workers, or what is equivalent when the distance between the value-added and the labor
income distribution rises. The increase in the statistical distance between the value-added and the
labor income distributions portrays how high-distortion centrality workers become relatively more
affordable, which allows them to reallocate in response to higher labor demand from sectors in heavily
distorted supply chains. The vector of distortion centralities § is a sufficient statistic for the effect of

labor income distributional variations on TFP.

The second definition segments misallocation into changes in the labor terms of trade and corporate
income, which are in terms of nominal variations. The labor terms of trade tell us that under fixed
aggregate nominal dividends, misallocation worsens when labor income increases, more so for highly
undervalued workers. As labor income rises for workers with high distortion centralities, they are
becoming relatively more expensive, and the labor demand from firms in heavily distorted supply
chains that require them falls, aggravating misallocation. The aggregate misallocation increase arising

in response to a higher income share for workers of type h is proportional to their income share and
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distortion centrality.

Corporate income tells us that misallocation falls as dividends increase under a fixed nominal labor
income distribution. Aggregate nominal dividends can increase in response to higher sales or lower
markdowns. For a fixed nominal labor income distribution, more aggregate dividends generate a higher
nominal GDP and increase the distance between the labor compensation and the value added for each
worker. All workers are suddenly becoming relatively more affordable, which allows labor demand to
increase. The increase in the labor demand is more substantial for firms that operate in relatively
inefficient supply chains that force them to produce with high marginal productivities. Hence, workers

will reallocate towards inefficient supply chains, ameliorating aggregate misallocation.

The argument that aggregate misallocation falls as the aggregate corporate income share rises might
sound counterintuitive to the reader. Profits are the source of revenue dilution that generates la-
bor misallocation. How is it possible that the cause of the malady can also cure it? For this
reason, I want to emphasize two things. First, this argument holds under a fixed nominal labor
income distribution. Second, misallocation captures only distributional sources of misallocation, while
misallocation — competitiveness represents the total increase in aggregate misallocation. For example,
assume a markdown reduction in sector ¢ of 1% such that the nominal labor income and sales distri-
bution are inelastic. In response to this shock, distributional misallocation will fall by A; p;, and total

misallocation will increase by Xz — A\ i3, which is strictly positive if Xz > )\ or p; < 1.

Additionally, all the definitions in Theorem 2 come from accounting identities, and normalization rel-
ative to the price of a numeraire is unnecessary. A normalization only becomes necessary to discipline
the variations of the endogenous variables, but not to characterize the ex-post sufficient statistics,
which assume that these variations are readily observable, e.g., in Section 7, we will require a nu-
meraire to solve for the changes in A that characterize the entropic terms of trade in response to a
shock. This lack of normalization is a point of difference with the comparable theorem from Baqaee &
Farhi (2020), who instead assume a fixed nominal GDP. Using nominal GDP as the numeraire creates
uncertainty about the fundamental real unit of account, as real GDP will no longer be neutral to pure
nominal variations, e.g., Y has to increase as Py falls. Their assumption implies that the first and
second definitions of misallocation are equivalent. Consequently, under their assumption, there would
be no effect from measuring misallocation just in terms of nominal labor income changes and ignoring
corporate income, i.e., misallocation =), ., 6y, dJy. Furthermore, as I will show in Section 7, with
an endogenous labor supply, the nominal GDP normalization used by Baqaee & Farhi (2020, 2022) is

non-neutral on TFP whenever the substitution and income effects on the labor supply are asymmetric.

The last two definitions require the labor income share variations from Theorem 1. The third def-
inition splits misallocation into variations in the consumption distribution and consumer-to-worker
centralities. First, the distributive terms of trade imply that labor misallocation worsens as expen-
diture shifts towards households with high ezpenditure centrality. Consumers of type h have a high
expenditure centrality My when the dot product of their vector of consumer-to-worker centralities
Crn = (Gn1,- - ,%hH)/ and the vector of distortion centralities ¢ is high. High consumer-to-worker

centralities imply that the consumption bundle from a household relies heavily on goods produced
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by relatively undistorted supply chains. Hence, a high M}, implies that households of type h demand
goods produced by firms within efficient supply chains that rely heavily on workers essential for firms
within inefficient supply chains. Aggregate misallocation increases with x; when M)}, is high because
aggregate expenditure flows towards efficient firms that demand labor from high distortion centrality
workers, increasing the labor demand from these firms and reallocating resources from high to low
marginal productivity firms. The expenditure centrality distribution M is an inverse ranking for the
effect on TFP from one additional percentage point of expenditure share for a type of consumer. For
this reason, M is a sufficient statistic for the effect of expenditure distributional variations on TFP.
For example, TFP will improve in response to an endogenous redistribution of expenditure from type
h to type b households if My > M. Notice that for a representative household economy, the distribu-
tive terms of trade are always null. Second, the centrality terms of trade indicate that misallocation
worsens as the consumer-to-worker centralities from a household increase, and the magnitude of this
effect is more prominent when it takes place on workers with high distortion centralities. This channel
captures the distributional effects on TFP from the endogenous recomposition in the demand structure

from firms and households while keeping the expenditure distribution fixed.

Corollary 2. Distributive Neutrality. Endogenous changes in the distribution of consumption
expenditure are neutral on TFP if the expenditure centrality is symmetric across all households,
ie., M, = M Vh € . This condition nests the following economic structures: (i) undistorted
economy, i.e., p; = 1 Vi € A7 (ii) symmetric consumption bundles, i.e., By = B¢ Vh € J; (iii) no
intermediate inputs and symmetric distortions across firms, i.e., wf =0 and p; = p Vi € A7; and (iv)

no intermediate inputs and sectoral specific labor supply, i.e., wf =q;=1Vie N

Corollary 2 establishes the condition under which an aggregate production function can disregard
changes in the consumption expenditure distribution without introducing first-order biases on TFP.
The symmetry in Mp’s across households nests a manifold of common economic structures, including
environments where the first welfare theorem holds, economies where all households share the same
consumption bundle, and models without intermediate inputs, in which either, there is a common
distortion or labor supply is sector specific. First, in an efficient economy, all distortion centralities
equal 1, and the households’ expenditure reaches income only through labor compensation (¢, = 1
Vh € ). Hence, perturbations in the expenditure distribution might change how money flows
through the economy and reallocate workers across sectors, but these effects are neutral on aggre-
gate. Second, when consumption bundles are symmetric, the consumer-to-worker centralities from all
households toward the same worker are the same, i.e., 63, = dp Yh € 7. Hence, independently of
the distortion centrality vector J, expenditure centralities are the same for all households. Third, in
an economy without intermediate inputs and symmetric distortions, the consumer’s marginal rates of
substitution across goods are unaffected by markdowns, and there is no labor misallocation. Just as
in the first scenario, perturbations in the expenditure distribution might reallocate workers, but these
effects are neutral on the aggregate. Finally, there is no labor misallocation for an economy without
intermediate inputs and with sector-specific labor supply. These cases prove that consumption bundle
heterogeneity and, as a consequence, aggregate non-homotheticity are necessary but not sufficient for

the variations in the consumption expenditure distribution to influence TFP.
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The last definition separates the centrality terms of trade into four different effects that capture en-
dogenous demand recomposition. The final demand and intermediate demand terms of trade represent
how misallocation worsens with an increase in the demand for goods produced by firms with high rev-
enue centrality. Firms in sector i have a high revenue centrality F; when the dot product of their
firm-to-worker centralities and the vector of distortion centralities § is high. High firm-to-worker cen-
tralities imply that the firm faces high markdowns or the intermediate input bundle relies heavily
on goods produced by relatively undistorted supply chains. Hence, a high F; implies that firms of
type ¢ produce within relatively efficient supply chains and require, directly or indirectly, workers that
are essential for firms within inefficient supply chains. The labor demand terms of trade portray how
misallocation increases as the demand from high distortion centrality workers from big and relatively
undistorted sectors rises. Finally, the competitive terms of trade capture the effects on TFP from the
reallocation of workers in response to variations in labor demand driven by markdowns. For example,
assume a markdown reduction in sector 7 of 1% such that the expenditure distribution and the final,
intermediate, and labor demand terms of trade are inelastic. In response to this shock, distributional
misallocation will fall by A; F;, and total misallocation will increase by Xz —\; F;. Contrary to the anal-
ogous case in the corporate income channel, total misallocation does not necessarily increase. When
markdown reduction occurs in sectors with high revenue centrality, the corresponding reduction in
labor demand allows workers to move toward firms that operate in distorted supply chains and total
misallocation falls. The revenue centrality distribution F'is an inverse ranking for the effect on TFP

from one additional percentage point of expenditure on a firm.

The revenue centralities, distortion centralities, markdowns, and revenue-based Domar weights are
sufficient statistics for the four channels captured by the centrality terms of trade. Corollary 3 estab-
lishes the conditions under which endogenous recompositions in the demand structure from firms and

households are neutral on TFP.

Corollary 3. Demand Neutrality.

1. Demand structure variations are neutral on TFP around the first-best equilibrium.

2. Household h’s demand variations are neutral on TFP if all of the firms from which it demands

final goods share the same revenue centrality, i.e., F; = F Vi € A4 : B; > 0.

3. Firm ¢’s demand variations are neutral on TFP if: (a) the firm demands no intermediate inputs
and all of its workers have a symmetric distortion centrality, i.e., d, = d Vh € J7 : th > 0; (b)
the firm demands no labor and all of its intermediate input suppliers share the same revenue
centrality, i.e., F; = F Vj e A : (ij > 0; or (c) the distortion centrality from all of its workers
and the revenue centralities from all its suppliers are symmetric, i.e., 0, = F; Yh € I : th >0

andeGJV:ﬁ%>0.

Corollary 4 segments the labor terms of trade into three effects: (i) real income, (ii) consumer price
index (CPI), and (iii) real exchange rate (RER). First, the real labor income effect captures the
aggregate net exposure to real labor income variations. As in its nominal counterpart, the change

in household A’s real income is proportional to their distortion centrality and labor income share.
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Consequently, variations on the real labor income for households with unitary distortion centralities
are neutral on TFP. Second, the CPI effect shows how misallocation rises more in response to increases
in the bundle price for households whose expenditure is heavily dependent on corporate income than
for households whose expenditure depends mainly on labor income. Finally, the RER effect illustrates
that for households of type h, a depreciation in their average bilateral real exchange rate e, increases

misallocation in a magnitude proportional to their expenditure share.”

Corollary 4. The variation in the labor terms of trade is given by

Real Income effect CPI effect RER effect
Labor TT = Z (0n, — 1) Ap, dlog Gn + Z (1 =T) xn dlog pj, + Z Xn dlogep,
hest hest heH#

where §y = Jj,/p§ stands for real income and dloge, = Y ;c %?;;b dlogepy is the average change in

the bilateral real exchange rate for households of type h, with e, = p§/pf..

4.4 Distributional Accounting

Theorem 3 characterizes household-level real consumption in equilibrium and its first-order variation.
For this, I need to introduce the positional terms of trade (PTT) as an equilibrium object that
captures the efficiency of the labor supply from all workers on the idiosyncratic real consumption
bundle for a specific type of household. I use the term positional because it depends on the households’
location in the production network, and it serves an analogous function to the TFP from Theorem 2.
dlogTFP =3, » Xn dlog PT'T), captures the relationship between TFP and PTTs, and shows that
TFP growth is the aggregation of idiosyncratic efficiency growth.

Theorem 3. In equilibrium, real consumption for households of type h satisfies

Ch = QF ({Chiticy) = PTTh fr ({Lv}pe ) - (15)
where PTT}, captures the positional terms of trade, and f, satisfies dlog fr/dlog Ly = ‘ghb.

The change in C}, and PTT}, are, to a first-order

dlog C, = dlog PTT), + Y Gy dlog Ly, (16)
be A
dlog PTT}, = Technology,, + Competitiveness,, — Misallocationy,, (17)

where

Technology, = Z @hi dlog A;, Competitiveness;, = Z %7;” dlog p;,
ieN ieN

9An increase in ep,; captures a depreciation of the bundle of type h relative to type b households.
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and Misallocationy has the following four equivalent definitions

Entropic TT), Labor TT, Corporatilncomeh
—

— \;
L. Z Opjn d Ny —dlog xp, 2. Z Chy dlog Jp — Ty dlog Jp, — Z Kin— (1 — p;) dlog Si — d ),
beH beH ey Xh

Distributive TTy, Centrality TT),

3.0 ) Myndxs+ Y X6 Y S dlog Gy —dlog X,
best best qEH

Final Demand TTy, Intermediate Demand TT},

4. Z My, dxp + Z Xb Z Fyn d By + Z i A Z Fiin dﬁfj

beA bet ieN ieN jeEN
Labor Demand TT}, Competitive TT),

D i A Y Oy A2+ D N Fyy, dlog pi —dlog x,
icN best et

with Gy = G/ Aoy My, = S e Goq Oqins and Fyjy = 3 U5 Oqin-

In equation (15), real consumption for households of type h has two representations. First, as a CRS
function Qf that aggregates final goods. Second, as the product of P11}, and a CRS function fj,
that aggregates labor with elasticities equal to the idiosyncratic value-added or worker-to-consumer
centralities that reach consumers of type h, i.e., ‘%h = (‘6?;;1, e ,‘%LH)/. Equation (16) segments
the household-level real consumption response into PTT and a factoral component. Equation (17)
divides the first-order variation of the PTT for households of type h into three components. Just
as in its aggregate counterpart from Theorem 2, for households of type h, technology; captures the
direct effect of changes in productivity under a fixed allocation of resources, and competitiveness,
portrays the direct effect from distortions. These two components tell us that in the absence of
distributional reallocation, the effects on P11} of productivity and markdown shocks in sector i are
proportional to the firm-to-consumer cost-based centrality @hi. Third, misallocationy, represents the
endogenous distributional losses in response to changes in the income distribution. The relationship
between aggregate misallocation and idiosyncratic misallocation is represented by misallocation =
> hew Xn misallocationy. From here, we can see that the allocative-neutrality from Hulten’s (1978)
theorem implies that idiosyncratic misallocation effects from productivity shocks are zero-sum around

the equilibrium without distortions.

Theorem 3 also contains four equivalent definitions for the idiosyncratic misallocation component. All
four definitions capture the idea that misallocation is favorable for households when their expenditure
share increases or when workers’” new allocation is more favorable for their consumption bundle.
Equation (18) represents the total income share variation for households of type h, which captures

that the expenditure share increases with labor or corporate income.

dxn=dAp + Z ((1 — py) ()\i d Kk;p + Kin d)\i) — Kip i d ;) - (18)
ieN

First, the idiosyncratic entropic terms of trade capture a reduction in the statistical distance between
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the individual value-added and the labor income distributions as measured by —d X (%HA) The
reallocation of labor makes consumers of type h better off as labor income shifts toward workers who,
from h’s perspective, are relatively undervalued. dy;, represents the distortion centrality for workers of
type b conditional on the value-added distribution from households of type h. From the perspective of
h, a worker is overvalued when 0 < dy;, < 1. Consumers of type h are better off when the labor income
share shifts toward workers they perceive as relatively overvalued. For example, they are better off
as labor income shifts from type b to type g workers as long as dy;, > d4),- This effect portrays how
workers who are essential for producing the consumption bundle of h are becoming relatively more
affordable, which allows resources to reallocate in response to higher demand from firms in supply

chains that are relevant for h.

The second definition segments idiosyncratic misallocation into nominal labor and corporate income
variations. The individual labor terms of trade show that distributional reallocations are favorable for
households as their labor income rises or as the indirect labor costs from their consumption bundle fall.

The idiosyncratic corporate income tells us that a household is better off as their dividends increase.

The third definition separates the entropic terms of trade in terms of changes in the consumption
distribution and the consumer-to-worker centralities. First, for consumers of type h, the distributive
terms of trade imply that the new allocation of labor makes them worse-off as expenditure shifts
toward households that from h’s perspective have a high expenditure centralily. My, represents the
expenditure centrality for consumers of type b from the perspective of households of type h. A high
My, implies that households of type b demand goods produced by firms within efficient supply chains
that rely heavily on workers essential for producing the consumption bundle for households of type h.
In other words, a high My, implies that, on average, the expenditure from type b households reaches
workers that h considers undervalued. The reallocation of labor worsens households of type h as xp
rises when My, is high because aggregate expenditure flows towards efficient firms that demand labor
from workers that are essential for consumers of type h, reallocating resources from firms with high
to firms with low marginal productivity in their consumption bundle. The vector of idiosyncratic
expenditure centralities My = (M1|h, oM H|h)/ is a sufficient statistic for the effect of expenditure
distributional variations on PTT}. Second, the idiosyncratic centrality terms of trade indicate that
misallocation worsens as households of type h are worse off as the consumer-to-worker centralities from
any other households increase, mainly when this increase benefits workers that from the perspective

of h are undervalued.

The last definition segments the idiosyncratic centrality terms of trade into four different effects that
capture endogenous demand recomposition. The idiosyncratic final demand and intermediate demand
terms of trade capture how households of type h are worse off with an increase in the demand for
goods produced by firms that from h’s perspective have a high revenue centrality. Fj, represents the
revenue centrality for firm ¢ from the perspective of households of type h. A high Fjj; implies that
firms in sector ¢ produce within relatively efficient supply chains and require, directly or indirectly,
workers essential for producing the consumption bundle for households of type h. In other words,
a high Fj;, implies that, on average, the revenue from type i firms reaches workers that i considers

undervalued. The idiosyncratic labor demand terms of trade portray how consumers of type h are
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worse off as big and relatively undistorted sectors demand more labor from workers they consider
undervalued. Finally, the idiosyncratic competitive terms of trade represent the effects on PTT} from
the reallocation of workers in response to variations in labor demand driven by markdowns. For
example, assume a markdown reduction in sector ¢ of 1% such that the expenditure distribution and
the final, intermediate, and labor demand terms of trade are inelastic. In response to this shock, P17y
falls by é}u‘ — Bhi Fyjp, i.e., a reduction in markdowns can be favorable for consumers of type i when
it takes place in a high Fj, sector, as it allows workers that are essential for h to move toward firms

with high marginal productivity on the thir consumption bundle.

Corollary 5. The variation in the labor terms of trade for consumers of type h is given by

Real Income Effecty, CPI effecty, RER effect),
Labor TTy, = Z <€~hb dlog Yy — 'y, dlog §p+ (1 —T'y) dlog pj, + Z ‘ghb dlogepy .
bet’ best

Corollary 5 is the distributional equivalent of Corollary 4, and segments the idiosyncratic labor terms
of trade for households of type h into three effects: (i) real income, (ii) CPI, and (iii) RER. First, as
in its nominal counterpart, the change in household h’s real income is proportional to the labor wedge
I',, and the variation in the real income for workers of type b is proportional to their value-added
contribution ‘g;bb. Second, the CPI effect shows how idiosyncratic reallocation worsens as the price
of the consumption bundle rises, and the magnitude from this effect is proportional to the household
h’s share of corporate income. Finally, the RER effect illustrates that for households of type h, a
depreciation of their consumption bundle relative to households of type b has an effect on the labor

terms of trade that is proportional to ‘ghb.

5 Constrained Social Planner Economy

Assume the existence of an aggregate welfare function W (Y, L) where Y and L = F ({Lp} ), ) are
the same functions as in equation (12). A constrained social planner maximizes W (Y, L) by choosing
Y, L, {Ch, Ly, {Chz‘}ieai/}hejfv subject to

pyY = piCh=>_ Y piChi <wL+T= Y (wplp+TIs),
heA et i€V he

taking prices, wages, and profits as given.

This social planner tells each household how much to work, collects all labor and corporate income,
buys final goods, and distributes them across households in a manner that respects preferences on
consumption. This planner is not concerned by the stability of its regime, as it does not account
for households’ compatibility incentives. The constraints on this social planner are cognitive and
instrumental. First, the planner is unaware of the general equilibrium effects of its demand on prices.
Second, the planner cannot develop policies that tackle distortions directly, e.g., flexible Pigouvian

taxes that subsidize heavily distorted firms by taxing relatively undistorted sectors.
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This primitive social planner is akin to a representative household that maximizes welfare by choosing
its consumption bundle and labor supply. The only difference between a representative household and

a constrained social planner is that the latter has to decide how to distribute goods across households.

Theorem 4 is the analogous of Theorems 1 and 2 for the constrained social planner problem. It
characterizes the equilibrium aggregate real output Y and the aggregate labor supply L in terms of
the aggregate labor wedge I', which in equilibrium equals the aggregate labor share. It also presents

the local variation for the aggregate distributional misallocation under the planner’s problem.

Theorem 4. In equilibrium, the aggregate output and labor supply satisfies

WL Y_ . o o1
Wy FTp =0 with F_,;fAh_éb Vb e A, (19)

and the change in the misallocation component of TFP and I' are, to a first order

Misallocation = dlogT, (20)

Distributive TT — Centrality TT

dl' = Z%thh+ZXthha (21)
he he
Final Demand TT Intermediate Demand TT Labgt TT C’ompeiifwe TT
Centrality TT = Z Xh Z wf d B + Z i A Z wf d(lfj + Z i A dwf—i— Z wf Aidlog p; . (22)
het’ €N eN JjeN €N €N

Equation (19) characterizes the aggregate labor supply and the aggregate labor wedge. The centralized
labor wedge I relates the aggregate marginal rate of substitution with the economy’s marginal rate of
transformation Y/L. The centralized labor wedge equals the aggregate labor share (i.e., >, » Ap),
and also the inverse of the distortion centralities for all workers. The symmetry in distortion centralities
restricts the space of labor income and expenditure distributions that the planner entertains as a
solution. Consequently, decentralized solutions that violate the symmetry in distortion centralities
will be inefficient from the social planner’s perspective. In other words, the decentralized economy

withstands externalities on aggregate welfare.

Equation (20) shows that for the social planner, there is a negative monotonic relationship between
aggregate labor misallocation and the aggregate labor wedge. Just as in the corporate income compo-
nent from Theorem 2, for a specific level of aggregate labor income, more aggregate dividends entail
an increase in the distance between the labor compensation and the value added by each worker.
Some workers are suddenly becoming more affordable, which allows demand to increase, mainly for
firms that operate in relatively inefficient supply chains that produce with high marginal productiv-
ities. Hence, workers will reallocate towards inefficient supply chains, ameliorating aggregate labor

misallocation.

Additionally, this result shows that under endogenous labor supply, there is a tight connection between

the TFP decomposition from Baqaee & Farhi (2020) and the first-order variation of the labor wedge

30



from Bigio & La’O (2020). Consequently, for a representative household economy with endogenous
labor supply, the TFP decomposition from Baqgaee & Farhi (2020) is simplified. Variations in the
aggregate labor share are sufficient to capture the distributional effects on TFP, and tracing the
perturbations for the whole income distribution is no longer necessary. Furthermore, this result
associates in a single equation the two equilibrium objects that, according to Chari et al. (2007),
account for the bulk of business cycle fluctuations. In other words, under distortions and endogenous
labor supply, if the social planner wanted to increase TFP, they could symmetrically amplify the
distortion centralities for all workers and reduce the decentralized labor wedge. This increase in the

corporate income share represents a linear drift towards a second-best equilibrium.

This result does not imply that total misallocation increases with the labor share. Misallocation both
in Theorems 2 and 4 captures only the effect from endogenous changes in the income distribution.
The definition of total aggregate misallocation is competitiveness — misallocation. As a consequence,
antitrust policies that aim to reduce firms’ profit margins and the aggregate profit share can be

successful in increasing TFP, as long as competitiveness > misallocation.

Equation (21) describes two mechanisms through which the social planner can increase the aggregate
labor wedge. First, the distributive terms of trade imply that the aggregate labor income share rises
as income shifts towards households with a high payment centrality. For consumers of type h, their
payment centrality %}, represents the share from their expenditure that reaches labor compensation.
Aggregate misallocation increases with y;, when %, is high because the aggregate labor share rises.
The vector of payment centralities is a sufficient statistic for the effect of expenditure distributional
variations on TFP. For example, TFP improves in response to an endogenous redistribution of expen-
diture from type h to type b households if %}, > %. Second, the centrality terms of trade indicate that
the aggregate labor income share increases with the payment centrality from any household, more
so for households with a large expenditure share. This channel captures the distributional effects on
TFP from the endogenous recomposition in the demand structure from firms and households while
keeping the expenditure distribution fixed. The social planner chooses the recomposition of demand

for households.

Equation (22) further divides the centrality terms of trade into four sources of endogenous demand
recomposition analogous to the channels in Theorem 2. The difference now is that the vector of
sectoral payment centralities ¢, = (1/1{ yens ,1%,)’ replaces the vector F' of revenue centralities as a

sufficient statistic.

Furthermore, in the absence of distortions, the effect from markdowns on the centralized labor wedge

dlogl' __ s
i

o dlogm; = This local variation is the main

is sufficiently captured by the Domar weights, i.e
result from Bigio & La’O (2020), and Theorem 4 captures the extension from their findings to any
inefficient equilibrium in which a constrained social planner makes the distributional decisions on

behalf of heterogenous households.
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6 Growth Accounting for the United States in the XXIst Century

My model builds upon four types of money flows: (1) firm-to-firm in the supply of intermediate inputs,
(2) firm-to-workers in the supply of labor, (3) consumer-to-firm in the supply of final goods, and (4)
firm-to-households in the distribution of dividends. In this section I describe the date sources that I

use to implement the model, and I estimate the TFP and PTT decompositions from Section 4.

6.1 Data

The first source is the input-output (I0) tables constructed by the Bureau of Economic Analysis (BEA)
from 1997 to 2021. These tables measure the intermediate input transactions, labor costs, and final
expenditure for 71 North American Industry Classification System (NAICS) 3-digit level industries.
As usual, I exclude industries corresponding to federal, state, and local governments, resulting in a
matched data set of 66 industries. The IO tables are not readily available, as the BEA provides only
1O use and make tables. The use tables depict industrial consumption across multiple categories of
goods and services, and the make tables characterize industrial production of multiple categories of
goods and services. The interaction between the use and make tables produces the 10 network. The
BEA has IO use and make tables that go back to 1946, but only after 1997 did these tables start to
identify the sectoral labor costs as an independent component of value-added, which is essential for

my identification of sectoral distortions. I use this tables to calibrate Vi € A4

¢ Labor Cost; Total Cost; Sales from j to 4
W, = ————, = Wi s
! Total Cost; Hi "

Sales; ~ Intermediate Cost,;’

Total Cost; = Labor Cost; + Intermediate Cost;, Value Added; = Labor Cost; + Rents;,

Sales; = Value Added; + Intermediate Cost;.

The second source is the 1997 to 2021 county business patterns (CBP) from the Census Bureau. The
CBP is an annual series that, for each industry, provides economic data at the county, metropolitan
statistical area, state, and national levels. For each subnational level, the CBP includes the number of
workers and their income in each NAICS industry up to the 6-digit level. The employment statistics
count full- and part-time workers with an active payroll in the pay period that includes March 12
and their average annual income. The CBP draws its information from administrative records of the
Internal Revenue Agency, the Bureau of Labor Statistics (BLS), and the Social Security Administra-
tion, which gives it a higher degree of trustworthiness than voluntary census responses. There are two

widely known issues with the CBP.

The first issue is that the Census Bureau suppresses a significant proportion of the data to protect

individual employers’ confidentiality.!” To make matters worse, since 2007, the non-suppressed obser-

0For example, Isserman & Westervelt (2006) document that for 2002, the suppression rate was two-thirds - almost
1.5 million out of the 2.2 million records.
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vations have included a random noise infusion multiplier that further complicates its implementation.
A whole research agenda on antisuppression algorithms tries to fill the gaps in the CBP. The data
mining techniques developed by this literature utilize the additional information available due to the
industrial and geographical hierarchical nature, which justifies a manifold of bounds and aggregation
constraints across hierarchies. Two current gold standards solve this problem: first, the two-staged
algorithm from Isserman & Westervelt (2006), and second, the linear programming solution from
Eckert et al. (2020).!! For my calibration, the problem with both identification methods is their
emphasis on the number of workers rather than their compensation. For this reason, I develop a
three-staged estimation for the average annual payroll. The first and second stages consist of the
Isserman & Westervelt (2006) algorithm for the number of workers with an initial guess given by
the Eckert et al. (2020) solution. The third stage utilizes the two-staged employment estimates and

analogous hierarchical bounds and aggregation constraints for income.

The second issue is that the CBP only covers some forms of private employment. The CBP does
not include workers in agriculture production, railroads, government, and private households. I use
the BEA’s Regional Economic Information System (REIS) to fill this gap and obtain state-level em-
ployment and income measures for agricultural production and railroad workers. The REIS uses the
Quarterly Census of Employment and Statistics from the Bureau of Labor Statistics (BLS). Its main
limitation relative to the CBP is that it only provides 2-digit NAICS statistics.

The third source is the BLS Occupational Employment and Wage Statistics (OEWS). This dataset
contains employment and wage estimates for approximately 830 occupations under the Standard
Occupational Classification System (SOC). These estimations are available at the level of the country,
industries, states, and metropolitan and nonmetropolitan areas. The BLS also suppresses data on the
OEWS to protect the confidentiality of employers and workers, although this problem is less pervasive
than in the CBP. For this reason, I implement a two-stage antisuppression algorithm that depends on

hierarchical aggregation constraints, and it is analogous to the one implemented for the CBP.

I use the CBP and OEWS to obtain labor network estimates at (a) geographic, (b) occupation, and
(c) geographic and occupation levels. For example, to capture, for hospitals (i), the labor share of

dentists in Maine (h), I define

Spatial Demand (CBP)  Occupational Demand (OEWS)  Occupational Supply (OEWS)

Hospital’s share of Hospital’s share of Maine’s share of
a;p, X labor expenditure X labor expenditure X labor expenditure

in Maine in dentists in dentists

Each of these three factors portrays a different feature of the labor market. First, spatial demand
captures sectoral heterogeneity in labor demand at the subnational level. Without this factor, sec-
tors with the same occupational demand would have symmetric labor bundles. Second, occupational

demand represents sectoral heterogeneity in labor demand across occupations. Without this factor,

1 An alternative and more straightforward solution is the employment estimate using midpoints of establishment size
groups as in Clapp et al. (1992), Glaeser et al. (1992), Porter (2003). The issue is that this method does not use all the
hierarchical information embedded within the CBP.
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sectors with the same spatial demand would have symmetric labor bundles. Third, the occupational
supply illustrates geographic heterogeneity in the availability of occupations. Without this factor,
sectors would have the same occupational demand across states. The demand and supply labels are
misnomers, as these three components are all equilibrium objects. However, these labels illustrate how
the first two factors capture heterogeneity from the firms, while the last factor represents differences
in the availability of occupations across space. For the geographic specifications, I use only the spatial
demand factor, while for the occupational specifications, I employ the occupational demand factor

exclusively.

Figure 2: Sectoral Labor Intensity

A. Financial Sector in Economists B. Ambulatory Health in Dentists
| ﬁ ' =

Note: The corresponding «;;, are divided by the labor force from each state to make them comparable.

Figure 2 illustrates the implementation of Equation (23) with heatmaps for the estimation of the cost
intensity from the financial sector in economists, and from the ambulatory health industry in dentists.
On the one hand, there is geographical concentration in the intensity of the financial sector in hiring
economists in New York, Connecticut, Illinois, New Jersey, and California. On the other hand, there

is no geographic concentration in the intensity of the ambulatory health industry in hiring dentists.

The fourth source is the BEA state-level personal consumption expenditure by product type (PCE).
The PCE classifies consumption expenditure into 113 types of products. Of these, only 71 categories
are non-redundant or refer to new goods. Using the IO make matrix from the categories left, I build
a product-to-sector crosswalk that specifies the state-level final consumption share for each of the 66
sectors in the IO tables. From here, households within the same state will share the same consumption
bundle.

The fifth and final data source is the sectoral TFP measure from the BEA’s Integrated Industry-Level
Production Account (KLEMS). Following La’O & Tahbaz-Salehi (2022), I will use the variations in
sectoral TFP as an exogenous measure of productivity variation. Specifically, in my model, sectoral
TFP variations differ from sectoral productivity shocks. Still, I equate these two notions in the exoge-
nous variations, not only because it is the standard in the literature but also because the alternative
requires having measures of sectoral prices that allow me to directly estimate the sectoral Solow resid-
uals, which I expect could only improve the model’s fit with the aggregate data. In this sense, my
decision to measure exogenous productivity shocks from sectoral KLEMS’s TFP variations imposes

the most stringent benchmark for testing the model’s implications.

To capture the variations between periods ¢ and ¢ + 1, I estimate the equilibrium in period ¢, and
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introduce the variations captured by the data between period t and t+1. For example, the technological

component of TFP between period ¢ and ¢ + 1 is given by

Technology,, = Z Xi,t dlog A; +1.
ieN

6.2 Quantitative Implementation

6.2.1 Aggregate Accounting

Figure 3: Sales and Income Distribution

A. Sales Distribution B. Income Distribution
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Observed Sales Distribution Observed Income Distribution
Observed \ on Observed A on
R 1.022%** ep 0.438***
Equilibrium A (3.46-3) Equilibrium A (1.56-3)
-5.1le-4*** 7.6e-6**
Intercept (1.20-4) Intercept (1.60-7)
R? 0.982 R? 0.682
Observations 1,650 Observations 38,189

Notes: Table A plots the observed revenue-based Domar weights A?%® and its equilibrium counterpart A;. Table B plots
the observed labor income shares A2® and its equilibrium counterpart Aj. The equilibrium values are estimated using
the system of equations in Table 2. The first regressions is A?*® = ap + a1 A\; + €, and the sample is given by the 66
NAICS industries in the years from 1997 to 2021. The second regression is Aﬁbs = bo + b1 Ap + up, and the sample is
given by the 38,189 types of workers that come from the state and occupation interaction in the year 2021.

Figure 3 shows two scatterplots that compare the observed sales and income distributions in 2021 with
their equivalent equilibrium distributions. The match is almost perfect for the sales distribution, and
the R? of 0.982 for the OLS regression of the observed A on its equilibrium equivalent confirms this.
The imprecision of the model estimation for the income distribution comes from the uncertainty about

the expenditure from each sector on each type of worker. For example, the CBP provides information

about the compensation from the financial sector to workers in Illinois, and the OEWS captures the
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nationwide compensation from the financial sector to economists. However, there is no accessible
data that provides compensation from the financial sector to economists in Illinois. For this reason,
Equation (23) provides the proxy required for the model implementation. Nevertheless, despite this
uncertainty, the R? for the OLS regression of the observed A on its equilibrium equivalent for 2021 is

0.682, and the t-value for its slope coeflicient is 286.

Table 3: Explanatory Power of the Model Without I0 Networks

Rep. Household Occupation County State € Ocupation
(1) (2) (3) (4) (5) (6) (7) (8)
0.523 0.503 0.388 -0.265
dlogTEP | 366) (0.350) (0.316) (0.264)
Technology 1.341%** 0.789*** 0.796™** 0.847***
(0.308) (0.267) (0.266) (0.289)
Competitiveness 0.212 0.320 0.454 0.986
(0.423) (0.489) (0.373) (0.695)
Misallocation 0.573* 0.450 0.335 -0.105
(0.329) (0.437) (0.315) (0.360)
Intercept 0.012%** (0.011*** 0.012*** 0.012*** 0.013*** 0.012*** 0.015*** 0.012***
(3.2e-3) (2.0e-3) (3.2e-3) (2.2e-3) (3.2e-3) (2.1e-3) (3.0e-3) (2.2e-3)
Observations 22
N 66
H 1 750 3,136 38,190
R? 9.2%  71.4% 9.35%  62.4% T7.00% 62.5% 4.8%  60.4%
Adj. R? 9.2%  68.4% 9.35%  58.4% 7.00% 58.6%  4.8%  56.2%

Notes: Columns 1, 3, 5, and 7 report the results for the regression dlog TFP; = ap+a1 d l(ﬁ'Pt +e€¢. Columns 2, 4, 6,
and 8 report the results for the regression dlog TF P, = by +b1 Technology, +ba Competitiveness, +bs Misallocation, + .
Equation (14) is estimated solving for the system of equations in Table 2 without accounting for intermediate input
linkages, i.e. wiy = 0 Vi € 4. Estimations have 66 sectors and use variations from 1997 to 2019, hence N = 66 and
obs = 22. Columns 1 and 2 use a representative household estimation. Columns 3 and 4 use heterogeneity by occupation.

Columns 5 and 6 use heterogeney by county. Columns 7 and 8 use heterogeneity by interaction of states and occupations.

Tables 3 and 4 report the results from two types of OLS regressions for observed TFP growth, first on
the model prediction of TFP growth, and second on the three components from the decomposition in

equation (14).
dlogTFP;, = ay+ a1 dlmPt + €,
dlogTF P, = by + by Technology, + ba Competitiveness, + bs Misallocation, + uy.

Table 3 uses the regressors from an estimation without input-output networks, while Table 4 allows for
intermediate input markets. Each table contains four estimations with different assumptions about
the number of households: (i) representative household (H = 1), (ii) heterogeneity by occupation
(H = 750), (iii) geographical heterogeneity by county (H = 3,136), and (iv) heterogeneity by the
interaction of states and occupations (H = 38,190). The latter is my preferred specification because
it simultaneously accounts for skill and geographic heterogeneity. Under this specification, accounting

for intermediate input linkages boosts the R? of the model prediction for TFP growth from 5% to
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50%. Additionally, in the regression of observed TFP growth on the three components from equation
(14) with intermediate input markets, R? increases to 75%, and the technology and competitiveness

components are significant at the 1% level.

Table 4: Explanatory Power of the Model With 10 Networks

Rep. Household Occupation County State € Ocupation
(1) (2) (3) (4) (5) (6) (7) (8)
0.370*** 0.311** 0.316*** 0.3117**
dlogTEP (0.072) (0.069) (0.065) (0.069)
Technology 0.478*** 0.414*** 0.416*** 0.413***
(0.097) (0.081) (0.083) (0.082)
Competitiveness 0.398*** 0.341*** 0.350*** 0.342***
(0.062) (0.054) (0.053) (0.054)
Misallocation 0.074 0.172 0.164 0.168
(0.138) (0.125) (0.135) (0.125)
Intercept 0.010***  0.009 0.011*** 0.010*** 0.011*** 0.010*** 0.011*** 0.010***
(2.1e-3) (2.0e-3) (2.2e-3) (1.8e-3) (2.1e-3) (1.9e-3) (2.3e-3) (1.9e-3)
Observations 22
N 66
H 1 750 3,136 38,190
R? 56.9%  75.2% 49.9%  75.8% 54.0% 75.4% 49.9%  75.5%
Adj. R? 56.9%  72.6% 49.9% 73.3% 54.0% 72.8% 49.9% 73.2%

Notes: Columns 1, 3, 5, and 7 report the results for the regression dlog TF P, = ag+a1 dlo/gﬁ:'PtJret. Columns 2, 4, 6,
and 8 report the results for the regression dlog TF P; = by +b1 Technology, + bz Competitiveness, +bs Misallocation; + ;.
Equation (14) is estimated solving for the system of equations in Table 2 accounting for intermediate input linkages.
Estimations have 66 sectors and use variations from 1997 to 2019, hence N = 66 and obs = 22. Columns 1 and 2
use a representative household estimation. Columns 3 and 4 use heterogeneity by occupation. Columns 5 and 6 use

heterogeney by county. Columns 7 and 8 use heterogeneity by interaction of states and occupations.

Figure 4 shows the dynamics for TFP, technology, competitiveness, and misallocation normalizing
their initial 1997 level at 100. Table 5 captures the counterfactual growth on TFP relative to the
model prediction leaving aside the technology, competitiveness, or misallocation channels. Table
6 and Table 7 portray the counterfactual growth on TFP relative to the model prediction leaving
aside the technology or competitiveness effect from a specific industry. Table 8 depicts the variance
decomposition for TFP growth, Table 9 the variance decomposition for technology across industries,

and Table 10 for competitiveness.

The model prediction for TFP follows observed TFP in terms of levels and variations until 2014
(Figure 4A). After 2014, the model predicts no growth in TFP and a strong reduction in response
to the 2020 COVID shock. The static and closed-economy nature of the model is, in my opinion,
the reason why the model fails to capture TFP variations after 2014. From 2014 to 2021, the net
international investment position as a percentage of GDP almost doubled from -40% to -77.8%. It is
reasonable to expect that this increase in external liabilities could be behind an intertemporal demand-
driven growth in TFP that this model completely misses. This model emphasizes capturing multiple
sources of supply-driven growth and their dependence on the heterogeneity of firms and households.

For this reason, in the absence of measurement errors, this result brings some evidence about the lack
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of domestic supply-driven sources of growth for TFP after 2014.'2

Figure 4: TFP Decomposition
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Notes: The observed growth in TFP comes from the difference between growth of real GDP and variations in the labor
force participation. Theorem 2 provides the decompositions for technology, competitiveness, and misallocation. Using
equation (14), I estimate the model prediction for TFP growth. The three channels and TFP are normalized to 100 in
the year 1997.

From 1998 to 2020, the growth of TFP was mainly attributable to technological shocks, while compet-
itiveness and misallocation had a negative secondary role (Figure 4 and Table 5A). On the one hand,
without productivity shocks, TFP in 2020 would have been 23.4% lower. On the other hand, leaving
aside the effects of competitiveness or misallocation, TFP would have grown 2.5% and 2.8% more.
The productivity shocks in the oil and gas extraction, computer and electronics, telecommunications,
and computer system design industries were the main drivers of technologically driven growth. With-
out them, TFP would have been respectively 11.1%, 6.6%, 2.8%, and 2.3% lower. The productivity
shocks in the construction, chemical products, and credit intermediation industries stood in the way
of growth. Without them, TFP would have been respectively, 2.9%, 2.8%, and 1.8% higher (Table
6A). Despite the secondary role of aggregate competitiveness, the higher profit margins of the credit
intermediation, chemical products, and computer and electronics sectors hindered TFP growth, while

the lower profit margins from the housing and insurance sectors boosted TFP. Without them, TFP

12Two potential sources of measurement error are of my concern. First, observed growth in TFP is the difference
between growth in real GDP and the labor force. However, from equation (13), the variations in the labor force
participation from heterogeneous workers are not symmetric and depend on their aggregate value-added contribution

given by the distribution A. Second, the nature of productivity growth might have changed after 2014 in a way not
captured by the BEA’s sectoral KLEMS Solow’s residual estimation.
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would have been respectively, 4.1%, 2.6%, and 1.3% higher, and 1.6% and 1.5% lower (Table 7A).

Table 5: Counterfactual TFP Growth Differential

A. Between 1998 and 2020

Heterogeneity Model Technology Competitiveness Misallocation
Rep. Household 20.3% -25.0% 2.3% 2.6%
Occupation 19.0% -26.8% 4.7% 3.3%
County 18.3% -26.7% 4.9% 4.0%
State & Occupation  18.2% -23.4% 2.5% 2.8%

B. Between 2002 and 2009
Heterogeneity Model Technology Competitiveness Mzisallocation

Rep. Household 5.2% -13.9% 19.7% -8.8%
Occupation 6.5% -17.4% 23.3% -9.7%
County 5.0% -17.1% 23.1% -8.1%
State & Occupation  4.2% -13.0% 19.3% -8.2%
C. Between 2010 and 2020

Heterogeneity Model Technology Competitiveness Misallocation
Rep. Household 9.0% -6.2% -10.2% 8.0%
Occupation 8.3% -5.9% -10.5% 8.8%
County 8.7% -5.9% -10.4% 8.3%
State & Occupation  9.0% -6.3% -9.8% 7.5%

Notes: The model estimation comes from compounding variations on TFP from equation (14). To be more precise,
TFP, =TFP, x Hfzzlemp (dlog TFPy). The results in columns technology, competitiveness and misallocation come from

obtaining sequences for dlog TF P, that leave out one of the channels from equation (14) at the time.

Furthermore, during the same period, 55.6% of the volatility was attributable to the reallocation
of resources. Out of this, 34.6% was due to variations in aggregate competitiveness and 21% due to
changes in the income distribution. Productivity shocks explained the remaining 44.4% of the volatility
(Table 8A). Productivity shocks in the oil and gas extraction, insurance, air transportation, utilities,
and financial sector were the main sources of technological-driven volatility (Table 9A). Variations in
the profit margins for the oil and gas extraction, financial, utilities, and chemical product sectors were

the main drivers of competitive-driven volatility (Table 10A).

The secondary role of competitiveness and misallocation from 1997 to 2020 reflects a structural change
of direction during the Great Recession (GR). Competitiveness and misallocation fell from 2002 to
2009 and increased from 2010 to 2020 (Figures 4C and 4D). The self-compensating nature of compet-
itiveness and misallocation is not surprising, as increases in profit margins are correlated negatively

with competitiveness and positively with misallocation.

For the cycle before the Great Recession (2001 to 2009), on the one hand, growth in TFP was driven
by technology and reductions in misallocation. Without the growth in productivity or reductions
in misallocation, TFP would have been 13% and 8.2% lower, respectively. On the other hand, the
reductions in aggregate competitiveness hindered growth, and in their absence, TFP would have been
19.3% higher. The productivity shocks in the oil and gas extraction, computer and electronics, and
telecommunication sector were the main drivers of technologically driven growth. Without them, TFP

would have been respectively 5.35%, 2.84%, and 2.27% lower (Table 6B). The higher profit margins in
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oil and gas extraction stood in the way of growth, and in their absence, TFP would have been 6.59%

higher (Table 7B).

Table 6: Counterfactual TFP Growth Table 7: Counterfactual TFP Growth
Without Sectoral Technology Without Sectoral Competitiveness
A. Between 1998 and 2020 A. Between 1998 and 2020
1 Oil & gas extraction -11.11% 1 Housing -1.65%
2 Computer & electronics -6.64% 2 Insurance carriers -1.53%
3 Telecommunications -2.85% 3 Misc. professional services -1.10%
4 Computer systems design  -2.30% 4 Other services -0.89%
5 Administrative services -1.74% :
6 Insurance carriers -1.45% 63 Publishing industries 0.80%
7 Farms -1.34% 64 Computer and electronics  1.34%
. puter and electronics 0
8 Primary metals -1.28% 65 Chemical products 2.57%
: 66 Credit intermediation 4.10%
63 Rental & leasing 1.41%
64 Credit intermediation 1.77% B. Between 2002 and 2009
65 Chemical Products 2.84% 1 Securities & investment  -0.86%
66 Construction 2.8™% .
B. Between 2002 and 2009 o8 Wholesale trade 0.92%
- . 59 Publishing industries 0.93%
1 Oil & gas extractlor.l -5.35% 60 Internet, & inf. services  0.99%
2 Computer & e?ecm‘"onlcs -2.84% 61 Chemical products 1.35%
3 Telecommunications -2.27% 62 Telecommunications 1.43%
el 0
4 . .Utlh.tles . -1.92% 63 Computer and electronics  1.48%
5 Administrative services -1.06% 64 Housing 1.57%
: 65 Utilities 1.87%
66 Construction 1.76% 66 Oil & gas extraction 6.59%
C. Between 2010 and 2020 C. Between 2010 and 2020
1 Oil & gas extraction -5.41% 1 Oil & gas extraction -6.34%
2 Computer systems design  -1.29% 2 Housing -3.09%
3 Management of companies -1.26% 3 Insurance carriers -0.98%
4 Housing -1.14% 4  Misc. professional services -0.87%
5 Other real estate -1.01% ) Administrative services -0.82%
64 Air transportation 1.03% 64 Primary metals 0.80%
65 Chemical products 1.90% 65 Chemical products 0.84%
66 Credit intermediation 2.73% 66 Credit intermediation 3.86%

Notes: For Table 6, observations larger than 1.2% in absolute value are included in table A and 1% for tables B
and C. For For Table 7, only observations larger than 0.8% in absolute value are included. For each estimation,
221 or {Competitivenessq}fl:l is constructed. This
sequence excludes the productivity or markdown shocks from one industry at the time. The counterfactural

sequence is used to estimate {dlog TFPq};:1 using equation (14) and TFP; = TFPy x I} _,exp (dlog TF Py).

using Theorem 2 a counterfactual sequence for {Technoloqu}

For the cycle after the GR (2010 to 2020), on the one hand, growth in TFP was driven by increases
in technology and competitiveness. Without the growth in productivity or competitiveness, TFP
would have been 6.3% and 9.8% lower, respectively. On the other hand, the increases in misallocation

hindered growth, and in their absence, TFP would have been 7.5% higher. The main growth drivers
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were the productivity shocks and the reduction in the profit margins from the oil and gas extraction
sector. Without them, TFP would have been respectively 5.41% and 6.34% lower. Additionally, the
reductions in the profit margins for the housing sector enabled growth, and in their absence, TFP
would have been 3.09% lower. Furthermore, reductions in productivity and higher profits margins
for the credit intermediation and the chemical products industries hindered growth (Table 6C and
Table 7C). Most of the TFP volatility after the GR was attributable to technology and misallocation
(Table 8C). Productivity shocks in the air transportation and insurance sectors were the primary

technological sources of volatility (Tables 9C).

Table 8: TFP Covariance Decomposition

A. Between 1998 and 2020

Heterogeneity Technology Competitiveness -Misallocation
Rep. Household 41.3% 39.3% 19.4%
Occupation 40.1% 41.5% 18.4%
County 37.2% 46.8% 16.1%
State & Occupation 44.4% 34.6% 21.0%
B. Between 2002 and 2009
Heterogeneity Technology Competitiveness -Misallocation
Rep. Household 21.3% 68.6% 10.1%
Occupation 12.7% 85.2% 2.1%
County 10.6% 85.0% 4.4%
State & Occupation 28.3% 61.2% 10.5%
C. Between 2010 and 2020
Heterogeneity Technology Competitiveness -Misallocation
Rep. Household 56.7% 8.2% 35.1%
Occupation 55.3% 13.1% 31.6%
County 55.4% 15.6% 29.0%
State & Occupation 58.1% 4.9% 37.0%
Notes: From equation (14), the covariance decomposition is given by Var(dlogTFP;) =

Cov (dlog TFP;, Technology,) + Cov(dlogTFP;, Competitiveness,) — Cov (dlogTFP;, Misallocation:). — The es-

timates for each one of these components are provided by Theorem 2.

Figure 5 shows the dynamics for misallocation and its components normalizing their initial 1997 level
at 100. Table 11 captures the counterfactual growth on TFP relative to the model prediction leaving
aside each one of the components from misallocation. Tables 12-15 portray the counterfactual growth
on TFEP relative to the model prediction leaving aside the competitive, labor demand, final demand,
and intermediate demand terms of trade from a specific industry. Table 16 depicts the variance
decomposition for variations in misallocation and Tables 17-20 the variance decomposition for each

one of the misallocation components across industries.
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Table 9: Technology Covariance Table 10: Competitiveness Covariance

Decomposition by Industry Decomposition by Industry
A. Between 1998 and 2020 A. Between 1998 and 2020
1 Oil & gas extraction 12.09% 1 Oil & gas extraction 21.16%
2 Insurance carriers 9.39% 2 Securities & investment 12.00%
3 Air transportation 9.32% 3 Utilities 11.03%
4 Utilities 8.83% 4 Chemical products 10.82%
5 Securities & investment 5.90% 5 Rental & leasing 4.39%
6 Chemical products 4.84%
7 Motor vehicles 4.33% B. Between 2002 and 2009
1 Securities & investment 18.24%
B. Between 2002 and 2009 2 Chemical products 14.79%
1 Oil & gas extraction 20.71% 3 Utilities 14.16%
2 Securities & investment 20.12% 4 Oil & gas extraction 12.79%
3 Utilities 17.40% 5 Insurance carriers 8.36%
4 Chemical products 7.64% 6 Credit intermediation 6.52%
5 Insurance carriers 7.31% ) Rental & leasing 4.19%
6 Motor vehicles 5.18% :
7 Interr%et' & inf. sgrvnices 5.08% 64 Legal s;ervices _4.90%
8 Credit intermediation 4.78% 65 Telecommunications 5.05%
: 66 Housing -9.14%
66 Petroleum & coal -8.64%
C. Between 2010 and 2020
C. Between 2010 and 2020 1 Oil & gas extraction 28.82%
1 Air transportation 14.42% 2 Chemical products 16.08%
2 Insurance carriers 12.46% 3 Securities & investment 14.94%
3 Arts, sports & museums 6.55% 4 Rental & leasing 12.91%
4  Management of companies 5.61% 5 Insurance carriers 12.57%
5 Oil & gas extraction 4.15% 6 Telecommunications 9.59%
6 Housing 4.63 % 7 Air transportation 9.04%
7 Motor vehicles 4.62% 8 Food, beverages & tobacco  6.07%
8 Petroleum & coal 4.61% 9 Wholesale trade 4.99%
9 Other real estate 4.60% 10 Petroleum & coal 4.20%
10 Food Services 4.26% :
: 64 Farms -9.15%
66 Farms -4.58% 65 Credit intermediation -12.62%
66 Other real estate -20.84%
Notes: Only sectors with more than 4% in absolute value are included. From Theorem

2, the covariance decomposition for Technology, and Competitiveness, are respectively given
by  Var (Technology,) = > ey Cov (X” dlog Ast, Technologyt) and  Var (Competitiveness,) =

> icy Cov (X“ dlog iz, Competitivenesst).
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Figure 5: Misallocation Decomposition
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Notes: Theorem 2 provides the decomposition for Misallocation. Each channels is normalized to 100 in the year 1997.

From 1998 to 2020, misallocation barely increased, and without its effect on growth, TFP would

have grown 2.8% more (Table 5A). However, this apparent lack of variation was due to a worsening

in the labor demand terms of trade, partially compensated by the improvement in the competitive,

final, and intermediate demand terms of trade.

Without the increase in the labor demand terms

of trade, TFP would have grown 15.6%, and in the absence of the reduction in the competitive,
intermediate, and final demand terms of trade, TFP would have been 5.9%, 4.5%, and 2.6% higher

(Table 11A). The worsening in the labor demand terms of trade has its main culprits in the higher

labor demand from the credit intermediation, computer and electronics, oil and gas extraction, and

publishing sectors. Without them, TFP would have been 2.40%, 2.25%, 1.79%, and 1.34% higher,
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respectively. Labor demand by the wholesale trade and insurance sectors acted as a buffer, and in their
absence, TFP would have been 1.62% and 1.61% lower, respectively. The higher profit margins for the
credit intermediation and the chemical products sectors explain the improvement in the competitive
terms of trade. Without them, TFP would have been 2.16% and 1.06% lower. The shift of final
and intermediate demand toward computers and electronics fostered the improvement in the final and
intermediate demand terms of trade. In their absence, TFP would have been 1.50% and 1.24% lower,
respectively. The shift of final and intermediate demand toward the wholesale trade sector worsened
the final and intermediate demand terms of trade. In their absence, TFP would have been 1.18% and
1.21% higher, respectively (Tables 12A-15A). During this period, the primary sources of variation for
misallocation were the profit margins from the financial, chemical products, and utilities sectors, and
the labor demand from oil and gas extraction (Tables 16A-20A).

Table 11: Counterfactual TFP Growth Differential in the Absence of Misallocation
Components

A. Between 1998 and 2020

Heterogeneity Distributive Competitive  Labor Final Intermediate
TT TT DTT DTT DTT
Rep. Household 0% -3.4% 6.3% 0.4% -1.3%
Occupation 0% -5.9% 15.1% -2.0% -4.2%
County 0.1% -5.2% 14.2% -0.9% -4.4%
State & Occupation 0.1% -5.9% 15.6% -2.6% -4.5%
B. Between 2002 and 2009
Heterogeneity Distributive Competitive  Labor Final Intermediate
TT TT DTT DTT DTT
Rep. Household 0% -9.3% 1.1% -0.9% -0.2%
Occupation 0% -11.0% 3.4% -1.9% -0.8%
County 0.1% -10.4% 3.4% -0.7% -1.0%
State & Occupation 0.1% -11.1% 3.4% -2.0% -0.9%
C. Between 2010 and 2020
Heterogeneity Distributive Competitive  Labor Final Intermediate
TT TT DTT DTT DTT
Rep. Household 0% 3.9% 1.2% 1.7% 0.9%
Occupation 0% 2.9% 7.2% 0.2% -1.8%
County 0.1% 3.0% 3.5% 2.1% -1.5%
State & Occupation 0.1% 2.8% 7.4% -0.1% -1.7%

Notes: The model estimation comes from compounding variations on TFP from equation (14). To be more precise,
TFP, = TFPy x I_jexp (dlog TFP,). The results in each column come from obtaining sequences for dlog TF P, that
leave out one of the misallocation channels from Theorem 2 at the time.

Before the GR misallocation improved, and without its effect on growth, TFP would have grown
8.2% less (Table 5B). The improvement in the competitive terms of trade explained the reduction
in misallocation. Without it, TFP would have grown 11.1% less (Table 11B). The improvement in
the competitive terms of trade mainly originates in the higher profit margins from the oil and gas
extraction, computer and electronic, and internet and information services sectors. Withouth them,
TFP would have been 1.46%, 1.11%, and 1.01% lower (Table 12B). The main sources of volatility in
misallocation were the profit margins for the financial, chemical product, and utility sectors (Tables

16B-17B).
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Table 12: Counterfactual TFP

Growth Without Sectoral

Competitive TT

A. Between 1998 and 2020

Table 13: Counterfactual TFP

Growth Without Sectoral
Labor Demand TT

A. Between 1998 and 2020

Table 14: Counterfactual TFP
Growth Without Sectoral Final

Demand TT

A. Between 1998 and 2020

Table 15: Counterfactual TFP

Growth Without Sectoral

Intermediate Demand TT

A. Between 1998 and 2020

1 Credit intermediation -2.16% 1 Wholesale trade -1.62% 1 Computer & electronics -1.50% 1 Computer & electronics  -1.24%
2 Chemical products -1.06% 2 Insurance carriers -1.61% 2 Motor vehicles -0.91% 2 Credit intermediation -0.90%
3 Computer & electronics -0.98% 3 Other retail -1.07% 3 Machinery -0.88% 3 Publishing industries -0.76%
4 Publishing industries -0.80% 4 Apparel & leather -0.51% 4  Computer systems design -0.45%
5 Internet & inf. services -0.69% : . 5 Ambulatory health -0.42%
61 Utilities 0.69% : i
: 62 Computer systems design  0.82% 62 Securities & investment 0.87% :
64 Insurance carriers 0.77% 63 Publishing industries 1.34% 63 Misc. professional services  0.94% 61 Telecommunications 0.52%
65 Other services 0.81% 64 Oil & gas extraction 1.79% 64 Hospitals 0.95% 62  Administrative services 0.54%
66  Misc. professional services  0.87% 65  Computer & electronics 2.28% 65 Internet & inf. services 1.01% 63 Hospitals 0.56%
66 Credit intermediation 2.40% 66 Wholesale trade 1.18% 64 Insurance carriers 0.74%
B. Between 2002 and 2009 65 Other retail 0.90%
1 Ofl & gas oxtraction  -1.46% B. Between 2002 and 2009 B. Between 2002 and 2009 66 Wholesale trade 1.21%
2 Computer & electronics  -1.11% 1 Securities & investment  -0.96% 1 Construction -1.22%
3 Internet & inf. services -1.01% 2 Motor vehicles -0.82% B. Between 2002 and 2009
4 Wholesale trade -0.92% : 1 Computer & electronics  -0.48%
5 Telecommunications -0.86% 64  Computer & electronicss  0.85% :
6 Utilities -0.84% 65 Utilities 1.02% 66 Hospitals 0.58% :
7 Publishing industries -0.82% 66 Oil & gas extraction 2.20% 66  Securities & investment 0.49%
C. Between 2010 and 2020
C. Between 2010 and 2020 C. Between 2010 and 2020 1 Computer & electronis -0.52% C. Between 2010 and 2020
Credit intermediation 2.0% 1 Wholesale trade -1.70? . 1 Credit intermediation -0.973}
i : _ 2 Insurance carriers -1.03% ’ . 2 Publishing industries -0.51%
Securities & investment 0-52% 3 Administrative services  -0.93% 63 Other. retail . 0.59% 3 Computer & electronics  -0.49%
: 4 Other retail -0.83% 64 Internet & inf. services 0.60%
64  Administrative services  0.62% 65 Construction 0.89% o
65 Misc. professional services  0.70% : 66 Wholesale trade 1.08% 63 Insurance carriers 0.52%
66 Oil & gas extraction 1.91% 64 Publishing industries 0.89% 64 Administrative services 0.63%
65  Computer & electronics 0.98% 65 Other retail 0.66%
66 Credit intermediation 2.44% 66 Wholesale trade 1.12%

Notes: In Tables 12 and 13 only sectors with more than 0.6% in absolute value are included. In Table 14 only sectors with more than 0.5% in absolute value are included. In Table
15 only sectors with more than 4% in absolute value are included. For each estimation, using Theorem 2 a counterfactual sequence for is constructed. This sequence excludes the

effects from one industry in one specific channel at the time.



Table 16: Misallocation Covariance Decomposition

A. Between 1998 and 2020

Heterogeneity Distributive Competitive  Labor Final Intermediate
TT TT DTT DTT DTT
Rep. Household 0% 61.9% 48.9% 3.5% -14.3%
Occupation 0% 73.1% 37.0% 0.9% -11.0%
County 0.1% 68.4% 49.6% -4.8% -13.3%
State & Occupation 0.1% 73.6% 38.6% 2.3% -14.6%
B. Between 2002 and 2009
Heterogeneity Distributive Competitive  Labor Final Intermediate
TT TT DTT DTT DTT
Rep. Household 0% 136.8% -30.9% -7.9% 2.0%
Occupation 0% 234.1% -160.7% -2.7% 29.3%
County 0.1% 197.1% -95.2% -15.1% 13.1%
State & Occupation 0.1% 155.9% -78.4% 3.5% 18.9%
C. Between 2010 and 2020
Heterogeneity Distributive Competitive  Labor Final Intermediate
TT TT DTT DTT DTT
Rep. Household 0% 18.0% 125.8% -3.2% -40.6%
Occupation 0% 24.0% 129.5% -12.8% -40.7%
County 0.1% 18.9% 140.5% -17.0% -42.5%
State & Occupation 0.1% 19.2% 131.4% -3.1% -47.6%

Notes: The fourth definition for Misallocation in Theorem 2 is used for its covariance decomposition.

After the GR misallocation worsened, and without its effect on growth, TFP would have grown 7.5%
more (Table 5C). The increase in labor demand and competitive terms of trade explained the rise
in misallocation. Without them, TFP would have grown 7.4% and 2.8% more, respectively (Table
11C). The worsening in the labor demand terms of trade has its main culprits in the higher labor
demand from the credit intermediation sector and the increase for competitive terms of trade in the
lower profit margins for the oil and gas extraction industries. Without them, TFP would have been
2.44% and 1.91% higher, respectively (Tables 12C-13C). The main sources of volatility were the labor

demand from the oil and gas extraction and the chemical product sectors (Tables 16C-18B).

The distributive terms of trade had a minuscule role in the misallocation variation and the volatility
(Tables 11 and 16). My explanation is the low heterogeneity at the state level in consumption bundles

and, consequently, in the average expenditures’ average distortion centralities Mj,.
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Table 17: Competitive TT
Covariance Decomposition by

Table 18: Labor Demand TT
Covariance Decomposition by

Table 19: Final Demand TT
Covariance Decomposition by

Table 20: Intermediate
Demand TT Covariance

Industry Industry Industry Decomposition by Industry
A. Between 1998 and 2020 A. Between 1998 and 2020 A. Between 1998 and 2020 A. Between 1998 and 2020
1 Securities & investment 22.92% 1 Oil & gas extraction 18.49% 1 Accommodation 31.06% 1 Securities & investment 12.24%
2 Chemical products 12.37% 2 Chemical products 12.03% 2 Apparel & leathers 29.34% 2 Chemical products 11.36%
3 Utilities 10.31% 3 Utilities 10.18% 3 Arts, sports & museums 25.19% 3 Oil & gas extraction 9.91%
4  Food, beverages & tobacco  6.87% 4 Securities & investment 6.49% 4 Food services 23.58% 4 Hospitals 6.31%
5 Oil & gas extraction 6.09% 5 Insurance carriers 4.77% 5 Air transportation 21.21% 5 Apparel & leather 5.61%
6 Insurance carriers 5.77% 6 Petroleum & coal 4.16% 6 Utilities 5.25%
7 Computer & electronics 4.56% 7 Computer & electronics 4.11% : 7 Misc. manufacturing 4.10%
8 Misc. manufacturing 4.08% 66 Food, beverages & tobacco -36.91%
B. Between 2002 and 2009 B. Between 2002 and 2009
B. Between 2002 and 2009 1 Oil & gas extraction 19.61% B. Between 2902 and 2009 1 Chemical products 14.36%
1 Securities & investment 27.94% 2 Utilities 14.01% 1 Motor Yehlcles 5L.73% Computer & electronics 14.09%
2 Chemical products 14.51% 3 Chemical products 12.48% 2 Furniture . 39.99% 3 Oil & gas extraction 9.13%
3 Utilities 11.17% 4 Insurance carriers 7.56% 3 Computer & electronics 25.94% 4 Apparel & leather 8.96%
4 Insurance carriers 7.81% 5  Computer & electronicSs 6.21% : 5 Movies & music 4.49%
5  Food, beverages & tobacco  7.62% 6 Securities & investment 5.67% 66 Food, beveraées & tobacco  -16.00% O Management of companies  4.41%
6 Misc manufacturing 4.00% 7 Food, beverages & tobacco  4.03% 7 Misc. manufacturing 4.34%
C. Between 2010 and 2020
C. Between 2010 and 2020 C. Between 2010 and 2020 1 Accommodation 54.88% C. Between 2010 and 2020
1 Securities & investment 19.28% 1 Oil & gas extraction 17.45% 9 Arts, sports & museums 50.58% 1 Chemical products 13.71%
2 Insurance carriers 11.17% 2 Chemical production 12.09% 3 Food services 46.49% 2 Oil & gas extraction 11.97%
3 Air transportation 9.711% 3 Utilities 6.61% 4 Apparel & leather 30.87% 3 Hospitals 9.52%
4 Chemical products 9.57% 4 Petroleum & coal 4.52% 5 Air transportation 33.81% 4 Accommodation 7.16%
5  Food, beverages & tobacco  7.71% 5 Food, beverages & tobacco  4.30% 6 Hospitals 25.26% O Credit intermediation 7.13%
6 Apparel & leather 7.32% 6 Primary metals 4.09% 7 Misc. professional services  21.43% 6 Air transportation 5.74%
7 Oil & gas 507% 8 Recreational & gambhng 1901% 7 Utilities 555%
8 Misc. manufacturing 4.30% 9 Ambulatory health care 18.04% 8 Primary metals 4.50%
10 Petroleum & coal 16.49% 9 Ambulatory health care 4.36%
64 Other real estate -6.05%
65  Credit intermediation ~ -6.95% 64 Misc. manufacturing ~ -26.47% 66 Food services -6.00%
66 Farms -8.40% 65 Computer & electronics -31.90%
66 Food, beverages & tobacco -59.61%

Notes: In Tables 17, 18, and 20 only sectors with more than 0.4% in absolute value are included. In Table 19 only sectors with more than 16% in absolute value are included. The

fourth definition of misallocation in Theorem 2 is used for the different covariance decompositions.



6.2.2 Distributional Accounting

Figure 6: Distortion Centrality Density and Moments
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Notes: Distortion centralities are given by the ratios of cost- over revenue-based labor income rates, i.e. §;, = An /An.

These values are estimated using the system of equations in Table 2.

Figure 6 portrays the density of the distortion centralities for 1997 and 2019, and the variations across
time of its first three moments. These distributions had an average distortion centrality of 2, and
their skewness was positive. Before the GR, the three moments increased, and after GR, there was a

partial reversal in mean and variance, while the skewness had a full reversal to its original level from

its 2007 peak.

Figure 7 portrays the density of PTTs for the state and occupation interaction under the assumption
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that the 1997 level of PTTs is 100 for all workers. On average, there has been growth in PTTs, and
the density has a negative skewness, which captures a heavy left tail of workers for which the shocks
from the last two decades have not been favorable. The tails from this distribution tell us that the
last two decades of shocks, on the one hand, have favored logging workers, workers with mathematical
and computational occupations, and compensation managers, and on the other hand, the same set
of shocks have been unfavorable for industrial workers with occupation exposed to the printing, shoe

and leather, and textile industries.

Figure 7: Positional Terms of Trade in 2019
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PTT in 2019, Base 100 for 1997
Top 1% Bottom 1%
Occupation Occupation
Logging Workers 37% Printing Workers 40%
Computer Occ. 13% Shoe & Leather Operator 26%
Mathematical Sciences Occ. 10% Textile Machine Operator 15%
Compensation Managers 7% Miscellaneous Textile 12%

Notes: The PTT estimations come from compounding variations using the decompositions from Theorem 3. To be
more precise, PT Ty, = PTTh o X nglea:p (dlog PT'Ty q) where PTTh 1997 = 100. The top and bottom 1% tables shows
the occupational classifications that capture most of the households within the tails. For example, 37% of the households

on the top 1% of the PTT distribution have occupations that are classified as logging workers.

7 Parametric Accounting

In this section, I derive the parametric ex-ante statistics necessary to characterize the first-order
variations derived in Sections 4 and 5. These ex-ante measures depend on the model primitives. In
this parametric environment, I identify a linear system of equations that solves the endogenous first-
order variations in wages, household expenditure, and sales. This section finishes with a discussion
about how the numeraire selection is non-neutral when the labor supply substitution and income

effects are asymmetric.
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7.1 Normalized CES Environment

Following Baqaee & Farhi (2019a,b, 2020, 2022), I extend the normalized CES function introduced
by de La Grandville (1989) and Klump & de La Grandville (2000) to an economy with intermediate
goods. The overlined variables correspond to the equilibrium values. Firm z; in sector ¢ uses the

normalized CES composite

9;

0,—1 0,—1 0. —1

Yz, Con\ Y T\ % '
i:Al waozih <£Z ) +wawZ~j <z]>

Y. T,
Yz hes# jeNs #iJ

In this production function, productivity shocks are Hicks-neutral normalized to 1 in equilibrium, and
0; stands for the elasticity of substitution. Similarly, the consumption aggregator for the representative

household of type h is given by

oh
en=l\ op—1
C C’L o
S-(Tam(g) )
Ch ieN Chi

where gy, stands for the elasticity of substitution. The benefit from the normalized CES is that the
parameters wf , Qip, Wi, wij, and By, have the same interpretation as in Section 3, and do not depend

on deep parameters such as the elasticities of substitution (Klump et al., 2012).
Household h, which has an initial population size of nj, operates under the following utility function

~ l1—0o
(ch (1 _ E,;’Yth> %) 1

1—0

Uh (Ch,zh> = )
with Cy, = ny cp, Ly = np, Eh, and ¢p > 0. ¢, and Zh represent the normalized real consumption and
labor supply, which makes preferences independent from the population size. This utility function

allows for greater flexibility in parametrizing the income and substitution effects on the labor supply.

Proposition 3. The change in labor supply from type h workers in response to demographic, wage,

and income shocks is, to a first-order,
dlog L, = ¢} dlogny + ¢ dlogwy, — ¢, dlog Ep,.

Where the corresponding elasticities are given by

By I S

w € w n
=———, = - Ch = Cn — G-
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h

Proposition 3 characterizes the endogenous first-order variation of the labor supply in terms of elas-
ticities for the: (1) demographic effect (j'; (2) substitution effect (;’; and (3) income effect (j. These

elasticities depend on equilibrium values and the deep preference parameters v, and @p,.
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This utility function nests the following preferences. First, by assuming v, = 0, I obtain King,
Plosser, & Rebelo’s (1988) preferences with symmetric substitution and income effects, more precisely,
C}ZL = np/Ly and ¢’ = ¢ = ¢n/T'h. Second, by using the preference parameters that solve v;, =
2% (1 +1, 1/2\/Fh — 2@%), Yp = ’Yih (1 — Egh%’;)and ¢y = 1, I obtain Greenwood, Hercowitz, &
Huffman’s (1988) preferences with no income effect, i.e., (; = 0. Finally, in its most general form, this
utility is inspired by Jaimovich & Rebelo’s (2009), and for this reason, it allows for asymmetric income
and substitution effects. However, relative to the latter utility preferences, this specification allows
for a direct effect from consumption expenditure in labor supply disutility through the parameter ;.
The disutility effects from increasing the labor supply become weaker as this parameter increases, and

as a consequence, there are stronger demographic and substitution effects.

7.2 Sufficient Endogenous Statistics

Theorem 5 characterizes a 2H + N linear system of equations that solves for the endogenous first-order
variation of consumption expenditure, wages, and sales. These equations capture partial (PE) and

general (GE) equilibrium effects.

Theorem 5. In a CES economy, the variation in consumption expenditure, wages, and sales, in
response to productivity, distortion, and demographic shocks are, to a first-order,

Demographic Effect Wage Effect Corporate Income Effect
on Ezpenditure (PE) on Ezpenditure (GE) on Ezpenditure (PE + GE)

C}?Fh (1 + Ch ) Iﬂ?lh>\
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Ezxpenditure Effect Sales Effect Direct Effect
on Sales (GE) on Sales (GE) on Sales (PE)
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For households of type h, the first-order variation for their consumption expenditure depends on
three channels. First, for the demographic effect, in response to an increase in their labor force, the
factoral supply will rise by (;', and its effect on consumption expenditure is proportional to the labor
income share I',. Second, for the wage effect, a wage increase directly impacts income. However, it
additionally triggers a substitution effect on the labor supply captured by ¢;’. The magnitude of this
substitution effect on consumption expenditure is proportional to the labor income share I'y,. Finally,
for the corporate income effect, dividends from sector i depend both on sales and their markdowns: (i)
an increase in sales augments dividend income by the rent extraction share 1 — u;, and (ii) an increase
in markdowns reduces profits by the cost share p;. These two paths for dividend income variation
are proportional to the equity participation share k;;, and the sales-to-expenditure ratio A;/xp. These
three channels increase consumption expenditure and trigger an income effect that reduces the labor

supply attenuating their magnitudes by 1 + ¢; I'y.

For workers of type h, the first-order variation for their wages depends on seven channels. These
channels trigger a substitution effect that increases the labor supply and attenuates their influence
on wages by 1+ (/. Additionally, the effect on wy, from the channels that depict variations in sector
7’s labor demand are proportional to the direct revenue-based centrality th and the sales to labor
income ratio \;/Ay. First, for the expenditure effect, in response to an increase in their total income,
their labor supply falls by (;, and wages rise. Second, for the demographic effect, in response to
an increase in their labor force, their labor supply rises by (;’, and wages fall. Third, the direct
effect captures the increase in labor demand for these workers from the firms that receive either
productivity or markdown shocks. Firm ¢ increases their demand for workers of type h in response to
a positive productivity shock as long as there is substitutability in their production (i.e., ; > 1) and in
response to lower distortions as long as the production function is not Leontief (i.e., #; > 0). Fourth,
the supplier effect portrays the variations in firms’ labor demand in response to productivity and
markdown shocks to its intermediate input suppliers. Firm ¢ decreases its demand for workers of type
h, as long as there is substitutability in their production, in response to positive productivity shocks
and markdown reductions to its direct or indirect intermediate supplier j. The magnitude of this
effect is proportional to the cost-based firm-to-firm centrality ij Fifth, the sales effect characterizes
how sales increases expand labor demand. Sixth, the direct substitution effect portrays the variation

in firms’ labor demand for workers of type h in response to variations in wy. Firm ¢ increases their
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demand for workers of type h when wy, falls and there is substitutability in production. Finally, the
supplier substitution effect captures the variations in firms’ labor demand for workers of type h in
response to wage changes for all other workers. Firm ¢ increases their demand for workers of type h
when the wage from workers of type b rises and there is substitutability in production. The magnitude

of this effect is proportional to the cost-based worker-to-firm centrality {/;fb.

For firms in sector i, the first-order variation for their sales depends on five channels. The channels
that represent variation in the demand of final goods by households of type h are proportional to their
consumption share (; and the Domar weight ratio x,/\;, and those that illustrate changes in the
demand for intermediate goods by firms in sector j are proportional to the direct revenue exposure
27, and the Domar weight ratio A; /Ai. First, the expenditure effect captures how higher household
expenditure increases demand for final goods. Second, the sales effect portrays how higher firms’
sales increase demand for intermediate goods. Third, the direct effect characterizes the increase in
intermediate input demand from firms that receive either productivity or markdown shocks. Firm
j increases their demand for good 4 in response to positive productivity shocks as long as there
is substitutability and in response to lower distortions as long as the production function is not
Leontief. Fourth, the supplier effect characterizes the variations in households’ and firms’ demand
for goods in response to productivity and markdown shocks to its direct or indirect suppliers. Under
substitutability, household h and firm ¢ increase their demand for good 7 in response to increases in
productivity or markdowns to its direct or indirect supplier j if their cost-based centrality to firm j
is smaller than the one that firms in sector ¢ have. In other words, when firm j reduces its price, the
demand by households of type h and firms from sector g for the good i rises if their cost-based exposure
to the shock is weaker than the one from firms in sector ¢, i.e., QZZ > ,@hj and QZZ&”] > Jgj. Finally,
the supplier substitution effect portrays the increase in households’ and firms’ demand for goods in
response to wage variations. Household b and firm j increase their demand for good ¢ in response to
the increase in prices from higher wages for workers of type h if there is substitutability and their

cost-based centralities to firm j are larger than the one that firms in sector i have, i.e., %?{,h > th and
Uiy > U

The solution in Theorem 5 represents an alternative to Baqaee & Farhi’s (2022) results for the following
five reasons: (1) it does not require the production network covariance operator introduced by Baqaee
& Farhi (2019a); (2) it utilizes the measures of centrality from the substochastic Markov chain; (3)
it captures the influence of the labor supply demographic, substitution, and income elasticities; (4)
it decomposes the channels from productivity, markdown, and wage variations in direct effects, and
effects through intermediate input suppliers; and (5) the variations are expressed in nominal terms

and not in Domar weights because using the nominal GDP as the numeraire is not required.

7.3 Numeraire Non-Neutrality

From Walras’ Law, to solve the model, take 2H + N — 1 of the equations in Theorem 5, and normalize
the variation in this system by using Y as the numeraire, which implies that there are no variations
in the global GDP deflator, i.e., dlogpy = 0. This follows Hulten (1978), Baqaee & Farhi (2019a),
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and Bigio & La’O (2020) who also use Y as the real unit of account. Now, as mentioned in Section
4, this is not the only normalization that the literature has used, as Baqaee & Farhi (2020, 2022) use

nominal GDP as the numeraire.

Proposition 4 portrays the differences in GDP growth and household-level real consumption between

using Y or nominal GDP as the numeraire.

Proposition 4. The differences between normalizing with dlogpy = 0 and dlog GDP = 0 are, to a

first-order:

dlogY|dlogGDP =0 ~ 14
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Proposition 4 characterizes the biases in growth between these two numeraire assumptions. The biases
exist if there is an endogenous factor supply with asymmetric substitution and income effects. At the
aggregate level, the bias is multiplicative, while at the household level, it is additive. The biases from
assuming nominal GDP as the unit of account are positive if the income effect strictly dominates the
substitution effect, i.e., (; > (' Vh € 5. There are no biases from normalization if (§ = (;’ Vh € 2.
One advantage of Theorems 1, 2, 3, and 4 over the comparable results in Baqaee & Farhi (2020, 2022),
is that my derivations for these sufficient ex-post statistics do not require a normalization assumption.

For this reason, they are independent of these biases.

8 Simple Horizontal Economy

In order to simplify the understanding of the main mechanisms behind the effects of the income and
consumption expenditure distributions on aggregate TFP, I will use the following horizontal economy
with two types of workers and two firms. This example distills the model from this paper to the most

basic structure for which there are still distributional effects on TFP.

Firms are efficient (H) or inefficient (L), and workers can be high-skill (k) or low-skill (I). The
production from firms follows a Cobb-Douglas production function y; = A; £;; E;l_ai, where «; is the
firm 4’s eintensity in high-skill workers. The consumption aggregator for each household r € {h, !}

follows a normalized CES

c Cou\% . . (Cu) T
a a (BT <CT‘H> " (1 BT) (CT‘L> ) .

Where f, is the preference parameter on the efficient good and g is the households’ elasticity of

substitution. Figure 8 represents the real and nominal flows for this economy.
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Figure 8: Horizontal Economy

(a) Real Flows (b) Nominal Flows
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Note: Efficient (H), Inefficient (L), high-skill (h), low-skill (I).

Let me assume that the efficient firm requires more high skill, the high-skill prefers to consume efficient
goods, and profits are symmetrically distributed: (i) pg > pr, (i) ag > ag, (i) B, > 5;, and (iv)
kgn = kL = 0.5. Additionally, ug + ur = ag + ar, = B + B = 1. These restrictions on the

parameter space simplify the solution.

First, in the absence of distortions (ug = pr, = 1), the equilibrium for this economy implies symmetry

in expenditure across firms and householdsl, i.e., Ay = xp = Ap = % Additionally, gf—: = ayy of the

high-skill’s work is supplied to the efficient firm. Furthermore, the labor supply equilibrium condition

ULT — &
Ucr Ly-

for each household is given by —

With distortions, the equilibrium is characterized by the following solution in terms of sales, expendi-

ture, labor income, and value-added shares

\ :1—/LL(04H—04L)(5h—5z) :1—(04H—04L)(5h—MH)
= (an—an) (Br—B) Xh =9 " (am —az) (Br—B)

ap + pu (ag —ap) (1= pr (B — B1)) A, = an —pa (o —ar) A+ pr (B — 1))
2—(ag —ar) (Br—B1) ’ : 2— (ag —ar) (Br—B1) ’

K - L1 (am—ar) (B —B) (an — pr (an —ar))
" 2—(am —ar) (B —B) '

Ap =

Additionally, the aggregate labor income share is given

—2pup pr (g —ar) (Br — Br)
2— (g —ar)(Br— B)

A=Ay A =1

The Domar weights, the value-added shares, and the aggregate labor share are symmetric in the

absence of « and [ heterogeneity. Absorption and labor income shares are symmetric without « and

1 heterogeneity. Furthermore, the labor supply equilibrium condition now is given by — gé’“ =T, %
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The labor wedges I',. imply that the feasible production set might differ from the production possibility

frontier in the undistorted economy.

I will compare a benchmark with p, a, and S heterogeneity with three alternative scenarios in which

I shut down one of the types of heterogeneity at the time.

Symmetric pu: Ag = Kh = Xp = %, AL = AL = i, and Ef—h’l = ayp. This allocation depends on

the relationship between the marginal rate of substitution between goods and the markdown-adjusted

marginal productivities of labor

Uc,w _ ko dyr/dlr,
Uc,, pudymg/dlg,

Under symmetric markdowns, the composition of the consumption bundle and the expenditure distri-
bution are the same as in the undistorted equilibrium. Consequently, the allocation of workers is the

same, and ajp of the high-skill labor is supplied to the efficient firm.

If we consider the possibility of heterogeneity in the distribution of profits, the allocation of workers will
no longer be the same. For example, if the high-skill households received all profits, more labor would
be allocated to the efficient firm, i.e., ef—: = ag + agar (Br — 5;). The difference in the allocation
of workers relative to the undistorted economy is not a misallocation, as it does not originate from
the effects of distortions on the marginal rates of substitution between goods. The solution is still on
the Pareto set. The composition of the consumption bundle for each household is still the same; the
difference now is that the high-skill receive a higher share of aggregate income and use it to consume

more goods from the efficient sector.

Symmetric a: The distributions are the same as in the symmetric u scenario. However, the dis-
tortions on the marginal rates of substitution incline consumption bundles towards the efficient good.
Consequently, there is an excess of labor supplied to the efficient sector Kf—: = 2apy pg > ag. This case

indicates that the four distributions A, y, A, and A are insufficient to identify if there is misallocation.

Symmetric 8: Ay = A, = 3, xn = 5+ 31 (ag —ar) (ug — pr), Ay = 5 (o pr +appr), and
A = % (1 —ag) pg+ (1 —ap) pr). Additionally, distortions on the marginal rates of substitution
incline consumption bundles towards the efficient good, and there is an excess of labor supplied to the

efficient sector ‘b — OH [LH

Ly ag pHtar pr > Q.

Bilateral centralities are given by

Yin = a; i, Y = (1 — o) s, Crn = BrYEn + (1 = B) Yrn, Cr = Brvm + (1= Br) Y-

To simplify the exposition, let me consider only a shock to the productivity from the inefficient sector
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dlog A;, = 1%. Theorem 1 tells us that the labor income share variations are given by

dAy = (Bn— B1) (pir — ar) dxn+ (am — 1) Y Xr d By,

Distributive Incomey, Income Centrality,
dA = (By = B) (nmr — am) dxn+ (pa — am) > xr d B,
Distributive Income; Income Centrality,
dB,=(0—1)8. (1= 75;) dlog Z%LI’ dlog 1% = -1+ (ag —ar)dlog %, and dlog%’; = 1+1<wdlog /[\\’; +
¢e X
4w dlog X—’;

From Theorem 2, TFP growth is given by'?

dlogTFP = \;, — Misallocation
Labor Income Reallocation
Misallocation = a (ug — pur) (g — ar) dAg+5,d A
= b — pr) (B — Bi) dxn+ b(u — pe) Y xr dBr -

Distributive Terms of Trade

Final Demand Terms of Trade
Misallocation increases with the labor income share for the low-skill, the aggregate labor share, the
income share for the high-skill, and the expenditure intensity on the efficient good. These channels

reallocate labor from the inefficient to the efficient firm, accentuating misallocation.

From Theorem 5, distributional variations are given by

Ay = — 2(9_1)6h5l
" 9 _ _ _ 2(0 —1 _ BubBi (aaA—paAn—prh cag—ap)’
(am —ar) (Br—B) +2(e ) (g —ayp) 1+¢w Ap A +¢ 2Xn X1
1
dAp = (g — pr)dAm, dA = (pu — ag)dAm, dxn =5 (ag —ap)dg.

2

Table 21 summarizes the requirements in heterogeneity for the four misallocation channels. The dis-
tributive T'T requires heterogeneity in u, o, and 8. The labor income reallocation needs heterogeneity

in u, . The final demand TT and the aggregate labor share channels require heterogeneity in .

Table 21: Heterogeneity Requirements

Channel MH = L apg = aqf Br = B
Distributive Terms of Trade No No No
Labor Income Reallocation No No Yes

Final Demand Terms of Trade No Yes Yes
Aggregate Labor Share No Yes Yes

Notes: No means that the channel is null, Yes that the channel is non-zero.

Figure 9 portrays for the benchmark and three alternative specifications, under different values for o,

the elasticities in response to the productivity shock in the inefficient firm for the labor income shares,

1+ (ayg—a = 1 _ —
B0 = e e 5 b= 81+ (o — ar) (uy — ar)a, and e = un pr, (an — ar) (Br — Bi).
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Figure 9: Simple Horizontal Economy
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Notes: The horizontal axis captures the households’ elasticity of substitution. ¢ = 1 represents the Cobb-Douglas
economy. The benchmark is estimated using pg = ag = fr = 0.8 and pur, = ar = f; = 0.2. The symmetric p case with
ag = Pr =08, ar, = 6 = 0.2, and pg = pr = 0.5. The symmetric « case with ug = Br = 0.8, ur, = B = 0.2, and
ag = ar, = 0.5. The symmetric f case with ug = ag = 0.8, ur = ar, = 0.2, and B = [ = 0.5. These elasticities are

in responde to a productivity shock from the inefficient sector such that dlog A, = 1%.
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expenditure shares, Domar weights, the distributive terms of trade, the final demand terms of trade,

TFP, and the difference in PTTs.

For the benchmark specification, under substitutability, consumers can shift towards the now more
abundant inefficient good. This effect increases the inefficient firm’s Domar weight and the expenditure
share for the low-skill. Consequently, the efficient firm and the expenditure share from the high-skill
falls. The lower expenditure share from the high-skill and the expenditure shift towards the inefficient
firm reduce misallocation. For this reason, misallocation falls, and the TFP elasticity is higher than the
inefficient firm’s equilibrium Domar weight. The low-skill households face a more favorable increase

in their PTT due to the higher exposure from their consumption bundle to the inefficient good.

9 Counterfactual Industrial Policy

Figure 10: dlogTFP density in response to sectoral productivity shock
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dlogTFP
Best 10 Sectors Worst 10 Sectors
1 Nursing & residential care  1.035% 1 Oil & gas extraction 0.558%
2 Social assistance 1.033% 2 Primary metals 0.595%
3 Merchandise stores 1.027% 3 Chemical products 0.601%
4 Hospital 1.022% 4  Mining, except oil & gas 0.616%
5 Ambulatory health care  1.021% 5 Utilities 0.628%
6 Computer systems design 1.013% 6 Petroleum & coal 0.639%
7 Apparel & leather 1.008% 7 Farms 0.658%
8 Food & beverage stores  1.005% 8 Rental & leasing 0.680%
9 Educational services 0.998% 9 Other real estate 0.715%
10 Other retail 0.993% 10 Paper products 0.747%

Notes: Density of dlog TFP in response to independent sectoral productivity shocks of 1% for each of the 66 NAICS
industries considered. The lower tables show the best and worst 10 sectors and the magnitude for the TFP elasticity.

Section 2 in the Online Appendix provides a nested CES extension to the model from Section 7.
This section parameterizes such a model using the following elasticities of substitution, which are

consistent with the values estimated and used throught the input-output literature (Boehm et al., 2014;
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Atalay, 2017; Baqaee, 2018; Baqaee & Farhi, 2020). I assume for all sectors an unitary elasticity of
substitution between types of labor, an elasticity of substitution of 0.2 between intermediate inputs, an
elasticity of substitution of 0.5 between the labor and intermediate input aggregates, and an elasticity

of substitution of 0.9 for the consumption aggregators.

This parametric setting allows me to discipline the endogenous variations in the model and estimate
the aggregate and distributional effects from a manifold of sectoral shocks. Here, I evaluate the effects
of two shocks: a sectoral productivity shock such that aggregate technology equals 1% and a sectoral
increase in markdowns such that aggregate competitiveness equals 1%. The 1% assumption allows me
to make their effect comparable, as the differences in TFP will depend exclusively on the asymmetric

response from misallocation to the endogenous variations in the income distribution.

Figure 11: dlogTFP density in response to sectoral markdow shock
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dlogTFP
Best 10 Sectors Worst 10 Sectors
1 Housing 0.766% 1 Nursing & residential care -0.329%
2 Credit intermediation 0.409% 2 Social assistance -0.303%
3 Furniture 0.376% 3 Merchandise stores -0.274%
4  Pipeline transportation  0.360% 4 Hospital -0.219%
5 Oil & gas extraction 0.355% ) Ambulatory health care  -0.201%
6 Mining, except oil & gas 0.349% 6 Educational services -0.191%
7 Primary metals 0.342% 7 Apparel & leather -0.163%
8 Petroleum & coal 0.328% 8  Computer systems design -0.154%
9 Chemical products 0.316% 9  Recreational & gambling -0.135%
10 Rental & leasing 0.300% 10  Food & beverage stores  -0.132%

Notes: Density of dlogTFP in response to independent sectoral markdown shocks of 1% for each of the 66 NAICS

industries considered. The lower tables show the best and worst 10 sectors and the magnitude for the TFP elasticity.

Figure 10 displays the density for TFP elasticities in response to sectoral productivity shocks of a
magnitude such that aggregate technology equals 1%. If the costs from stimulating a productivity
shock of this magnitude were symmetric across sectors, on the one hand, the best technological shocks
would be to the healthcare, social assistance, retail, computer design, and education industries. On
the other hand, the worst technological shocks would be to extractive, chemical, utilities, farms, real

estate, and paper industries. In particular, almost 45% of the initial technological stimulus from a
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productivity shock to the oil and gas extraction industry is lost due to higher labor misallocation.

Figure 11 displays the density for TFP elasticities in response to sectoral markdown shocks of a
magnitude such that aggregate competitiveness equals 1%. If the costs from stimulating competition
by this magnitude were symmetric across sectors, on the one hand, the best antitrust interventions
would be in the housing, extractive, chemical, and rental industries. On the other hand, it would
be an awful idea to push for antitrust interventions in healthcare, social assistance, retail, computer
design, recreation, and education sectors. For the last set of industries, the corresponding increase in

misallocation more than washes off the gains in aggregate competitiveness.

Table 22: Aggregate TFP on sectoral characteristics

% from Figure 10 % from Figure 11

(1) (2) (3) (4) (5) (6) (7) (8)

A\ 0.149 0.905* 1.331 -0.084

! (0.591) (0.523) (0.941) (0.736)
‘ 0.391*** 0.198 -0.943*** -0.925**

Hi (0.094) (0.134) (0.125) (0.189)
I 0.2471*** 0.181** -0.401*** -0.016

! (0.052) (0.076) (0.083) (0.107)
Intercept 0.860***  0.562***  0.599***  0.486*** | 0.084**  0.848"** 0.563"**  (.855"**
(0.022) (0.074) (0.059) (0.079) (0.035) (0.098) (0.094) (0.111)

N 66 66

R? 0.001 0.212 0.245 0.301 0.030 0.471 0.266 0.471
Adj. R? 0.001 0.245 0.217 0.279 0.030 0.471 0.266 0.454

dlog A; £ dlog A;
dlog A;* dlog p;

5 report univariate regressions on the sectoral Domar weights ;. Columns 2 and 6 report univariate regressions on the

Notes: Columnns 1 to 4 report regressions of Columnns 5 to 8 report regressions o . Columns 1 and

sectoral markdown p;. Columns 3 and 7 report univariate regressions on the sectoral revenue centrality F;. Columns 4

and 8 report multivariate regressions on \;, ui, and Fj.

Table 22 report the results from OLS regressions for the TFP elasticities estimated in Figures 10
and 11 on sectoral Domar weights, markdowns, and revenue centraluty. Not surprisingly, the 1%
normalization makes the Domar weights insignificant. Markdowns and the revenue centralities have a
positive correlation with the TFP response to productivity shocks and a negative correlation with the
TFP response to higher competition. However, in the multivariate regressions, the revenue centrality
captures the positive correlation with the effect of productivity shocks, and the markdown captures
the negative correlation with the TFP response to higher competition. The latter results show that
industrial policies that incentivize productivity should aim for high F; sectors. In contrast, antitrust

policies that increase competition should target low p; industries.

Figure 12 displays the density for the PTT elasticities in response to the productivity and markdown
shocks for the oil and gas industry estimated in Figures 10 and 11. In response to the productivity
shock, the distribution of PTTs has a negative skewness and a positive skewness in response to the
competition shock. The long tails from these distributions capture the effect on fifteen occupations
heavily exposed to the oil and gas extraction sector. The complementarity in households’ preferences
(i.e., 0 < 1) explains the difference in terms of skewness. On the one hand, the productivity shock

introduces a supply shock that increases the quantity of goods. However, preference complementarity
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forces households to substitute their expenditure towards relatively inefficient sectors. Consequently,
the final demand for oil and gas extraction falls, and correspondingly, the labor income share for
occupations with heavy exposure to this sector shrink. On the other hand, an increase in competition
introduces a labor demand shock that raises the labor income share for occupations with heavy ex-
posure to the oil and gas extraction industry. Notice that the occupations that face the worst PTT
elasticities in response to the productivity shock are almost the same occupations that face the best
PTT elasticities in response to the increase in competition. The bilateral centrality from the revenue

of the oil and gas extraction sector on the labor income from these occupations is high.

Figure 12: Density of dlog PTT to Oil & Gas Extraction Shocks
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dlog PTT d log PTT
Worst 15 Occupations Best 15 Occupations
1. Wellhead Pumpers -6.32% 1. Wellhead Pumpers 7.13%
2. Service Unit Operators, Oil & Gas 2. Service Unit Operators, Oil & Gas  3.82%
3. Petroleum Engineers -2.15% 3. Petroleum Engineers 3.81%
4. Rotary Drill Operators, Oil & Gas  -2.08% 4. Rotary Drill Operators, Oil & Gas  3.63%
5. Roustabouts, Qil & Gas -1.88% 5. Roustabouts, Oil & Gas 3.07%
6. Geoscientists -1.20% 6. Geoscientists 2.64%
7. Hydrologic Technicians -0.74% 7. Hydrologic Technicians 2.38%
8. Geological Technicians -0.40% 8. Geological Technicians 2.28%
9. Mining & Geological Engineers -0.35% 9. Mining & Geological Engineers 2.22%
10. Gas Compressor & Pumping 10. Extraction Workers, All Others 2.06%
. -0.20%
Station Operators 11. Petroleum Pump System Operators 9.04%
11. Extraction Workers, All Other 0.04% Refinery Operators, and Gaugers R
12. Rentier 0.14% 12. Gas Plant Operators 1.63%
13. Gas Plant Operators 0.19% 13. Gas Compressor & Pumping
. 1.60%
14. Petroleum Pump System Operators Station Operators
0.47%
Refinery Operators, and Gaugers 14. Pump Operators, 1.55%
15. Pump Operators, 0.59% Except Wellhead Pumpers B
Except Wellhead Pumpers Rt 15. Pourers and Casters, Metal 1.51%

Notes: Table A reports the dlog PT'T}, density in response to a 1% productivity shock in the oil and gas extraction
industry. The lower table reports the worst 15 occupations in terms of their dlog PTT in response to the productivity
shock. Table B reports the dlog PT'T}, density in response to a 1% markdown shock in the oil and gas extraction industry.
The lower table reports the best 15 occupations in terms of their dlog PTT in response to the markdown shock.
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10 Allocative Neutrality

Theorem 6 identifies four general classes of economies for which there are zero first-order aggregate
gains from the reallocation of resources. These cases allow me to characterize the primitives necessary
to obtain changes in the income and consumption distributions that allow for non-technological growth.
By allocative neutrality I mean that Competitiveness = Misallocation, and consequently dlog TFP =

Technology.

Theorem 6. For the following economies and shocks, allocative neutrality is satisfied:

1. For a Cobb-Douglas economy (6; = g, = 1 Vi € A4 and Yh € ) in response to productivity or

demographic shocks.

2. For a Leontief economy (0; = g, = 0 Vi € A and VYh € ) with inelastic labor supply in
response to a markdown shock if: (i) payment centrality is symmetric across households, i.e.,
¢n =1 € (0,1] Yh € 55 or (ii) € is nonsingular and A, has its eigenvalues within the unit

circle.

3. For a horizontal economy with symmetric distortions (u; = p Vi € .47) in response to produc-

tivity, markdown, and demographic shocks.

4. In a vertical economy in response to productivity, markdown, and demographic shocks.

1. Cobb-Douglas Neutrality

For the class of Cobb-Douglas economies, there is no first-order variation in aggregate misallocation
in response to exogenous supply shocks. Technological shocks that change the productivity from a
sector or demographic shocks are allocative-neutral on aggregate TFP because the sales, labor income,
and expenditure shares are inelastic. Consequently, there is also distributional allocative-neutrality
and dlog PTTy, = Technology;, Yh € 7. This result extends the Cobb-Douglas neutrality benchmark

from Baqaee & Farhi (2020) to an environment with heterogeneous households and endogenous labor

supply.
2. Leontief Neutrality

For the class of Leontief economies with inelastic labor supplies, shocks in markdowns are allocative
neutral if one of the two conditions introduced by Theorem 6 are satisfied. However, before discussing
the merits and implications of these conditions, let me build up some base intuition. Baqgaee & Farhi
(2020) establish that markdown shocks are allocative neutral for a representative household Leontief
economy with inelastic labor. The reason is that regardless of prices, the household will consume
fixed ratios of goods, and the firms will demand fixed ratios of labor and intermediate inputs. As a
result, variations in distortions influence prices but not the demand for final goods or intermediate
inputs. Consequently, the allocation of workers across firms does not change in response to markdown

variations.
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Extending this result to an environment with heterogeneous households is more complex. The rea-
son is that any endogenous shift in consumption expenditure between households with heterogenous
consumption bundles will modify aggregate final demand and the allocation of workers across firms.
However, we know that in response to the markdown shocks, up to a first-order, the endogenous

reallocation of real consumption for this class of economies will satisfy

0= Z Xh %h dlog Ch. (24)
heAt

Hence, from Theorem 2, allocative neutrality will be satisfied if the payment centrality from households
is symmetric and real GDP will be inelastic, i.e., dlogY = ), oo Xn dlog Cj, = 0. Payment centralities

are symmetric if consumption bundles are homogenous.

Now, the problem is that symmetry between households in their payment centralities is an extremely

restrictive condition. In general, Equation (24) implies that

dlogY = Z Xn (1 — @) dlog Cy,.
hest
This last equation tells us that for a Leontief economy with inelastic labor that faces shocks in mark-
downs, there is space for GDP growth through the reallocation of workers, when real consumption
is endogenously shifted towards households with relatively high consumption expenditure and small
payment centralities. The households with small payment centralities are the ones who have a smaller
share of their expediture reaching households through labor income. Consequently, increasing con-

sumption expenditure to these households has the largest negative effect on the aggregate labor wedge.

Furthermore, aggregate distributive neutrality for this class of models is also guaranteed whenever
the consumer-to-worker upstream centrality matrix % is nonsingular and %), has its eigenvalues
within the unit circle. Q is a N x H matrix, where its ih element is given by (1 — p;) K4p,, i.€., the
share of revenue from sector ¢ that reaches income for households of type h through corporate profits.
First, the invertibility of ¥ portrays that there needs to be a sufficiently high level of heterogeneity in
consumption bundles. Second, having all of the eigenvalues from % (), within the unit circle implies
that its determinant is less than one, and consequently > = (% Q)" = (I — BQ:)"". Notice that
the hb element from % Q; is given by > .. , Bp; (1 — p;) ki and captures the share of expenditure
from households of type h that reaches the income from households of type b through corporate
profits. In other words, the second condition imposes an equilibrium convergence criteria according
to which there can be no explosive paths from consumption expenditure to dividend income. Here
the Gershgorin circle theorem is useful, as it tells us that all eigenvalues for a matrix are within the
unit circle if the off-diagonal element summation for each of its rows is less than one (Gershgorin,
1931). For row h, the off-diagonal elements add up to » ;. , % (1 — p1s) (1 — k). For an economy
without intermediate inputs, this condition holds as ) ;. , %4; < 1. However, the proof escapes me
for an economy with intermediate inputs, mainly because consumer-to-firm upstream centralities can

be larger than one.
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3. Horizontal Economy

For the class of general horizontal economies with N sectors and H households, allocative neutrality in
response to productivity, markdown, and demographic shocks is satisfied if distortions are symmetric
across sectors. The reason is that under symmetric markdowns, the final demand from households
and the labor demand from firms are undistorted. This is because distortions cancel out in the
households’ marginal rates of substitution. For this reason, the allocation of workers across firms is
already efficient, and up to a first-order, the endogenous reallocation from workers in response to any

of these three types of shocks is neutral on TFP.

Bigio & La’O (2020) prove that for a horizontal representative household economy with symmetric
distortions, one type of labor, and endogenous labor supply, shocks in sectoral distortions are neutral
on TFP. Theorem 6 extend this result to productivity and demographic shocks and a heterogenous

household economy with multiple types of labor.

To understand how the presence of intermediate inputs would alter this result, let me get back to the
simple horizontal economy introduced in Section 8, with the additional assumption that the inefficient
firm demands meals from the efficient firm. Under symmetric distortions, household final demand is
the same as in the first-best equilibrium. However, the distortions alter the inefficient firm’s marginal
rates of substitution between labor demand and intermediate inputs, and the allocation of workers is

longer efficient.

4. Vertical Economy

Figure 13: Vertical Economy

(a) Real Flows
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Q Lmh Che

(b) Nominal Flows

Note: Low-skill (1), high-skill (k), manufacturing (m), and agriculture (a).
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For the class of vertical economies, productivity, markdown, and demographic shocks are allocative
neutral. Notice that this result is independent of the markdowns that sectors face. Figure 13 represents
a vertical economy with two firms and two households. The manufacturing firm demands labor from
high- and low-skill workers and supplies intermediate inputs to the agricultural firm. Households only

consume agricultural goods.

Bigio & La’0O (2020) prove that for a vertical representative household economy with one type of
endogenous labor, shocks in sectoral distortions are neutral on TFP. Theorem 6 extend this allocative
neutrality result to productivity and demographic shocks and to a heterogenous household economy
with multiple types of labor. The reason is that in a vertical economy, workers are hired only by the
most upstream firm, they have nowhere else to go, and their allocation coincides with the first-best

equilibrium.

11 Conclusion

In this paper, I build an aggregation theory for a general production network economy with heteroge-
neous households and endogenous labor supply. I provide nonparametric characterizations of the local
effects that endogenous variations in the income distribution, the consumption expenditure distribu-
tion, and the demand structure from firms and households have on aggregate TFP and the households’
positional terms of trade. These results show that the channels via which expenditure enters and flows
through the economy matter as they influence the allocation of workers across firms. Furthermore,
under distortions, the decentralized decision from households about the level of their labor supply
introduces externalities on aggregate welfare. A constrained social planner that centralizes household

decisions could solve these externalities by making all workers symmetrically undervalued.

The first empirical implementation of a production network environment with heterogenous households
for the United States allows me to quantitatively implement the sufficient statistics that decompose
the growth of TFP. Not surprisingly, the aggregate increase of TFP during the first two decades of the
XXIst century has been technologically driven. However, the distributional effects on TFP have been
relevant during specific business cycles. Distributionally driven TFP fostered growth and increased
TFP by 8.2% before the Great Recession, while it hindered growth and reduced TFP by 7.5% after the
Great Recession. The latter result serves as evidence in favor of a distributional explanation behind

the lackluster growth that the US economy experienced over the last decade.
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Online Appendix

1 Proofs for the nonparametric model

1.1 Firms
1.1.1 Aggregators’ Problem

For every sector i € 4, the perfectly competitive aggregator chooses {yi, (yz,) 4€[0 1]} to maximize

T = PiYi — / Pz Yz Az

subject to the CES technology (3) and taking prices {pi, (pzi)Z7;€[0 1]} as given.

Taking first order conditions I arrive to the usual Dixit & Stiglitz’s (1977) CES demand function

1

. 1—py;
Ys, = (p> Ty Vaelo], (25)
Pz,

Hi—1

Op:, S\ g, 51 #
from here %ZZ =—(1— ;) (;sz) l%i and p; = <fp§z ' dzi> :

1.1.2 Monopolistically Competitive Firms’ problem

Firm z; in sector ¢ € .4 chooses {yzi, Peis Waih Y e » {xzz'j}je/} to maximize

T2y = Pz Yzy — Z W, gzih - Z p] xziju

heA JEN (26)
= pﬁi in = pél Xzi
subject to equation (25),
Vo = A Qi (Lo X2)), Loy = ALQE ({Ah by )+ Xe = A7QF ({45 s}y ) 20)

and taking { {wnthen {pj}jeﬂ} as given.

Notice that firm z;’s revenue derivative with respect to any variable ¢ is given by

dq %oy, 7)) 0q

Z; % i % 8(] i Pz; aq

71



Firms z;’s optimality conditions are given by

% z-Ai—: 29 2
i D, L. v, (28)
9Qi (L., Xz,)
) Z'Aié: ?7 2
i P, o, P, (29)

0Qi (L, X3,) AL 9Q; ({Afb Ezib}bejf)

i sy A —w, YheH:0y,)0l., >0,  B0)

a ) LZ'7 XZZ' x 8Qf A;,Em Lzim m .
14i Pz; A 9 ((9)5 )AZ- u 5o bme.r) —p; VjeN:Dy,/dx,;>0. (31)
Zi 2i)

Representing elasticities with e (a,b) = (0a/0b) (b/a) the former first order conditions for firm z; are

also represented by

1 pt L,
wﬁi =e€ (yziv in) i M’ (32)
1 p7 X,
wl =e(yy, X;) = — ——, 33
Zi (Yz> Xz) 1 Pas U (33)
1 £,
€ (ais Lap) = — =1 Vhe (34)
i pzi yzi
1 Dj Xz;j5 .
€ (Yzys Tpyj) = — == Vje N 35
(Yzi> T2i5) i Do U, J (35)
Combining equations (28) with (30), and (29) with (31)
—e(La, o) = b e
Oézih — 6( Zi Zih) - pgl LZ,L ) S (36)
P; s, ‘
Wzj = € (Xziv xzij) = % VjieN (37)
Z; Z
Additionally, combining (34), (35), and using the implicit function theorem
£,
ey o) = — o Sab Vh,b e H (38)
Wh, Ezih
T2, .
Dj Tz
Introducing equations (34)-(35) in the cost function
Cz; (197 P) = Pi L; erii Tzi = Z Wh fz,-h + Z PjTz;j
het jeN
(40)

= WiPz Yz Z € (yz“ gzih) + Z € (yzi7 xzij)

het jen
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From CRS in Q; (L., X,), Q° ({Afh zzih}heﬁ), and Q7 ({A% xm}je/»

Z € (y2i7 gzih) + Z e (yziv xZJ)

he# jen

= ¢ (Y2, Lz,) Z e (L, L) + € (Y2, Xz) Z e(Xz,, 72)
heswt jen

= e(yzi7 Lzl) + e(yzi7 XZZ) — 1)

which implies that in (40) c., (9, p) = ;i p=, Yz, and from here I obtain w’ = e(y.,, L.,), w? =

2

€ Yz Xz), ﬁih = €Yz, Lzn), and ﬁij = e (Y, Tz5)-

1.2 Households’ Problem

Household h € # chooses {{Chi}ie/i/’ Lh} to maximize Uy, (Cy, Lp) subject to Cp, = Qf, ({Chi}ie/l/)7
the budget constraint

Ep, =p§ C, = Z Pi Cri < wp L, + 11, (41)
ieN
Hh = Z Kih <7Ti + /7['21- dzz) ) (42)
N

and taking as given

{whv {pz: Rih, 7?2'7 (ﬂ-zi)zie[o’l}}ie# }

The first order conditions for household h € 7 are given by

UCh = Jhpfw (43)
UL, = —3nwn, (44)

oC
UChW:::m Vie N : dCL/0Ch >0 (45)

where Jj;, stands for the lagrange multiplier for household h’s budget constraint.

Combining (43) with (44), and (43) with (45), the former first order conditions for household h can
be represented by

w
7ch UCh = _ULha (46)
py,

pi _ 0C .

— = Y : 4 B

p}cl 9C, ieN 8Ch/80h >0 (47)
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Using the implicit function theorem, equations (46) and (47) can be represented in terms of elasticities

as

e(Cy, Ly) = , 48
(Chs Ln) ¢ Ch (48)
i Chi
Bri = e (Ch, Chi) = pc h Vie N, (49)
hCh
Pm Chm . .
e (Chi, Chm) + 0 C =0 Yiyme N : dC,/IChi >0, (50)
i Chi
L
e (Chi, Ln) = thh Vie N 1 OCK/OChi > 0. (51)
i Chi

1.3 Proof for Proposition 1
1.3.1 Proof of Necessity

First, using equations (25), (31), and (50), I can obtain the first subset of conditions in Proposition 1

0CKL/0Chj  pj <yz >1’” 0y, .
—_— = == = l; e — VZ7 - JV, VZ’L c 0, 1 5 Vh S %,
0CL/OCh  pi Yz 012, g 0.1] (52)

such that 9 C}/0Ch; > 0, 8Ch/60hj>0, and 6yzi/6mzu~>0.

Notice that in this first subset of equilibrium conditions, household A has to consume both from the

sectors ¢ and j, and firms z; also has to demand intermediate inputs from sector j.

Second, using equations (25), (30), and (51), I can obtain

N\ 1w
_%%:ﬂ:m <y> 0y Vie N, Vz e 0,1], Yh,be A,

such that 0Cy/0Cp; >0, Up, #0, and 0y, /00, > 0.

Notice that in this second subset of equilibrium conditions, the condition that links the demand from
firm z; for workers of type b and the marginal rate of substitution between the labor supply from
households of type h and their consumption of goods form sector ¢ does not require that firm z; hires
workers of type h. What is necessary for this relationship to exist is that firm z; hires labor from any
worker b € 7, and that household h consumes from sector ¢. Whenever b # h, the distributional

factor-rate-differential wedge wy,/wy, arises.

Finally, the resource constraints

Y; = ZChi+Z/$Zjide Vie N, and Lh:Z/Ezihdzi Vh € I, (54)

het JEN ieN

are necessary conditions for the equilibrium allocation.

74



1.3.2 Proof of Sufficiency

Now, I am going to prove that for any exogenous equity distributions {{f‘%‘h} there exists a

eN }heé’f ’
strictly positive price system

{{(pzi)zie[o,l] ; pi}z’e,/if , {wh}he%’} ;

that implements a specific allocation for firms

{ (yzi, {fzih}he%” ) {fUZij}jeJV)ZE[o 1] ’ yz} N ’
i ) 1€

and a household allocation

{{Chi}ieﬂ/a Ch, Lh}he%f”

as an equilibrium.

Let me start by using a normalized price system in which a CRS function defines the GDP deflator
Py = Q" ({pities) = 1. (55)

Using equation (30), prices for firm z; are given by

-1
pzizwh(ayZi> if 3h€%26y2i>0

pi \Olzn Ol
-1 -1 , B
. wy, [ Oy., 0 Yzy 1 (Y 1—p; B Ys, 1 (56)
otherwise p,, = i H il i H Y99
pi \ 0 Tzij 0 Ejh ey M\ Ys . - 0 Tzij+1
N JENz je\{7}
where A7, = { Jgt+1,-- ,j— 1,3} captures a sequence of sectors for which there is sequence of firms

that establish a connection between the labor supply from households of type h and the intermediate
input demand from firm z;. What I strictly need for this proof is that Vi € 4", there 3h € 57, such
that for every firm in sector ¢, there is some direct or indirect demand of the factor supplied by a
worker of type h, and that for every type of worker h € J7, there exists a sector i € 4" that satisfies

this condition.

As a consequence, prices for sector ¢ € .4 are given by
1— s
Ki =

I
Wp, 8yz =1
S (/ (> 0 (572 ) " a
s N 67)

_ 9y, ayza" Yj o Yz,
+/]].{£Zzh —0} alelaszh H i H — dZZ

. Yz; ) - aSUz-j—Q—l
]Ec/‘/zi J ]ee/Vzi\{]} J
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From equation (55) wages are given by
1 0y, miT
== [1{e, 2z :
wp, = Q ({M (/ {l.,n >0} (aEZih) dz;

_ 8yzi 31,/;7. Yj - 8sz- |
+/]1 {gzih = 0} alelagzﬁh H My (yzj H de

Ox,. s
JEN jemnfz) O I

iceN

Notice that prices and wages are strictly positive because the marginal productivities of factors and

intermediate inputs have to be strictly positive when there is some demand.

Now, I need to prove that starting from the set of equilibrium conditions represented in equations (52),
(53), and (54), and under the system of prices represented in equations (57) and (58), the optimality

conditions for firms and households hold.

To obtain equations (50) and (51), assume that firms in sector ¢ directly or indirectly demand workers
of type h, and firms in sector j directly or indirectly demand workers of type b. This assumption
is made without loss of generality as it holds for any combination of pairs i,j € 4 and h,b € 2.

Introducing equations (52) and (53) in (57)

1—py
Pi =Wp <—/waCbi> 1=k / < Yi )Hl dz; " = —Wp UCM
’ wy, U, Yz, ’ Ur,’
pj=—w Ya,
—Wp
J ULb

. Ue,,
This proofs equation (51). Dividing these two conditions, I arrive to % = be , which is equation

Di Ucy,
(50).

Equation (48) comes from multiplying equation (51) by Cj;, adding up over all sectors, using the
assumption that Q° ({Cbl’}iei /V) is CRS in conjunction with Euler’s homogeneous function theorem,

and the implicit function theorem

0Cy

wy U, Y Chi 70 = UL > i Chi,
e bi iEN
=Cy =p; Cp
.. . U . . .
this implies that % = —U—L”, which is equation (48).
Py Cy,

Equation (49) comes from dividing equation (48) by equation (51)

pi 0Cy
py 0Cy

Now for firms, I obtain equation (35) from equation (52), using the implicit function theorem, and
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introducing equations (25) and (50)

pi 0C/0Cy; _  pi <yi>1_‘“ 0y=,

p; 0Cy/0Cy ' pj \ws, 0%z,

pi 0Cy/0Cy;  p; (yi >1_’“ 0y,

p; 9CoJ0C, o \um) 0w,
—_—
=1
R 1 p; R
IYu _ 2 B Vz; €10,1] and Vi,jG,/V:&>O.
8-7521-3' Hi Pz, axzij

Equation (33) comes from adding up equation (35) over all sectors, and using the assumption that

Q~ { Afj Tz, j} ' /V> is CRS in conjunction with Euler’s homogeneous function theorem
jE.

oar (o),

09z,
Hi Dz; 8XZZ A? Z Lz;5 895z-j = Z Pj X5
N jeN v jenN
x zv =pZ X,.
=Q; <{Aij Tzij }je./V) Pt
0., 1 p? . 0.,
— == Vz; €10,1] and Vie A : = > 0.
0X., Wi D i €[0.1] 0X.,

Equation (34) comes from introducing equations (25) and (51) in equation (53)

0 U, o pi <%)1"” dy.,

=
wy Ugy, “wp \ Yz 0ln

=1

o1
LI

Z; 1 )
9Yz _ - Wn Vz; €10,1] and Vie A/ : .
agzih

8€zih B Hi Dz,

Equation (32) comes from adding up equations (34) over all households, and using the assumption

that Q! ({Afh Coin} he f) is CRS in conjunction with Euler’s homogeneous function theorem

0@ ({4 Lo} )

Yz, ¢
piDzy met ALY e = wnlen
OLs, het 0Lz he#
= Qf({Afh Ezz'h}he%) - pﬁi Le
Oy, 1 pt, . DYz,
L= — = Vz; €[0,1] and Vie 4 : > 0.
8in Hi Pz, ’ [ ] aLzl

What remains to be proven is is that households’ budget constraints hold. Adding up equation (41),
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and introducing equation (42)

SN piChi= > waLn+ YDk (Wi-l-/ﬂ'zidzi>.

heAt ie N heAt heA ie N

Introducing zero-profit condition on aggregator firms (7; =0 Vi € .47), equation (26), and rearrang-

ing terms
S piChi= > wnln+ Y > sz‘b/ (pzi Yoo — D DjTng— Y whfzih)dzi
het ie N het beA ieN jen het
= Z wp, L, + Z / (pzi Yz — Z Pj T2y — Z whzzih>dzi Z Kib -
heA# ieN jen he# be At
~——

=1

From zero profits for aggregators p;y; = [ p.,y.;, and using equations (54), the households’ budget

constraints holds

heAt ieN ieN hex jenN

0= Z wp, (Lh_ Z/fzihdzi)-l-Zpi Yi — Z Chi — Z/:szidzj
0

=0

1.4 Equilibrium Centralities from Subsection 3.2
1.4.1 Goods Market Equilibrium Conditions

Introducing equations (33), (35), (37), and (49) in the goods market resource constraint (54) for sector
ie N

S; = Z Pi Chi + Z /Pz‘xzji dz; = Z Bri En + Z Mj/ng Wi P2y Yy A25.

heA jeN heA JjeEN

Imposing symmetry in the decision of monopolistically competitive firms within the same sector

Si = Z Bri En + Z Q5 S5, (59)

heA# jeNs
— y4
where ij = [ Wy Wij-

In matrix form, this equation is represented by
(IN — Y, diag (M)) S=pE,

S=%E, (60)
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where S = [S1,---, Sx|, E=[Ey,--, Eg), w=[p1,---, pn]’, and the matrices
P o BN
Bra1 --- BuN

0, = diag (1) Qs v, = (IN_QJ;)717 B=pY,.

By dividing element 7 in equation (59) by nominal GDP, I arrive to the following equation that relates

the revenue-based Domar weights and the expenditure shares
=% ¥, (61)

where A = [A1,---, Ay]’, and x = [x1, -+, xz|. In equilibrium, \; captures the share of aggregate

expenditure that reaches sector i’s revenue.

Let me define

B=BV,=BV,(In— V)V, =B (Iy— )V,
where

~ ~ -1

¥, = (IN - Qz)

x T
o - Oy

Qy

Then, in equation (61)
=T, (IN - Q;) B,

which allows me to define the cost-based Domar weights

A=, (In —QU) A =% x. (62)

To understand the cost-based Domar weights, notice that

Si= > piChit+ > 058 = Bk,

heA jeN heA

where §Z = XZ GDP. Remember that in equilibrium, Q;ﬁ captures the cost share in sector j of

intermediate goods supplied by sector ¢. And for this reason, §Z represents the value-added that passes
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through sector 7. For this reason, for a specific consumption expenditure distribution y;, Xl captures the
aggregate value-added share that passes through sector i. Notice that wy A= 1’y (I N — ﬁg) \AIJIQ/, B'x =
1, and for this reason wf Xz is the aggregate share of value-added from sector generated by workers in

sector 1.

Finally, I am going to prove that the value-added that passes through a sector is greater than or equal

to its revenue, i.e., that Xz > \; holds Vi € A", Let me start with

%—\pm:%—mx:;(ag—gg).

Notice that Q, — Q, = (In — diag (p)) Qu = On 0’y, because p; € (0,1] and Q% = On 0y (A= B
means that matrix A is elementwise greater than or equal than matrix B). Now, from induction, for

g > 1 assume that Q2 — Q%71 = 0y 'y, then

Q1 — Qo

Q17— Q1 diag (1))

(Qot — 1t 4+ Q1! (I — diag (1)) ) S = O Oy
~ ~ ~ ~ ~ !/
Therefore ¥, »= ¥,. As a consequence #—% = f3 <\le — \I/x> = 0p 0y, and A—\ = (% — %) X = On.

1.4.2 Labor Market Equilibrium Conditions

Introducing equations (32), (34), and (36) in the factor market clearing condition (54) for household
h e

Jh = Wp, Lh = Z /whﬁzih dzi = Z ,U,Z‘/wi, Qz.h SZz dzi.

€N €N

Imposing symmetry in the decision of monopolistically competitive firms within the same sector

_ 3
Tn=> %, S, (63)
i€

ol — , 0
where Q; = w; a;p.

In matrix form, these equations are represented by

J = Q) diag (1) S =S, (64)
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where the matrices are given by
Q- gy
Qg - Qyw
Qy = diag (1) Q
and J = [Jy,---, Ju/'.

By dividing element h in equation (63) by nominal GDP, I arrive at the following equation that relates

the labor income shares and the revenue-based Domar weights
A=Q)N, (65)

where A = [Aq,---, Ayl

Similarly, I define the cost-based factor Domar weights as

A=, (66)

Notice that A = A because
A—A=QX—Q)\
= Q (X - )\) +Q), (In — diag (1)) \.
N———

~—~

>;0H0§V >;0N0/N

ZUN
The firm-to-worker and worker-to-firm centrality matrices are respectively given by
\IIZ = \Ilac le {IVIE = ‘AI}I ?2@7 (67)

where \Tlg 1y = \T/x ﬁg 1y = \Tlm wp = \T/x <IN — §m> 1y = 1. Additionally \T/g >= W, because

Wy — W, = (‘Px - ‘I’x> Qe+ Yy (In —diag (1)) Qe

~ON 0 EUNUTIER S UNY N

Similarly, the consumer-to-worker and worker-to-consumer centrality matrices are respectively given
by

€ = B, € = B, (68)

where f]lH = ,@?ﬁg]l[{ = ﬁ‘f&,ﬂug = ﬂ\llx (IN—QJ;> ]lN = ]1H7 @X = QZ,@?/X = QZ)\ = A s



¢ x =R x=Q\=A, and % = € because

f-%:(,@-@) &+\@(IN—diag(u))f~2@.
—_———

/ =0g0
00y ONOH foN #ONOy

1.4.3 Labor Wedges

From equations (33), (37), and (49), and imposing symmetry in the decision of monopolistically

competitive firms within the same sector

 Ch .
xjizujwfwjing}:;c:j Vhe A, and Vi ,jeN.

From equation (54), the goods market resource constraint for goods produced firms in sector i in terms

of household h’s consumption is given by

. /Bh'
yi= Y Chi+ B > i wiwiiy; CT:

In matrix representation, this equation is given by

-1

y = C'ly + diag ((5071 o C)/OH (h)) O diag ((5071 o C’)/oH (h)) Y,

y = [IN — diag ((,80—1 o C) o (h)) Q' diag ((ﬁo—l o C) o (h))l} o 1n,

y = diag (8" 0 C) on () [In = %] diag (8" 0 C) o (h))_l C'1y,

diag ((60_1 o C),oH (h)> ' y = V! diag ((Bo_l o C’)/oH (h))i1 C'1y,

where o stands for the Hadamard product, ° for the Hadamard power, and og (h) for a vector of zeros

with size H that has a one in position h.

Notice from equation (49) that fSp; g—: = p; = By g—;, and as a consequence

C
> venr Bm o

dlag ((/80_1 o C)/OH (h)) - C/ ]lH = — E}:l BIE

C
D ben Br Cﬁ;

Then

diag <(ﬁ°_1 o C) op (h)) 'Y= E VG E. (69)
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Now, from equations (32), (36), (49), and (51), and imposing symmetry in the decision of monopolis-
tically competitive firms within the same sector
Uc,

C
U = — =2 i wl i i Bri— Vhe A, and Vie N
UL, Chi

In matrix representation, these conditions are portrayed by

U . ‘ o -
O = —UCh Ch diag (¢ oy (h)) diag ((5 o) on (h)) v
Ly,

Adding up, the labor market equilibrium from equation (54) in terms of first-order conditions is given
by
Uc,

—1
L= ~ 2900, iy diag (@ o (h) diag ( (5 o C) o () .
Lp,

=Ty

Consequently, equilibrium labor supply is characterized by

Ue,

L, +T
h hULh

Cp, = 0. (70)

Taking equation (69)

Ty, =E, oy (h) ¢ E
= B, ' 1y diag (Qop (h)) ¥, 8'E

~ ~ —1
= B, Uy diag (@ oy (k) ) diag () (Iy — @, diag () B'E

= B, ' 1y diag (Qg oH (h)) <diag ()t — ﬁ;) o B E.

Finally, using equations (61) and (65), in the steady state is given by

Iy, = lel 1y diag (o (R)) ¥, 5" x = X}jl 1y diag (2 op (h)) A
~ N B A 72
:XhlZthZ%’iZﬂijbZXhlefh/\i:—hgl. (72)

ieV  jer  ber e Xh
1.4.4 Household Budget Constraint Equilibrium Conditions
Introducing equations (32) and (33) in the profit equation (26)
Tz = (1= i) Pz; Y- (73)

Introducing equations (32), (34), (36), (54), and (73) in the household budget constraint for household
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h e A (41)

By = Z / <Mi Wt g+ Fin (1 — Mi)) Pz Yz dzi. (74)

ieN

Imposing symmetry in the decision of monopolistically competitive firms within the same sector

E, = Z (Mz‘ Qb + ran (1 — Mz‘)) S;. (75)
e N

In matrix form, these equations are represented by
E=(Q+9)8 (76)
where the matrices are given by Q. = diag (1y — ) &, and

Rt -+ R1H

=
Il

KN1 '+ KNH

By dividing element h in equation (75) by nominal GDP, I arrive at the following equation that relates

the expenditure shares and the revenue-based Domar weights

x=(Q+ Q)" A (77)

Thus 1% (U + Q) A =V A+ 1y diag (In — ) A= pcpr A+ > e (1 — i) A; = 1. Using this

equilibrium condition to define nominal GDP

GDP= > Ju+ > (1—pwm)S;

heAt ieN
Y s Y a-ms

hEH PN iEN (78)
= Z ,infSi + Z (1 _Ni)Si = Z (1 _Miwiz)si‘

et e e

1.4.5 Nominal GDP

To define nominal GDP, I start by aggregating the good market clearing condition from equation (54)

for all sectors

Z Si = Z Z piChi + Z pi/fﬂzjidzj

ieN iet \hexw jens
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Then

GDP = Z E,
he#t
= Z Si — ij/l'zijdzi ;
ieN JEN

using equations (33), (35), (37), and imposing symmetry in the decision of monopolistically competitive

firms within the same sector

GDP=> |1-m Y QF|Si=> (1-wm)S: (79)

ieN jeN iEN

The last definition coincides with the total value-added generated by firms

GDP = Z ((wf +wf) Si — wi W Si)

e
l;
=> (Z wilin — MiZhE%S@h S+ WS+ (1— ) wf&‘) (80)
i€N \heA Hi
=> (Z wh&th(l—Mz')Sz) :
i€V \hext

1.5 Proof for Propositions in Section 4
1.5.1 Proof for Proposition 2

Using the following equations, I obtain a first-order approximation around the equilibrium for prices

pl = 2nesr Whlzn U
CoAl ({Afh fzz-h}he%)
— Djen PiTuj
= Lper BT ) (82)
e (i)
pzi = (pzZ ? p ! Z) ’ (83)
pi Ai Qi (L2 X))
c Zie v Pi Ohi
N | | 84
" Q5 ({Chiticy) :

From equation (81)

Pt O AL ‘

~ Ag apﬁ'i Al Z (wh apgi ~ Afh 8p£i Al Cain 8p£i 7 ) :

JORES — W, ih Coin
’ he# pﬁi dwp, pgi aAfh ' pgi O lzn
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YA L ) 0 4 £
where i Ors -1 wp 0P Oy p A Oy —Qyp begn O,
pﬁz‘ 9 A ’ pﬁi dwh il pﬁi AL, 2 pgi lzn

equation (36), and = = log (x/T) stands for the log deviation around the equilibrium for variable z.

= ayp —e(Ly,lyn) = 0 from

As a consequence

hest

Similarly, from equations (82), (83), and (84)

PL=—AT+ ) way (@' - A%) ; (86)
jeN
ieN

From imposing symmetry in the decision of monopolistically competitive firms within the same sector,

these equations are represented in matrix form by

ﬁg:a’a}—;{g—<a0&)1]—[, (89)
Po=WP— Ay — (Woéx) 1y, (90)

P = diag (w) Py + diag (we) Pe — A — T, (91)
pe = BP. (92)

Introducing equations (89) and (90) in equation (91)
p=T, (S - A7), (93)

and introducing equation (93) in equation (92)

ﬁczgj(ﬁg@—ﬁ—ﬁ). (94)

The matrices previously used are defined by

@11 0 Q1 wir o WIN

R
I
X
I

N1 - QNH WN1 " WNN
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T Ty B - Bin

2

Il
AN
l

™
<

8
I

72;%\71 TEE\/N Bm - Bun
A = g—i—diag(w)gg + (ﬁgo§£> 1y —i—diag(wz)gm + (ﬁmoAgJ 1y, A= [ﬁl,--~ ,A\N}/, A\g =
(A Ay A= A AR] LR = R BB = (A 4] LR = [T A

)

~ ~ ~ /A - . N R R R R
Ai = |:A;ZU15 7A1$Nj| , P = 1,°°° 7pN]/7pr []/5{’ 7ﬁ€Nj| y Pz = [ﬁ:fv aﬁ?\[]/aﬂz Lulu"' nu’N]lv and

1.5.2 Proof for Theorem 1

From equations (71) and (72)

x1 E1 > e Bo1 Xo B
AR Ty, =1y diag (Qq oy (h)) B’ : — X Ep | + 1y diag (Q op (h)) ¥, :

xu En > e Bon Xo Bon

. _ ~ \—1
5 (o) + i (B ) L)

= B'x
e dlog

d (diag ('~ )"
dlog

/

B X

+ 1’y diag (Qg on (h))

. . . . . . . . . dA—1 -
Using equations (61), (65), (68), and (67), and the fact that for any invertible matrix A, *7— =

—A_l%A_l, the previous equation becomes

Th=3 Cgbh%]@b—@“ﬂf;l Do D UE Y Beyxs By + A DY QA <@f+am)

bet’ ieN jeN be’ ieN
d (diag (1)~ — %)
— A Uydiag Qo (h)) ¥, ~ diag (1) A
dlog
y i)
— A, 1y diag (o (h)) Y, dlog i diag (1) A

- by~ = .
Iy = Z%bh%Eb_Eh‘i‘ Z(gbh%(gbh
be# h be# h

~ 1 PR
= Z Con % Ey — Ep + —op (k) Wy diag (1) A

b An (95)
1 J4 ~/ ~ ¢ ~ . N
+A7 Z Qin i (wi + Oéz‘h) + Z Yin (Z Bvj Xb Brj + Z Q5 N\ (@F +wij)>
e jenN be A e
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Add and subtract GDP to express equation (95) in terms of sales and factor Domar weights

~ - R .
LpTy = Z%bh%Xb—FhXh+ Z(fbh%%h

beH beH
_ Xb ~ ~ 1 ! ! . o~
= > G == Xo — Tn Xn + —om (h) ¥} diag (7i) A
beA h Xh
1 o~ = o~
+— [ Db\ (wf + aih) + > e (Z Bus Xo Boj + > Q5 X (&F +wij)> :
Xh\ ey jeNs bet ieN

where A, = >, o Xb Gpp is used. Now, using equation (72)

dAn =Y Gndxs+ Y xodGn= > Gndxs+ > Ui N dlogp

beH et beH ieH
+ > A d QU+ Y P, (Z Xo d B+ > i A dﬁ%) :
eV jen bet eV

1.5.3 Proof for Theorem 3

The first order approximation for equation (41) is given by

Ep =Ty, (@h + Eh) + (1 —Ty) .
The first order approximation for dividend income in equations (42) and (73) is given by

N 1 - R )
II;, = I, Z /iih/Szi ((1 — 1) <mh + Szi) dz; — pi Mz‘) dz;.
ieN

Introducing equation (98) in equation (97)

EyEy = Jy (@h + Eh) + ) ki /Pzi Yz, (1= i) (Rin + Pz + Uz) — pi 1) d2;.
ieN

(96)

(98)

(99)

From equations (94) and (99), and imposing symmetry in the decision of monopolistically competitive

firms within the same sector
Cn = E, —pj,

=Ty (@thfh) — € 0+ B, (ﬁJrﬁ) + Z Hih;\; ((1 — 1) (Eih+§i> —Miﬁi)
ien

~ ~ ~ / ~ ~ ~ i
where %), — [%ﬂ,--- , %’W} and B, = [%hl,.-- , Cth} . Then

&~

C =B, <ﬁ+ﬁ) +ThJn— € J + Zﬁih;\;((l—ui) (Eih+§i> —Miﬁz‘) +
ien
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Therefore
= =T, Dy (A) Dp, (k) Dy, (J) D, (1) fro ({ L} pe ) (100)

dlog fr({Ly}ye )
dlog Ly,

where f, ({Lb}be%) is a CRS function such that = %th, and

Dy (A) = eap (B A}, Du(w) = exp{ i},

Dy, (II) = exp { Z Kih ;\; ((1 — 1) (Eih + gz) — i ﬁz’) } ;

ieN
D, (J):emp{Fhﬁ—ﬁj}, (101)
and 7;, stands for a constant.
As a consequence
Ch = np D (A) Dp (1) Dy (J) Dr () fr ({Lotpe ) = PTTh fr ({Lo}pe ) (102)

PTT, = np Dp (A) D (1) Dp (§) Dr (I1)
with n, =7, 5h.
Add and subtract GDP to express equation (102) in terms of Domar weights and labor income shares
~ ~ ~ ~ !/ ~ ~ o~
Cp =%, A+ (%’h —x;, " diag (\) diag (1) Koy (h)) a+ThAp—% A

+ X o () K diag(N) diag (Ly — p2) (E or (h) + X) +4 L

+ <Fh+X;125ih(1_ﬂi)/\i_ Zﬁb)ﬁ?

eN bes’

=0
~ ~ ~ / o~ ~ o~
=B, A + («%)h —x;, " diag (\) diag (1) kop (h)) a+TpAp =%, A
+ x5, o (R) K diag(\) diag (1n — 1) (7% o (h) + X) +% L.
where the last equality is given by equations (68) and (77).

The N + 1 vector R, captures the revenue distribution for household h

1
= [0 X Ndiag (o ()] = —[An wun (1= ) A+ e (L= o) Aw]

The first element captures the share of labor income in household A’s expenditure, and the last N

elements capture the share of profits by each sector on household h’s expenditure. As the elements of
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this vector add up to one, its first-order approximation is given by

e =ThAn+ x50 D kin A <(1 = i) (ﬁih + Xi) — i ﬁi) : (103)
e
This implies that
Cr =By A+ Byji+5n—CLA+ %L L. (104)

Now, using equations (72) and (96), and the definitions &, = ‘ghb/f\b, My = D pen Cqb Op)n, and
Fi\h = qu%" ¢fq 6(]\}1

PTT), = > B (ﬁﬂrﬂi)%-)?h— S Fyndxe— Y Xq Y Oon d%a

ieN be A GEH  beH
= B i+ > Buifi+xn— Y Myndxe— Y Ai Fyy fs (105)
€N ieN bet €N
- Z Hi Ai Z Syjp d %y — Z Xb Z Fyjp, d Bri — Z i Ai Z Fyp d 2.
ieN beH bt ieN ieN jeN

1.5.4 Proof for Theorem 2

The first-order approximation for nominal GDP is given by

GDP = Z XhEh: Z Xh (f)\fl—i-éh)
heAH heA

From here, I define the GDP deflator as the Divisia weighted variation of idiosyncratic price bundles

]’Q\Yzthﬁzthﬂ}hfzxi(zi+ﬂi)~ (106)

hest hest ieN

Hence, the first-order approximation for real GDP is given by

Y =GDP —py = Z Xt Ch, (107)
het

and this equation represented as deviation from the equilibrium is given by

Y =Qy ({Chlner) =nv D(A) D () D(J) D) F ({L}pesn)

dlog Qy ({Ch}pen)

where 7y is a constant, Qy ({Ch}he}f) is a CRS function such that log T, = Xp, and
F ({Ly}),cp) is a CRS function such that dlog F;l(liz’iheﬂ) = A
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Additionally,

D (q) = Qo) ({Dn (D)}here) » L=F ({Ln}ner)-
where Qg ({CDh (q)}hejf) is a CRS function such that <% Qwé%g{g:((;l))}he%) = Xh.
As a consequence
Y =ny ®(A) D(p) D) D(J) L=TFP L, (108)

TFP=ny ©(A) D(p) D) D(J).

Notice that so far, not a single parametric assumption has been made to obtain these first-order
decompositions. The elasticity x, for the functions Qy ({Ch}ye ) and Qug) ({Dn (@)} e ), and Ay
for the function F ({Lh} he %o), come respectively from the first-order approximation of nominal GDP

in its different components, and the fact that Kh = e Xb %th_

The aggregate labor terms of trade are equal to

log@(J): Z (Ahjh—xhcgzj) = Z Ah jh_ ZJAbZﬁfb Z Xh%f?hi.

hest heAt bet’ ieN hest
Using equations (62) and (66)

log® ()= 3" Mndu— 3 3 300 N = (A-R) 7. (100)

hestt be eV

Therefore, starting from equation (107), and using (62), the first-order approximation for real GDP
is given by

Y = Z (Xh@% (ﬁ—f—ﬁ)"‘(Ah_Kh)jh‘f‘KhEh)

hert
+ D A <(1—Mi)§i — i ﬁz’) Dorimnt Yy (=) > win Rin
€N hert i€N het
=1 =0
~ ~ o~ ~ / ~\/ ~ ~ ~ o~
Y =N A + ()\ — diag (1) /\> i+ (A _ A) T+ Ndiag(1y — p) S+ A’ L. (110)
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Add and subtract GDP to express equation (110) in terms of Domar weights and labor income shares
~ ~ o~ ~ / ~\ ! ~ o~ ~ o~
Y =N+ ()\—diag(u) A) i+ (A—A) A+ N diag(ly —p) A+ A T

~\/ —
+ <<A—A) ﬂH—l—)\'diag(]lN —;,L) ﬂN) GDP

= hese Mt ey (M=) Ni=2"hc o Ap=0

~ ~ ~ /! ~\! ~ ~ ~ o~
N A+ (A—diag(,u) A) i+ (A_A) A+ Ndiag(My — p) A+ A L.
where the last equality is given by equations (66) and (77).

The 2H vector R captures the revenue distribution across households

m/: )\/Qg )\/Qﬂpi|:|:/\1 AH Zie,/i/"iil(l_,ui)Ai ZZG/VK/ZH<1_MZ))‘1]

The first H elements capture for each households its labor income share, and the last H elements
portray for each household the share of its profits in total expenditure. As the elements of this vector

add up to one, its first order approximation is given by

0= Z Ap Ap + Z Z Kih Ai ((1—Mz‘) (ﬁthrXi) _Miﬁz)

hest hest ie N

:ZAh/A\iH-Z)\i (1 — p4) Z’fih//%ih‘f‘/):izﬁih —Mz‘ﬁz‘zﬁih

heA# ieN het hert het
—0 =1 =1
=Y M A+ N ((1_Mi) )\z‘—ﬂz‘ﬁi>-
heA €N

This implies that

~

Y=NA+Npa-NA+AL (111)

which under the additional assumption that the labor supply is inelastic coincides with Theorem 1 in
Baqaee & Farhi (2020).

Now, using equations (72) and (96)

@szi(ﬁﬂ-ﬂi)— ZMthh_ ZéhZdeCgbh

e her hedt b
:ina@JrZ(Xi—)\iFi)ﬁi—ZMth—ZMi&'Z%dQ& (112)
e et hert i€ hert
=D XY FidBu= Y ik Y Fyd
hert ien eV e
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1.5.5 Proof for Corollary 2

If My, = M Yh € S, then Distributive TT = MY, ,dxn, = 0 because >, _,dx, = 0. (i)
Undistorted economy. 0, =1 and M), = 1Vh € 5. (ii) Symmetric consumption bundles.
b=1x F where 3 stands for the common vector of consumption. Hence € = SV, Qy = 1y B, U, Q=
1g %'. This implies that My, = &' 5 Yh € A where § stands for the vector of distortion centralities.
(iii) No intermediate imputs and symmetric distortions. ¥ = 2y = u S «. Hence, € 1y =
pBaly = pBly = pl. This implies that M), = pu) 06 Vh € . (iv) No intermediate
imputs and sectoral specific labor supply. fvlg = Iy. Hence, ¥ = Bdiag(u), and 9; 1

Consequently, €6 = 1y = 1y.

1.5.6 Proof for Corollary 3

Without distortions d, = 1 Vh € 2. Hence My, = >, o Gy = 1 Vh € H and F; =), wfh =1
Vi € A . As a result, the final demand terms of trade are given by

> xn Y B =0,

hest ieN
N’
=0

and the labor TT + intermediate TT are given by

Doni| Do dah+ > dag | =o.

ieN hest jeN

=0

Cases 2 and 3 should be obvious from the previous proof.

1.5.7 Proof for Corollaries 4 and 5

To proof Corollary 5, notice that

éﬁldiag(wg) 1y :B,'l\flxwg :B]/l@w (IN —§x> Iy =1.

Therefore, equation (101) can be represented as

Dp (J) = exp {97;1 diag (wr) (nN Ty Jn —a f)} = exp {9’37;1 diag (we) (I Tpon (h) — o) (f + ﬁc) }
{thhipth%’hdwg( )[(ﬂNFhOH( ) - )(J pc)— ﬁc]}

=ea:p{ (1= T3) 75, + %4, diag (@) (1n Thon () — a) (7= 5.) =@} (e — 1u 75) |
{~ (=T B, + B diag (w) (I Thor (1) — ) (T=Be) = €luen}
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~ ~ ~ /
where ep, = pj/pf, and &, = [Ep1, -+ ,Enn] -

Then @y, (J) can be decomposed in nominal wedges as follows

Dy, (J) = Dp (9) Dn (pe) D (€) (113)

where

Corollary 4 comes from the expenditure weighted summation of the idiosyncratice nominal wedges,
e.g.,
D(e) =Y xnDnle).

he#

1.6 Proof for Theorem 4

Now, in order to obtain the first-order decomposition for the aggregate labor wedge, let me assume the
existence of an aggregate welfare function and a constraint social planner that centralizes the decision

for all households by solving

Mazx W (Y,L)
{Y,L,{C;“Llu{chz‘}ieﬂ}he%}

subject to

pyY = piCh=> > piChi <wL+I= Y (wyLy+1I)
heA# het ie heA#

and taking prices, wages, and profits as given.

The first order conditions for the constrained social planner satisfies

W |4 W- W W- dC
Yo L Yy = Pk =y, T 1 whesr,
PY w 5, wp Di d Ch;
where J stands for the lagrange multiplier, W, = dW;(};’L), and Yo, = %&}heﬁ”), and Lp, =
dF({Lh}hE%)
~ .

q

First, the optimal solution for the constrained social planner relates real GDP and aggregate labor
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supply via

Wy wl Y _,

Wy pyY L (114)
N——
=TI

The interpretation for this equation is that the aggregate marginal rate of substitution between real
GDP and the aggregate factor supply equals the aggregate marginal rate of transformation times an

aggregate wedge I', which in equilibrium equals the aggregate labor share.

Second, the optimal allocation for the constrained social planner relates idiosyncratic real consumption

and labor supply for household h via

Wi, Wy

—L Yo, =0

wp, Ln 5 n

~ L

Wi Ay, + Wy Xn— =0

wp Ly, pj Ch
w ALY
L h o (115)
Wy Ay, L

Equations (114) and (115) imply that the representative household requires that

A
r==" vheuwx. (116)
Ap

Any deviation from this condition under the decentralized solution implies an inefficient allocation
from the perspective of the constrained social planner. Using equation (72), the relationship between

the aggregate and the idiosyncratic labor wedges is given by

F:ﬁfh Vh € J7. (117)
Ay

Adding up over all households

DY A= xaln= ) A

het hes# he#
=1

F=> A (118)

hest

Taking the first-order approximation and using equation (72)

f:Z—Ah—ZAhAh—Z%/A\hZZKh(fM-)?h)- (119)

he# heAt he# hes#
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As a consequence, from equation (96)

I'T = Z Xh (Z Cghb> Xn + Z Xh Z Cghbcé;zb

hew  \ber het  ber

=) xn (Z thb) Xn+ Y om (h) Wydiag (i) A (120)
he# — \beAH hesw

+ Z Z Q) \i (@f + aih) + Z e, (Z Buj xbPoj + Z Q3 A (@ +(3z'j)>
he#t \ieV jer et eV

Using the fact that F'=AA

1.7 Information Theory and Aggregate Efficiency
1.7.1 Shannon’s Entropy, Cross Entropy, and Kullback-Leibler Divergence

A discrete random variable @ with G mutually exclusive events is distributed according to the prob-

ability given by the vector ¢ = [q1,--- ,qg| such that 1,9 = 1. Denominate the information carried

by an event g as'

I(g|Q) = —logqy.

Notice that this function satisfies two properties

1. Decreasing: ¢, < g implies I (a|Q) > I (b|Q). Less probable events convey more information.

2. Additive: I (ab|Q) =1 (a|Q) + I (b|Q). Combined information is the sum of separate informa-

tion.

Shannon entropy (Shannon, 1948) captures the average amount of information conveyed by a random

draw, or similarly the expected surprise from observing an event, and is given by

G G
H(q) =Y ag1(91Q) == ggloggy.
g=1 g=1
Maximum entropy is equivalent to maximal surprise. For the case of a distribution for which we
have no previous knowledge that imposes constraints, maximal surprise takes place with the uniform

distribution.

14This definition implicitly uses the natural logarithm, and for this reason, information is measured in ”natural units”
nats.
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When instead of using the true probability distribution ¢, an estimated probability distribution ¢ is

used, the expected measured surprise is given by the cross entropy
G

CE(q,q) =~ _qqlogdy.
g=1

The excess surprise from using the distribution ¢ instead of the true distribution ¢ is given by the
Kullback-Leibler (KL) divergence or relative entropy K (¢|q). The KL divergence is related to the

Shannon and Cross entropy via the following equation

CE(q,q) = H (q) + K (q/q) -

This implies that KL divergence is given by

F ~
q

K (qld) = =3z log <f> |
f=1 i

From Gibbs’s inequality K (¢|q) > 0, which captures the idea that using an incorrect probability distri-
bution ¢ will introduce a positive bias in the measured average expected information that is conveyed
by a random draw. K (g|q) is a measure of the statistical distance between the two distributions ¢
and ¢. However, unfortunately, this is not a metric, as it does not satisfy the properties of symmetry

and triangle inequality.
Now, the first-order variation of the KL divergence in response to changes to the estimated probability
distribution ¢ is given by

G
dK (qlg) = =) aq dlog G-
g=1

When ¢ = ¢, the property Zle gy = 1 implies that d X (q|q) = 0. The latter results reflects that
to a first-order, the average expected excess information from changing the measured distribution ¢
around the true distribution ¢ does not add any excess surprise. In other words, the information

conveyed by the measured distribution ¢ satisfies an envelope condition around ¢.

1.7.2 Implementation in the model

Aggregate KL divergence

Take the distribution of revenue given by the vector R’ = [)\’ Q N QW}, and the value-added distri-

15This requires that when § changes from go to g1 1/Go = 1%G1 = 1.
6Notice that the first-order approximation that was used to derived equation (111) comes from

0.

|m:m’7 =

dK (gem*)
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bution given by A. Their respective Shannon entropies are given by

H(®R) =~ (Ah log An + (Z Kin (1 _Ni))\i> log <Z ’iih(l—ui))\i>> ,

he# ieN ieN

(%) = _}ixh tog .

The former measures the expected information about the income distribution from a random draw of
one “unit” of household revenue. The latter measures the expected information about the value-added

distribution by a random draw of one “unit” of value added.

If the revenue distribution R is used instead of A to infer the share of value added by each worker,

the cross entropy is given by

CE (K,Q) = —hgth log Ap,.

The relative entropy gives the excess surprise carried by using the revenue distribution
K (X‘&) = — Z Kh lOg <Ah/Kh> y
het
and the first-order effect from variation in the revenue distribution R on this measure of excess surprise

is given by

dX (/NXKR) = — Z Kh dlog Ay, = —Misallocation.
het’

This implies that the aggregate misallocation and K (7\]9&) are negatively correlated. Consequently,
an increase in the statistical distance between the distributions R and A captures a reduction in labor

misallocation.
Households’ KL divergence

The value-added distribution for households of type h is given by the vector %Zh = (%}1 .. Cgh H),
with ¢, 1y = 1.

If instead of using %Nw to infer the value added by each worker to the consumption household h, the

revenue distribution R was used, the cross entropy would be given by

CFE (%m@) = —b;%%b log Ay,

the excess surprise carried by using this distribution is given by the relative entropy

K <C5N¢h’m> = - Z Ghp log (%Z)) ;

best’
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and the first-order effect from variations in R is given by

K (GLnlR) == 3 G dlog Ay,
beA

which is equivalent —FEntropy T1}, in Theorem 3. This implies that Entropy TT} and K (‘%M(R)

are negatively correlated. Consequently, an increase in the statistical distance between R and €

captures a favourable distributional variation for households of type h.

Finally, notice that

K (NR) = 3 xo dK (€alR).

het

1.8 Benchmarks

1.8.1 Productivity shock in sector k£ around the efficient equilibrium

From equation (104)

Olog PTT), _ dlogxn Z dlog Ay 0log Ch, Olog PTT), Z 0log Ly

dlog A ™7 dlog A " log A’ Dlog Ax  Olog Ax " 9log A

bes® bes®

From equation (112)

OlogTFP _ OJlogY  0OlogTFP Z Odlog Ly,
dlog A ks dlog A~ Olog Ay halogﬂk'

hes®

Notice that %ﬁ% = A\ is Hulten’s (1978) theorem, i.e., in an efficient economy, sectoral productivity

shocks have first-order effects on TFP equal to the Domar weights.

From equation (96)

or, Z ‘fbh (8109)(1, alog‘ﬁbh) _ Ologxn (121)

dlog Ay o Pt Xh dlog Ay, dlog Ax dlog Ay o

Because under efficiency >, » xoGin = Ap, and D, o X6Con <>’€b + Cfbh> = Kh, and from equation

dlogxn _ Olog Ay
(103) we have that 77243k = Z7242k.

Finally, from equation (120)

=1

—_—~
dlog Xh 0log Chy
o = S (T ) s ¥ T e o (122
he# be st he# be st
—0 =0

Equations (121) and (122) proof that in an efficient economy, sectoral productivity shocks have zero

first-order effects on the aggregate and idiosyncratic factoral wedges.
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1.8.2 Markdown shock in sector k& around the efficient equilibrium

From equation (104)

dlog PTTy, dlog xn dlog Ay OlogCy  OlogTFP,, dlog Ly
dlog ne dlog b;;f hb@log,uk7 0log pux dlog b;g hbaloguk (123)
From equation (112)
dlogTFP dlogY Olog Ly,
— =0, = Ap—"—.
dlog k. dlog h;}f, h@log,uk (124)
From equation (96)
o'y G, (8logXb 8log‘€bh) dlogxn _ OlogAn  dlogxn _ Ak
0log u, - bezjf Xb xn \Olog ur dlog 0log ux - 0log 0log ur - Hthh' (125)
. Ologxn _ OlogAp  Kgp
Because from equation (103) 85 = 7820 — Shh ),
Finally, from equation (120)
or or al
Fior— = D X Y Xngraat = Ay
ogpk o5, Ologus o=, 7 Olog (126)

=0
Notice that equations (124) and (126) are the main result (Theorem 2) from Bigio & La’O (2020).

Starting from the efficient equilibrium, firm level distortions have zero first-order aggregate effects on

TFP, and nonzero first-order effects on the aggregate labor wedge equal to the Domar weights.

Equations (123) and (125) bring out the distributional story that is absent in the aggregate variables.
First, starting from the efficient equilibrium, firm level distortions have non-zero first-order effects on
idiosyncratic PTT that are zero sum, and second, nonzero first-order effects on the idiosyncratic factor

wedge that depend on the equity distribution and the expenditure share.

1.8.3 Factor supply shock for household i around the efficient equilibrium

From equation (104)

Olog PTT, _ Ologxn dlog Ay 0logChr _ Olog PTTy 0log Ly
dlogLy ~ Olog Ly szf Cghbﬁlog Ly dlogLy  Olog Ly + G+ bezjf (ghb(‘?log Li’
btk

From equation (112)

dlogTFP dlogY Olog Ly,
Olog Ly, ’ Olog Ly, Bt hezy:f "9 log Ly,
htk

From equation (96)

T 2. X "\ Blog Ly " dlogLy ) dlogLe

ol Z Gon [ Olog x» dlog Gvn Ologxn
alOng -

best
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Finally, from equation (120)

=1
—_——~~

or 8loth dlog Che _
dlogLy Z Xh <Z %hb> dlog Ly Z Xh Z ht dlog Ly

hes® best hes® best

-0 =

0

1.8.4 Productivity shock in sector k£ around an inefficient equilibrium

From equations (100) and (104)

dlog PTTy, ~ dlog Jn > Olog Jy
=7 Iy —7— — i
dlog Ay, ne h@logﬂk bEZ alogﬁ + Zﬂh
= dlog xn ~ 0log Ay
= %ni + dlog Ay Z Cghb@log Ay’

be A

OlogCh OlogPTTh Z 7z 8long
Olog A~ Olog Ay " 9log A

From equations (110) and (111)

dlogTFP ~ 0Olog Jn 0Olog Si.
T = Ap — A 1— i)\
dlog ar kT Z (A= 80) Groa Dlog Ar ﬂ;ﬂ( i)

dlogY 78logTFP Z A 8loth
dlog Ax ~ Olog Ay "dlog i

From equation (96) and ¢’y = A

dlogTy, dlog Ay, 0log xn

dlog A, dlog A, dlog Ax

Finally, from equation (120)

OlogT ~ OlogTy 1 ~Oxn
P— A —L = = 3
Flog Ae = 2= MBlog AL = T (Z " Slog A T 2 X

he st hes# hes#

)\ Olog Si.

Xh dlog Ay

Z 0 Gny
Blogﬂk

best

1.8.5 Markdown shock in sector k& around an inefficient equilibrium

From equations (100) and (104)

Olog PTTy, ~ Ak dlog Jn ~ 8log Jp )\
- g " = % _ R I‘ _ ( i
dlog puk kR S log 2 % " Dlog ;H " Xh
~ dlog xhn ~ alogAb )\ Jdlog S;
= % + - + Kj
h dlog px bez alog,uk GZJV n XI dlog ux’

dlog Ch, dlog PTTy Z 7z dlog Ly

dlog ux - dlog px " 9log

best

From equations (110) and (111)

M:X}c_ﬂk)\k‘f’ Z (Ah_xh) Do Ju + Z (1_M)>\i8l095i :Xk_ Z Xh

Odlog px, 0log

hes?
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OdlogY  0OlogTFP Z A dlog L,
Ologpr  Olog =, " dlog i
From equation (96) and ¢’y = A

Ologl'n _ dlogAn  Ologxn
Ologpr  Ologur  Olog s’

Finally, from equation (120)

OJlogl' ~ Ologl'n l 0 Gnp
dlogur Z Ahalog,uk T <Z alog,u Z Z Blogpk>'

hest hest hest best

1.8.6 Factor supply shock for household k£ around an inefficient equilibrium

From equations (100) and (104)

dlog PTTy, dlog Jn ~ 8long )\ OlogS; _ Ologxn ~ 0dlog Ay
=T — i - % )
Olog Ly, h@long bez: 8logL Z rin ( Xh dlogLy ~ Olog Ly b; hbalong
dlogCy  dlog PTTy ~ ~ 0Olog Ly
= & 4 .
Olog Ly, Odlog Ly, ot bez;? hbalog Ly,
btk
From equations (110) and (111)
OlogTFP dlog Jn _ '8log5’i _ ~ 0Olog Ay,
dlogL, Z (Ah Ah) dlog Ly + Z (1 Ml)/\zalong o Z Ah(‘?’long7

hes® €N

dlogY QOlogTFP ~ ~ Olog Ly,
= A A .
dlog Ly dlog Ly, R Z h

From equation (96) and ¢’y = A

OlogTy dlog Ay, dlog xn

OlogL,  Olog Ly B Olog Ly~

Finally, from equation (120)

dlogT ~ OlogT'y, 1 9 Xn 0 Ghp
= A == 4, .
Olog Ly, hez‘%ﬁ halong r (Z h@logL + Z th;% dlog Ly,

2 Proofs for the normalized nested-CES model

2.1 Firms

The competitive aggregator firm from sector i € 4" operates under the same environment as in the

section 1 of this Online Appendix.
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The monopolistically competitive firm z; chooses {yzi, et new s {xzij}je/‘/} to maximize

T2y = Pz;Yzy — Z whgzih - Z p]leja

he# jeN
= pZLZZ = pgi le-
subject to
6;,—1 6;—1 %
. L 0; X . i
Yz gy [ Wt ( +wf ( :
ot
fol gfil
LzL (Ezbh> ef
= > = :
L he A zih
0T
Zi le GZ
X = Z Wij ( ]> ) .
Z; jen ziJ
From here, the first order conditions are given by
, N 60—
i PzY,
NS
. P2,
pZ‘XZi = (:U’iwim)gz (Al :j ) Pz Yz (128)
P Xz
0;—1 — 6f—1
wplzn = (Miwf> a; | Ai ;—Z‘ SEA DYz (129)
2; % whgzih
0;—1 — N\ -1
) o ox\0; 07 ) pzigzi pZ‘szZ 1
pjTzj = (Hiwy) Wij <Az%> <pszi,j D2z Yz; - (130)

In the point of normalization A; =1 Vi € A

T (— — —x _ T— —

Dy, Lz = piw; P27, Dz Xz = Wiw; D5, Y,
__ = 0T _ e
Wiloh = QinDy, Lz s DTz = wijDy, X 2

Finally, prices are given by

1

1—06¢
(Z ol (whfzih)l_ef> " (131)

hest

1
‘o _
=TI

7
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1 0r . \1-67
Py = x. Z Wij (pjTz5) ) (132)
.

1 . —_ 1-0; . ~ 1-6; 1-0;
1M Zi

2.2 Households

Household h chooses {{Chi}ie e Lh} to maximize

~ 1—0o
[ch (1 _ E,;%Lh) %} 1

1—0

Uy, <ch,zh) =

)

subject to Cp, = npcp, Lp = nhzh,

By =pCh =Y piChi < wiLy, + Ty,

ieN
II;, = Z Kih (ﬁi+/7rzj de> .
ieN
The first order conditions are given
_ o~ \er(1=0) E- "L aC,
“(1-E"L ) 1 h_~h = ; 134
Ch ( h h ( + PrYn =B " I 9Ch: X MK Di, (134)
~ \Pr(1-0) E "Ly,
Cif’ (1 — E_'Yth) 1 + <Ph’7hh7~ — %hnhpc, 135
h h 1— E;’Y}LLh h ( )
~ (1-0)—-1
oncl ™ (1 - E;%Lh)“ B = s, (136)

op—1

Ql

1
where g g:l = Bhi ( C:;) oh (%) ®h and 3¢, stands for the Lagrange multiplier for the budget
constraint.

From equations (134) and (135)

— 1

_ o (PROR" 137

PiChr = B! 0iC Ep, (137)
iChi

Or P;Chi = B1iC} in the point of normalization.

From equations (135) and (136)

npwpE" — onEp

wpLp =
1—nn

(138)
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Now, from equation (138), the first order approximation for the factor supply schedule

0Ly, . 0Ly . 0Ly ~
LyL), = —w, +F E
nln nh@nhnh+wh8w;L haEh h-
aLh _ EZh aLh _ SDhEh aLh _ 1 ((,Dh — hn E’Yh 1)
onn  1—ppy’ Owy,  (1—epym)w;’ OE, 1 — oy \wn
- 1 Nh | Ph ©n np\ = . . ~
Ly, = —— ([ pn 2 rh (X _ N M\ E _n w _(°F 139
h 1— onn ( h Lhnh + T, Wp, (Fh Yhley In h R + G wn — G By (139)
E’ oy 1 ©n
n_ __"h "M w_ __ - fh e _ rw _ n
Ch 1- $hYh Lh , h 1- PrYh Fh’ Ch Ch ,YhCh

Under KPR preferences (v, = 0)

-~ np h ~ noa w e
Lh:—mﬁ-(pL (’wh_Eh> = Cpntn + Gy wh — G By
Lh 1_‘h
nf@ w— e:ﬁ
Ch*th Ch Ch Fh'

Under GHH preferences (¢;' = 1 and ¢f = 0) 73 and ¢y, are given by the system of equations

1 1/2 1 N
4T )T _42), :(1_m).
= 2%( BT oh T b,

this implies that

=N N N El-m
Ly =fn + Py, with ¢p = 2nZn
np Wh

Finally, prices for the consumption bundle of each household are given by

_1

= (Zﬁ pzcm”h>”h. (140)

1eN

2.3 Equilibrium conditions

2.3.1 Goods markets

From equations (130) and (137), the goods produced by sector i € .4 must satisfy under symmetry
for firms in the same sector

=Y piji+ Y piChi,

JEN hest
a7 gj_l Ty 0;_1 o Qh,fl
0, 03 D5V, piX; psCh,
S = Z (Mjwf) J Wy <AJ wj)(j> (27]) S+ Z 55? ( hé ‘ Ep. (141)
JEN P PiZji hes# PiChi
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In the steady state this relationship is simplified into

Si=> 058+ Y BuEn

JjEN hes#

which in matrix is represented by equation (60).

The first order approximation for equation (141) is given by

\iS; = Z BriXn ((Qh = 1) (@, —pi) + Eh)

hest

30 [0+ 0= 1) (A +55) + (87— 0,) 5 — (05 - 1) B+ 55
JEN

In matrix form this equation is given by

diag (\) S = B'diag (x) (diag (0—1u)pe+ E) — diag (8'diag (0 — 1) x) p — diag (Q,diag (0, —In)\) D

+ Q! diag (\) (dz’ag (0) i + diag (6 — 1y) (ﬁ + ﬁ) + diag (0, — 0) D, + §)

diag (\) S = ‘I’;{B’diag 69 (diag (0—1u)pe+ E) — diag (8'diag (0 — 1) x) p — diag (. diag (0, —In)A) D

+ Q. diag () (diag (0)7i + diag (6 — 1) (2 + ;3) + diag (0, — ) ﬁm> }

(142)

2.3.2 Household budget constraint

From the household A’s budget constraint, consumption expenditure must satisfy under symmetry for
firms in the same cluster

Cp =wpLp + Z Kin (1 — i) S;.
ien

In the steady state this relationship is represented in matrix form by equation (76).

The first order approximation for this equation is given by

XnEn = Andn+ Y Kinki ((1 = i) (Rih + §i) - /Mﬁi) ~
ien

In matrix form this equation is given by

diag (x) E =diag (A) J + &' diag (\) (diag (Iy — 1) S — diag (1) ﬁ) + (ko R) diag (1 — p) \. (143)
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2.3.3 Factor Markets

From equation (129), equilibrium in the factor market for household h must satisfy

6f—1

7.\ %1 .\ 7
wp Ly, = Z wplin = Z (uiwf)gi ozf;i <Ai pz%) (pZLz> S;. (144)

ieN ieN wplin

In steady state this relationship is simplified into

Tn=_ piwienSi =Y Q5,5

ieN ieN
which in matrix form is represented by equation (64).

The first order approximation for equation (144) is given by

ieN

In matrix form this equation is given by

diag (A) J = —diag (Qydiag (6, — Ln) \) @
(145)

A~

+ Qydiag (\) (diag (0) &+ diag (0 — 1) (E%— ﬁ) + diag (6 — 0) py + 5’)

2.3.4 Prices

The first-order approximation for equations (131), (132), (133), and (140), under symmetry for firms

in the same sector is given by

~ ~
p; = Z QpWh,
heAt

B =) wiby,

jeN
~ 0~ -~ ~
pi = wip; +wiD; — Ai — [l

P, = Buibi

1EN
In matrix form this equation is given by
pe = aw, (146)
P = V'D,

P = diag (we) pr + diag (we) P — A — i,
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ﬁczﬂﬁ

Using equation (146), the last three equations can be simplified into

p=U,0— U, (ﬁ+ ﬁ), (147)
Bo = W0, (Qu - A~ i), (148)
5= 7 (00— A7), (149)

2.3.5 Sufficient equations

Labor Income

Introducing equations (139), (146), and (147) in equation (145)

diag (A) (I + diag (Cu)) @ = —diag (Qdiag (8, — Ly) \) @ + diag (¢.) diag (A) E — diag () diag (A) 7

+ Q)diag (\) (diag (0) 7i + diag (6 — 1) (Efw + (JN - \T/z) A- \T/xﬁ) + diag (0, — 0) a@ + §)

= Odiag () diag (0 — 1) <IN - @) A+ Qydiag (V) (diag (0) — diag (6 — 1) \T/) fi — diag (Cy) diag (A) 7
+ Q)diag (\) S + diag (C.) diag (A) E + diag (Qdiag (6 — 1x) A) (%7 - IH) @

n (dimg (\) diag (6 — L) Uy — diag (Qdiag (§ — Ly) A) <£) @

+ (Q%diag (\) diag (0, — 0) o — diag (Qydiag (0, — 0) \) ‘g) W
(150)

This implies that

Ay (14 ) @y, = QG (0 — 1) — > QN (0; — 1) % | 4
N

i€. jen
+ QN0 — > Q4N (0, — 1) %, | iy
ieN jens
+ D QA8+ A (GiE — Giin ) — <ZQ (951))@
ieN ieN
+ (Z thx,((e —1) i+ (0; — 1) (\If —alb>)> T,
be \ie NV

Final Expenditure
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Let me start by introducing equations (145), (146), and (147) in equation (143)

diag (x) E = —diag (diag (6, — 1x) \) @
+ Qydiag (N (diag (0) 1+ diag (6 — 1) (ﬁ + ﬁ) + diag (6, — 0) pe + §)

+ K" diag (\) (dzag Iy — ) S diag (p ) + (ko R) diag (I1x — p) A

= () + & diag (1 — p)) diag (\) S + Qydiag (\) diag (0 — 1) (IN - \T/z) A
+ (Q@diag ) (diag (0 — 1n) Uy + diag (6, — 0) a) — diag (QYdiag (6, — L) /\)> @

+ (ngdiag (\) (diag (0) — diag (6 — 1) \Tlm) — ' diag (1) diag ()\)) i+ (koR) diag (1x — p) \.

After taking equation (150) into account

diag (x) (I + diag (T) diag (¢.)) E = diag (A) (Ir + diag (Cw)) @ + diag (C,) 7) (151)
)

+ (ko R) diag (1n — p) A — & diag (1) diag (\) i + Q-diag () S.

This implies that

xnEn —W (Ah ((1 + Ch ) wp, + Chnh) + Z;/ Kih ((1 ,Uz) A (th + Sz) Nz)\z/iz)> .

Sales
Now, introducing equations (147), (148), and (149) in equation (142)
diag (\) S = #B'diag (x) E + B'diag (x) diag (0 — 1) pe + V.0 diag (A) diag (6, — 0) De
+ U, (Y, diag (N) diag (0 — 1) — diag (8'diag (o — 1u) x) — diag (U, diag (6. — In)N) P
+ 0, (Q;diag (\) (diag 0) i+ diag (6 — 1) ﬁ))

= %'diag (x) E + ¥, (8'diag (x) diag (0 — 111) B — diag (8'diag (o — 1) X)) Vs (ﬁe@ —A- ﬁ)
+ U (V. diag (N) diag (0, — 1n) W — diag (U, diag (0, — Tx) \) ¥, (Qg@ —A- ﬁ)

+ U QY diag (\) diag (0 — 1x) (Iy — #) sy (ﬁgm —A- ﬁ) i (Q;dmg ) (diag (0) i + diag (0 — 1) 2))

= B'diag (x) E + V.Q diag (\) (diag (0 — 1) A + diag (0) ﬁ)
-, (6 diag (x) diag (¢ — 1) % — diag (8'diag (o — 1) x) ¥ ) (ﬁ+ ﬁ)
— U (. diag (\) diag (6 — 1x) — diag (,diag (0 — 1x) A)) U, (A\—i- ﬁ)

)

! diag (N) diag (0, — 0) W — diag (Q,diag (0, — ) X)) U, (ﬁ—i— ZZ) (152)

xT

+
<)
o
— =

' (. diag (N) diag (0 — 1x) — diag (. diag (0 — Lx) N)) Uy

(
(
(
B'diag (x) diag (o — 1) € — diag (8'diag (0 — 1) x) ¥¢) @
(
' (. diag (N) diag (0, — 0) W — diag (V.diag (0, — 0) \)) U,@.

_|_
&
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This implies that

V= X A W 0 () )
eHx jeEN meN
Z ( 2> Bumxn (on — 1) (ééhj — @;J)) (Aj i Aj)
eN \meN hes#
- ( Ur QA (0, — 1) (@ij@fm)) (gj+Aj)
jEN \meSN newN
( i 3 D (07~ 0, (anq@;— m)> (4+7)
JEN \meN neN qEN
+ DU Beixs (v — 1) (%th - \Tffh)> @,

5

JjEN bet

X

€ jeEN meN

+ S Y QA (O = 1) (T, @f,)) @,

T Z Z \I/;EZ Z Qilj)‘m (O — Om) (Z qu‘f’gh - E’ﬁ)) W,

hest \jeN meN qEN

Summary of Sufficient Equations

Equations (150), (151), and (152) represent a system of 2H + N equations on 2H + N unknowns that
captures the elasticities of factor rates, consumption expenditure and sales in response to exogenous
productivity, markdown, labor supply, preferences technology, and equity allocation shocks. This
solution can be used to capture the variation of prices from equations (146), (148), (147), and (149).

From here using equations (145) it is possible to obtain the variations of factor income.

2.3.6 Proof of Theorem 6

Cobb Douglas and Productivity Shocks - Part 1 of Theorem 6

In response to a general productivity shock captured by the vector }1\’ under the assumption that
0; =0 =0 =1Viec A, and g, = 1 Vh € H#, equations (150), (151), and (152) are given by

diag (A) (Ir + diag (Cw)) @ = Qdiag (\) S + diag () diag (A) E,

diag (x) (In + diag (V) diag (¢.)) E = diag (A) (I + diag (Cuw)) © + Qdiag (V) S,

diag (N) S =%#'diag (x) C.

Add and subtract CTD\P and use Y as the numeraire to obtain

diag (M) A = Qjdiag A\ X + (YA —A) Y,
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diag (x) X = diag (A) A + Q. diag (\) A+ (%A + XA — Y)Y,
————

=0

diag (\) X =B'diag (X)X + (B'x -\ Y.
~——
=0

From here it is clear that the solution to this system of equations is A= X = 0y and N = On. From
equations (104), (111), (96), and (120)

dlog PTTy, = > %y dlogA;  and  dlogT, =0  Vhe X,
1EN

dlogTFP =Y Xdlog4; and  dlogl =0.
€N

Leontief and Markdown Shocks - Part 2 of Theorem 6

In response to a general productivity shock captured by the vector jz, under the assumptions that

L ;=0=0*=0Vie. N,

7

2. o, =0Vh € I,

3. Cw = Ce =0p,
equations (150), (151), and (152) are given by
Qydiag () Ui = Qydiag (\) Wofi + Qdiag (\) S,

diag (X)E = diag (A) @ — &' diag (1) diag (\) i + Q- diag (\) S,

diag (\) S = B diag () E+ V! (B'diag (x) B — diag (8'x) + Qdiag () — diag (Q,N)) 0,

— V! (B'diag (x) B — diag (B'x) + Q,diag (\) — diag (U, X)) ¥y

=)

=

First, let me start by setting up this system of equations in terms of Domar weights by adding and
subtracting GDP

Qydiag (\) T A = Qdiag (\) Uufi + Qdiag (\) A + ()\ — diag (\) @gnH) GDP,

diag (x)X = diag (A) A — &/ diag (1) diag () fi + Q.diag (M) A + (A + QX — y) GDP,

o~

diag (\) X = B'diag (x) X + V., (8'diag (x) B — diag (8'x) + Q,diag (\) — diag (UN)) U, fi
— U (B'diag (x) B — diag (B'x) + Qdiag (\) — diag (Y,\)) ¥ A
+ U, (diag (B'x) — B'diag (x) B — Qdiag (\) + diag (UN)) U1 5 GDP.

From U, = 1y, using Y as the numeraire, and equations (59) and (77)

Qydiag (A) U A = Qydiag (A\) U7 + Qydiag M)A+ Q, (A= N) Y,
N—_——

=0N
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diag (x)X = diag (\) A — &' diag (1) diag (\) i + Q-diag M)A+ (A + QLA —x) Y,
~————
=0nN
diag (\) X = #'diag (x) X + ¥, (8'diag (x) B — diag (8'x) + Q,diag (\) — diag (¥,\)) V. i
— W, (8'diag (x) B — diag (B'x) + Q,diag (X) — diag (X)) TeA

+V (diag (B'x + A Iy — (B'x + Q;A)) Y.
= =A

Therefore, the system is represented by

Qydiag (\) WA = Qydiag (N) Ui + Qydiag () A, (153)
diag (X)X = diag (M) A — &' diag (1) diag (\) i + Q- diag (\) A, (154)
diag (\) X = #'diag (x) X + ¥, (8'diag (x) 8 ~ diag (8') + Q,diag (\) — diag (U\) U, (7 - R) . (155)

To illustrate the logic behind this proof let me start with an environment in which there is a rep-
resentative household. For this economy we know that y = 1, @g =1y, k =1y Qr = Iy — p,
C=1a=1y, Q= diag (p) we, A = A, A= 4% and X = 0. Notice that this implies the system of
equations (153), (154), and (155) is given by

AN = Qydiag (\) .11 + Qydiag (A) A,

-~

0= AA — p/diag (N fi + (I — )/ diag (\) A,

diag (\) A = V' (8’8 — diag (8) + Vodiag (\) — diag (U,N) Ui — U, (ﬁ/ + QL X\ —diag (B + Q;A) ]lN> A.
——— ———

= =A

Introducing the third equation in the first equation and using (59)

AN =, | U8B+ V. | diag | A— B — QA U, 7,
~—————
=0n
AN = €N,
A =N,

where the last line comes from ¢ = A. In equation (111) this implies that Y =0.

Now, for an environment with heterogeneous households, the problem is that I cannot guarantee that

X = 0. Let me start by introducing equation (155) in (154)

diag (X)X = (In — )" diag (\) A — (I — . B) " ' diag (n) diag (A) i
(I — %) QLW (B'diag (x) B - diag (8'X) + Qdiag (V) - diag (%) ¥, (7 — ).

Now introducing this last result in (155) and assuming that all of the eigenvalues for #€), are within
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the unit circle

diag (M) A= 2B (Iy — Q. B) " diag (AN — B (I — Q. B') " & diag (1) diag () i
+ B (I — QB QLW (Bdiag (x) B — diag (B'x) + Qdiag (\) — diag (2UN)) T, (ﬁ - QJ\)

W, (8'diag (x) B — diag (8') + ,diag (\) — diag (%,N) ¥ (7~ R).

Introducing this last result in equation (153)

O =% Iy — V. RB) " diag (M)A — €' (I — Q. B) " K diag (1) diag (\) fi
+€ Iy — UL #) " QL (8'diag (x) B — diag (3'x) + Qdiag (N) — diag (X)) ¥, (ﬁ - ﬁef\)

+ (W, B'diag (x) B — Wydiag (8) + (In + W, diag (\) — Widiag (%) ¥ (7 - QA .

Now
o Use Iy +Q,0, = Iy —G—QIZZC;OQ% =",
o Add and subtract ¢’ (Iy — Q. %)~ Q. diag (\) T, (ﬁ - ﬁgfx),

e Use equation (59),

to obtain
O =% (Ig — V. B) " diag( M)A — %' (Iy — V- B) " K diag (1) diag () i
— % (Iy — V.2 Qdiag(\) T, (ﬁ - QZK)
+C (I — U B) " QW (8'diag (x) B+ diag (A — B'x — UN)) T,y (ﬁ - QZK)

+ Q. (B'diag (x) B + diag (A — B'x — %) T, (71— AA),

O =% (Iy — VB "diag(\A—F' (Iy — VB K diag (1) diag (\) fi
— & Iy — B Qdiag(\) T, (,7 - ?m)

+¢ (IH (I — .2 Q;%”) diag (x) B, (ﬁ - QEK) .
Notice that

o Iy+ (I — B0 B = Iy + (zg‘;o (,,@’Qﬁ)Q) B = Iy + Y (B = (I — B,

therefore

O =€ (Iy — Q.2 (diag (M)A — &’ diag (1) diag (\) i + (diag (x) B — Q.diag (\)) T, (,z - @K)) .

Now, assuming that % is invertible and adding up the previous vector gives me

0=Nj— AN+ N (diag (1) + diag (1 — p) \T/w) (QZK _ ﬁ)
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0=Nfi— AR+ N (Ef — diag (p) (Ef - IN)) (QET\ - ﬁ)
0=Nji—ANA+ N (xh — diag (1) ﬁﬁ;w) (fm _ ,7)

0=Xf—NR+ N (Iy - ) (VA - Tii).
For A’A = N']i to be a solution I require that X' (Iy — €2;) = ¥’ which implies that

1N Iy — Q) Uy = N,

2. N (Iy — Q) U, = A
From equation (61) A = %’x. This implies that
by (IN - Qx) = Xlgg (IN - Q:c) = X,B\I/:c (IN - Qx) = X//Bv

which completes the proof.

Summing up, there are two additional conditions for an environment with heterogeneous households.

1. #Q, is an H x H matrix with all of its eigenvalues within the unit circle. One way to guarantee
this is by assuming that the sum of its rows is always less than 1. From the Gershgorin circle
theorem then all of the eigenvalues are less than one, which implies that the determinant for
KBS, is less than one, and this allows from the Geometric series applied to matrices to express
Y g0 (B)T = (In — P0,) . Notice that the of the sum rows always less than 1 is a sufficient

but not a necessary condition.
2. € has to be nonsingular.
Outside the space of economies for which these two conditions are satisfied, when neutrality of shocks
in wedges for Leontief economies does not hold, I can characterize the distributional conditions that

are necessary for allocative growth to arise. First, introduce equation (155) in equation (153), and use

equation (61) to obtain

0y = ¢'diag (x) ()?—i— B (,ZZ - ﬁg?\)) )
Now, add and subtract @, substitute £ = ﬁc—i—a , De = P (ﬁg@ - ﬁ), and using Y as the numeraire
set GDP = f/, then

0y = ¢'diag (x) <(AZ' - (IH — Cg) ]lH)A/> = ¢"'diag (x) C.

Finally, adding up over all components in this vector and using equation (107)

dlogY = Z xn (1 —%3) dlog cp,. (156)
hest
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From the last equation, I can obtain an additional condition that guarantees neutrality. Assume that
all consumption bundles have the same payment centrality, i.e. Y,  ,, €h = 7 Vh € . Notice that
this is equivalent to €1y = 17, which implies in equation (156) that x’ C =0, and from equation
(107) that Y = 0.

Therefore, there are two sufficient conditions that guarantee neutrality for shocks in distortions for a

Leontief economy with heterogeneous households, either

1. #Q, has its eigenvalues within the unit circle and % is nonsingular, or

2. all consumers have the same payment centrality.

Notice that the second sufficient condition is not encompassed by the first one, for example take an
economy with two households that satisfies the second but not the first condition

2 0.
v (0 04> |
0.2 0.4

Furthermore, notice that the second condition does not require homogeneous consumption bundles,
for example take an economy with two households that have heterogeneous bundles but the same

¥ _ 0.5 0.3 .
0.2 0.6

payment centrality

3 Horizontal Economy

Figure 14: Horizontal Economy with N =2 and H =3

Note: Continuous arrows represent the flow of goods and dashed arrows the supply of labor.
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In the horizontal economy with N firms represented in Figure 14, we have that w, = On, wy = 1,

o110 O1H H1r o e H1O0H
a=Q=",= : : , Q=0,= : : ,

aN1 ' QNH MUNONT - UNONH

fJZ:EZQ:BZONOIN; E[x:qlz:INv

fun - Bin > hesw XhBh1
e@? — e@ — 5 = . : y 3\/ = )\ = . ,
Bur -+ BEN > hew XnBhN
Zz‘e/if Qi1 A Zz‘en/ Q1 i N
K = ’ A = bl
Diey QiHAi Y icy CUHMIA;
Diew Bricir o Yie y Pucin iy Briticir oo Y ey Brikticum
Cg: , € = . . .
iy BHii1 0 Y ey BHitiH iy Brilicir - Y ey BHilicun

In this economy, GDP = > .. Si = > pcpJn + > icy mi- Equations (150), (151), and (152) are
respectively given by

Ap (1+¢) W = Z QN (ﬁi + §i) + A (CﬁEh - Cﬁﬁh>

ieN
+> (Z Q4N (0, — 1) alb> @y — <Z Q4N (0; 1)@,,
be st \ie N €N
xnEn :l—kzﬁl“h <Ah (T +¢) W+ Cnn) + ng Kih ((1 — i) N S; — MMiﬁi)) ;
Si=">" Buixn(on—1) (A\i +hi— Y Br (gj +ﬁj))
hest JjEN
+ Z BrixnEn + Z (Z Brixp (06 — 1) (C%h — aih)) W,
het her# \ber#t

I use 2H + N — 1 of these equations, and normalize this system by taking Y as the numeraire, and
for this reason py is normalized to 1, which implies that

Z Ay, = Z by (A\i +ﬁi) :

hest €N
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3.1 Representative Household Economy

From the previous system of equations

@=> pi(Ai+7),
ieN

po_1 - (g"rm (+ ¢ Y B (A7) + 3 8 ((1- o) S —,uiﬁZ)) ,

iEN ieN
§i = (9_1) (121\1'4‘//14\1'_ Z ﬁj (A\j-ﬁ-//i\j))
jeN
1 -~ n ~
+W (C”Fn+(1+Cw)FZﬁj (Aj+ﬂj) Zﬂj< NJNJ)) .

JjEN JEN

Notice that sales elasticities can be represented with the following matrix equation

. ~ +¢D) (o= (A1 41— e n 85 (A;+85)))
14+¢T =B (1—p) --- —Bn (1= pn) S +HCM DA+ (HCIT ey By (A +(1—1;)75)
B (1 — ) ceo 14C¢T =8y (1—pn) Sn (A+¢ ) ((e=D (AN +EN = je.r 85 (Aj+05)))

+CM AT ey B (A +(1—py)i;)

To use Cramer’s rule, first let me start by finding the determinant for the matrix

1+ CT =B (=) - =B (L= p5) —Bn (L= pn)
—ﬁl(i—ul) 1+C‘T—.ﬁj(1—uj) —ﬁN(i—uN)
—ﬁl(l.—m) —5j(1.—ﬂj) 1+C'T—B.N(1—MN)
14¢T - 0 0
=|h (u; -1 Diewn ﬂ;quer BN (u;v—l)
S

=1+ <Zﬂluz+c )—(1+CEF)N1(A+CCF)~

€N

The first equality comes from adding all other columns to the column j , and subtracting row j from

all other rows. The second equality from solving the determinant.

Now, the determinant for the matrix in which the j-th column is replaced by the N sized vector of
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exogenous shocks is given by

ep _ o (1+¢°D) (e—1) (A1 481 - c p Bi(Ai+E:)) o _ _
T+ T = fu (1 = ) DA (HCID ey B (Ai+(1—pi) i) B (1= p)
(1+¢°T) (0= 1) (A +7;— ey Bi (Ai+ii))
_ 1— . 4 . — 1—
p ( Ml) HTRH (AT e o Bi(Az‘Jr(l*Hi)ﬁi) By ( MN)
_ _ D) eV (ANHEN — ey Bi(AitEi) e _
Bi(1— pa) AT (HCT Sy i (Ait(1—pi) i) L+ 6T = A (1 =)
14¢°T (14¢°T) (o= 1) (A1~ A;+71 —7j ) 0
(1+¢°T) (0=1) (A48 — ey Bi (Ai+i:))
=|—8 (1 - 4 . 1—
Ar(l — ) FCUTAH(LHCIT ey B (Ai+(1—pi) i) B (1= pw)
0 (1+¢°T)(e~1)(An —A;+iNn —7j) 1+¢°T
(14T (e—1) (A +7; - e n Bi(Ai+is)) o _ o _
DA (HCID S ey B (Ai+(1—pi) i ) Bl =1) B (v = 1)
= (14¢°T) (e—1) (A1 — Aj+7i1 —i5) s 14¢°T s 0
(14+¢°T) (o= 1) (AN — A +AN —7j) e 0 1+¢°r

=+ ((1 +CT) (e 1) (ij - > B (4 +ﬁi)> +("T

The first equality comes from subtracting row j from all other rows, the second equality from sub-

stituting columns 1 for column j, and then row 1 for row j, and the third equality from Schur’s
complement.

Therefore!”
~ 1 . O ~ .

jeEN

+(1+¢T Y B (gj+(1*#j)ﬁj)+ B (1—p)(e—1) (Ej*ﬁﬂrﬁj*ﬁi)

jeN jEN

3.1.1 Productivity Shock

Firm k € 4 receives the productivity shock. This means that

dlogS;  1+¢v

o /T
'azogAk_1+geﬁk+(g_l)<ﬂ{k_l} 1+¢e 6’“)’

"Notice that I' = A.
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dlogpi .
¢ Olog Ay, =B = 1{k =i},

. Odlogy;  0OlogS;

0dlogp;
= — =1{k=
Olog A, OlogAx 0Olog Ay { i+

’LU

1+C<e /3k+(gl)<]1{k }Wﬂ),

1+
BlogE 1 w p oy OlogS; \ _ 14¢" o—1 Mk
8logAk 1+4¢el <(1+C )Fﬂk—’—iezﬂﬁz(l Ml)alogAk> B 1—|—Ceﬁk+ 14 ¢ (1 F)Bk’
dlog L v —(e
N —

¢° Pk
Ty v e e e (0-1)(1- %) A,
dlog J 14+¢v

¢° ok
 Slood = TrE T e (1-55) i,
OlogTFP B 8logJ 8logS _ _ 3
* Dlog Ar =B —(1— +i; 810 A, =Bk +(0—1) (1 )Blﬁ
8logY __ OlogTFP

dlogL 14 ¢¥

o—1 Mk
1- 5
dlog A, 1+¢e +1—|—(e( I‘)Bk’
dlog J dlog E

—(p—1)(F* _
dlog A, Olog Ay, 3logAk_(p 1)<I‘ 1>ﬁ

8109 Ar  0Olog Ay,
dlogT

3.1.2 Markdown Shock

Firm k € A receives the markdown shock. This means that

. dlogw
dlog pu

= Bk,
dlogS;  1+¢¥

/T
dlogpe  14¢e (1_M’“)ﬁk+(9_1)<ﬂ{k—z} 15 e ﬁk>7

Jlog pi .
* dlog p g { g

. Ology;  0OlogS;

_ Ologp;
dlogux — Olog iy

dlog pik
w e 1 w T €
=i+ (S - ) s -y (1= - 2025,

dlog E 1 w o OlogS;
.3loguk_l+§ef <(1+C )Fﬂk—'—zﬁ%(l i) 6kﬂk>

ieN Olog 1u

14" ks Bk 1+¢v o—1 Lk

B 1+(€ﬁk_1+ger (1+ 1+¢e (1_F)>+1+§e (1_?>5k’
8logL v — e CCpr B

14¢v ¢° [k
*Ologun ~ 1+cC° B"’+1+ger (”ng (1F)>1+ge(91)(1r)5’“
dlogd  1+(" CprBr 14" ¢ o
*Dlogue 1+<6’8+1+<er(1+1+<e(1_r)>_1+<e(g_1)(1_r)ﬂ’“’
.alogTFP

dlog J 0dlog S;
Zo9°70 B —(1-T S (1) A
Blog i Br — 1k Br — ( )8log n + (1 — )

ieN "dlog Ay,
_l_ﬂk+<e(r_ﬂk) 1—|—<e 61+C6F m
= 5k—1+<6F(1—F)Mk5k+(g—1)<1+< ng)(l_r)ﬁk’
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dlogY  dlogTFP  dlogL 1+¢¥ . 1 S e w _
Dlogu ~ Ologur | dlogms  14ce 1+<6P< (”Hce“ ¢ ))(1 F”)“’“B"’
14 ¢e er
(B
dlogl’  1+¢° 1+¢” Mk
Dlog i 1+Cerﬂkﬁk+ 1T ¢ (1—=T) prBe — (p—1) (1— ?> B

3.1.3 Population Growth Shock

Assume a population growth of 1%, i.e. dlogn = 1. This means that

. dlogw 81095 & . dlogp; . dlog ("
dlogn alogn 1+§e’ dlogn dlogn 1+
. dlogy;  0log S; ~ Ologpi (" 8logL dlogJ ("
dlogn  Ologn  Ologn 14 ¢’ 8logn - Ologn  14¢e

dlogTFP 8logJ 8logS

dlogn =-(- 3logn+z 8logn N
8logY dlogTFP  0OlogL (" 6logF
alogn ~ Ologn dlogn — 14¢¢’ Blogn N

3.2 Allocative Neutrality in a Horizontal Economy - Part 3 of Theorem 6

Let me assume that all firms are subject to the same distortions, i.e. p; = p Vi € 4". Then equations
(150), and (152) are given by

diag (K) (Iy + diag (Cu)) @ = o’diag (A) i + o’ diag () S + diag () diag (K) E
+ ddiag () diag (0 — 1n) aw — diag (o'diag (0 — 1n) \) @,
diag (\) § = B'diag (x) E + (8'diag (x) diag (¢ — 1) B — diag (8'diag (¢ — 1) X)) (@@ — A~ ) .

Now, instead of having wage elasticities, represent the system of equation in terms of factor income
elasticities by replacing L = (,w — ( F

diag (K) J = d/diag (\) i + o’ diag (\) S + (/diag (\) diag (0 — 1x) a — diag (o’ diag (0 — 1x) \)) (j— E) ,

diag (\) § = B'diag (x) E + (8'diag (x) diag (0 — L) § — diag (8'diag (¢ — 1)) (a (7= L) = A—7).

Now, express the system of equations in terms of add and subtract GDP and using Y as the numeraire
replace GDP = Y

diag (1~\) A = o'diag (\) i + o/ diag (\) A + (/diag (\) diag (0 — 1) o — diag (o diag (6 — 1) \)) (K - Z)
+ (0/)\ — /N\) Y + (a’diag () diag (0 — 1y) a — diag (o’ diag (0 — 1x) X)) 15,

=0x
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diag (\) X = B'diag () X + (8'diag (x) diag (o — 1) § — diag (8'diag (o ~ 1)) (o (A= L) = 4~ )

+(B'x =N Y + (8'diag (x) diag (0 — 1 5r) B — diag (8'diag (0 — 1x) x)) al Y.
——

=0xN

Now add up the elements for each of the vectors, notice that 1'diag (x) = 2

NA =N+ NA+ (Ndiag (0 — 1x) a — Ndiag (0 — 1y)a) A — (Ndiag (0 — 1x) o — Ndiag (0 — 1) o) L,
XX = X'X + (x'diag (0 — 1) B — X'diag (0 — 1) B) (a (7\ - f) —-A- ﬁ) :

Now, taking advantage of the property that x'x =0

In a horizontal economy A = A and from equation (111)

~ ~ ~

Y =NA+ AL

4 Vertical Economy

Figure 15: Vertical Economy

I NN NN
o))

<
®

Note: Continuous arrows represent the flow of goods and dashed arrows the supply of labor.

In the vertical economy with F' firms represented in Figure 15 we have that w2 = (() 0 1),

0 0 0
0 0 1 0 0 0
W =Q, = . , a=Q = =on (N) d,
0 0 1 ap ccoap
0 0 0
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0 ps - 0 0
Q, = .. . 7 0, = )
0 BN-1 Q1N
0 0
11 1 , ,u11 1 2
_ 11 1 Hz
\I/x = ) \I/;c = :
0 0 1
1
B=1gon (1), B=1xly, B-= :
1 m
o ag ar [T p ti
Cgi: = ]lH a/, E =
oy oy ar [Licy ti
a1 oH ay Hzli1 Mg
N
ay oy ay [ pi
U, = =1lyd, ¥, = :
N
aq o a1 Hi:N,l i
o1 g QiIUN
1 1
: QLUNAN
= | 5= ] aman-
: QOHUNAN
N-1
Hi=1 Mg 1

Notice that jvAn = Xpe s Ao M = (T2 #5) Ais and 8 = jinAn = [Tie y s ¥h € . Addition-

ally nominal GDP is given by

-1

= punon (N) d,

OgUN

N-—2 N—1
Hi:1 1223 Hi:l M
N-—-2 N—1
[Liss i Ihims wi

HN—1
0 1

N-2 N—1
Lo e TLoy e

N-2 N-1
Lo e Iy

aH Hie/V Mg

= H Ml]lH a/7

iEN
am [Licy mi
N
afg Hi:1 i Hiew i
N N
aH Hi=2 223 Hizz 1273
N
aH Hi:Nﬂ i UN-1UN
OfgUN UN
o
= UNANG, Kz()ﬂz =a.
o

GDP =1y (Iy — diag (p) diag (wz)) S = Z (1—p)Si+Sn=25= Z Ep.

i=1

hest

4.1 Allocative Neutrality in a Vertical Economy - Part 4 of Theorem 6

’
a )

Distortion centralities are symmetric for all households 6, = >, ,» A, = A. From equation (111)

dlogTFP =Y dlogA; + Y dlogp; — dlogA.

i€ 1€
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Because A = HieW Wi, dlog A = Z,ej;o dlog pii, and

dlogTFP =Y dlog A;.
1€

There is allocative neutrality in response productivity, markdown, and demographic shocks.

5 Proof for Proposition 4 - Numeraire non-neutrality

To illustrate how the numeraire choice is non-neutral in an environment with elastic labor supply, let

me assume as in section (2) that labor supply has a substitution and an income effect, i.e

Ly = Cin + Gwn — G5 En.

After adding and subtracting (}’ Ly and & i C“’ LGDP this can be represented by

T Cn ~ Cw n Cﬁ ~ Ch Ch

Ly =-—h _7, + 2h _A;, — + GDP.
S e R e et
Introducting this expression in equations (104) and (111):
1. With nominal GDP as the numeraire
Eh: S np + i Ah i Xh-
1+¢p 1+ ¢ 1+ Cw

This implies that

A, e
oY\GDP 0= Z Ai (ﬂ +,uz)+ Z An Crin 1+th ChXh;

€N he
¢ Crlappoy = D i (A + Gy & =M — G
hl&GDP=0 = hi Hi) + Xn + Z hb 14 cv .
€N be# b

2. With real GDP as the numeraire

Eh _ C;;,L ﬁh + C}’LLU Kh _ C}eL SC\h + Ch
1+ ¢ 1+ ¢ 1+ ¢ 1+<h

This implies that
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