Online Appendix:

Strategyproof Choice of Social Acts
by Eric Bahel and Yves Sprumont

We present here the proofs of our results. Let us begin with the formal definition
of a SCF. Recall that each agent ¢ € N is endowed with a SEU strict preference
ordering =; over X% : there exist a valuation function v; : X — R (normalized to
guarantee that miny v; = 0 and maxy v; = 1) and a subjective probability measure p;
on the set of events such that for all f,g € X%, f =, g & EPi(f) > EPi(g). Although
the valuation function v; and the subjective probability measure p; associated with
=; are not determined uniquely,® it is easy to see that if (v;,p;) and (w;,q;) both
represent =;, then v;, w; generate the same ranking of the outcomes (i.e., v;(a) >
v;(b) < wi(a) > w;(b)) and p;,q generate the same ranking of the events (i.e.,
pi(E) > pi(E') < ¢(F) > ¢;(E'). The assumption that =; is a strict ordering
implies that for any (v;, p;) representing =, (i) v; is injective and (ii) p; is injective.?
Because p;()) = 0, it follows from (ii) that p;(w) > 0 for all w € €.

Let V be the set of normalized, injective valuation functions v;. A belief is formally
defined as a nonnegative, injective measure on 22, and P denotes the set of all beliefs.
The domain of preferences D is the set of all pairs (v;, p;) that generate a strict ordering
of the set of acts, that is to say,

D= {(vi,p;) €V x P : EF'(f) # EFi(g) for all f,g € X* such that f # g} .

In our baseline model, a social choice function (or SCF) is a mapping ¢ : DV — X,

In our constrained model, a SCF is a mapping ¢ : DV — x,cqX,,. We denote the
ordered list ((vy,p1), .., (Vn, Pn)) € DY by (v, p). In principle, our formulation allows
a SCF ¢ to choose different acts for profiles (v, p) and (v', p’) that represent the same
profile of preferences (3=1,...,%,). The requirement of strategyproofness, however,
rules this out. It is therefore convenient to refer to any (v,p) € DV as a preference
profile. We call v = (vy, ...,v,) € VY a wvaluation profile and p = (py,...,p,) € PV a
belief profile.

Appendices 2.A to 2.D contain the proofs of the results for the baseline model and
Appendix 2.E contains the proofs of the results for the constrained model.

1See for instance Haller (1985) for a discussion of this point.

2To see this, suppose (v;,p;) represents =; but p;(E) = p;(E’) for two distinct events E, E’.
Choose two outcomes a,b and consider two acts f, g such that f(w) = g(w') = a, f(w') = g(w) =0,
and f(w") = g(w”) forallw € E\ E', w' € E'\ E,and w”" € (ENE")U (Q\ (EUE")). We have
f ~; g, and this indifference between distinct acts contradicts the linear ordering assumption.
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Appendix 2.A: Proof of the Top Selection Lemma

Let ¢ : DY — X* be a strategyproof and unanimous SCF. For a given belief p; € P,
the set of valuation functions compatible with p; is V,, = {v € V : (v;,p;) € D}.
For a given belief profile p € PV, denote the set of compatible valuation profiles by
VN =V, x...xV,,. Forany 2,y € X and f € X%, we write f* := {w € Q :
f(w) ==z} and f* := f*U fY. In particular, ¢*(v,p) = {w € Q : p(v,p;w) = x} and
(v, p) = ¢*(v,p) UpY(v, p) for any preference profile (v, p).

Our first lemma states that if the chosen act changes when an agent’s valuation
of some outcome increases (all else equal), then her subjective probability that the

social act picks that outcome also increases.

Lemma 1. Monotonicity
Leti € N,a € X, and let (v,p), (w,p) € VYN be such that v;(a) > w;(a), v;(x) = w;(zx)
fOT all © 7é a, and v_; = w_;. [f w(vap) 7& (P(wap)7 then pi (90a(v7p)) > pi ((pa(w,p)) :

Proof. Suppose i, a, and (v, p), (w, p) satisfy the stated assumptions. Let p(v,p) = f,
o(w,p) = g, and suppose f # g. For z € [0,1), define the valuation function v by
vi(a) = z and v7(z) = v;(z) for x # a. Define the function A, on [0,1) by

Agg(2) = Y pilw) P (f(w)) = 07 (9(w))].

weN

Factoring out z and reshuffling, we get

Agg(2) = Ipi(f*) = pilg")] - 2+ Y pil@)uilF (@) = Y pilw)uilg(w)),

wégfe weg®

which is an affine function of z € [0, 1).

Observe that v} = w; if z = w;(a) and v = v; if z = v;(a). Therefore strat-
egyproofness implies Agy(w;(a)) < 0 and Aygy(vi(a)) > 0. Since w;(a) < v;(a), the
slope [pi(f*) — pi(g®*)] of the affine function Ay, must be positive, that is to say,
pi (¢"(v,p)) > pi (¢ (w, p)). O

For all v;, w; € V, let us write v; ~ w; if (v;(z) — v;(y))(w;(x) — w;(y)) > 0 for all
x,y € X, that is, v; and w; generate the same ordering over outcomes. For v,w € V'V,
we abuse notation and write v ~ w if v; >~ w; for all i € N.

Our next lemma asserts that, given a belief profile, the same social act must be
chosen at all preference profiles generating the same profile of orderings over outcomes.

Lemma 2. Ordinality
If (v, p), (w, p) € DY and v =~ w, then p(v,p) = p(w, p).
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Proof. Fix (v,p), (w,p) € DV such that v ~ w. Without loss of generality, assume
that there exist ¢ € N and a € X such that w;(a) > v;(a), w;(x) = v;(z) for all x # a,
and v_; = w_;. Let f = ¢(v,p), g = p(w,p).

If (v, p;) represents the same preference over acts as (w;,p;), strategyproofness
directly implies f = g. Suppose now that (v;,p;) and (w;, p;) represent different pref-
erences. For each z € [v;(a), w;(a)], define the valuation function v} by v}(a) = z and

V=

?(x) = v;i(z) for x # a. Since the set of acts is finite, we may assume without loss of

generality that there is a unique z* € (v;(a), w;(a)) such that (i) (v7,p;) belongs to D
and represents the same preference as (v;, p;) if z € [v;(a), 2*) and (ii) (v7, p;) belongs
to D and represents the same preference relation as (w;, p;) whenever z € (z*, w;(a)] .

Suppose, by way of contradiction, that f # g. By strategyproofness, E}(g) —
EPi(f) < 0if z € [v(a),2z*) and EPi(g) — EPi(f) > 0if z € (2, w;(a)]. By con-
tinluity of Eit(g) — EG:(f) in 2, Welget E¥. Eg) — EV.(f) = 0. Defining Q, =
{weQ: v (g(w)) > v (f(w)} and Q_ = {weq: vf(f(w)) > vf (g(w))}, this
reads

D pilw) [ (9w)) = oF (f@)] = Y pilw) [ (F (W) =] (9(@))] . (9)

UJEQ+ weN_

Since v >~ w, we have z* # v;(x) for all z € X. It follows that Q, # () and Q_ # (.
Indeed, Lemma 1 implies p;(¢*) > p;(f*), hence @ # ¢*\ f* C Q, UQ_ because
v7 (a) = 2% # vy(x) for all ¥ € X. Assuming that Q. # 0 (or Q_ # 0), (9) and the

strict positivity of p; imply Q_ # 0 (or Q. # 0).
Pick w; € Q, and wy € Q2_. For any « > 0, define p$ by
pi(w) +a if w=uw,
Pi(w) =< pilw) —a if w=w,,

pi(w) otherwise.

Choose a > 0 small enough to guarantee that p$ € P. It comes from (9) that
Yowea, PFW) [0 (9(w)) = vF (f(W))] > Xpea_ PH() [0 (f(w)) — v} (9(w))] , that s,
Ef? (g)—Efg* (f) > 0. By continuity of Ef? (g)—Efg (f) in z, there exists z € [v;(a), 2¥)
such that 1 Z

By (9) = E: (f) > 0. (10)

For o > 0 small enough, (v}, p$"), represents the same preference as (v;, p;). Strate-
gyproofness therefore implies ¢ ((v7,v_;), (p%, p—i)) = ¢(v,p) = f. Since g = p(w,p) =
w((wu U—i)v (pi7p—i))7 (10) giVGS

B2 (@i, v-), (i p—0))) — XS (o0 020), (55 p0))) > 0.

a violation of strategyproofness. m
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The rest of the proof does not require variations in the belief profile. We there-
fore fix an arbitrary p € PV until the end of Appendix 2.A. The statements
of Lemmas 3 and 4 are valid for any such belief profile. For any v € Vé\f and 1 € N,
we alleviate notation by writing ¢(v) and E,, instead of ¢(v, p) and EJ:.

Given v; € V, we call a,b € X adjacent in v; if no x # a,b has utility v;(x)
between v;(a) and v;(b). We say that w; obtains by permuting the utilities of a,b in
v; if wi(a) = vi(b), w;(b) = vi(a), and w;(x) = vi(x) for x # a,b.

Our next lemma states that permuting the utilities of adjacent outcomes does not
change the events where the remaining outcomes are selected.

Lemma 3. Permutation Invariance
Letv € Vév, it € N, and let a,b € X be adjacent in v;. If w; obtains by permuting the
utilities of a,b in v;, then p*(w;,v_;) = ©*(v) for all x # a,b.

Proof. Let v,1,a,b, and w; satisfy the stated assumptions and suppose without loss
of generality that v;(a) > v;(b). For each integer m > 1/(v;(a) — v;(b)), define the
valuation functions v", w" by

v'(b) = wi(a) — 1 and v]"(z) = v;(x) for x # b,

m

1
w'(a) = w;(b) — — and w"(z) = w;(x) for z # a.
m
Step 1. There exist two acts f, f € X? and an integer m* > 1/(v;(a) — v;(b)) such
that
e v_;) = f and p(w",v_;) = f for all m > m*.
For each m > 1/(vi(a) — vy(b)), write p(v™,v_;) = fn and @(w™ v_;) = fp. By
Lemma 1, p;(f) < pi(fl,1) for each m. Since p; is injective, f,, # fm+1 whenever

m

pi(f2) < pi(f2.,1)- Since the set of acts X is finite, it follows that p;(f%) = p;(f5.1)

for all m large enough. By Lemma 1 again, this means that f,, = f,,1 for all m large

enough. The same argument shows that f,, = f,,41 for all m large enough, and the
claim follows.

Step 2. f* = f for all x # a, b.

Suppose, on the contrary, that f* # ]a for some = # a,b. Define the acts g and §
by

. ab : Fab
g(w):{a if we fo, g(w):{% if we f*

f(w) otherwise, f(w) otherwise.

By construction, g # g. Since (v;, p;) defines a strict ordering over the set of acts, we
must have E,,(g) # E,,(§). Assuming without loss that £, (g) > E,,(g), we get

>= () = pulF)) wie) + () = pilF™)) wila) = 5> 0.

r#a,b

40



Recalling that v;(a) = w;(b), it follows that for all m > 1/(v;(a) — v;(b)),

Euplf) = Bup(f) = 3 (m(f") = milF)) 0 (@)
= (/") - pi(fa))w?i(a) + (i) = pi(F*)wi" (b)
+ Z (pi(f*) = pi(f*))vi(=)
r#a,b

1 .
- §5—- — ; ay : ayy.
— (i) = pi(f*))
Since 6 > 0 and limy, o0 = (pi( %) —pi(f*) = 0, it follows that E,m(f) —Ewlm(f) 0
for m sufficiently large. By Step 1, this means that Eym (p(vf", v_ )) > Eym (p(wi,v_))

for m large, contradicting strategyproofness.
Step 3. ¢*(w;,v_;) = ¢*(v) for all x # a,b.

By construction, v/*" ~ v; and w™ =~ w;. By Lemma 2 and Step 1, ¢(v) =
o™ v_) = f and p(w;, v-i) = p(w; m" w_;) = f. Combining these equalities with

7

Step 2 gives ¢*(v) = f* = fr=0 (wz, ) for all z # a, b. O

The following corollary to Lemma 3 (whose obvious proof consists in a repeated
application of Lemma 3) will be used in the proof of Lemma 4 below.

Corollary to Lemma 3. Let v € Vé\], I C N, and suppose a,b € X are adjacent in
v; for each i € I. If w; obtains by permuting the utilities of a,b in v; for each i € I,
then @™ (wr,v_;) = ¢*(v) for all x # a,b.

Some more notation and terminology is needed at this point. For any v € V¥,
define T'(v) = {7(v;) : i € N} and t(v) = |T(v)|. Thus, ¢(v) is the number of

distinct top outcomes in the valuation profile v. For a = (ay,...,a,) € X%, define
X(a) = {a; : i € N} and let k(a ) | X (a)|. Thus, k(a) is the number of distinct
coordinates of a. Finally, let V)V(a) = {v € VY : (7(v1),...,7(va)) = a}, the set of

(p-compatible) valuation proﬁles generatlng a proﬁle of top outcomes equal to a.

Our next lemma establishes that, given p, (i) the act selected at any valuation
profile must select top outcomes in all states of nature (the tops property) and (ii) the
acts selected at two valuation profiles generating identical profiles of top outcomes
must coincide (the tops-only property).

Lemma 4. Tops and Tops Only
For alla € XV,

there exists f € X(a)? such that p(v) = [ for all v € VY (a). (11)
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Proof. The proof is by induction on k(a).
Step 1. Assertion (11) holds for all a € X such that k(a) =

If k(a) = 1, there exists a € X such that a = (a,...,a) and Unanimity implies
p(v;w) = a for all w € Q and all v € VY (a).

Step 2. Let x > 1 and make the induction hypothesis 71 that assertion (11) holds
for all a € X" such that k(a) < x — 1. We prove that assertion (11) holds for all
a € X such that k(a) =

Fix a € X" such that k(a) = k. Since k > 1, assume without loss of generality
that a; # ay. For each v € V)V(a), define r;(v;) = {z € X : 1 > v;(x) > vi(a1)}| for

all 7 € N and let
r(v) = Zrz(vl)
iEN
This number may be interpreted as the aggregate rank of outcome a; in v. By
definition, r(v) = 0 if ay is ranked first or second by every agent i at profile v. Let
7 =max {r(v) :veVN(a)}. For p=0,1,..,7, let

VN (a,p) = {veV)V(a): r(v) <p}.

Choose an arbitrary valuation profile v° € V)Y (a,0). By definition of V,'(a,0), it
holds that (7(v?),...,7(v?)) = a and r(v°) = 0, that is, a, is ranked first or second by

n
every agent at v°. Let

p(") = f.
Since a = (ay, ..., ay) is fixed, define Ny = {j € N 1 aj = a;}, forallk =1,...,n
Step 2.1. f € X(a)®.
For each j € Nj, recall that j ranks a; second (since v° € V¥ (a,0)) and construct
w) by permuting the utilities of a1, as in ). Let g = p(w};,, v N2) By the Corollary
to Lemma 3,
g* = f* for all x # ay, as. (12)
By construction, T(w},,v° y,) = X(a) \ az. Therefore t(w},,v° y,) = £ — 1 and the
induction hypothesis H1 implies that g € T(w%,,v%y, )% = [X(a) \ az]”. Together
with (12), this implies that f € X (a)®.
Step 2.2. ¢(v) = f for all v € V¥ (a).
The proof is by induction on r(v).
Step 2.2.1. (v) = f for all v € V}'(a,0).

Let v € Vlﬁv (a,0). Because of Lemma 2, we may assume without loss of generality
that v(X) = v°(X). Hence there exist v!,...,v" = v and, for each t € {0,....t — 1},
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an agent ¢ and two outcomes a,b which are adjacent in v!, distinct from ay,a;, and

such that (i) v/*! obtains by permuting the utilities of a,b in v} and (ii) v'*!

Since X is finite, there is no loss of generality in assuming that this sequence is of
length ¢ = 1, i.e., that v; directly obtains by permuting the utilities of a,b in v?. Also
without loss, suppose v9(a) > v)(b).

Let ¢(v) = h. By Lemma 3,
h® = f* for x # a,b. (13)
Suppose, by contradiction, that h # f. By Lemma 1,
pi(h®) <pi(f). (14)

Since f € X(a)® (by Step 2.1), inequality (14) implies a € X(a). Since a # ay, a;,
there exists k # 1,4 such that a = aj. Now, (14) implies py(h®) # pp(f*) and (13)
implies pi(h™) = pr(f*), hence

pr(h™) # pe(f*F). (15)

For each j € N, = {j € N : a; = a3}, a;, and a; are respectively ranked first and

second in v. Construct the subprofile w}, by permuting the utilities of a;,a; in v}

for every j € Ni. By definition of N, we have T(wQ, 0%y ) = T(wl, ,vs,v% 5, ;) =
T(v°) \ ag. Since |T'(v°) \ ax| = k — 1, the induction hypothesis H1 implies

0 0

p(wy,, v7y,

For all x # ay,a; we obtain f* = ¢*(v°) = @"(w} , 10y, ) = @* (W, vi, 00N, 5) =

©”(v;,0°,) = p*(v) = h*, where the second and fourth equalities hold by the Corollary
to Lemma 3 and the third equality holds by (16). It follows that f®% = h*1,

contradicting (15).

Step 2.2.2. Let p > 0 and make the induction hypothesis H2 that p(v) = f for all
veV)Y(a,p—1). We show that (v) = f for all v € V¥ (a, p).

Let v € V;)V (a, p) and, to avoid triviality, assume r(v) = p. Suppose, by contradic-
tion, that p(v) = h # f. By definition of r(v), there exists an agent k € N such that
rk(vg) > 1. Let thus b # aq, ax be such that aq, b are adjacent in vy, and vg(b) > vi(ay).
Define wy, by permuting the utilities of aj,b in vg. Since (wy, v_g) € Vév(a, p—1), the
induction hypothesis H2 implies p(wy, v_g) = f.

By Lemma 3,

h* = f* for all  # ay,b. (17)

By Lemma 1, pp(h™) < pr(f®). Hence, h® # f and since (17) implies h* = f%,
halak 7£ falak' (].8)
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For each j € Ny = {j € N :a; = a1}, pick w; € V,, such that wj(a;) = 1 >
wj(ag) > w;(x) for all z # ay, ax. Observe that r(wy, , Wk, v_N,uk) = T(UN,, Wk, V=N, UK)
= r(wy,v_x) = p — 1. By the induction hypothesis H2,

p(wn,, Wy, v-nyuk) = f. (19)

Combining this equality with Lemma 3,

(px(le,U_Nl) = @I(wNUUka U—N1Uk) - fw for all = 7é ag, b. (20)

Comparing (20) and (17), we note that ¢(wy,,v_n,) and ¢(v) = h can only differ
on those states where the outcome is a; or b. Since (wy,,v_n, ) and v induce the same
relative ranking of a; and b for all agents, strategyproofness requires

¢(wN17U—N1) - QO(U) = h. (21>

For each j € Ny, define now u; € V,, by permuting the utilities of the two
adjacent outcomes a1, a; in w;. By Lemma 3 and (19), ¢*(un,, w,, v_n,ux) = f* for
all z # ay,a;. By Lemma 3 and (21), o*(un,,v_n,) = h* for all x # a4, a;. Hence,

aia

‘;Oalak (uN17wk," U—N1Uk?) = f and Soalak (U'va U—N1) = halak' (22)

But T(un,,w,,v_n,uk) = T(un,,v_n,) = X(a) \ a,. Since |X(a) \ a;| = x — 1, the
induction hypothesis H1 implies ¢(un,, w,, v—nuk) = @(un,, v—_n, ). Combining this
equality with (22) gives f®% = h*%  contradicting (18). O

Conclusion of the proof of the Top Selection lemma

Now that we have established the tops and tops only properties of Lemma 4, we
abuse notation and write (1, ..., z,,) to refer to the act ¢(v, p) chosen at any profile
v E VZ])V where 7(v;) = x;, for all i = 1,...,n. We are now ready to construct s(p),
the assignment of states to agents at the belief profile p. Since p is fixed, we write s
instead of s(p). For any distinct a,b € X, define

5% = ¢%a,b,....b),

that is, s is the set of states of nature where the social act yields outcome a when
ab

agent 1’s top is a and every other agent’s top is b. Define s
every agent i € N; and write s® = (s, ..., s%).

Step 1. For all a,b,¢c,d € X, we have (i) 5% = s® if b # a,c and (ii) s = 5% if
a#b,d.

in a similar way for

44



To prove statement (i), fix a,b,¢ € X such that b # a,c. The case a = ¢ being
trivial, assume a # c. By Lemma 3 and the tops only property, ¢’(a,b,...,b) =
©’(c,b,...,b). By the tops property, ©®(a,b,...,b) = Q = ¢®(c,b,...,b). Hence,
©*(a,b,...,b) = ©°(c,b,...,b), that is, s¢® = s$*. A similar argument gives s = s
for all i € N, proving (i).

To prove statement (ii), apply Lemma 3 repeatedly to get s = ©%(a, b, b, ..., b) =
©*(a,d,b,...,b) = p*a,d,d,....b) = ... = ¢*(a,d,d,...,d) = s Likewise, s? =
s for every i € N, proving (ii).

Step 1 means that s* is in fact independent of the choice of @ and b. For any
agent ¢, we may therefore define i’s share of the state space s; at p to be the event in
which 7’s top is selected at any profile v where that top is different from the common

top of all other agents:
s; = 5% for any a,b € X such that a # b.

To complete the proof of the Top Selection lemma, it remains to show that (i) s is a
well-defined assignment (i.e., s € §) and (ii) at every valuation profile, every agent’s
top is selected in any state that is assigned to her (i.e., for all v € V]ﬂv and 7 € N,
weE s = pvw) =T7(1;)).

Step 2. ¢%(z1,...,%j1,¢,Tjt1,...,2,) = ; forall j € N, c € X, and zy,...,2,_1,
Tjg1,. .., € X\ {c}.

Without loss of generality, suppose j = 1. Fix ¢ € X and z»,...,x, # ¢. By
)

repeated application of Lemma 3, ¢°(c, xa,x3,...,x,) = ©°(c, T2, To, ..., T,

(106<Ca X2, X2y 7372) = S51.

Step 3. s;Ns; = 0 for all distinct i,j € N.

Without loss of generality, we prove that s; Nsy; = (). Pick distinct a,b,c €
X and consider the top profile (a,b,c,...,c). By Step 2, ¢%(a,b,c,...,c) = s
and °(a,b,c,...,c) = so. The claim then follows because a # b implies that
©*(a,b,c,...,c)N¢b(a,b,c, ... c)=0.

Step 4. ¢*(z1,...,2,) = |J s;foralla€ X and (zy,...,2,) € XV,
iEN:z;=a
If x1,..., 2, # a, the tops property implies p*(x1,. .., 2,) = 0 and the result holds
trivially (with the convention that U;cgs; = 0).
If ; = a for some i € N, let us assume without loss of generality that {i € N :

ri=a} ={1,...,7} with 1 < j <n. We must prove that

ola, ... 0, Tjp1,. .., Ty) = Usi.

=1
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We start by proving this claim when z;1; = ... = 2, = b # a. By Step 1,
s1 = ¢*(a,b,...,b), which is the desired result when j = 1. Suppose now that

j €12,...,n} and assume by induction that

~—

Ty

j—1
o (a,...,a, b ,b,...,b):USi. (23)
i=1

Choose ¢ # a,b. Changing agent j’s top from b to ¢, (23) and Lemma 3 give

j—1
©*(a,...,a,_c ,b,...,b)zUs,-. (24)
Zj =1
Changing now agent j’s top from c to a, Lemma 3 gives ¢%(a,...,a,a,b,...,b) =

©(a,...,a,¢c,b...,b). Combining this result with the tops property and the identity
UxeX‘Px = Q, we get

= ca,6b.00 b) Us;

“(a,.
j—1

= U Si) U Sj
i=1

J
= Uss
i=1

where the second equality stems from Step 2 and the third from (24).

It is now easy to generalize this result to an arbitrary collection xji1,...,2, €
X \ {a}. By repeated application of Lemma 3, ¢%(a,...,a, Tj41,Tj42,...,Ty) =
Oy ., QT Tty s Tn) = PN(Ay A, T, Ty, ., Tie1) = Uy S;, complet-
ing the proof of Step 4.

Step 4 implies that for all v € Vév, 1€ N, and w €
wes = we e (r(v))
—  p(v;w) = 7(v),
as asserted in the Top Selection lemma. To complete the proof, it only remains to be
shown that s is a bona fide assignment.
Step 5. s € S.

In view of Step 3, we only need to argue that U} ;s; = . Indeed, note from
Step 4 that ¢%(a,...,a) = U s;. Hence U ;s; = ¢%(a,...,a) = Q, where the last
equality holds by unanimity.
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The steps above prove that s is an assignment rule generating ¢. It is obvious
that any other assignment rule generates a SCF different from ¢. The proof of the
Top Selection lemma is therefore complete. 0

We now turn to the proof of Theorem 1. It is easy to check that every locally
bilateral top selection ¢ is strategyproof and unanimous. Conversely, fix a strate-
gyproof and unanimous SCF ¢. By the Top Selection lemma, ¢ is generated by an
assignment rule s. It remains to prove that s is locally bilateral, i.e., is the union of
a collection of constant, bilaterally dictatorial, or bilaterally consensual sub-rules.

Appendix 2.B: The Local Bilaterality Lemma

In the current section, we show that s satisfies a strong incentive-compatibility prop-
erty —dubbed super-strategyproofness— and we use this property to characterize the
local behavior of s. It turns out that this behavior is bilateral: an elementary change
in an agent’s belief may only affect her own share and that of one other agent.

Call s strategyproof if pi(si(p)) > pi(si(pl,p_;)) for alli € N, p € PV, and p; € P:
no agent can increase the likelihood of the event assigned to her by misrepresenting
her belief.

For any assignment A = (Ay,...,4,) € S and any M C N, write Ay = Ujenr4;.
Denote strict inclusion by the symbol C . Call s super-strategyproof if p;(sy(p)) >
pi(sa(pl,p_s)) for all 4, M such that i € M C N, all p € PV, and all p, € P: by
misrepresenting her belief, an agent can never increase the likelihood of the event
assigned to any subset of agents to which she belongs.

For any w € Q and p € PV, it will be convenient to let a,(p) denote the agent to
whom s assigns w at the belief profile p, that is,

a,(p) =1 < w € si(p). (25)

We call the condition U;ens;(p) = €2 the feasibility constraint.
Super-strategyproofness Lemma. The assignment rule s is super-strateqyproof.

Proof. Suppose, by way of contradiction, that there exist ¢, M such that i € M C N,
p € PN, and p; € P such that p;(sa(p,p—i)) > pi(sm(p)). Choose v € VY such that
(v,p), (v, (pi,p—i)) € DV and v;(7(v;)) = 1 for all j € M and vi(7(v;)) = 0 for all
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j € N\ M. Then,
Y @il (0 p-)iw) = > pilw)iT (Vautp )
we weN
Z pi(w)

weaw (p},p—i)EM
pi<5M (p;a p*i))
> pi(sm(p))

= Z pi(w)

wEN:ayw(p)eM

> pi(@)oi(T(Vau )

weN

- sz Up: )):

weN

contradicting the assumption that ¢ is strategyproof. U

An immediate consequence of the Super-strategyproofness lemma which will prove
crucial in the remainder of the proof is that the assignment rule s must satisfy the
well-known property of non-bossiness: for all i € N, p € PV, and p, € P, we have
si(p) = si(pl,p—i) = s(p) = s(p},p—;). In other words, non-bossiness says that no
agent can affect another agent’s share without affecting her own.

Non-Bossiness Corollary. The assignment rule s is non-bossy.

Proof. Given the Super-strategyproofness lemma, it suffices to show that s is non-
bossy. S uppose, by way of contradiction, that there exist ¢, 7 € N, p € PV and p, € P
such that s;(p) = s;(p}, p—i) and s;(p) # s;(p}, p—:i). By super-strategyproofness ap-
plied to M = {i,j} and because p; is injective, p;(s;;(p)) > pi(si;j(p;, p—i)), hence
pi(sj(p)) > pi(s;(p;, p—;)). Since such a strict inequality holds for every j such that
SJ'(p) # 8](]?,-, 72)7 we have 1 = ZjeNpi(sj( )) > ZjeNpi(SJ'(pi?pfi)) =1, a contra-
diction. OJ

We are now ready to characterize the local behavior of the assignment rule s.
Define H = {{A,B}:0# A,BC Qand AN B =}, the set of pairs of disjoint
nonempty events. Two beliefs p;, ¢; € P will be called {A, B}-adjacent if

(pi(A) — pi(B))(¢i(A) — @:(B)) < 0and
(pi(C) = pi(D)(@(C) — @:(D)) > 0forany {C,D} € H\{{A B}}.
If p;, g; are { A, B}-adjacent for some {A, B} € H, we say that they are adjacent and

we write p;Jq;. By definition, two beliefs are adjacent if the likelihood orderings they
generate differ on a single pair of disjoint nonempty events.
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pi(wr) =1

pi(wsz) =1 pi(w2) = pi(ws) pi(ws) =1

Figure 1: Beliefs, likelihood orderings, and adjacency

The adjacency relation .J is obviously a symmetric binary relation. If p;, ¢; € P* C
P, a J-path between p; and g; in P’ is a finite sequence p; = (pt)L_, such that p} = p;,
pl =q, piJpittfort=1,..,T—1,and pt € P’ fort = 1,...,T. We call P’ connected
if such a J-path exists between any two beliefs in P’. The set P is connected.

Adjacency is an ordinal property. Every belief p; € P generates a likelihood
ordering R(p;) over events defined by A R(p;) B < pi(A) > pi(B) : event A is more
likely than B according to p;. If R(p;) = R(q;), we call the two beliefs p;, ¢; ordinally
equivalent and write p; ~ ¢;. We abuse this notation and, for any profiles p,q € P,
we write p ~ ¢ if p; = ¢; for all i € N. If p;,¢q; are adjacent and p; is ordinally
equivalent to p;, then p., ¢; are adjacent.

Example 1. Let Q = {wy,ws, w3} and consider the simplex A depicted in Figure 1.
Every point in A implicitly defines a measure p; € P, where P denotes the closure
of P in |0, 1]29. Every line segment corresponds to (the intersection with A of) the
hyperplane p;(A) = p;(B) generated by some pair of disjoint events { A, B} € H. Each
connected component of the complement of (the union of ) these line segments defines
a region of ordinally equivalent beliefs: the shaded area is an example. Two beliefs
are adjacent if they lie on the same side of all but one hyperplane. For instance, the
beliefs p}, p?, which lie on the same side of all hyperplanes except p;({w2}) = p;({ws}),
are {{ws} ,{ws}}-adjacent. These beliefs generate the likelihood relations
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R(p;) = {wi,wa,ws}, {wr,wa}, {wr,ws}, {wa,wa}, {wn}, {wa} {ws},
R(p?) = {w17w2’w3}v{wlﬂw3}v{UJl’WZ}v{w2ﬂw3}v{w1}v{w3}v{w2}’

where events are listed in decreasing order of likelihood. Note that R(p}) and R(p?)
disagree not only on {ws},{ws} but, as a consequence, also on {wy,ws}, {wy,ws}: this
does not contradict the definition of adjacency because {wi,ws}, {wy,ws} intersect.

Because it is strategyproof, the assignment rule s must be ordinal in the sense
that s(p) = s(q) whenever p ~ ¢: the assignment of states to agents cannot change
as long as the likelihood relations associated with their beliefs remain the same. Our
next result describes how the assignment of states changes when an agent’s report
switches between two adjacent beliefs.

Local Bilaterality Lemma. Let {A, B} € H and let i € N, p € PN p, € P
be such that p;,p; are {A, B}-adjacent and p;(A) > p;(B). Then, either (i) s(p) =
s(pi,p_i) or (ii) there exists j € N \ i such that

si(p) \ si(pi,p—i) = A = s;(pi,p—i) \ 55(p),
si(p,p-i) \ si(p) = B = s5;(p) \ s;(p};p—i),
se(p) = si(pl,p_y) forall k€ N\ {i,j}.

This is a complete description of the local behavior of s. By reporting a belief
adjacent to her own, an agent ¢ can only change the event that is assigned to her
and one other agent j. Moreover, if the assignment is indeed modified, ¢ and j
must precisely exchange the disjoint events that have been switched in i’s likelihood
ordering.

Proof. Let {A,B} € H and let i € N, p € PN, p. € P be such that p;,p, are
{A, B}-adjacent and p;(A) > p;(B).

Step 1. We show that for all M C N such that i € M, either (i) sa(p) = sar(p}, p—i)
or (i) su(p) \ sm (P, p—i) = A and sp(pi, p-i) \ sm(p) = B.

To see this, suppose (i) fails. Define Ay = sy (p) \ su(pi,p—i) and By =
sy (Pl p—i) \ sam(p). These sets are disjoint and super-strategyproofness of s implies
that both are nonempty; hence, they belong to H. Suppose, by way of contradiction,
that Ay # A or By # B. Since p;, p) are { A, B}-adjacent, their associated likelihood
orderings must agree on the ranking of Ay, By : either (a) p;(Ay) > pi(By) and
Pi(An) > pi(Bu), or (b) pi(An) < pi(Bu) and pi(An) < pi(Bu). If (a) holds, then
Pi(sm(p)) > pi(sam(ph, p—i)) whereas if (b) holds, then p;(sy(pi, p—i)) > pi(sam(p)).
Each of these two inequalities contradicts super-strategyproofness.

Step 2. Applying Step 1 with M = {i}, either (i) s;(p) = s;(p}, p—:) or (ii) s;(p) \
si(piyp—i) = A and s,(pj, p—i) \ si(p) = B.
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If (i) holds, non-bossiness of s implies s(p) = s(p}, p_;), and we are done.

If (ii) holds, let j € N \ i. Applying Step 1 with M = {i,j} = ij, we have either
(a) sij(p) = 5ij (P} p—i) or (b) 5i;(p) \ s3(p}, p-i) = A and si5(pj, p—i) \ si5(p) = B. If
(a) holds, then (ii) implies

sj(pi, p-i) \ 5;(p) = A and s(p) \ 5(pi, p—:) = B (26)

whereas if (b) holds, (ii) implies

si(p) = 5(pi; i) (27)
By feasibility, (26) can hold for at most one agent j € N \ i. Because of (ii), it

must hold for exactly one such agent. Since (27) holds for every other agent j € N\ i,
the proof is complete. O

Appendix 2.C: The Bilateral Consensus Lemma

This appendix and the next show how the local structure of the super-strategyproof
rule s determines its global structure. Let €2, (21,25 denote the sets of states whose
assignment is either constant, varies with the belief of a single agent, or with the
beliefs of at least two agents. Using the definition of a,, in (25), we thus have:

(i) we Q& a, is constant on PV;

(ii) w € Q; < [there exist i € N, p € PV, and p} € P such that ay,(p) # a,(p}, p-i)]
and [aw(.,p,j) is constant on P for all j # i and p_; € PN\j];

(iii) w € Qy & there exist distinct agents i, 5 € N, p,q € PV, and p, q; € P such
that a,(p) # a.(p}, p-:i) and a,(q) # %(q}a q-j)-

By definition, {Qg, 1,2} is a partition of . This is because the definition in (iii)
allows the assignment of states in {25 to vary with the beliefs of more than two agents.
Note also that the set of agents to whom a state in {2y may potentially be assigned is
a priori unrestricted.

The current appendix focuses exclusively on the states in €2y; the assignment of
states in €y will be discussed in Appendix 2.D. We show here that each state in €2y
may only be assigned to two distinct agents, and its assignment must be based on
the beliefs of these two agents only. More specifically, states in €2y must be assigned
through bilateral consensus:

Bilateral Consensus Lemma. For every w € )y there exists a unique event
E“ C Qqy containing w, and there exists a bilaterally consensual E“-assignment rule
s“ such that

si(p) N EY = s7(p | E)
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for all pe PN and i € N.

Note that the Bilateral Consensus lemma fully determines the behavior of s on
Qy. For any two states w,w’ € s, since there exist a bilaterally consensual E“-rule
s and a bilaterally consensual E“-rule s such that s;(p) N E¥ = s*(p | E¥) and
si(p)NEY = s (p| B for alli € N, we must have either (i) E¥ = E* and s* = s’
or (ii) E¥ N E* = (). This delivers at once the following corollary:

Bilateral Consensus Corollary. There exists a partition {W}tTi1 of Qo and, for
each t =1,..., Ty, a bilaterally consensual Q'-assignment rule s* such that

si(p) N Qy = U2, sk(p | )
for all pe PN and i € N.

Before diving into the long proof of the Bilateral Consensus lemma, let us sketch
the main lines of the argument. Since we want to prove that the super-strategyproof
rule s coincides on {2y with a locally bilateral assignment rule of the form s(p) =
UL st (p | QF), it is worth examining the behavior of such a rule in more detail. Fix a
cell Q' on which the sub-rule s’ is bilaterally consensual —say, {1, 2}-consensual with
default B C Q. Defining A = Q' \ B, we have®

S(p)ﬂQt— (AaB7®7'~-7®) 1fp1(A> >p1(B) and pQ(A) <p2(B),
(B,A,0,....0)  otherwise.

The point we want to make is that s(.) N Q" varies differently with p;, py across
different regions of PV. Let us say that {A, B} cuts Q; C P if Q; contains beliefs p;, ¢;
that disagree on A, B in the sense that p;(A) > p;(B) but ¢;(A) < ¢;(B). Consider
now a region X;enQ; C P of belief profiles.

(a) If {A, B} cuts both Q; and Q,, the assignment of A, B between 1 and 2 varies
with both of their beliefs on x;cyQ; and we call the rule actively {1,2}-consensual
with respect to {A, B} on XenQ;.

(b) If {A, B} cuts Q; but not Qy, then either (i) p2(A) < pa(B) for all p; € Qs or (ii)
p2(A) > po(B) for all ps € Qq. If (i) holds, then for all p € X;cnyQ; we have

T

(B,A,0D,....0)  otherwise,

and we say that s is passively (1,2)-consensual with respect to {A, B} on X;enQ; :
although the assignment of A, B between 1 and 2 is in fact consensual, it varies only

3We slightly abuse notation and write s(p) N Q! for (s1(p) N N, ..., 5, (p) NQY).
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with p; on the considered region. If (ii) holds, then s(p) N Qf = (B, A, 0, ..., 0) for all
P € XienQ; and we say that the rule s is constant on X;enQ; with respect to {A, B} .

(c) If {A, B} cuts Qs but not Qy, then s may be either passively (2, 1)-consensual
with respect to {A, B} or constant on X;enQ;.

(d) Finally, if {A, B} cuts neither Q; nor Qs, then s is again constant with respect
to {A,B} on XiENQi-

With the above comments in mind, let us now describe the structure of the proof
of the Bilateral Consensus lemma. We are given the super-strategyproof assignment
rule s. We fix w € )y, a state whose assignment varies with the beliefs of at least two
agents. For simplicity, we write € instead of Q\ & and P instead of P(€2). We must
show that there exists an event E¥ C Q, and a bilaterally consensual E‘T’—assignment
rule s® such that s;(p) N E¥ = s¥(p | E®) for all p € PN and i € N.

The strategy of the proof is to first partition P into a number of regions over
which we will be able to pin down how the assignment of w varies with the belief
profile p, and then patch the pieces together. For any profile © € pN , define P(m;) =

{PiGPipHﬁ %m} and let
PN(W) = XiGNP(ﬂ'i)-

This is the region of belief profiles generating the same profile of likelihood orderings
as 7 on the subsets of (2.

Throughout Appendix 2.C.1, the profile 7 is fixed. The main result in that ap-
pendix is Lemma 7. It asserts that there exist two disjoint events A, B, whose union
contains w, such that s(-) N (A U B) coincides with an {i, j}-consensual (A U B)-
assignment rule on the region P (7). We stress that this lemma determines how not
only w but all the states in the entire event AU B are assigned when the belief profile
belongs to the region PV (7). Of course, as explained earlier, the detailed behavior of
s on AU B depends on whether {A, B} cuts one, both, or neither of P(m;), P(n;).
In particular, the rule s need not be actively (i, j)-consensual with respect to {A, B}
on PY(m).

Lemma 7 is a “regional” result: it holds for a given profile m of beliefs over Q.
More importantly, it does not guarantee that the sets A, B or the agents i,j are
independent of the profile m. The rest of Appendix 2.C shows that they are. The
proof is “by contagion”. The argument itself is presented in Appendix 2.C.4 but rests
on a number of lemmas that we prove in Appendices 2.C.2 and 2.C.3.

Appendix 2.C.2 contains two types of local contagion results. We first prove
an independence result asserting that if s is actively (7, j)-consensual with respect
to {A, B} on P¥(x), this must also be true on any region P (o, 7_4) such that
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or is adjacent to 7, and k differs from 4, j. This result is complemented by two
contagion lemmas describing how the assignment of A, B on the regions P (7}, 7_;)
and PN (7}, 7_;) is linked to the assignment of A, B on P"(7) when m} is adjacent to ;
and 7} is adjacent to ;. We show, for instance, that if s is actively (4, j)-consensual
with respect to {A, B} on P¥(r), it is actively or passively (i,7)-consensual with
respect to {A, B} on the adjacent region P (n}, 7_;). But we cannot guarantee (and
it is indeed not the case) that s is actively (i,j)-consensual on P (7!, 7_;). For that
reason, we cannot directly use these local contagion results to prove the Bilateral
Consensus lemma inductively: their contagion power fades away, so to speak, as the
gap between the regions PV (7) and PV (7') increases.

In Appendix 2.C.3, we establish more powerful contagion lemmas describing how
the assignment of A, B on the region PY(r) is linked with their assighment on non-
adjacent regions. We show that, if s is actively (i, j)-consensual with respect to
{A, B} on PN(x), its behavior on PN (!, w_;) is determined by whether {A, B} cuts
P(w;) or not. Likewise, its behavior on PV (7}, 7_;) is determined by whether {4, B}
cuts P(W;) or not.

Appendix 2.C.4 patches the pieces together. In an initialization step, we prove
that there exists a profile m € P such that s is actively (7, j)-consensual with respect
to {A, B} on P¥ (7). Using the contagion results of Appendices 2.C.2 and 2.C.3 and
the connectedness of the set of all beliefs on Q, we show that s is an {7, j}-consensual
(A U B)-assignment rule on the whole domain PY. The claim follows by setting
EY=AUB.

Appendix 2.C.1: “Regional” Results

Throughout Appendices 2.C.1, 2.C.2 and 2.C.3, we fix a profile 7 € PN
For any i € N, we define

P(?Ti)Z{p,-EP:piHNZ %m}.

This is the set of beliefs on (2 generating on Q a likelihood ordering that coincides with
that generated by m;. We write PV (1) = xpenP () and PVVi(7_)= X gt P ().

The main result of Appendix 2.C.1, Lemma 7, describes the behavior of the as-
signment rule s on PY (). To prove Lemma 7, we begin by fixing an agent ¢ and a
profile p_; €PNVi(7_;) : lemmas 5 and 6 describe the behavior of the function s;(., p_;)
on P(m;).

Define the relation J on P(7;) by

piJq; < pi, q; are {A, B} -adjacent for some {A, B} € H, w € A, and p;(A) > p;(B).
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This is a sub-relation of the adjacency relation .J. Contrary to J, the relation J is not
symmetric. For an illustration, see Figure 2, where w = w; and an arrow stands for J.
Observe that if two beliefs p;, q; € P(n,) are {A, B}-adjacent, then @ € AU B : this
is because the likelihood relations generated by p;, ¢; coincide on Q. Just like J, the
relation J is ordinal: if Di J qi, P; ~ p; and ¢; ~ q;, then le q;. All its maximal elements
in P(m;) are ordinally equivalent; any such maximal element p; is characterized by
the property that

pi (@) > p (Q). (28)
Likewise, all the minimal elements of J are ordinally equivalent and any such minimal
element p, is characterized by the property that

p; (CUD) < p; (D) whenever 7;(C) < m;(D).

Example 2. If Q = {1,2,3}, @ = 1, and m; is a belief on {2,3} generating the
ordering {2,3},{2},{3}, then P(m;) is the left half of the simplex on Figure 2. Any
belief on {1,2,3} generating the ordering

{1727 3} ? {17 2} ? {1’3} ? {1} ? {27 3} ) {2} ? {3}

is a mazimal element p} of J on P(m;), and any belief on {1,2,3} generating the
ordering

{1,2,3},{2,3} {1, 2}, {2}, {1, 3}, {3} , {1} .

is a minimal element p; of J on P(m;).

A complete J-path in P(m;), or simply a complete path, is a finite sequence p; =
(pz)t | such that p} is a maximal element of J (in P(m;)), p! is a minimal element,
PzthH fort=1,..,T—1,and p! € P(m;) for t =1,...,T.

The following three elementary observations will be useful.
Observation 1. For each complete J-path p; = (p!)L_, in P(m;), T =| {{A, B} € H
cweAUB}]|.

Observation 2. For each complete J-path p; in P(m;) and each t € {1,....T — 1},
there is a unique {A!, B'} € H such that p',pi™ are {A*, B'}-adjacent. Moreover,

{A, B}y £ {AY B} if t £ 1.
Observation 3. Fach belief p; € P(m;) lies on some complete j—path in P(m;) :
there exist p; and t € {1,...,T} such that p; = pt.

Observation 1 follows from the fact that any maximal and minimal elements p;", p;”
lie (i) on opposite sides of every hyperplane p;(A) = p;(B) such that w € AU B, and
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(ii) on the same side of every hyperplane p;(A) = p;(B) such that w ¢ AU B. The
proofs of observations 2 and 3 are straightforward and left to the reader.

In the following lemma, we show that, for a given agent ¢« € NV and a given profile
p_; € PNVi(7_;), the assignment map s;(-, p_;) takes at most two values on P(;).

Lemma 5. For all i € N and p_; € PN\i(r_,), either (a) s;(-,p_;) is constant on
P(m;), or (b) there exist disjoint sets A;(p—;), Bi(p—s), Ci(p—i) € Q such that & €
Ai(p-i), mi(Ai(p—i) \ @) < m(Bi(p—s)), and for all p; € P(m;),
Si(pips) = { Ai(p-i) U Cilp—i)  of pi(Ai(p-i)) > pi(Bi(p-i)),
Bi(p—;) U Ci(p—s) otherwise.

The inequality m;(A;(p—;) \ @) < m(B;(p—;)) implies that the function s;(.,p_;) in
statement (b) is not constant: the assignment actually varies with agent i’s beliefs.

Proof. Let i € N and p_; € PYV(r_;). Since p_; is fixed throughout the proof,
we omit it from our notation. It is important to keep in mind, however, that the

sets whose existence is asserted in Lemma 5 may depend on our choice of p_;. Let
T=|{{A,B} e H:we AUB}|.

Step 1. We claim that for any complete J-path p; = (p!)L, in P(m,), one of the
following statements hold:

(a) si(pi) = si(p7) = ... = si(P}),
(B) there exist disjoint sets A;(p;), Bi(pi), Ci(p;) € Q2 such that w € A;(p;), m:(Ai(p:)\
w) < m(B;(pi)), and there exists t*(p;) € {1,...,7 — 1} such that
Ai(pi) U Ci(pi if ¢t <t*(ps),
sz-<p§>—{ PGP SR (29
Bi(p:) UCi(pi)  ift > t*(pi).

To prove this claim, fix a complete J-path p; in P(m;). For each t = 1,....,T — 1,
let {A?, B} be the unique pair in H such that pt,pi™ are {A?, B*}-adjacent. By
definition of .J, & € A’ and p!(A!) > p!(B!). By the Local Bilaterality lemma, one of
the following statements holds:

(i) si(p}) = s:(Pi™),
(i) s:(pf) \ si(p;"") = A and s;(pi™) \ si(pf) = B".

If (i) holds for ¢t = 1,...,T — 1, then statement («) is true. Otherwise, let t* be the
smallest t € {1,...,T — 1} such that s;(p!) # s;(p:™). By (ii), s:(pl ) \si(pl ™) = A"".
Since @ € A", we have @ ¢ s;(p! ™). This means that statement (i) cannot hold
for any t = t* +1,...,T. Hence, s;(p!) = si(p! ™) for t = t* + 1,...,T. Defining

Ai(ps) = AV, Bi(p;) = BY', Ci(p;) = si(p}) \ AT, we obtain (29).

Step 2. Let p;” and p; be maximal and minimal elements of J in P(m;).
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If s;(p;) = si(p;), define C; = s;(p]") = s;(p; ). For any p; € P(w;) there exists
some path p; and some t € {1,...,T} such that p; = p! (Observation 3). By Step 1,
si(pi) = s:(pt) = C;, that is, statement (a) in Lemma 5 holds.

If s;(p;) # si(p; ), we know from Step 2 that statement (3) holds for every com-
plete J-path p; = (p!)Z, in P(m,;). We claim that the sets A;(p;), Bi(pi), Ci(pi) do
not change with p;. To see why, let p;, q; be two paths. If A;(p;) # Ai(q;) or Ci(p;) #
Ci(ai), then s;(p;") = si(p;) = Ai(ps) U Ci(pi) # As(ai) U Ci(ai) = sila;) = si(pf), a
contradiction. Thus A;(p;) = A;(q;) and C;(p;) = Ci(q;). Next, if B;(p;) # Bi(q:),
then s;(p; ) = si(p]) = Bi(p:) UCi(pi) = Bi(p:) UCi(a;) # Bi(a:)UCi(a) = sila] ) =
si(p; ), again a contradiction.

Let A;, B;, C; be the sets such that A;(p;) = A;, Bi(p;) = B, and C;(p;) = C; for
all complete J-paths p; in P(m;). For any p; € P(m;) there exist some path p; and
some t € {1,...,T} such that p; = pt, and, by Step 1, an integer t*(p;) € {1,...,T — 1}
such that

(30)

. it < (D
- [ AUC <),

This integer may —and typically does— change with the path p;, as Figure 2 illustrates.
If p;(A;) = pL(A;) > pi(B;) = pi(B;), then t < t*(p;): otherwise (30) would imply
si(p;) = B;UC;, hence p;(s;(p})) = pi(A;UC;) > pi( B;UC;) = pi(si(p;)), contradicting
strategyproofness. Since ¢ < t*(p;), (30) implies s;(p;) = A; U C;.
Likewise, if p;(A;) < pi(B;), then t > t*(p;) and (15) implies s;(p;) = B; U C;. We
conclude that statement (b) in Lemma 5 holds. O
We record below two immediate consequences of Lemma 5 that will be used later.

Corollary 1. For all i € N, all p;,p; € P(n;), and all p_; € PNV (7_,),
(a) @ € si(pi, p—i) N s:(Pi, p—i) = si(pis p—i) = 8i(P}, P—i),
(b) @ ¢ si(pi, p—i) U si(pi, p—i) = si(pi, p—i) = si(phs p—i)-
Given the other agents’ beliefs, i’s assignment is fully determined by whether it con-
tains w or not.
Corollary 2. For all i € N, all p_; € PNV(r_;), and all mazimal and mini-
mal elements pf,p; of J in P(m), if s(-,p_;) is not constant on P(m;), then & €
Sz<pz+7p71> \ S’L(p;7p71>

The next step consists in showing that the sets A;(p—;), Bi(p—:), Ci(p—;) in Lemma
5 do not vary with p_;.

Lemma 6. For all i € N, there exist disjoint sets A;, B;, C; C € such that w € A;,
7i(A; \ @) < mi(By), and, for all p_; € PN\(n_,), either (a) s;i(-,p_;) is constant on

27



P(m;), or (b) for all p; € P(m;),

( ) A UG if pi(A) > pi(By),
Si\Pi, P—i) =
B, UC; otherwise.

We emphasize that Lemma 6 does not assert that s;(p;, -) is constant over PVVi(7_;).

Proof. Let i € N and define the set
PMVi(r_;) = {p_i € P""(7_;) : 8:(,p—;) is not constant on P(m;)}.  (31)

Let p_;,q_; € Piv\i(ﬂ_i). By Lemma 5, there exist disjoint sets A;(p_;), Bi(p—i),
Ci(p—i) € Q such that w € A;(p_;), m(Ai(p—;) \ w) < m(Bi(p—i)), and

Ai(p-i) U Ci(p-i) it pi(Ai(p-i)) > pi(Bi(p-4)),
for all pi € P(ms). 5i(ps.ps) = (i) U Cilp—i) if pi(Ai(p—i)) > pi(Bi(p-i))
Bi(p—;) UCi(p—;) otherwise,
(32)
and there exist disjoint sets A;(q_;), Bi(q—i), Ci(q—;) C Q such that @ € A;(q_;),

mi(Ai(g-i) \ W) < mi(Bi(g-:)), and

for all p; € P(m), si(pi,q-i) = { ’;ZEZ—’; S gliz_li fti;tj\:i(si_i» S B
(33)

We must prove that A;(p-;) = Ai(g-i), Bi(p-i) = Bi(g-i), and Ci(p—;) = Ci(q-i)-

There is obviously no loss of generality in assuming that there exists some j # ¢
such that pp = g for all k € N\ {i,j}. We therefore drop the beliefs of the agents
other than i, j from our notation. Moreover, since P(7;) is connected, there is no loss
in assuming that p;, ¢; are adjacent.

Let p/, p; be maximal and minimal elements of J in P(m;). By Corollary 2,

w e sfp)\silpy ),
W € si(ph,a)\ s a)-

Since @ ¢ s;(p;,pj) U s;(p;,q;), Corollary 1 implies s;(p;,p;) = s;(pf,q;). By
non-bossiness, s;(p;, p;) = si(p;", q;). Since @ € s;(p;], p;) N si(pf, q;), it follows from
(32) and (33) that

Ai(pj) U Ci(ps) = Ailg;) U Ci(g)).
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Because p; and ¢; agree on (), the Local Bilaterality lemma implies that (i) w e
si(pi i) \ si(piq5) or (i) @ € s;(p;7 ;) \ s5(p;,p;) or (ili) si(py ,p5) = sipis 45)-
Since w ¢ s;(p; ,p;) U si(p; »q;), (iii) must hold. It follows from (32) and (33) that

Bi(p;) U Ci(p;) = Bi(g;) U Ci(g ).

Since A;(p;), Bi(p;), Ci(p;) are disjoint and A;(g;), Bi(q;), Ci(g;) are disjoint, these
equalities imply A;(p;) = Ai(q;), Bi(p;) = Bi(q;), and Ci(p;) = Ci(g;)- O

We are finally ready to describe the behavior of s on PN (7).

Terminology. We say that s varies only with agent i’s beliefs (on PY(w)) if there
exists p_; € PNM\Vi(r_;) such that s(-,p_;) is not constant on P(m;) but s(-,p_;) is
constant on P(r;) for every j # i and every p_; € PYV(n_;). We say that s varies
with the beliefs of agents i and j (on PN(xm)) if there exist p_; € PV\{(7_;) such
that s(-,p_;) is not constant on P(m;) and there exists p_; € P¥V(r_;) such that
s(-,p—;) is not constant on P(m;). We emphasize that this second definition allows s
to potentially vary with the beliefs of agents other than ¢, j as well.

We say that {A, B} € H cuts P(m;) if there exist p;, ¢; € P(m;) such that (p;(A) —
pi(B))(¢:(A) — q¢:(B)) < 0. Observe that if @ € A, then {A, B} cuts P(m;) if and only
if m(A\ @) < m(B).

Lemma 7. There exists a partition {A, B,Cy,...,Cy} of Q such that © € AU B
and

(a) if s varies only with agent 1’s beliefs on PN(w), then {A, B} cuts P(m) and
there exists an agent i € N \ 1, say agent 2, such that for all p € PN (x),

s(p) = (AUuCy, BUCGCy, Cs,..., Co)  if pi(A) > pi(B),
(BUCy, AUCy, Cs,..., C,)  otherwise,

(b) if s wvaries with the beliefs of agents 1 and 2 on PN(m), then {A, B} cuts
P(my),P(ms) and for all p € PN (7),

s(p) = (AU Cy, BUC,, Cs,..., Cy) if p1(A) > pi(B) and pa(A) < p2(B),
(BUCy, AUCy, Cs,..., Cp) otherwise.

Remark 1. (a) We stated Lemma 7 with reference to agents 1 and 2 for notational
convenience but of course the result holds, up to a relabeling, for any pair of agents.

(b) Statement (b) does not assume that the assignment is independent of the be-
liefs of agents 3,...,n. Rather, it is a corollary to Lemma 7 that, on PN (x), (i) the
assignment may vary with the beliefs of at most two agents and (ii) only the events
assigned to two agents may change.
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Proof.
Step 1. Suppose first that s varies only with agent 1’s beliefs on P (7).

Recall the definition of P, \1(7r_1) in (31). By Lemma 6, there exist disjoint sets
Ay, By, Cy such that for all p; € P(m) and all p_; € nyv\l(ﬁ_l),

AuC it pi(A) > pi(By),
B,UC, otherwise.

51(]01,]071) = {

Moreover, w € Ay and 7 (A4; \ @) < m(By(7)), implying that {A;, By} cuts P(my).

Since s does not vary with the beliefs of agents 2,...,n, the above expression
must, in fact, hold for all (p1,p_;) € P¥(x). Statement (a) now follows from the
Local Bilaterality lemma and non-bossiness.

Step 2. Suppose next that s varies with the beliefs of agents 1 and 2 on P (7).

Since P(my), P(m2) are connected, there are adjacent beliefs py, pj € P(m), adja-
cent beliefs py, pl, € P(m2), and sub-profiles p_; € PV (7_1), q_o € PNV\?(7_,) such
that

s(plap—l) :a#alzs(plhp—l)v (34)
5(q2,q-2) = B # B = s(q3, q-2). (35)

Sub-step 2.1. We show that the assignment varies locally with two agents’ beliefs:
there exist two agents 7,5 € N, two adjacent beliefs p;,p; € P(m), two adjacent
beliefs p;, p; € P(n;), and a sub-profile p_;; € PN\ () such that s(p}, p;,p_ij) #
s(pis pjs P—ij) 7 S(Di, D, D—ij)-
Suppose not. Then (34) implies
S(Plyp}mfu) =a#d = 3(]9/1;293-717713‘)

for all j # 1 and all p}; adjacent to p;. Since P(m;) is connected, it follows that

s(pr,ply) = a# o' = s(py,p’y) (36)

for all p’, € PM\Y(7r_y).
By the same token, (35) implies

s(q2,4%5) = a # o' = s(g5,4"5) (37)

for all ¢’ , € PM\2(7r_y).
Statement (36) implies s(p1, g2, p—12) = s(p1, G5, p—12) and statement (37) implies
$(P1: @2, P-12) # $(P1, G5, P-12), a contradiction.
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Sub-step 2.2. We show that there exist disjoint sets A, B,CY,...,C,, such that
A/B#0,we AUB, and, for all k # 1, j,

(8is85, 8k)(Dis 0y P—ij) = (AU C;, BUC;, Cy),

38
(56,5558 (P Dy is) = (56,55, 58) o piapis) = (BUCh, AUG, Gy D)

Since p_;; is fixed, let us drop it from the notation. By Sub-step 2.1 and Lemma
6, there exist disjoint sets A;, B;, C; and disjoint sets A;, B;, C; such that w € A;NA;,
B;,B; # 0, and

1si(pi,p;) = A UGy, si(ph,p;) = BiUCy] or [si(pi,p;) = BiUCy, si(pi,p;) = AU
and

[5;(pirp;) = A; UCy, s5(ps ) = By UC;] or [s;(pi,p;) = By UG, s;(pi,p) = A; UC] .

Since w € A;NA; and s;(p;, pj) N s;(pi, p;) = 0, we need only consider three cases.
Case 1. (1) Sz(pz,p]) = Az UCZ, (11) 31(]9;7}7]) = Bz UCZ, (111) S]<pz,p]) = B] UCJ7 (IV)
sj(pi, ;) = A; UCj.

Define A = A;, B = B;, C, = s(pi,p;) for k # i,j. By the Local Bilaterality
lemma, (i), (iii), and (iv) imply A; = A, B; = B, si(p;, pj) = BUC;, and si(p;, pj) =
Cy, for k #£1, 5.

Next, since s;(pi,pj) = AU C;, si(p;,pj) = BUC;, and s;(p;,p;) = B UCj, the
Local Bilaterality lemma implies s;(p}, p;) = AU C; and si(p}, p;) = Cy for k # 1, j,
establishing (38).

Case 2. (i) si(pi,p;) = BiUC;, (i) si(pj, pj) = AU C;, (iii) s;(pi, pj) = A; UC;, (iv)
sj(pi, ;) = B U Cj.

Define A = B;, B = A;, Cy, = sg(pi,p;) for k # 1, j. Statement (38) follows by the
same argument as in Case 1, mutatis mutandis.

Case 3. (1) Si(p'i7pj) = Bl UC,L, (11) S,L(p;,pj> = Al U Ci, (111) Sj(piypj) = B]' UCJ', (1V)
Sj<p“p;) = Aj U Cj.

This case is impossible. To see why, note first that (i), (ii), (iii), and the Local
Bilaterality lemma imply s;(p},p;) = B; U C; whereas (i), (iii), (iv) and the Local
Bilaterality lemma imply s;(p;, pj) = B; U C;.

Since (Si, Sj)(p;,pj) = (Az U Ci7 Bj U C]) and (Si, Sj)(pl,p;) = (Bz U CZ',A]' U Cj),
Lemma 3 implies that one of the following statements holds:

(Si,Sj)(PQaP}) = (AiUCi’ BjUCj)’
(si,85)(Pi0;) = (BiUC;, A;UC).
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In either case, the Local Bilaterality lemma requires A; = A; and B; = B;. The latter
equality implies that s;(p;, p;) N s;(pi, p;) # 0, violating feasibility.

Sub-step 2.3. Assume from now on that @ belongs to the set A in (38). The case
where w belongs to B is identical up to a permutation of agents ¢ and j. We show
that for all (¢;,q;) € P(m) x P(m;) and all k #, 7,

(85 85, 56) (65> €5, P—i5) = (AUC, BUC), Cy) if 6i(4) > ai(B) and ¢;(4) < ¢;(B),
o e (BUC;, AuCj, Cy) otherwise.

(39)

Since p_;; is fixed, let us drop it again from the notation. By Sub-step 2.2 and
Lemma 6, p;(A) > p;(B) and p;(A) < p;(B), and it follows that (39) holds for the
case where ¢; = p; or ¢; = p;.

Next, for any ¢; such that ¢;(A) < ¢;(B), the fact that s;(¢;,p;) = AU C; implies
that s;(g;,.) is constant, hence, by non-bossiness, (s;, s;, sx)(¢i, ¢;) = (BUC;, AUC],
Ch).

Similarly, for any ¢; such that ¢;(A) > ¢;(B), the fact that s;(p;,¢;) = B U C;
implies that s;(., ¢;) is constant, hence, by non-bossiness, (s;, s;, $x)(¢, q;) = (BUC;,
AUCy, Cy).

Finally, for any (g;, ;) such that ¢;(A) > ¢;(B) and ¢;(A) < ¢;(B), the fact that
si(.,q;) and s;(., g;) are not constant, together with non-bossiness, implies (s;, s;, si)
(¢i,q;) = (AUC;, BUC,, Cy), completing the proof of (39).

Sub-step 2.4. We show that for all ¢ € PN (7) and all k # 1, j,

o (BUC;, AUC;, Cy) otherwise.

(40)

Let ¢ € PY(n). Given Sub-step 2.3 and because each P(m;) is connected, we
may assume without loss of generality that there exists some k # ¢, j such that ¢ is
adjacent to py and ¢ = py for all k' # 4, j, k. In what follows, we drop q_;;x = p_ijk
from our notation. Suppose, by way of contradiction, that s(¢;, ¢, &) # s(¢i. 45, Pk)-

If (si, 84, 86)(4, 5. pi) = (AUC;, BUC, Cy), non-bossiness implies sy (q;, ¢j, qx) 7
sk(Qis ¢j, pr). Since py,qx € P(my), the pair of events {E, E'} for which py, g, are
{E, E'}-adjacent is such that w € EU E'. Since w € AU C; = s;(q;, qj, pr), we must
therefore have s;(q;, ¢;, qx) # $i(¢, ¢j, pr,) and Lemma 6 implies s;(g;, ¢j, qx) = BUC;.
By the Local Bilaterality lemma, s;(¢;, g, qx) = si(¢i, ¢;,pr) = B U C;. This means
that s;(gi, ¢;, ax) N s;(¢, 45, ) # 0, contradicting feasibility.

If (s4, 85, 56)(qi 45, p6) = (BUC;, AU G}, Cy), exchanging the roles of ¢ and j in
the above argument yields the same contradiction.
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Sub-step 2.5. Since s varies with the beliefs of agents 1 and 2 on PV (7), (40) must
hold with {i,j} = {1, 2}, completing the proof of statement (b). O

Terminology. If the rule s is of the type identified in part (a) of Lemma 7, we
call it passively (1,2)-consensual (with respect to {A, B}) on P¥(r). In that case,
there is no loss of generality in assuming that w € A: we maintain that convention
throughout.

If s is of the type identified in part (b), we call it actively {1,2}-consensual (with
respect to {A, B}) on PN (w). We call it actively (1,2)-consensual if © € B and ac-
tively (2,1)-consensual if w € A: under an actively (i, j)-consensual rule, the “default
option” assigns state w to agent i.

We call the sets (', ..., C), residuals.

Appendix 2.C.2: Local Contagion Results

Lemma 7 described the behavior of s(-) N (AU B) on the region P¥ (7). In the current
Appendix 2.C.2, we study how that behavior varies locally with 7. The three main
results are the Independence lemma, the First Contagion lemma, and the Second
Contagion lemma. These local contagion results will be used in the main contagion
argument in Appendix 2.C.4.

In order to proceed, we first need to extend the notion of adjacency to beliefs
defined over an arbitrary subset of Q. For any ' C Q (e.g., O = Q), let H(Y) =
{{A,B} : 0 # A,B C @ and AN B = 0} and say that m;,0;, € P(Q) are {A, B}-
adjacent if (m;(A)—m;(B))(0;(A)—0;(B)) < 0 and (m;(C)—m;(D)) (04(C)—0:(D)) >0
forall {C, D} € H(Y)\{{A4, B}}. With a slight abuse of notation, we use .J to denote
the adjacency relation between beliefs on any 2. Connectedness of a subset of P (')

is defined in the obvious way.

The first main result of this Appendix 2.C.2 states an independence property
saying that a local change in the beliefs of agents 3, ..., n, who have no say in allocating
A, B, does not matter.

Independence Lemma. Let kK € N\ {1,2}, and let o) € P be adjacent to .
If s is actively (2,1)-consensual with respect to {A, B} on PN(r), then s is actively
(2,1)-consensual with respect to {A, B} on PY (o, 7_4).

Proof. Suppose s is actively (2, 1)-consensual with respect to {4, B} on PN (x) :
there exists a partition {A, B, C1, ..., C, } of Q@ such that w € A, {A, B} cuts P(m), P(m2),
and, for all p € PN (n),

(A U 01, BU CQ, 03, ey Cn) if p1<A) > pl(B) and pg(A) < pg(B),

s(p) = .
(BUC,,AUCy,Cs,...,C,)  otherwise.
(41)

63



Fix k € N\ {1,2}, say, k = 3, and let 03 € P be adjacent to ms.

By calibrating the probability assigned to w, we can find {A, B}-adjacent beliefs
p1, 0y € P(m) and {A, B}-adjacent beliefs po, py € P(ms) with, say, p1(A) > pi(B)
and pao(A) < po(B). Let p_1a3 € PNV (1_153). This sub-profile is fixed through-
out the argument and therefore omitted from the notation. Let p3, g5 be maximal
elements of J in P(m3), P(03).

By (41),

s(p1,p2,p3) = (AUC, BUCy,Cs, ..., Cy),
s(py,p2,p3) = (BUC, AUCy,Cs, ..., Cy), (42)
s(p1, Py, p3) = (BUC,, AUCy, Cs, ..., Cy).

Step 1. We show that there exists a partition {C1,...,C/,} of Q\ (AU B) such that

s(prp2,45) = (AUCT, BUC, Gy, C). (43)

n

By definition, p3, g5 are adjacent. By the Local Bilaterality lemma and the first
equality in (42), there are only three cases.
Case 1. There exists some j # 1,2,3 such that s;(p1,p2,q3) N s3(p1,p2,p3) # 0,
33(]717]727(1;) N Sj(plap%p;) 7é 07 and Si(plap%q;) = 52’(?1»?2,29;) fOI' all ¢ 7é j73

In this case (43) holds with C} = C; for all i # j, 3.

Case 2. si(p1,p2,q5) N s3(p1p2,p3) # 0, s3(p1,p2,95) N s1(p1,pa,p3) # 0, and
si(p1,p2,q3 ) = si(p1,p2,ps) for all i # 1, 3.

If AL s1(p1,p2, 45 ), then since py, p) are {A, B}-adjacent with p;(A) > pi(B), the
Local Bilaterality lemma implies s(p}, p2,q3 ) = s(p1,p2, ¢35 ). Comparing with (42),

Sl(p,17p27qz‘)i_)ﬂB = (Z) and Sl(pll,pZ,p;)ﬂB#@’
s2(pl,p2,q3) N B # 0 and so(p), pa, p3) N B =0,
53(p/17p27q§r)m—’4 ?A (Z) and Sg(pll,pz,p;)ﬂA:@,

implying s;(p}, p2, ¢35 ) # (P}, p2, p3) for i = 1,23, contradicting the Local Bilater-
ality lemma.
This shows that A C s1(p1,pa, qa ). Then (43) holds with C! = C; for all 1 # 1, 3.

Case 3. s2(p1,p2,43) N ss(pr,p2,p3) # 0, s3(p1,p2,43) N s2(p1,p2,p3) # 0, and
si(p1,p2,q3 ) = si(p1, 2, ps) for all i # 2, 3.

If B £ s52(p1,pa, g4 ), then since ps, ph are {A, B}-adjacent with ps(A) < p2(B), the
Local Bilaterality lemma implies s(p1, py, g3 ) = s(p1, p2, g5 ). Comparing with (42),

si(pr,ph.ad) N A # 0 and si(py,ph,p3) NA=0,
SQ(pl’p/Q’qg_) N A = @ and 82(p17p,27p§_) ﬂA 7& ®7
s3(p1.ph,q3 )N B # 0 and s3(p1,ph,pi) N B =0,
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implying s;(p1, Ph, @3 ) # si(p1,Ph,p3) for i = 1,2, 3, contradicting the Local Bilater-
ality lemma again.
This shows that B C sy(p1, p2, ¢35 ), Then (43) holds with C! = C; for all i # 2, 3.

Step 2. We show that

s(ph,p2,q3) = s(p1.py.q3) = (BUCT, AUCY, Cs, .., Cr). (44)

Since pp,p| are {A, B}-adjacent, Step 1 and the Local Bilaterality lemma im-
ply that either (i) s(p},p2,q3) = (AUC], BUCS, C4,....C") or (ii) s(py,p2,q5) =
(BUC, AU Cy,Ch, ..., Cl). Statement (i) and the second statement in (42) to-
gether contradict the Local Bilaterality lemma, hence (ii) must hold. Likewise, the
third statement in (42) and the Local Bilaterality lemma imply that s(py,ph,q5) =
(BUC],AuCy, CL,...,Ch).

Step 3. Combining statements (43), (44), and statement (b) in Lemma 7, we obtain
that for all (g1, g2, ¢3) € P(m) x P(mz) x P(03),

(AuCl,BUCy,Cs, ..., C) if ¢1(A) > ¢1(B) and ¢2(A) < ¢2(B),
(BUCT, AUy, C5, ..., C)  otherwise.

n

S(qla q2, (]3) = {

Since p_i23 was chosen arbitrarily in PN\123(7_,53), this proves that s is actively
(2, 1)-consensual with respect to {A, B} on PY (03, 7_3). d

We now examine how a local change in the beliefs of agents 1 and 2 affects the
assignment of A, B. First, an intermediate result.

Lemma 8. Let 01,09 € P be adjacent to my, o, respectively, and suppose s s
actively (2, 1)-consensual with respect to {A, B} on PN () with residuals Cy, ..., C,,.
(a) If s is actively (2,1)-consensual with respect to some {A’, B'} on PN(oq, 7 1),
then {A', B'} cuts P(m2) and {A, B} cuts P(o2).
(b) If s is actively (2,1)-consensual with respect to some {A’, B'} on PN(oy,7_1),
then {A', B'} cuts P(my) and {A, B} cuts P(oy).

Remark 2. We stated Lemma 8 for the ordered pair (2,1) for notational simplicity
only: up to a relabeling, the result applies to any ordered pair (i,j) of agents. This
comment applies also to the results below.

Proof. We only prove statement (a). Although statement () is not a mere per-
mutation of statement (a) (because s is actively (2, 1)-consensual in both cases), its
proof is almost identical and therefore omitted. Fix oy € P adjacent to my. Sup-
pose s is actively (2, 1)-consensual with respect to {4, B} on PV (7) with residuals
Ci, ..., Cy, and actively (2, 1)-consensual with respect to {A’, B’} on PV (09, 7_5) with
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residuals C, ..., C". Fix an arbitrary sub-profile p_j, € PY\2(7_15) and drop it from
the notation. Then, for all p = (p1,p2) € P(m) x P(m2),

(AUOl,BUCQ) lfpl(A) >p1(B) and pQ(A) <p2(B),

S1,52)\P1,P2) =
(s1,82)(p1, p2) { (BUC,,AUC,)  otherwise,

(45)
and for all (p1, g2) € P(m1) X P(os),
(A'UCLB'UC) it pi(A) > pi(B') and ¢x(A") < g2(B'),
(51;52>(p17Q2) = .
(BUC], AUCh)  otherwise,
(46)

where w € AN A, {A, B} cuts P(m),P(m2), and {A', B’} cuts P(m),P(02). In
particular, writing A := A\ w, A" := A"\ @, we have

o(A) < mo(B). (47)

o2(A') < 9(B'). (48)

Let pi,ps, g5 and py,p,,q, be, respectively, maximal and minimal elements of
J in, respectively, P(m ), P(m), and P(oy). Let {E, E'} € H(2) be the unique pair
of disjoint subsets of Q such that m and o are {E, E'}-adjacent with, say, m(E) >
m2(E"). Recall that 7,0, are beliefs on Q = Q\ &; this implies that & ¢ E U E.
Observe now that p; , g5 are {E, E'}-adjacent beliefs on : this follows directly from
the characteristic inequality (28). In contrast, p;, g5 need not be adjacent, as Figure
2 illustrates.

We will only prove that {A’, B’} cuts P(ms); the proof that {A, B} cuts P(o2) is
the same, mutatis mutandis. Suppose, by way of contradiction, that

ma(A') > mo(B). (49)

We first claim that for every @ € EU E’,
p | Qx| O (50)
where Q := Q \ @. To see why, fix disjoint events C, D C Q) and observe that
P2 (C) <p; (D) & m(C\w) <m(D\w)

& 0y(C\B) < 0o(D\ D)
& ¢ (C) <g (D).
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The first equivalence holds by definition of p, . The second holds because W € F'U E’
and 0 ¢ C'U D imply that {C'\ @, D\ w} differs from {E, E'}, the unique pair of
disjoints subsets of Q on which the likelihood orderings generated by my, 09 disagree.
The third equivalence holds by definition of ¢, .

Next, let 7, be a belief on € such that p; | Q ~ ¢; | Q ~ 7. We emphasize that
the belief 75 is not defined on the same event as m, 09, which are beliefs on Q. Define
P(ma) = {p2 EP:ip| O~ %2} . For every o € [0, 1], define

“go = apy + (1 — a)qy

Observe that g € P(72) N (P(o2) UP(m2))) for every a € [0,1], where the upperbar
denotes the closure operator. Furthermore, because we assumed that {A’, B’} does
not cut P(ms) (i.e., (49) holds), there exists some « € [0, 1] such that

“qo € P(0,) and “go(A") > “go(B). (51)

We omit the easy proof for brevity.
Pick p; € P(m) such p1(A) > p1(B) and p1(A") > pi(B’). By definition of ¢; and
thanks to (48), g5 (A") < g5 (B'), hence from (46),

52(p170 (12) - 52(]91,(]2_) = B/UCé (52)
Choosing « such that (51) holds, (46) again implies
Sg(pl,a QQ) = A, U Cé (53)
But since %q, € P(7,) for all 3 € [0,1], (52), (53), and Lemma 6, applied with Q
instead of €2, imply
s2(p1," q2) = s2(p1,py) = A'UCY.
However, by definition of p, and thanks to (47), p; (A) < p, (B), hence from (45),

82(p17p5) =BU 027
contradicting the previous equality since w € (A" U CY) \ (B U Cy). O

We are now ready to prove the second main result of this Appendix 2.C.2. This
result describes how a local change in agent 2’s beliefs affects the assignment of events
A, B.

First Contagion Lemma. Let 0y € P be adjacent to Ty, and suppose s is actively
(2, 1)-consensual with respect to {A, B} on PN (n) with residuals C4, ..., Ch,.

(a) If {A, B} cuts P(o2), then s is actively (2,1)-consensual with respect to {A, B}
on PN(oq,7_5).

(b) If {A, B} does not cut P(o2), then s(p) = (BUCy, AU Cy,Cs,...,Cy) for all
p € PN(og,7_5).
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Remark 3. Statement (a) does not assert that the residuals C,...,C! associated
with the actively (2,1)-consensual rule s on PN (09, 7_5) coincide with the residuals
Ch,..... Cp on PN(m) 1 in fact, they generally do not.

Statement (b), on the other hand, asserts that s is constant on PN (o9, 7m_3) and
the residuals are the same as on PN(m): the assignment outside AU B remains
constant when 2’s beliefs switch from P(my) to P(o9). It may be worth explaining why
a locally bilateral assignment rule indeed possesses this property. The reason is the
following. Since we have assumed that s is actively (2,1)-consensual with respect to

{A, B} on PN(x), we know that {A, B} cuts P(my), that is, m(A) < ma(B). On the
other hand, since {A, B} does not cut P(0y), we have o3(A) > 09(B). It follows that
the adjacent beliefs o, 0o must, in fact, be {;L B}-adjacent. This means that any two
beliefs py € P(m2),q2 € P(o2) agree on the ranking of all events C,D C Q\ (AU B).
As a result, the assignment outside AU B remains unchanged under a locally bilateral
assignment rule.

Proof. Fix o, € P such that T, 09 are adjacent. Suppose s is actively (2,1)-
consensual with respect to {4, B} on PV (7) with residuals C}, ..., C, : (45) holds for
all p € PN(m), @ € A, and {A, B} cuts P(my), i.e., (47) holds. For any k € N, let
pi,p;, denote maximal and minimal elements of J in P(r1), ¢F,¢; be maximal and
minimal elements of J in P(0), and let E, E' be the disjoint subsets of  such that
mo and oy are { £, E'}-adjacent with mo(FE) > mo(E’). Recall that w ¢ EU E'.

Step 1. We show that for every agent k # 2 and every k' # k, s is neither passively
(k, k')-consensual nor actively (k, k’)-consensual on PV (o9, m_5).

Fix k # 2, k' # k. Fix a sub-profile p_g, € PN\?*(7_y) and drop it from the
notation. Since s is actively (2,1)-consensual on PV (7), we have @ € sa2(p3, ;).
If s is passively (k, k')-consensual or actively (k, k’)-consensual on P (o9, 7_5), then

@ € si(q,pl). These two statements contradict the Local Bilaterality lemma because
Py, qs are {E, E'}-adjacent and & ¢ E U F'.

Step 2. We prove statement (a).
Suppose {A, B} cuts P(03), that is,

O'Q(A) < O'z(B). (54)

Sub-step 2.1. We show that s varies with the beliefs of agents 1 and 2 on P (o9, 7_3).

Fix a sub-profile p_, € PV \12(7r712) and drop it from the notation. Because
{A, B} cuts P(o3), there exist adjacent beliefs p, € P(m) and g, € P(02) such that
Do(A) < Py(B). These beliefs are, in fact, { £, E'}-adjacent.
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Choose p; € P(m;) such that p;(A) > pi(B). From (45), sa(p1,py) = AU Cy and
So(p1,Py) = B U Cy. By the Local Bilaterality lemma,

sa(pr,q5) = AUCyor (AUCLUE)\ E,
82(p1,62> = BUCQ or (BUCQUE/>\E

It follows that @ € so(p1,q;) \ s2(p1,qy): s varies with agent 2’s beliefs.
Next, choose g1 € P(m) such that ¢1(A) < ¢1(B). From (45), s2(q1,D5) = AU Ch.
By the Local Bilaterality lemma,

$2(q1,Gy) = AUCy or (AUC, UE')\ E.

Thus @ € $5(q1,Gy) \ s2(p1,qy): s varies with agent 1’s beliefs.

Sub-step 2.2. Since s varies with the beliefs of agents 1 and 2 on PN (g, 7_5),
Lemma 7 and Step 1 imply that s is actively (2, 1)-consensual with respect to some
{A", B'} on PN (09, m_5) with, say, residuals C1, ..., C%. Thus, (46) holds for all (p, ¢2) €
P(m) x P(o2), w € A', and {A", B'} cuts P(m), P(02). In particular, (48) holds. To
complete the proof of statement (a), it remains to prove that {A, B} = {A’, B'}.

Suppose, contrary to our claim, that {A, B} # {A’,B’}. Define the positive
numbers

(5 = 7T1<B)—7T1(1/4:2,
§ = m(B")—m(A).

Assume 6 # 0’. This is without loss of generality: if § = ¢, simply replace m; with
an ordinally equivalent belief for which the two corresponding numbers differ. Either
0 < & or & < 6. We will only treat the former case; the latter is identical, mutatis
mutandis.

For each « € [0, 1], define p§ € P(7

1) by
(1 — a)m (w) for all w € Q.

P (@) = a and pi(w) =

<p1( )<:>O‘< 1_+5 andp1<A,) < pf(B) <

Choosing m <a< 1+5,,

Elementary algebra shows that p$'(A

5
Q< T <

pi(A) > py(B) and py(A") < pi(B). (55)

Since § < &', we have we have

1+5’ 1+6’

Because of (47) and (54), there exist adjacent beliefs ps € P(m2) and go € P(02)
such that po(A) < po(B). This is illustrated in Figure 3 with A = {1}, B = {2}; we
omit the easy proof for brevity. From this inequality, (45), and the first inequality in
(55), we obtain

S (pf,p2) = BUCy.
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From (46) and the second inequality in (55),
s2 (pY, q2) = A'UC.

It follows that W € s5 (pf, g2) \ s2 (p§, p2) , contradicting the Local Bilaterality lemma
because p, o are {E, E'}-adjacent and w ¢ E U E'.

Step 3. We prove statement ().
Suppose {A, B} does not cut P(o3), that is,

O'Q(A) > O'Q(B). (56)

Sub-step 3.1. We prove that s is neither passively (2, k)-consensual nor actively
(2, k)-consensual on PV (gq, 7_5) for any k # 2 .

Suppose it is.

Case 1. {A', B’} cuts P(my), that is, my(A’) < ma(B’).

Fix a sub-profile p_o, € PV\#(7_5.) and drop it from the notation. Because of
(56), there exist adjacent ps € P(my) and go € P(03) such that ps(A) > pa(B) and
B(A) < (B,

Choose pp € P(m) such that pp(A’) > pp(B’). From (45), @ € sa(p2, px). But
since s is passively (2,k)-consensual or actively (2,k)-consensual on PN (ay, 7_5),
W € sk(qo, pr), contradicting the Local Bilaterality lemma.

Case 2. {A’, B'} does not cut P(m), that is, mo(A') > m(B').

Fix a sub-profile p_y € PN\?(1_,) such that p;(A) > py(B) and pp(A") > pp(B)
(where 1 and k may coincide). Drop this sub-profile from the notation.

We derive a contradiction using a variant of the argument in Lemma 8. Fix
W € EUE'. As we proved in Lemma 8, there exists a belief 7, on Q\ @ such that p; | Q
~ ¢; | © ~ 7, and there exists o € [0,1] such that “gy := ap; + (1 — a)q; € P(o,)
and “q(A) > “q2(B).

Since ¢, (A") < ¢y (B') and s is passively (2, k)-consensual or actively (2, k)-
consensual on PV (g, 7_3),

s2("q2) = s2(qy) = B UCY,
SQ(QQQ> = A/UCé

Since #qy € P(7) for all B € [0, 1], these equalities and Lemma 6 imply
s2(1q2) = s2(py ) = AU,
But (45) implies s2(p; ) = B U Cs, a contradiction.
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Sub-step 3.2. Step 1, Sub-step 3.1, and Lemma 7 together imply that s is constant
on PY(oq,m_3). To complete the proof of statement (b), we need to show that the
constant assignment prescribed by s is (BUCy, AU Cy, Cs, ..., Cy,).

Fix again W € EU E’ and T =~ p, | Q ~ q5 | Q. Because {A, B} does not cut
P(02), there exists o € [0, 1] such that *¢s :== ap;, + (1 —a)g, € P(m,) and “g2(A) >
“go(B). Pick p; € P(m) such p,(A) > p,(B). Fix p_12 and drop it from the notation.
From (45),

s2(Pr," q2) = s2(py,py) = BUCy,
32(2_717aq2) = AU,

Since #qy € P(7,) for all B € [0, 1], Lemma 6 implies

$2(P1,” q2) = 52(Dy, q;) = AU Cy,

hence, since s is constant on PV (09, 7_5), so(p1, q2) = AUC, for all (py, q2) € P(m) x
P(o2). The claim now follows from non-bossiness. O

The third main result of Appendix 2.C.2 describes how a local change in agent
1’s beliefs affects the assignment of events A, B.

Second Contagion Lemma. Let o, € P be adjacent to my.

(a) If s is actively (2, 1)-consensual with respect to {A, B} on PN (r) and {A, B} cuts
P(01), then s is actively (2,1)-consensual with respect to {A, B} on PN (o1, m_1).
(b) If s is actively (2,1)-consensual or passively (2,1)-consensual with respect to
{A, B} on PY(m) and {A, B} does not cut P(o1), then s is passively (2, 1)-consensual
with respect to {A, B} on PN (o, 7_1).

Remark 4. Statement (a) is not the permutation of statement (a) in the First Conta-
gion lemma because the rule is assumed to be actively (2,1)-consensual in both cases.

Proof. Fix o, € P adjacent to m;. For any k € N, let p;, p, denote maximal and
minimal elements of .J in P(m1), let ¢f,¢; be maximal and minimal elements of J
in P(oy), and let now E, E’ denote the disjoint subsets of Q) such that 7, and o, are
{E, E'}-adjacent with m(E) > m(E’). Again, o ¢ EUE'.

Step 1. We show that if s is actively (2, 1)-consensual or passively (2, 1)-consensual
on PN(r), then for every k # 2 and k' # k, s is neither passively (k, k’)-consensual
nor actively (k, k’)-consensual on PY (o, 7_1).

Fix k # 2, k' # k. Fix a profile p € P¥(x) such that p; = p, p» = p;, and
pe = p; (where k may coincide with 1). Since s is actively (2,1)-consensual or

passively (2,1)-consensual on P (), we have @ € sy(p). If s is passively (k,k')-
consensual or actively (k, k’')-consensual on P¥ (o1, 7_1), then @ € si(q; ,p_1). These
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two statements contradict the Local Bilaterality lemma because p;, ¢ are {E, E'}-
adjacent and w ¢ F'U E'.

Step 2. We show that if s is actively (2, 1)-consensual or passively (2, 1)-consensual
on PY(r), then s it is not constant on PY (oy,7_1).

Fix a sub-profile p_1, € PV \12(7712) and drop it from the notation. If s is actively
(2,1)-consensual or passively (2,1)-consensual on PV (7), there exist disjoint sets
A, B, (5 such that w € A and

sa(pi,py) = AUC,,
so(py,py) = BUGC,

and the Local Bilaterality lemma implies

s2(qi,p3) = AUCyor (AUCLUE)\ F,
s2(qi,p3) = BUCyor (BUCL,UE)\ E.

Hence, @ € s2(q;, p3) \ s2(qf, p3 ), proving that s is not constant on P¥ (o, m_1).
Step 3. We prove statement (a).

Suppose s is actively (2,1)-consensual with respect to {A, B} on P¥(x) with,
say, residuals C1, ..., C,,, and {A, B} cuts P (o). Fix p_1» € PY\12(7_15) and drop it
from the notation. By assumption, (45) holds for all (py,p2) € P(m) x P(m2) and

0'1(14) < 0'1(3).
Sub-step 3.1. We show that s varies with agent 1’s beliefs on P¥ (o, 7_1).

Because { A, B} cuts P(o1), there exist adjacent beliefs p, € P(m;) and q; € P(01)
such that p;(A) < p;(B). These beliefs are, in fact, {F, E'}-adjacent.

Choose py € P(ms) such that py(A) < pa(B). From (45), s2(p),pe) = BUCy and
S2(Py, p2) = AU Cy. By the Local Bilaterality lemma,

s2(qy,p2) = BUCyor (BUCLUE')\E,
so(Gp,p2) = AUCyor (AUCLUE')\ E.

It follows that @ € s5(qy,p2) \ s2(q;, p2): s varies with agent 1’s beliefs.

Sub-step 3.2. By Step 1, Sub-step 3.1, and Lemma 7, s is actively (2, 1)-consensual
on PN (o, 7_1) with respect to some { A’, B’} and residuals Cf, ..., C". For all (¢1,p_1) €
731\[(0'17 7'(',1),

gy = JAUCLBUCLC . C) i () > a(B) and pa(A) < pa(B),
o (B'UC, AUy, Cs,...,Cr) otherwise,

(57)
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where w € A" and {A’, B’} cuts P(0y),P(ma). It remains to prove that {A’, B’} =
{A, B}.

Fix p_1p € PY\2(1_15) and drop it from the notation. If {4’ B’} # {A, B},
define the positive numbers

5 = @(B)—@@,
5/ = WQ(B,)—’/TQ(A/)

and assume without loss of generality & # ¢'.

If 0 < ¢, there exists po € P(ms) such that pa(A) > po(B) and pe(A’) < pa(B’).
From (45), so(p}, p2) = AUCy and from (57), so(q;, po) = B’ U (Y, contradicting the
Local Bilaterality lemma.

If 0" < 0, there exists py € P(my) such that po(A) < po(B) and pa(A’) > pa(B).
From (45), sa(py, p2) = BUC, and from (57), sa(q;, p2) = A’ UCY, contradicting the
Local Bilaterality lemma again.

Step 4. We prove statement (b).

Sub-step 4.1. Suppose first that s is actively (2, 1)-consensual with respect to
{A, B} on P¥(r) and {A, B} does not cut P(oy).
By Steps 1, 2, and Lemmas 7 and 8, s is passively (2, 1)-consensual on PY (oy, 7_1)
with respect to some {A’, B’} and residuals Cf, ..., C". For all (q1,p_1) € PN (o1, 7_1),
(AUCy,BUCCY...,ClY)  if po(B') > pa(A'),
s(qi,p-1) = e ) _ (58)
(BUC, AUy, Cs,...,Cl)  otherwise,

where w € A" and {A’, B’} cuts P(oq). It remains to prove that {A’, B’} = {A, B} .

If {A",B'} # {A, B}, consider again the numbers 0,9’ defined in Sub-step 3.2
and assume without loss of generality § # ¢'. Note that ' may now be negative as
{A’, B’} need no longer cut P(m). This, however, does not affect the rest of the
argument: combining (45) with (58) rather than (57) delivers the same contradiction
to the Local Bilaterality lemma.

Sub-step 4.2. Suppose next that s is passively (2, 1)-consensual with respect to
{A, B} on P¥(7) and {A, B} does not cut P(oy).

By Steps 1, 2, and Lemma 7, s is either actively (2, 1)-consensual or passively
(2,1)-consensual on PN (o, m_1).

If s is actively (2, 1)-consensual on P (oy,m_;), it must be with respect to some
{A", B'} # {A, B} since {A, B} does not cut P(oy).

Suppose first that {A’, B’} does not cut P(m) : exchanging the roles of {A, B},
{A’, B’} and 7,07 in the argument in Sub-step 4.1 leads to the conclusion that s
is passively (2,1)-consensual with respect to {A’, B’} on P¥(w), contradicting the
assumption of the current sub-step.
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Suppose next that {A’, B’} cuts P(m): exchanging the roles of {A, B}, {A’, B’}
and 71, 07 in statement (a) leads to the conclusion that s is actively (2, 1)-consensual
with respect to {A’, B’} on PY(r), again a contradiction.

We conclude that s is passively (2, 1)-consensual on P (o, 7_;). The proof that
it must in fact be passively (2, 1)-consensual with respect to {A, B} proceeds in the
same way as in Sub-step 4.1. O

Appendix 2.C.3: Global Contagion Results

As corollaries to the local contagion results of Appendix 2.C.2, we will now prove two
results linking the behavior of s across regions that need not be adjacent. Our first

result describes the effect of a change in agent 2’ beliefs.

First Contagion Corollary. Let o5 € 73, and suppose s is actively (2, 1)-consensual
with respect to {A, B} on PN (w) with residuals C4, ..., C,,.

(a) If {A, B} cuts P(o2), then s is actively (2,1)-consensual with respect to {A, B}
on PN (oq,7_3).

(b) If {A, B} does not cut P(o2), then there exists a partition {C1,...,Cl} of £\
(AU B) such that s(p) = (BUC], AUC,, C%, ....,CL) for all p € PN (0q9,7_3).
Proof. Let oy € ﬁ, and suppose s is actively (2, 1)-consensual with respect to {A, B}
on PN (r) with residuals C, ..., C,,. Define

P, = {03 €P:0s(A) < a(B)},

P_ = {oa€P:09(A) >09(B)}.
These sets partition P: oy € P, if and only if {4, B} cuts P(o,). Clearly, P, and
P_ are connected: any two beliefs in one set are linked by a J-path of adjacent beliefs

in that set. Since s is actively (2, 1)-consensual with respect to {A, B} on PV (7), we
have my € Py.

Step 1. We prove statement (a).

Let 05 € Py. Let (04)L, be a J-path in P, with o} = 7, and 67 = 5. Since
s is actively (2, 1)-consensual with respect to {4, B} on PY (o, 7_5), repeated ap-
plication of statement (a) in the First Contagion lemma implies that s is actively
(2,1)-consensual with respect to {A, B} on PN (a1 m_9) = PN(0g, m_3).
Step 2. We prove statement (b).

Call two distinct events C, D C Q adjacent in oy € P if (03(C) — 0o(E))(02(D) —
oo(E)) > 0 for all E C Q different from C, D. Define

P* = {0y € P g, B are adjacent in o3},
751 - ﬁ+ N 75/*,
P = P_NP".
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We will first prove that statement (b) holds if o5 € P*, then show that it holds for
all o9 € P_. The argument is illustrated in Figure 4.

Sub-step 2.1. If o, € P*, then oy is {A, B}-adjacent to some belief o, € 751 By
statement (a), s is actively (2,1)-consensual with respect to {4, B} on PN (o}, m_).
Statement (b) now follows from statement (b) in the First Contagion lemma.

Sub-step 2.2. If o, € P_\ P*, recall first that, since {4, B} does not cut P(o,), we

have 05(A) > 09(B). Fix p = (p2,p—2) € PY (02, m_2). Consider, for each a € (0,1),
the probability measure o§ defined over the subsets of €2 by

G <Em?(> o (EmZ)
O RO

where A := ) \ A. Bach 0 is a variant of the belief 5 where the probability of the
states in A relative to those outside A is modified, but the conditional beliefs on the

+(1—a) for all E C Q, (59)

subsets of g, as well as on the subsets of Z, are kept unchanged. If a = o9 (AV), then

__o2(B) a(A) — o ; :
ToaB)—oa (A’ then 0§ (A) = 0$(B). This means that if «

o2(B) i & p*

o 1+o2§g§*02@’ the belief 0 belongs to P*. Elementary algebra
2B _

shows that 02(14) > 1+02(B)—02(A)”

Write po(w) = v and define, for each o € (0,1), the measure p§ over the subsets
of Q2 by

oy coincides with go. If o =

is sufficiently close to

PS(E) =7 HEN{G)) +(1-7) 0§ (ENQ) forall ECQ, (60)

where I(EN{w}) =1if © € F and 0 otherwise.

Choose an increasing sequence of numbers «(1),...,a(7) in (0,1) such that (i)
o2 ™ is adjacent to o5 for all t = 1,...,T — 1, (i) 05® € P*, and (iii) 05™ = 0.
Define the J-path (04)7, in P_ by of = 05 for t = 1,...,T. Define the associated
finite sequence (p4)_, in P by p, = p;* for t = 1,...,T. Observe that pZ = p, and
ph € P(c}) for each t, but pb, p5™' need not be adjacent. Finally, for eacht = 1,..., T,

let y4 be a maximal element of J in P(o%). Observe that yb, y5™' are adjacent and

write y2 = ys.

Since ys € P(03) and o} € P* . Sub-step 2.1 implies that there exists a partition
{C1,...,CI} of Q\ (AU B) such that s(ys,p_2) = (BUC], AU CY,C,...,Ch). We
will show that s(p) = s(p2,p—2) = (BUC], AU C4,CY, ..., C). By non-bossiness, it
suffices to prove sy(p) = AU C4.

We have

sa(ya, p—2) = AUCy.

Proceeding now by induction, fix t € {1,...,7 — 1} and suppose that
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s2(yh,p—2) = AUCS.
Let {E", E"'} € H() be the pair of disjoint events such that o, o4 are { ", B
adjacent with of(E") > ob(E™!). Because ob, 04" coincide on A as well as on A,
E'NA#Qand BN A £ 0.

If so(ys™ pa) # sa(yh,p_2), the Local Bilaterality lemma implies sy(y5"', p_2) \
so(yh, p_2) = B! Since A C so(yh, p_2), we conclude E"™' N A = (), a contradiction.
Therefore so(y5t, p_o) = AU Ch, and finally

S2(Y2,p—2) = AU CY. (61)

Next, we claim that

s2(p) = sa(p2,p-2) = AU Cy.
First, observe that since pk € P(cl) and o} € P*, we have
s2(Py, p—2) = AU CY
Next, suppose, by way of contradiction, that so(ps, p_2) = D # AU CY. By Lemma

7.5¢D.
02(C\D) _ 02(2\~D).
)<

By strategyproofness, pa(sz(pz, p-2)) > p2(s2(y2,p-2)), hence by (61), p3(D) >
pl (AU CY). Given (60), this means

Case 1.

(A U C') — o7 (D)
1+ ol(D) — o (A U cg)

< —7. (62)

From (59),

o9 (ﬁ\ D) o9(Ch) — o9 (D N Z)
) - (3)

By assumption of Case 1, the second term of this convex combination is smaller than

the first. Since (1) < a(T), it follows that o2(AUCY) —ok(D) < o (AUCY) —oT (D),
hence from (62),

03 (AUCy) — a3 (D)) = T) +(1—a(T))

(A U C’) — ol(D)

1+ 0}(D) — ol <AU 0) s
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which, given (60), implies p3(D) > pi(AUCY), that is, p3(s2(ga, p—2)) > pa(s2(pP3.D-2)),
contradicting strategyproofness.
92(Co\D) ~, UQ(‘KED)
o2(A) T o2(4)
Define C7 := Q\ €. Because o3 (C}) < 05 <;[> and oy (Z) <0 (Ch),

Case 2.

7 (A\D) _ o(c3\ D)
o2 (C3) o2 (Cy)
Notice that this is the very same inequality as the one defining Case 1 —except that
the roles of C) and A have been exchanged.
For each o € (0,1), define the probability measure 75 over the subsets of Q by

()] (E N Cé)
a2 (Cy)

g9 (Eﬂ@)

o2 (C3)

75 (E) =« + (1 —a) for all £ C Q

and the measure r$ over the subsets of €2 by

r9(B) =~ (EN{D)) + (1 — ) 72 (E N f’z) for all E C Q.
These constructions are the same as in (59) and (60), except that C% plays the role
of A.

Choose an increasing sequence «(1), ..., a(T) in (0, 1) such that (i) 720‘(” is adjacent
to 75t for all ¢, (ii) 75" € P*, and (iii) 75" = 09. Define the path (74)T_, in P_ by
73 =75 for all ¢, and define the sequence (rj)/_; in P by ry = 13 for all . Finally,
for each ¢, let z4 be a maximal element of J in P(75) and let z} = z.

Since 75 € P*. Sub-step 2.1 implies that there exists a partition {C7,...,C"} of
Q\ (AU B) such that s(z3,p_o) = (BUCY, AuCY,CY,...,C"). In particular,

s9(z5,p—2) = AU CY.
By the same inductive argument as in Case 1, we obtain
s2(22,p-2) = AUCy.

But since both z5 and 1, are maximal elements of J in P(o3), we have sa(z9,p_o) =

S2(Yy2,p—2), hence (61) implies

5922, p—2) = AU 5.
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The proof that ss(pe, p_2) = AUC) now follows by the same argument as in Case
1, provided that we exchange the roles of A and CY. 0

The second result of this Appendix 2.C.3 describes the effect of a change in agent
17 beliefs.

Second Contagion Corollary. Let o, € 75, and suppose s is actively (2,1)-
consensual with respect to {A, B} on PN () with residuals C4, ..., C,,.

(a) If {A, B} cuts P(o1), then s is actively (2,1)-consensual with respect to {A, B}
on PN(oy,m_1).

(b) If {A, B} does not cut P(o1), then s is passively (2, 1)-consensual with respect to
{A, B} on PN(oy,7_1).

Proof. Let oy € P, and let s be actively (2, 1)-consensual with respect to {4, B} on
PN () with residuals C1, ..., C,,. Define 73+, P_ Pi, P* as in the proof of the previous
corollary. By assumption, 7 € 73+ The argument below is illustrated in Figure 5.
Step 1. To prove statement (@), let o1 € P, and let (6¢)Z, be a J-path in P, with
ol = m and o = 0,. Since s is actively (2, 1)-consensual Wlth respect to {A, B} on
PN (of,m_1), repeated application of statement (a) in the Second Contagion lemma
implies that s is actively (2, 1)-consensual with respect to {4, B} on PV (ol ,7_;) =
PN(oy,7_1).
Step 2. To prove statement (b), we proceed again in two stages.

If o, € P, there exists a belief o] € 73* to which oy is {A B}-adjacent. By Step
1, s is actively (2, 1)-consensual with respect to {A, B} on PY (o}, 7_;). By statement
(b) in the Second Contagion lemma, it follows that s is passively (2,1)-consensual
with respect to {4, B} on PN(oy,7m_1).

If oy € P_\ P~ let (6)Z, be a J-path in P_ with ¢! € P* and o7 = oy.
Since s is passively (2, 1)-consensual with respect to {A, B} on PN (o}, 7_1), repeated

application of statement (b) in the Second Contagion lemma implies that s is passively
(2,1)-consensual with respect to {4, B} on PN (o, 7_1) = PN(al,7_1). O

Appendix 2.C.4: Conclusion of the Proof of the Bilateral Con-
sensus Lemma

We are finally ready to conclude the proof of the Bilateral Consensus lemma. We
must show that there exist an event E¥ C €, such that @ € E¥, and a bilaterally
consensual E“-assignment rule s” such that

sip) NE® = s%(p | E¥) for alli € N (63)

and all p € PV,
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Recall the definition of az in (25). Throughout Appendix 2.C.4, we will use the
shorthand notation @ = ag. Thus, a(p) is the agent to whom state w is assigned when
the belief profile is p.

Step 1. There exist 7 € PV, two distinct agents i,j € N, p,q € PN (), and
p; € P(m}),q; € P(n}) such that a(p) # a(p;,p—;) and a(q) # a(qj, q-)-

By definition of {2, there exist two agents, say 1,2, profiles p, ¢ € PV, and beliefs
P, ¢4 € P such that

a(p) # a(pl, p-1) and a(q) # algs. g-2). (64)

Because P is connected, we assume without loss of generality that p, p| are adjacent
and ¢o, ¢ are adjacent. Let {E, E'} be the pair of events such that p;, p| are {E, E'}-
adjacent. By the Local Bilaterality lemma and the first inequality in (64) we FBUF,
hence, (p1(C) — pl(D))(pl(C’) pi(D)) > 0 for all distinct C, D C Q. This means
that there exists 70 € P such that 6 p1 | Q~p, | Qa0 that is, p,p, € P(x?). By
the same token, there exists 79 € P such that py,p} € P(x2).

To keep notation simple, suppose n = 3; the argument is easily extended to any
number of agents. Suppose first that p3 = ¢3. Dropping that belief from the notation,
(64) reads

5(?17?92) # 5(]0/17]02) and 5(¢]1a Q2) a 5(6117 qé)

Case 1. a(p}, q2) # a(p1,q2) # a(p1,¢5). In this case the claim is trivially true.
Case 2. (i) a(p1, g2) = a(pl, g2) or (ii) a(py, g2) = alpy, ¢3)-
Assume (i); the argument is the same, up to a relabeling, if (i) holds. Let (p5)L,

be a J-path between p} = p, and p? = ¢,. From (64) and (i), there exists an integer
t such that

a(p1, ph) # a(p, ph) and a(py, p5™) = a(pi, p5) (65)

Using the Local Bilaterality lemma, the same argument as before shows that there

exists 7, such that pb | © ~ p4™ | Q ~ =i, that is, pb, p5™' € P(wh). Moreover,

statement (65) implies

a(p, pb) # a(p1, pb) # a(p1, p5™)

or
a(py, pst) # a(pl, ps) # alph, ph).
In either case the claim is true.

Finally, let us drop the assumption that p3 = g3. Suppose that there exist p3 # g3
such that
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a(p1, pa2, p3) # a(py, pa, p3) and alqi, go, q3) # a(q1, 43, q3)-
and
a(p1, p2, q3) = a(pl, p2, q3) and alqi, g2, p3) = alqr, g, p3)-

Let (p})Z, be a J-path between pl = p3 and pl = ¢3. There exists an integer ¢ such
that
Ei(plap% pg) ;é ,d(pllvp% pg) and a(plap% p§+1) - Ei(pllup% p?_l)' (66)

By the Local Bilaterality lemma again, there exists 7 such that p} | Q~ pit | Q

~ ), that is, p§, ps' " € P(m3). Moreover, statement (66) implies

a(pr,p2, P5) # a(ph, p2, P5) # a(ph, p2, P5)

or

a(pr,p2, P5) # a(pr, p2, PY) # a(py, p2, PY)-

In either case the claim is again true.

Step 2. Step 1 has established that there is some 7° € PN such that s varies
with the beliefs of two distinct agents, say 1 and 2, on P (7°). By statement () in
Lemma 7 (and Remark 2), we may assume without loss of generality that s is actively
(2, 1)-consensual on PV (7%): there exists a partition {A, B, C}, ..., C,, } of Q such that
w e A, {A, B} cuts P(n?), P(n9), and for all p € PV (x?),

o(p) { (AUC,, BUC,,Cy,....,C,)  if pi(A) > pi(B) and pa(A) < pa(B),

B (BUCY, AUCy,Cs,....,C,)  otherwise.
(67)

Define E¥ := AU B and define the bilaterally consensual E“-assignment rule s®
as follows: for all p € P(E®)N,

(Ava(Z)?"'v@) 1f§1<A) > ﬁl(B) and ﬁQ(A> < 52(8)7

<) = { (B,A,0,....0)  otherwise.

We claim that (63) holds for all p € PV.

By definition, statement (63) is true for all p € PN (n0). Next, fix an arbitrary
sub-profile 7_15 € PN\12,

Sub-step 2.1. By repeated application of the Independence lemma, s is actively
(2,1)-consensual with respect to {A, B} on PN (7% 79 7_15), hence, (63) is true for
all p € PN (7% 7, 7_19).
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Sub-step 2.2. For any profile (7, m3) € 75+ X ﬁJr, combining Sub-step 2.1 with part
(a) of the First Contagion Corollary and part (a) of the Second Contagion Corollary
shows that s is actively (2, 1)-consensual with respect to {4, B} on PN (my, mo, 7_12),
hence, (63) is true for all p € PN (7, 79, m_12).

Sub-step 2.3. For any profile (7, 0,) € P, x P_, Sub-step 2.2 and part (b) of the
First Contagion Corollary imply that there is a partition {C1,...,C}} of 2\ (AU B)
such that s(p) = (BUC], AUCY, C4, ..., C!) for all p € PN (7, 09, m_12). Since {A, B}
does not cut P(oy), we have pa(A) > po(B) for all py € P(02), hence (63) is true for
all p € PN (my, 09,7 12).

Sub-step 2.4. For any profile (o1, m) € P_ x P, Sub-step 2.2 and part (b)
of the Second Contagion Corollary imply that s is passively (2,1)-consensual on
PN (01,72, m_12). Since {A, B} does not cut P(oy), we have p;(A) > pi(B) for all
p1 € P(o1), hence (63) is true for all p € PN (o, 7o, m_19).

Sub-step 2.5. Consider finally a profile (o1, 09) € P_xP_. By definition, ag(g) >
09(B). For each a € (0,1), consider again the measure ,09 defined on €2 by (59).

Recall that .09 coincides with oy for a@ = ag(ﬁ) and observe that ,o9 € P, for any
o2(B)

1+02(B)—0'2(A)

Choose an increasing sequence of numbers a(1),...,a(T’) such that (i) a0z is

generic a <

adjacent to 4uq1y09 for all t = 1,...,7 — 1, (i ) a(1)02 E 73+, and (iii) o1yo2 = 0.
Consider the J-path (¢4)7_, in P_ defined by o} =, 0 for t = 1,..., T

Since o34 € ﬁ+, Sub-step 2.3 implies that there exists a partition {C1,...,C/} of
Q\ (AU B) such that s(p) = (BUC;, AUCY, C},...,C") for all p € PN(oy, 08, 7_12).
The same argument as in Sub-step 2.2 of the proof of the First Contagion Corollary
then establishes that s(p) = (BUC}, AUCS, C%, ..., C!) for all p € PN (01,00, 7_15) =
PN(oy, 09, 7_12).

Since {A, B} does not cut P(o3), we have py(A) > po(B) for all py € P(03), hence
(63) is true for all p € PN (oy, 09,7 _12).

Given that P = Umef,;P(Wi), the proof of the Bilateral Consensus lemma is com-

plete. 0

Appendix 2.D: Proof of the Bilateral Dictatorship

Lemma and Conclusion

In this appendix we turn to the assignment of the states in €2; and we complete the
proof of Theorem 1. Let £2;; be the subset of those states in €2; whose assignment
varies with the beliefs of agent 1. We show that these states are assigned by bilateral
dictatorship of agent 1.
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Bilateral Dictatorship Lemma. There exist a set Ny C N \ 1, a partition
{Qil}jeNl of Qu1, and for each j € Ny a (1,§)-dictatorial Y -assignment rule s’
such that

sip) N Q= Ujenst(p | 24, (68)
for all p e PN and i € N.

Before diving into the proof of this lemma, an outline may be helpful. Consider
the family of all subsets of {2;; that are assigned to agent 1 at some belief profile. We
begin by showing that s;(p) N €2;; maximizes p; over that family whenever p; is a
so-called €2;;-dominant belief —one in which only the probability differences between
events in (2;; are large. We then use the Local Bilaterality lemma to extend this
observation to all belief profiles p. The next and crucial step consists in proving that
every state in €217 can only be allocated to a single agent other than 1. The set €2y
can therefore be partitioned into a collection of subsets {QJH} such that every state in
Q{l is allocated to either 1 or j, and super-strategyproofness can be used to show that
s1(p)NQY, maximizes p; over the family of all subsets of ), that are assigned to agent
1 at some belief profile. The argument is completed by appealing to non-bossiness.

Turning now to the formal argument, let {21, be the set of states whose assignment
varies only with the beliefs of agent 1, namely,

w € O & [there exist p € P and p} € P such that a,(p) # aw(p’l,p_l)] and
[aw(.,p,j) is constant on P for all j # 1 and p_; € PN\j] )
To avoid triviality, assume Qy; # 0. Let @ € Q1. We must show that there exist a

set N7 C N\ 1, a partition {Q{l}jeNl of Oy, and for each j € Ny a (1, j)-dictatorial

Q) -assignment rule s/ such that
si(p) N Qu = Ujenm s (p | O1) (69)

for all p € PY and i € N.
Define the family

A = {AC Qi :3pe P such that s,(p) N Qyy = A}
= {AC Qi :3ps € P such that s;(p1,p_1) Ny = Aforall p_; € 73N\1} 7

where the first equality constitutes the definition and the second follows from the
definition of €2;;.

Let Q1 = Q\ Q. Call a belief p; € P Qi-dominant if |p(A) — pi(B)| >
Ip1(A") — py(B)] for all distinct A, B C €y and all distinct A’, B' C Qy; (or, equiv-
alently, |pi(w) —p1(w')] > p1(Qq1) for all distinct w,w’ € Q7). In such a belief,
the probability differences within €27 overwhelm the differences outside §2;;. To see
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that such beliefs exist, write €17 = {1,...,m} and observe that any belief p; such
that pi(1) > pi(Q\ 1), p1(2) > pr(Q\12), ..., and pi(m) > p1(Q\ 1..m — 1), is
)y1-dominant. Let P;; denote the set of {21;-dominant beliefs.

Step 1. We show that

s1(p) N Q1 = argimaxpl (70)
11

for all p = (p1,p-1) € Pu1 X PN
The claim is obviously true if €2;; = €2; in what follows we assume €2; # €). For
any two beliefs p1, ¢ € P and for any p_; € PV\!, we claim that

[]91 | 511 =q | ﬁ11] = [31(191719—1) ﬂﬁn = 81(91,]?—1) ﬂﬁn] . (71)

To see why this is true, fix p1,¢1 € P, p—1 € PN\, and note that the definitions of
y and €y, for j # 1 trivially imply

s1(p1, p—1) N [Qo U Uj1 ;] = s1(qr, p—1) N [Qo U Uj1 5]

Moreover, by the Bilateral Consensus corollary, agent 1’s share of )y is determined
by bilateral consensus, hence does not depend on her belief outside 25. Therefore,

[pl | Q1 =aq | ﬁ11} = [s1(p1,p-1) N Q2 = 51(q1,p-1) N D],

and (71) follows.

Let now p = (p1,p_1) € P x PN\ Since p_; is fixed in the argument below,
we drop it from the list of arguments of s;. Suppose, contrary to the claim, that
s1(p1) N Q1 # argmax p;. Choosing ¢; € P such that s1(q;) N Q; = argmaxp;, we

./41 1 Al 1
have

p1(s1(q1) N Q1) > pi(si(pr) N Q).

Because p; is €21;-dominant,

Combining these inequalities yields p; (s1(q1)) > p1(s1(p1)), contradicting strategyproofness.

Step 2. We prove that (70) holds for all p € PV.

Let p = (p1,p_1) € PN and drop again p_; from the list of arguments of s;. For
each a € (0,1), define the probability measure ,p; over the subsets of {2 by

p1(ANQy) pl(Aﬂﬁu)
aPp1(A) =a———>+ (1 —a)——=—= for all A C Q. 72
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If o = p1(Q11), then 4p; coincides with p;. If « is sufficiently close to 1, then ,p; is
Qy1-dominant. For every a, op1 | Q11 = p1 | Qi1 and op1 | Q1 = p1 | Q1.

Choose an increasing sequence of numbers «(1),...,a(T") such that (i) o¢p1 is
adjacent to 4uqyp1 for all t = 1,...,T — 1, (ii) oyp1 = p1, and (ili) o)p1 is Qui-
dominant. Consider the J-path (p});_, in P defined by p! =, p1 for t =1,...,T.

Let A® = s1(pt) Ny for t = 1,...,T. Suppose, contrary to the claim, that A #

argmax p;. Since p? is Qj;-dominant and p? | Q1 = py | Qu1, Step 1 implies AT =
A1l

argmax p;. Let ¢ be the largest integer in {1,...,7 — 1} such that A® # argmaxp;. Let
A A

{E!, E™*'} be the pair of disjoint events such that p},pit! are {E*, E**!}-adjacent
and pt(E?) > pt(E1). Because pt | Q11 = pi™' | Qi1 and p} | Q1 = pi™ | Quy,

Et N ﬁll 7£ @ and EH—l N Qll 7é @
By the Local Bilaterality lemma,

s1(Ph) \ s1(pih) = E' and s, (pi™) \ s1(p}) = B

It follows that (s1(p}) \ s1(Pi™)) NQy # 0, that is, si(pt) Ny # s1(p™) NQy,
contradicting (71).

Step 3. We show that for all p,q € Py x PN\

1| Q11 =q | Q1] = [si(p) N Q11 = si(q) Ny for all ¢ € N.

Let p,q € P11 x PN\, Since we are only concerned with the restriction of s to
11, we may assume p_; = ¢_; and omit that sub-profile from the notation. Suppose
p1| Qi1 = a1 | Q1. By Step 1,

s1(p1) N Q1 = s1(q) Ny = ar%lmaxpl. (73)
11

Because p1, ¢1 € P11, (73) and super-strategyproofness imply
si(p1) N Q1 = si(q1) N Qqy for all i € N.

Indeed, if, say, so(p1) N1 # s2(q1) N1, then (73) and the assumption p; | Q11 = ¢ |

QH 1mply that either (1) D1 (812<p1) N QH) > p1<812(ql> N QH) and Q1(812(P1) N QH) >
¢1(s12(p1) N Q41), or (ii) both of these two strict inequalities are reversed. Because
p1.q1 are j3-dominant, each of (i) and (ii) violates super-strategyproofness.

Step 4. We claim that for every w € €y; there is a unique j # 1 such that a,,(Py; X
PMV) = {1,j} .
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From Step 3, the assignment of all states in §2;; depends only on the conditional
beliefs of agent 1 over €2;;. We may thus drop p_; from the notation and regard s
as a function from P(£211) to S(211). By assumption, s is super-strategyproof (hence
also non-bossy) and it is not constant on P (7).

We want to show that

s;(p1) N sg(q1) = 0 for any distinct j,k € N\ 1 (74)

and any p1,q € P(Q11). For any O C 11, an Qn—assignment rule 5 : P(Q11) —
S(Q11) will be called 1-C-BD union if it is a union of constant or bilaterally 1-
dictatorial 7:ules on Qn, namely, if there is a partition {Qlu}f:l of €41 such that, for
all p; € P(Q1),

5i(p1) = Ul sk(py | Q) for all i € N, (75)

where each s' is a constant or (1,j')-dictatorial },-assignment rule. With a slight
abuse of terminology, we will call (the restriction to P of) 5 a 1-C-BD union over P
if (75) is satisfied for all p; C P C P(£1;). We prove Step 4 by induction on the size
of Qll-

Sub-step 4.1. Suppose that |2;;| = 2 and consider a super-strategyproof assignment
rule 5 : P(Q2y1) — S(11). Then there exists j € N\ 1 such that §;(p) = 4, for all
p1 € P(Q1). It follows that § is a 1-C-BD union.

Indeed, suppose that Q17 = {wy,ws} and let p; € P(Q1). If we have either §;(p;) = ()
or §1(p1) = 1, then § is constant over P(£211) and the result of Sub-step 4.1 trivially
holds. Without loss of generality, suppose now that $;(p1) = {wi}. Then there
exists some agent j # 1 such that we € s;(p;) and obviously §1;(p1) = Q1. By
super-strategyproofness of 5, we have p1(51;(p1)) > p1(51;(p1)) = p1(£11) = 1, hence,
p1(51;(p1)) = 1, for all p € P(£241), meaning that 5 is (1, j)-dictatorial. Thus, in all
possible cases, § is a 1-C-BD union.

Suppose now that |[1;] = K > 3 and assume by induction that every assignment
rule § : P(Qll) — S(Qll) such that |Qll| < K —11is a 1-C-BD union.
Recalling that the range of s1(-) is &€ = {E C Q1 : s1(p1) = FE for some p; €
P(Q41)}, strategyproofness of s obviously implies s1(p;) = argmaxp; for all p; €
£

P(241).

Given any w € 1, define the set of w-lexicographic beliefs L(w) = {p; €
P(Q21) : pr(w) > p1(291 \w)}. For any ¢ € P(Qq1) UP(Qy1 \ w), let LI (w) =
{pr€L(w):pi [ (Q\w)=a [ (Qu\w)} and, for any a € (3,1), define ¢;"* €
L8 (w) as follows: for all W’ € Q3

vy a ifw =w,
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Sub-step 4.2. Consider ¢; € P(€1) s.t. w € s1(¢1); and suppose that p; € L9 (w).
Then we have s(p1) = s(q1).

The proof of Sub-step 4.2 is rather straightforward, and left to the reader. It follows
from non-bossiness of s and the fact that p;(w) > 1/2 for all p; € L7 (w).

Sub-step 4.3. Fix@ € Qy; and a € (3,1). Define the mapping o5 : P(Q41\@) —
S(Q11 \ w) as follows: (i) o8 (q1) = s1(i™) \ @; (ii) o5 “(q1) = si(a7), Vi # 1.
Then .57 is an (€7 \ @)-assignment rule and a 1-C-BD union.

To prove Sub-step 4.3, note first that w € s1(py) for all p; € L(@w). Indeed, since
the range £ of s1(+) is a proper covering of €17, there exists p; € P(Qn) such that
w € s1(p1). Therefore, if w ¢ s1(p1) for some p; € L(w), we would have p;(s1(p1)) >
p(w) > % > p1(s1(p1)), contradicting strategyproofness.

Building on this result, observe from (i)-(ii) above that the mapping ,5 satisfies
the feasibility constraint. Indeed, for any ¢; € P(Q; \ @)', since ¢ € L(@), we get
from the feasibility of s that

= agl_i(ql)
_ ’__J\— _
Uien o8; “(q1) = (51(q77) \@) UUsenni 5i(q7")] = Qi1 \ @.
5,—/ \T
we w

Thus, the mapping ,5 “ is a well-defined (£21; \ @)-assignment rule. Moreover, it is
super-strategyproof (because s is), and since |2;; \ @] = K — 1 < K, our induction
hypothesis implies that ,57¢ is a 1-C-BD union.

Sub-step 4.4. Fix @ € Qy;. The mapping 5% : L(©w) — S(241 \ @), defined as the
restriction of s to £L(w), is a 1-C-BD union over £(w). As a consequence, (74) must
hold for all py, ¢ € L(w).

This follows from the combination of Sub-step 4.2 and Sub-step 4.3. Indeed, fix any
a > 1/2; and note from Sub-step 4.2 that, for all ¢; € L(@), we have §(q1) = s(q1) =
s(g7™) because ¢ € L% (w). That is to say,

57(q1) =0 U o517 | (Qu \ @) and 57(q1) = o5, “(q1 | (Qu \ @)),Vi# 1. (76)

Recalling from Sub-step 4.3 that ,s is a 1-C-BD union, there exists a partition
{Qh, ..., 08} of Q3 \ @ and L Ql-assignment rules s', ..., s” such that ,35;“(q; |
(1 \ @) = UL k(g1 | ©)) and each s is constant or (1, j!)-dictatorial for some
j' # 1. Substituting this in (76) thus gives: for all ¢; € £(®) and i € N,

@ _ UZL:13§(Q1 | Q4y) ifi#1,
o ={ o st 1021 7
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Observe from (77) that ¥, the restriction of s to £L(w) is expressed as the union of
the L 4 1 sub- rules 5%, st ..., s, where s° is the constant Q-assignment rule which
always assigns Y, := {w} to agent 1. This concludes the proof of Sub-step 4.4.

We are now ready to proceed with the proof of Step 4. Since P(€2;7) is connected,
there is a J-path (p!)L_; in P(;) between any two beliefs p;,q; € P(Qy). If the
length T'—1 of this path is equal to 1, then py, ¢; are adjacent and the Local Bilaterality
lemma implies s;(p1) N sk(q1) = 0 for any distinct j, k € N \ 1. Next, proceeding by
induction, we assume that (74) is true whenever p;, ¢; are connected by some J-path
of length 7" — 1 < T — 1 (with 7" > 3) and we prove that (74) also holds for any p;, ¢
that are connected by some J-path of length 7" — 1.

By contradiction, suppose that there exist w* € Q7 and pf,p{" € P(Q11) such
that, say, w* € so(p}) Ns3(py’) and py, p}" are connected by some J-path q; = (q})L;.
Combining the Local Bilaterality lemma with our induction hypothesis that (74) holds
for all pq, ¢; that are connected by some J-path of length 77 < T — 1, we obtain

w' € si(ay ) \si(ar) =ss(ar) \ ss(ap ) # 0 (78)
silag ') =si(ar), Vi# 13 (79)
ss(ar Nsi(py) =0, Vi # 1,3, (80)

To see why (78) holds, note that having w* € sx(q}) for some k # 1,2 and t < T — 1
would imply a violation of our induction hypothesis on the J-path {ql, ..., q}}, which
is of length t — 1 < T — 1. Statement (80) holds for the same reason. Finally,
(79) follows from (78) and the Local Bilaterality lemma. In addition, observe that
combining (79) and (80) gives

si(Pl) Ns3(p)) = silay) Nss(p)) = si(a] ") Nss(p]) =0, Vi#1,3.  (81)

/11

Sub-step 4.5. There exist w3 € s1(p}") N s3(p]) and we € s1(p]) N s3(p).

/11

To prove Sub-step 4.5, first note that, together, w* € so(p]) N s3(p]’) and the super-

/1! /11

strategyproofness of s imply that pi’(sy\s(»]’)) > p{'(sms(®])). Thus, there exists
w € Qq; such that

W€ spmsP]) \ sma(P)) = svs(pi) N ss(p). (82)

It thus suffices now to remark that sy\s(p}”) Ns3(py) = s1(p}") Ns3(py). Indeed, given
that we have sy\3(p}") := Uizssi(p]’), we can write

sma(p’) Nss(py) = [s1(py") N ss(P)] U [Uizrs (si(p)') N s3(pY))] = s1(pY") N s3(p).
=p by (81)
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Thus, @ € sys(p]") Nsams(P]) = s1(p]") Ns3(py’). A symmetric argument shows that
there exists we € s1(p]) N s3(p]’); and this ends the proof of Sub-step 4.4.

Recall from what precedes that w* € so(p]) N s3(p}’), ws € s1(pf’) N s3(p]) and
wy € s1(pY) N s3(pf’). The states w*, wo, w3 are thus necessarily (pairwise) distinct.
We show a few additional sub-steps below.

Fix any ¢} € LPY(wy) (see Figure 6) and ¢} € LPY (w3), and define ¢} € L(ws) by
L (w3) = ¢ (w2), ‘¢ (w2) = qf'(w3) and '¢}"(w) = ¢{"(w),Vw # wq,ws3. In addition,
call 722 the probability measure over €);; defined by:4

T2 (we) = w2 (we) = 1/2; and 752 (w) = 0 for all w # wy, ws.

Define the two sequences {q7" };m>m, and {G" }m>m, as follows: for any w € Oy,

]' " ]'

m — 1 _ wa ., 83
q1"(w) le + ( m)w“’:’” (83)
— 1 t 1

m — 1 — w2,

) m q +( m)ﬁw'“‘

Figure 6 gives an illustration of the construction of the beliefs ¢*, g™

starting from
Py € L{ws). It is important to remark that, by definition, we have ¢ € L£(wy) and

q" € L(ws).?
Sub-step 4.6. There exist m € N (with m > m,,mg) and A, A € §(Q4;) such
that

[m > 1] = [s(¢}") = A and s(g}") = Al.
The proof of Sub-step 4.6 is similar to that of Lemma 3-(i), and therefore left to the
reader.

Sub-step 4.7. For any m > m, we have w* € s5(¢"); and it follows that A # A.
We showed in Sub-step 4.4 that 52, the restriction of s to L£(ws), can be written as

e UE st (g | € if i # 1,

Si2(q1) = { =1 (qll/ ’ lll> 1 . f (84)
where each s' is constant or (1, j!)-dictatorial for some j' # 1. Call Q¥ the unique
event in the partition { QY , Qb ..., QK } of Qy; such that w* € QY. Since ¢/ €

~—
={we2}

“Obviously, %2 is not an injective probability measure (i.e., 722 ¢ P(Q41)); but this does not

affect the validity of our upcoming argument —which is based on the study of sequences of injective
probability measures that converge to m2.

SThere may exist only a finite number of integers m such that ¢, g™ are not injective; and this
issue is taken care of by conveniently starting the sequence at a rank m, (or mg) that is higher than
any such integer.
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LPY (wy) C L(wy), it follows from Sub-step 4.2 that w* € so(p!) = s2(q}) = 552(¢7);
and we may then conclude from (84) that j** = 2 and s*" is (1,2)-dictatorial over
Q4. We get in the same way that %3 = 3 and s*2 is (1,3)-dictatorial over Q3. It thus
follows that ws,wy ¢ Q4 —obviously, w? ¢ Q% since Qf, = {w,}. Using (84) and the
fact that s is (1,2)-dictatorial, we may assert that w* € sy(q;) for any ¢, € L(ws)
such that ¢; | Q¥ = ¢/ | 4. One can then see that w* € sy(¢") by combining
(83) and wy,ws ¢ Q%] to deduce that we indeed have: ¢ | Q% = ¢/ | Q4] for all
m > my.

We conclude the proof of Sub-step 4.7 by noting that we necessarily have A # A.
Indeed, since m > m,, we have w* € Ay = sy(¢"). Assuming that A = A would
thus give w* € Ay = Ay = 55(¢™). But this would contradict the fact that 5 is a
1-C-BD union over L(ws) (established in Sub-step 4.4), which requires (74) to hold
for g™, q" € L(w3) —recall that w* € s3(q}").

Sub-step 4.8. There exist disjoint subsets E, E C 2\ {ws, ws,w*} such that

Al\A1:WQUE:A3\A3,
Al\Alzw:gUE:Ag\Ag,,
A, = A, foralli#1,3.

We start the proof of Sub-step 4.8 by noting that: I > m such that, for any {F, F'} €
H and any m > 1, [wa & F or wy ¢ F] = [(¢*(F) — ¢*(F))(@"(F) — @"(F)) > 0] .
This implication holds by construction since 77113;0 ' = T)PE)%O q" = 7?2 and TE2 (wy) =
72 (ws) = 1/2. In words: when m is large enough, the segment [¢7", ¢"] cuts only
hyperplanes {F, F'} € H such that wy € F and ws € F' (see Figure 7), and ¢}, " are
on the same side of all other hyperplanes.
Second, recall from (83) that ¢7* | (211 \ {w2,ws}) = @ | (21 \ {we,w3}) = ¢

(Q1 \ {wa,ws}), for any m > m. It hence follows that the set of hyperplanes of the
form {w, U E, w3 U E} is totally ordered along the segment [¢", ¢"]. Calling T the

number of such hyperplanes, we may thus write
{{F.F} e H| F = wUE, F = wsUE} = {{wUEy,wsUEL}, ..., {w,UEp, wsUET, }},

where E' [t = 1,...,T] is the #!" hyperplane cut on the way from ¢* to ¢*. Using

this notation, we may then consider a J-path {p’}/f' satisfying the properties: (i)
pl = ¢, pi ™ = @ (ii) p} and pitt are {wy U By, w3 U E;}-adjacent for any ¢t =
1,....T.

We conclude the proof of Sub-step 4.8 by showing that there exists a unique
t* € {1, T} such that: (a) s(p}) = s(¢f"),Vt € {1,...,t*} and (b) s(p}) = s(q}"),Vt €
{t* +1,...,T 4+ 1}. First, note that the assignment may change only once along
the J-path p. Indeed, if s(p}’) # s(p’ ') then we get from the Local Bilaterality
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lemma that s1(pt) \ s1(p% ') = ws U E+; and (given that wy ¢ s,(p} ™)), the Local
Bilaterality lemma requires that s(p!) = s(@"),Vt € {t* +1,...,T + 1}.

Second, recall from Sub-step 4.7 (and 7 > m) that s(¢i*) = A # A = s(g").
Hence, there must indeed exist a unique t* € {1,...,T} such that s(p!") # s(p} ™).
The Local Bilaterality lemma, applied to the adjacent beliefs p!’, pf“, then gives
the desired result: Aj \ A} = wy UEx = A3\ As; Aj\ A} = w3 UE. = Az )\ Ag;
A; = A; Vi # 1,3. Recalling from Sub-step 4.7 that w* € sy(¢") = A,, we obtain
that Ep, B C Q\ {ws, ws, w*}.

We are finally ready to clinch the proof of Step 4. We have shown in Sub-step
€L(w3)
=

4.8 that w* € s5(qf") = Ay = Ay = s5( @* ). But this is a contradiction given that
PN

w* € s3( ¢" ). Indeed, this violation of (74) contradicts the fact that (the restriction

to L(ws) of) s is a 1-C-BD union over £(w3) —which was established in Sub-step

4.4. Thus, it never holds that w* € s;(pf) N sx(p{’) for any w*, pf,p{" and distinct

j,k # 1. Given that s is not constant on P(£), for any w € €y, we thus have,

a,(P(11)) = {1,7} for some j # 1.

Step 5. We show that for every w € €y, there is a unique j # 1 such that a,(PV) =

Let w € Qy;. By Step 4, there is a unique j # 1 such that a,, (P x PV = {1, 5}.
We claim that a,(PY) = {1,;}. Suppose, by contradiction, that there exists some
k # 1,7 and some p € PY such that w € si(p). Drop p_; from the notation. Consider
an Q;-dominant belief pt € Py; such that pt | Q1 = p1 | Qi1 and pi | Q1 = p1 | Q1.
Such a belief can be constructed by taking « close to 1 in (72). Since a, (P X
PN\ = {1, 5}, we have w ¢ s1.(p}). By Step 2, s1(p1) N Q1 = s1(pt) N Q1. By (71),
s1(p1) = s1(p}). By non-bossiness, s(p;) = s(p;), contradicting w € si(p1) \ sr(p})
and completing Step 5.

~For every j # 1, define Qil ={w € Qi :a,(PY)={1,j}} . Let Ny ={j e N\1:
Q}, # 0}. By definition, {Q, : j € N1} is a partition of Q1. For each j € Ny, let

11 ={A CQJ, :3Ip e PV such that s,(p) N O}, = 47}

Step 6. We show that Ay is a product family. Namely, for any collection of events
{Aj . j € Nl} 5

[Aj c .AJH for allj S Nl} = [UjeNlAj S .AH} .
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Suppose A7 € A{l for all j € Ny and write N7 = {2,...,n;}. Call a belief p;
lexicographically (3, ..., Q1) -dominant if |p;(A) — p1(B)| > |p1(A’) — pi(B’)] for all
distinct A, B C @), all A/, B’ € Q\ (U,_,Q%), and all j = 2,....,n — 1. Consider a
lexicographically (02, ..., Q}})-dominant belief p; such that

argmaxp, = A’
Ay
for all j =2,....n — 1. Fix p_; € PY\! and drop it from the notation.
Strategyproofness implies

51(271) M Q%l = AZ.

This is because there is some ¢; such that s;(q;) N2, = A%, argmax p; = A%, and p;
Aty
is 2 -dominant.
Next, proceed inductively. Suppose we have shown that s;(p;) N}, = A’ for

j=2,..,k—1. We claim that
S1 (pl) N Q]fl = Ak (85)

Since A¥ € A%, there is some ¢; such that s;(q)NQE, = AF. If s1(p)NQY, = BF # Ak,
then

p1(sq,. k—13(P1) N (Ué?:zgjﬁ)) = pl(Uﬁ-:leﬁ U B*)
< p(UZ304, U AY)
= p1(3{1,...,k71}(Q1) N (U§:2Q{1)),

contradicting super-strategyproofness and proving (85).
We conclude that s;(p;)N§Y}; = A’ for all j € Ny, which implies that s;(py)Ny; =
UjeNlAjy hence UjENlAj S ./411.

Step 7. Step 6 ensures that argmaxp; = Ujen, argmax p; for all p; € P. Combining
An A,

this with Step 2,
s1(p) N Q1 = Ujen, argmax p;
Aty
for all p € PN. Defining for each j € Ny the (1, j)-dictatorial ,-assignment rule s/
by

(
argmax pp ifve=1,
Ay
si(p) = 4y \argmaxp,  ifi=j,
Ay
W if i £ 1,5
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for all ' € P(Q,)N, statement (69) holds for p € P and i € N.

To complete the proof, it only remains to check that Ajﬁ is a proper covering of
QJ, for every j € Nj.

Fix j € N;. To check that UAjeAgl-lAj =}, fix w € QJ,. Since, by definition
of Y., a,(PN) = {1,;}, there is some p € PN such that w € s,(p), hence some
Al € AJ, such that w € A7,

To check that A7\ B7 # () for all distinct A7, B/ € Al,, suppose on the contrary
that A7 C B’. By Step 6, this implies that there exist A, B € A;; such that A C B.

But by definition of A;; and Step 1, there is some p such that A = argmaxp,
A1

contradicting the fact that p;(A) < p1(B).
To check that ﬂAjeA{-IAj = (), suppose on the contrary that w € r‘lAjeAjl-lAj. Then
w € s1(p) for all p € PV, contradicting the fact that a,(PY) = {1,;}. O

We have stated the Bilateral Dictatorship lemma for agent 1, but a corresponding
lemma obviously holds for every agent. It now follows from these Bilateral Dictator-
ship lemmas, the Bilateral Consensus corollary, and the definition of €2y, that s is a
locally bilateral top selection. Together with the Top Selection lemma, this completes
the proof of Theorem 1.

Appendix 2.E: Proofs for the Constrained Model

Appendix 2.E.1: Proof of the Constrained-Top Selection lemma

The respective statements and proofs of Lemmas 1 to 3 carry over to the constrained
model without the slightest change. As for Lemma 4, its statement and proof must
be adjusted as explained below.

Lemma 4*. Tops and Tops Only

For all p € PN and v,v' € V.Y, we have:

[7(vi) = 7(v7), Vi € N,Vw € Q] = [io(v,p) = @(v', p) € Xuwea{Tu(v1), -, Tu(vn)}] -

Proof. Givenany v € VY, write Q, := {w € Q : 7,(v;) = 7,(v;) for all i, j € N}, that
is, €2, is the collection of states where the agents unanimously agree on the constrained
tops. For all w,w’ € Q, write w >, ' if and only if v;(7,(v;)) > vi(7(v;)) for all
1 € N with a strict inequality for at least one agent 7. In such a case, we say that w
dominates w’ (at v). Finally, let

A ={we w>,u forallw € Q\Q,}, (86)
pv) = |81, (87)
Bv) == {rw(v1) : w € O} (83)



In words, p(v) is the number of states of nature (i) where all agents have the same
constrained top and (ii) that dominate every state where the agents’ constrained tops
are not all identical. Note that 0 < p(v) < K = |Q] for any v € V); and pu(v) = K
at any valuation profile where all agents have the same ranking of the outcomes in
X. The number §(v) stands for the number of distinct constrained tops associated
with the respective states in (2.

For any i € N, v; € V, and x € X, denote by O,.(z) € {1,...,|X]|} the rank
of outcome x when all outcomes in X are ranked in decreasing order of valuations
(with 4’s top having rank 1). Observe that O,, is injective (because v; is). For all
z e {1,...,| X[}, we will therefore write O, '(z) to refer to the unique outcome = € X
such that O,, () = z. We formally state a few direct consequences of the definitions
given in (86)-(88).

Observation 1. For all v € VZ])V and all w € Q:

we < [1<0,(r(v)) < B(v) for all i € NJ; (89)
[Oy, (T (v:)) > B(v) for some i € N| = [ X, N {7,(v1) : w € Q} = 0]. (90)

Observation 2. The set of (p-compatible) valuation profiles obtains as the disjoint

K
union V¥ = kL—Jo VN, where VY = {v € VN : p(v) = k} for all k =0,1,..., K.

The proof of Lemma 4* proceeds by backward induction over u(v). First remark
that, for all v € VZJXK, the statement of Lemma 4* holds by unanimity: all agents
agree on the best feasible act f* = (7,,(v1))weq, which must then be chosen regardless
of the valuations of the outcomes that are not constrained tops.

Next, consider v € V}],Yk for some fixed k € {0,..., K —1} and assume by induction
that, for any v, w € VY, | such that 7, (v;) = 7,(w;) for allw € Q and 7 € N, we have
0(v) = p(w) € Xuea{Tu(v1), .., Tw(va)}.

For all v € V., let af := O, '(8(v)+1). That is, af is agent 1’s next best outcome
after all those that are unanimous constrained tops in the states belonging to 2.
Remark from (89)-(90) and k < K that for all v € V¥,

Dk
To(v1) = a] for some w € Q,

Oy, (a}) > p(v)+1 foralli e N.

For all v € V)Y, define rs(v) = {z € X : f(v)+1 > Oy, () > Oy,(a})}| and r(v) =

> ri(v). By definition, we have r(v) = 0 if the outcome a} is ranked (8(v) 4 1)th or
ieN
(B(v) 4+ 2)th by every agent i at profile v. Letting 7 = max{r(v) : v € V;Yk}, define

V;];\,Tk(ﬂ) ={ve Vé\fk’ r(v) < p}

93



and note that we have the disjoint union ng = U V¥.(p).
p=0
The argument can now be completed by induction over r(v). From this point

on, one simply needs to repeat the procedures described in Step 2.1 and Step 2.2
of the proof of Lemma 4 (see Appendix 2.A) in order to conclude that, for any
v,w € VY, such that 7,(v;) = 7,(w;) for all w € Q and i € N, we have p(v) = p(w) €
Xwea{Tw (1), ..., Tw(vn) T O

Conclusion of the proof of the Constrained-Top Selection lemma

Given a collection of feasible acts Y7, ..., Y, € X,ecaX,,, Lemma 4* allows us to abuse
notation and write ¢(Y7, ..., Y,) to refer to the act ¢(v,p) chosen at any profile v €
VY such that 7,(v;) = Yi(w) for all w € Q and ¢ € N. Call a feasible act A €
X wenXw minimal if there exists no B € X,ecqX, such that B(Q2) C A(£2). Denote by
M (X e X,) the set of minimal acts.

We are now ready to construct s(p), the assignment of states to agents at the belief
profile p. Given that p is fixed, we write s instead of s(p). For all A, B € M(X4eqX.)
such that {w € Q: A(w) = B(w)} =0, let us define

sfB={weQ:9(ADB,.. Bw) = Aw)}.

In words, s{'Z is the set of states of nature w where the social act yields outcome
A(w) when agent 1’s favorite (feasible) act is A and every other agent’s is B, which

disagrees with A in every state. Define s4%

AB _ (8‘143,. SAB) '

9 9n

in a similar way for every agent 1 € N
and write s . One can then generalize the five steps described
in the conclusion of the proof of the Top Selection lemma as follows. We omit the

proofs, which are easy adaptations of their counterparts.
Step 1. For all A, B,C, D € M(X,eqX.) such that A(w),C(w) # B(w), D(w) for
all w € Q, we have (i) 8 = 58 and (ii) s48 = 7.

This means that s4? is in fact independent of the choice of A and B. Define then
s =35 forall A,B € M(xpeqX,) s.t. {we Q: A(w) = B(w)} = 0.

Step 2. U ¢““(Vy,....Y;1,C,Yji,...,Y,) =s;forallj € NandallYy,...,Y; 1, C,
we

Yii1,..., Yy € XpeaX, such that Vi(w),..., Y, 1(w), Y1 (w),..., Y, (w) # C(w) for
all w e Q.

Step 3. s; Ns; = for all distinct 4,5 € N.

Step 4. ¢*(Y1,...,Y,) = U{wes; : Yi(w) =2} forallz € X and all V3,...,Y, €

1EN
XwEQXw'

SNote in particular that a minimal act must be constant if X, = X for all w € Q.
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Step 5. s € S.

The steps above prove that s is an assignment rule generating ¢. It is obvious
that any other assignment rule generates a SCF different from ¢, and the proof of
the Constrained-Top Selection lemma is complete. O

Appendix 2.E.2: Proof of Theorem 2

The proof of the “if” statement in Theorem 2 is again just a matter of checking. To
prove the “only if” statement, we first extend the Super-strategyproofness lemma.
The definition of a super-strategyproof assignment rule is unchanged.

Constrained Super-strategyproofness Lemma. The assignment rule s asso-
ciated with a strategyproof and unanimous SCF ¢ : DN — x,c0X, 15 super-
strategyproof.

Proof. Let ¢: DV — X c0X., be a strategyproof and unanimous SCF and let s be
the assignment rule associated with it. Suppose by way of contradiction that there
exist i € M C N, p € PV and p; € P such that

pi(sa(Pirp—i)) > pi(sm(p)). (91)

In the remainder of this argument, since p_; is fixed, we write p; (s (p;)) and p;(sa(pi))
instead of pi(sa(p)) and pi(sn (P, p-i))-

Case 1. There exists an act f € X,eqX,, such that X, \ f(2) # @ for all w € Q.

Pick such an act f. Fix 0 < ¢ < 1/2. Consider a valuation profile v* € VY where
all agents in M share a common valuation function v5,, all agents in share a common
valuation function vf\,\ 1> and these two valuation functions are such that

vy () > 1—c¢forall xze f(), (92)
v () < eforalaxe X\ f(Q), (93)
v (r) = 1—wvy(z) forall z € X. (94)

Let g = 50(v€7pi) and /g\: SO(UEaﬁz‘)-
Since f(w) € X, forallw € Q, (92) guarantees that v (7, (v5;)) > v5,(f(w)) > 1—¢
for all w € €. Hence,
ng@) > pi(sm(pi)) (1 —€).

On the other hand, since X, \ f(2) # @ for all w € Q, (92), (93), and (94) imply
that vf (7, (vi ) < € for all w € sy\a(p;). Hence,

EYi(g) < pilsar(pi))l + pi(sn(pi))e.

(3

95



Therefore

B () — ERg) > Ipa(or(50)) — pilsar(pi))] — € [pilsar(5)) + pilsnne ()]

and (91) implies that E¥:(g) — E¥:(g) > 0 when ¢ is small enough, contradicting the
assumption that ¢ is strategyproof.

Case 2. For every act f € X, eq, there exists some w € Q such that X, \ f(Q) = 0.

Let fo € Xueq be a minimal feasible act (in the sense that there is no f € X0 X,
such that f(Q2) C fo(Q2)). By the assumption defining Case 2, there is a nonempty
set of states * C Q such that X, C fo(R2) for all w € Q* and X, € fo(Q2) for all
we N\ Q~

Write Q* = {wy,...,wp+}. For each t = 1,...,T*, choose two distinct outcomes
a, by € X, and define

t—1
O ={weQ: X, N | J{aw,bv} = @ and X, 0 {ar, b} # 2}
=1

Note in particular that (i) @ = {w € Q : {a,bi} N X, # 0} # 0; (ii) some
Q; may be empty (for t = 2,...,7*%). Let then T" € {1,...,T*} be the number
of nonempty subsets  (for t = 1,...,T*) and, without loss of generality, label
as ,...,Q7 these T nonempty subsets of Q. Furthermore, define the (possibly
empty) set Q :=Q\ UL Q. By construction, {Ql, oy Qo Q} is a partition of ) and
{as, b} N{ay, by} = 0 for all distinet ¢,¢' € {1,...,T}. Moreover, by definition of Q*,
we have

U{at’, be} C fo(S2). (95)

For any event £ C () and any subset of agents K C N, we will use the shorthand
notation pZ. = pi(sx(p;)) N E) and p& := p;(sx(p;) N E). Let us rewrite (91) as
follows:

(Bisr — Pivg) + -+ + Py — Do) + (Pins — piag) > 0. (96)
=:01 =:07 -5

Therefore, we have ¢; > 0 (for some t =1,...,T) or 5> 0.
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Case 2.1. §; > 0 forsome t =1,...,T.
We claim first that

X\ (J{aw b} #90. (97)

To see why (97) holds, suppose on the contrary that X C UL, _ {ay,by}. Then, for
all w € Q, we have X, C X C U,_,{av, by} C fo(Q), where the last inclusion follows
from (95). For each w € (2, pick some z, € X, \ a1 C fo(£2). Define the feasible
act f € XpeaXy by f(w) = z, if fo(w) = a1 and f(w) = fo(w) otherwise. Then
F(2) = fo(Q2) \ a1, which contradicts the minimality of fo.

Let now Q := {w € @ : {a, b} € X} and Q} = {w € Q : {a, b} C X, }.
Define 67 = (ﬁg\% —pg\?/[) and 0} = (ﬁg\t} —pg\i). Since &; = 0 4+ 6} > 0, we have §) > 0
or 6} > 0.

Subcase 2.1.1. §7 > 0.

Fix 0 < ¢ < 1/3. Consider a valuation profile v* € V¥ where all j € M share a
common valuation function v5;, all j € N \ M share a common valuation function

UJEV\M, and

t—1
V() = v (@) > 1 —¢ for all z € U{at/, by}, (98)

=1
vy (x) € (1 —2¢,1—¢) if x € {as, b}, (99)
v (@) =1 — vy (2) if x € {as, b}, (100)

t
vy (T) = v () <e  forallz e X'\ U{atl, by }. (101)
=1

Such a profile exists because (97) guarantees the existence of an outcome to which
vy, and Ui\ Ay assign valuation zero.

Let g = ¢(v%,p;) and § = @(v°, p;). From (98) we have vf(g(w)) > 1 — ¢ for
all w € Uf,_:lth/. This is because ¢ is the constrained-top selection generated by
s and, at the profile v* and in any state w € U!_! Qy, agent i attaches a value of
at least 1 — ¢ to the constrained top of every agent j —since this top belongs to
UL {aw, bu}. Next, for all w € Q\ UY_ Qp, (101) guarantees that v$(g(w)) < e since
X, NUL_{ap,by} = 0. Finally, (99) and (100) imply that (i) v5(g(w)) > 1 — 2¢
for all w € (Qf Nsum(p;)) U Q) and vf(g(w)) > e for all w € QF N sy\wm(pi), and
(i) v5(g(w)) < 1 —¢€ for all w € (QV N spy(p;)) UQ and v(g(w)) < 2e for all

)
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w € QY N sy\r(p;). Combining the above observations thus gives

t—1

t
PR 00 0o
EZ(G) > D pilQu)(1 =) + Py (1 — 28) + Py 2 + pi( Q) (1 = 22) + (1= Y pil )0,

t'=1 t'=1
=1 0 0 ¢
i % Q

Ei(g) < Zpi(Qt/)l + py(l—e) + Pin 26 + ()1 =)+ (1 - Zpi(ﬂt/))g.

=1 t'=1
Taking the difference, one thus gets

§9>0
Pi (7 pi 2P o =
Ev% (9) — Ev% (9) > (Ding — Ping) —€0(pi, Di) > 0

for € small enough, which is a contradiction to the strategyproofness of .

Subcase 2.1.2. ¢} > 0.
In this case, consider a valuation profile v € YV where all j € M share a common
valuation function v§,, all j € N \ M share a common valuation function VM and

t—1

vy = Vim(r) >1—¢  foralze U{at/,bt/},
=1
vi(@)=1—¢  and v(b") € (g, 2¢),

va\M(x) =1—vy(x) ifxe{a,b},
t
vy = Vinm(T) <e for all z € X'\ U{at/,btl}.
=1
Using observations similar to those of Subcase 2.1.1, it is not difficult to verify that
54>0
Di g =~ Di £ AQ% Qzl ~
for € small enough, which contradicts the strategyproofness of .

Case 2.2. 6 > 0.

. T
Recall from the definition of the partition {Ql, oo, Qp, Q} that X,N Y {av, by} =@
=1

and X, ¢ fo(Q) for all w € Q. For every w € Q, select some f(w) € X, \ fo(Q) and
consider a valuation profile v* € VN where all j € M share a common valuation
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function vj,, all j € N\ M share a common valuation function v%, ,,, and

T
vy () = Vi (7) > 1 —¢ forallz € U{at/,bt/},
=1
vi(r) e (1=2e,1—¢) forallze fo(Q),
vi () € (,2¢) forallz e f(Q),
v (®) =1 — vy (z) forallxe fo(Q) U F(Q);

vy () = v m(z) <e forallz ¢ U{at/,bt/} U fo(Q) U £(Q).

=1
Once again, one checks that

>0
—_——

EP (o (0%, 1)) — E% (o (o7, pi)) > (9 — pihy) —e8(pis52) > 0
for € small enough, which violates the strategyproofness of . U

The last part of the proof of Theorem 1 consisted in establishing the fact that
every super-strategyproof assignment rule is locally bilateral. Note that this fact is
“model-free” as the definition of an assignment rule is unaffected by the presence
of a Cartesian constraint over the set of acts the social planner can choose from.
The combination of the Constrained-Top Selection lemma, the Constrained Super-
strategyproofness lemma, and the above fact yields that every strategyproof and
unanimous SCF ¢ : DY — X,c0X,, is a constrained-top selection whose associated
assignment rule is locally bilateral.

To complete the proof of Theorem 2, it remains to be shown that this locally
bilateral assignment rule must be iso-constrained. This is the purpose of our last
lemma.

Constraint Lemma. Let s be a locally bilateral assignment rule with canonical par-
tition {Q', ..., QT } and let ¢ : DN — x,eqX,, be the constrained-top selection gener-
ated by s. If ¢ is strategyproof, t € {1,...,T}, and s' is not a constant Q' -assignment
rule, then X, = X, for all w,w' € Q.

Proof. Let s be a locally bilateral assignment rule with canonical partition {Q*, ..., QT}
and let p: DY — x_ 0 X, be the constrained-top selection generated by s. Suppose
o is strategyproof, fix t, say, t = 1, and suppose s’
rule.

is not a constant Q!-assignment

Case 1. s' is a bilaterally dictatorial Q!-assignment rule, say, a (1, 2)-dictatorial one.

Let A' = {Al, ..., A}, } be the proper covering of Q! associated with s'. We suppose
that X, # X, for some w,w’ € Q' and show that ¢ is manipulable.
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Forall z € X, let QL (z) ={we Q' :z e X,} and QL (z) ={w e Q' : 2 ¢ X,}.
Let # € X be such that Q! (z) # @ and Q' (z) # 2.

Step 1. We show that there exist m,m’ € {1, ..., M} such that
(A,lnAA}n)ﬂQI( )# @ and (AL A AL)NQL(z) £ @,
where A is the symmetric difference operator.
This is obvious if M < 2, so assume M > 3. Contrary to the claim, suppose that
for all m,m’ € {1,..., M}, we have
AL N AL CQL(T) or AL A AL, C QL (3). (102)
Without loss of generality, assume

AL A AL C QL (D). (103)

We begin by showing that
AN AY C QL (7). (104)

Suppose, on the contrary, that there exists w € A} N A} N Q! (z). Since by definition
of a proper covering NM_| Al = & there exists m* € {3,..., M} such that w ¢ Al ..
Since w € AL, A AL N Ql (z) for m = 1,2, (102) implies

AL NALL C QN (7) form =1,2. (105)

Inclusions (103) and (105) imply A} A A} = &, contradicting the fact that A' is a
proper covering of Q.
Next, we show that
O\ (A] U 43) C QL (T). (106)

Suppose, contrary to the claim, that there exists w € Q! (z) \ (A} U A}). Then there
exists m* € {3, ..., M} such that w € A,,-. From (102), Al A Al . C Q! (z). But (103)
and (104) imply A} C Q1 (). Therefore Aj \ A},. = @, contradicting the fact that
A' is a proper covering.

From (103), (104), and (106) we conclude Q' = Q! (z), contradicting the fact that
Ol (z) #£ 2.

Step 2. Given Step 1, we may assume without loss of generality that
(AL A AN NQL(E) # @ and (A A A)NQL(Z) # @.

Because Al \ A} and A} \ A} are nonempty, there is also no loss in further assuming
that
(A7 \ Ay NQL(Z) # @ and (4} \ A}) NQL(z) # @.
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Let thus wy € (A] \ 43) N Q4L (Z) and wy € (A3 \ A7) NQL(Z).

Choose two distinct outcomes z1, 3 € X,,. Since wy € Q! (Z), we have T ¢ X,,,
so that Z,xy, z, are all distinct. Since wy € Q4 (z), we have T € X,,,.

Fix ¢ > 0 and consider a profile (v,p) € DV such that

p(Q\{wi,wa}) = ¢,

argmaxpy = A},
Ul(ff) = 1> Ul(JIl) >0= Ul(fL’Q),
ve(Z) = 1> wy(xe) > vy(x) forall z € X \ {Z,z2}.

By reporting truthfully (vq,p;), agent 1 gets an expected utility of at most

P1(w1)v1 (T, (V1)) + P1(wa)v1(Te, (v2)) + pr(2\ {wr, wa})
= pi(w)vi(Z) + pr(wz)vi(we) + €
= pl(wl) + €.

Consider a belief ¢; such that (vi,q1) € D and argmax,q ¢ = AL. By reporting
(v1,q1), agent 1 gets an expected utility of at least

P1(w1)v1 (T, (v2)) + P1(wa)vi (T, (V1))
= pr(w)vi(T) + pr(w2)vi(z1)
= pi(wr) + pr(w2)vr (1),

Thus ¢ is manipulable at (v, p) when € < p;(w2)vy(z1).

Case 2. s! is a bilaterally consensual Q!'-assignment rule, say, a (1,2)-consensual
Ot-assignment rule with default A' C Q. Again, we suppose that X, # X, for some
w,w’ € Q and show that ¢ is manipulable. Let € X be such that Q! (Z) # @ and
Ol (z) #£ 2.
Case 2.1. A'NQL(Z) # @ and (Q'\ AN NQL(Z) # @.

Let w; € A'NQL(Z) and wy € (Q'\ A) NQL(Z). Choose 1,22 € X,,,, fix £ > 0,
and let (v, p) € DV be a profile such that

P(Q\{wi,wa}) = ¢,
p(A) > pi(Q\ A,
p2(AY) > (PN AY),
v(Z) = 1>wv(z1) >0 =1v1(z2),
ve(Z) = 1> wvy(xe) > vy(x) for all z € X \ {7, 22} .

101



Let ¢; be a belief such that (vy,q;) € D and ¢;(A') < ¢ (Q' \ A') and check that
agent 1 gains from reporting (vq,q1) instead of (vy, p1) when e < py(wa)vy ().
Case 2.2. A'NQL(Z) # @ and (Q'\ AY) NQL(Z) # @.

Let wy € A'NQL(Z) and wy € (Q'\ A') N QL (Z). Choose 1,29 € X, fix £ >0,
and let (v, p) € DY be a profile where

p(Q\{wr,we}) = &,
p(AY) < p(Q\ A4,

and po, vy, v9 satisfy the same conditions as in Case 2.1. Check that if ¢; is a belief
such that (vi,q;) € D and ¢ (A') > ¢ (Q'\ A'), then agent 1 gains from reporting
(v1, q1) instead of (vq1,p1) when & < py(we)vy(21). O

Appendix 2.F: Figures

Figure 2: The binary relation J
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i) P(e,)

B(b) = (1))

~
~

Figure 3: Illustration of the proof of the first contagion lemma

_-""'.H-F'_-

Figure 4: Illustration of the proof of the first contagion corollary
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Figure 5: Illustration of the proof of the second contagion corollary
w#’

\.,a
Z
ff‘//

P

Wy T Wy

Figure 6: Construction of ¢i* and ¢7".
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For m large, [¢", @] cuts only hyperplanes of the form {w, U E, w3 U E}.
Note in this example that [¢}, ¢}'] — but not [¢}*, §[*]— cuts {ws,w*} € H.

Figure 7: Hyperplanes cut by [¢]", ¢7"].
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