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A Definitions and proofs of results stated in main text

A.1 Well-behaved families of tax policies

In this section, I spell out the requirements for a well-behaved families of tax policies introduced

in Section II.A more formally and completely, both for individualized tax policies that can depend

on 7, and for non-individualized tax policies that do not depend on 4, as in Section V.A.

A1l

A family of tax policies (Te)

Individualized tax policies

0co is well-behaved if

1. for each i and 6, i’s optimal income in response to T?, z; (8) exists, is unique, and z; (8) > 0,

and the second order condition for i’s optimization problem, when facing T, holds with strict

inequality at the optimum: ==

d2

Ui(z—T;(2,0),z) <0, and

z2=2z;(0)

dz?

2. (a) for all 4, the map (z,0) — T; (z,0) is smooth, and

(b) there exists a finite set subset of {ig,i1,...,%,} of I, withn > 1 and ig =0 < i1 < iy <

... < ip = 1 such that the map (i, z,0) — T;(z,0) is smooth on (ix_1,ix) X Z x ©, for
k=1,...n.

To eliminate any possible ambiguity, % " Ui (z —T;(2,0),z) is the second derivative of the
2=z
function z — U; (z — T;(2,0),2). Assuming quasilinear utility, % " Ui(z—T;(2,0),2) =
z=2z;



d2

2
dz z=z;(T)
number of discontinuities in 1.

u(z —T;(z,0) —v; (2)). As mentioned in the main text, condition 2b allows for a finite

A tax policy is regular if there exists a well-behaved family (Te) peo and 0’ € © such that

T% = T. Given this definition, it is easy to see that a tax policy 7T is regular if and only if

U; (z; —T; (2),2) <0, and
D) ( (2i) , 2i)

1. for each i, z; (T) exists and is unique, z; (T') > 0, and (f—zg

2. (a) for all ¢, the map z — T; (z) is smooth, and,

(b) there exists a finite set subset of {ig,i1,...,%,} of I, withn > 1 and ig =0 < i1 < iy <
... < in = 1 such that the map (i, z) — T; (2) is smooth on (ix_1,ix) X Z, for k =1,...n.

It follows immediately from the definitions of well-behaved families of tax policies and regular tax
policies that any regular tax policy must satisfy the above conditions. Going in the other direction,
if T satisfies the above conditions then the family (Te), defined by T? = T, V0 is well-behaved. So
the above conditions are sufficient for a tax policy to be regular as well.

A doubly parameterized family (T97€) 0co.ccE 18 well-behaved if

1. for each 7,6, and €, z; (0, €) exists and is unique, z; (6,€) > 0, and the second order condition
holds with strict inequality: C;%‘ Ui(z—T;(z,0,¢),2z) <0, and

P—
2. (a) for all 4, the map (z,0,€) — T; (z,0,¢€) is smooth, and
(b) there exists a finite set subset of {ip,i1,...,i,} of I, withn > 1 and ip = 0 < i3 < iz <
... < ip = 1 such that the map (7, 2,0, €) — T; (2,0, €) is smooth on (ix_1,i) X ZXO X E,
fork=1,...n.

A.1.2 Non-individualized tax policies

When taxes are not individualized, and hence are the same for all agents and do not depend on i,
the requirements for well-behavedness simplify. In particular, in this case, a tax policy T is regular
if and only if

d2

e Ui(zi — T (2),2) <0, and

1. for each i, z; (T) exists and is unique, z; (T') > 0, and )
zi=2z;

2. the map z +— T'(z) is smooth.
Likewise, when taxes are not individualized, a family (Te’e) is well behaved if
1. for each 7,6, and €, z; (0, €) exists and is unique, z; (6,€) > 0, and the second order condition

holds with strict inequality: dd—; Ui(z—T(z,0,¢),z) <0, and

z=2;(0,€)

2. the map (z,0,¢) — T (z,0,€) is smooth.
The following observation is useful

Observation A.1 A family of non-individualized tax policies (T9’€) 1s well behaved if and only if
(i) for all @ and e, T?¢ is reqular and (i) the map (z,0,¢) — T (2,0, ¢€) is smooth.



A.2 Proof of Proposition 1

Assume that g, (Te) and 0y are as in the hypothesis of the proposition. Now, first assume that
[ gi (60) 89’ 6=8, T; (i (0p) ,0)di < 0. It follows from the smoothness of welfare weights, utility
functions and parameterized families of tax policies that if 67 is such that #; > 6y and 6y is
sufficiently close to 0o, then for all &' € [fo,61], [ g; ( ) N (zz <T‘9') ,9) di < 0. Tt follows

from the global improvement principle (in Section II.B) that for all 8’ € (6, 6;), T% <9 TY. This
establishes the first claim in Proposition 1.

Next assume that [ g; (o) 55 i (zi (6p),0)di > 0. Now define the parameterized family

5 lo—0, T

of tax policies, (77 _ by T¢ = T-9,v0 [—5, —Q], and, using notation analogous to that
0e[—6,—0]

introduced in Section TLA, let T; (2,60) = T¢ (z). Then we have:
[alr) A s) e faeo) = (-5

0=0o

L= (1).0))

T, (z,- (T90) ,9) di <0,

6=—0o

where the inequality follows from the assumption made at the beginning of the paragraph. It
follows from the smoothness of welfare weights, utility functions and parameterized families of
tax policies that if -0 € ( @,—90) is sufficiently close to —6p, then for all § € [—6;,—6],
[ gi (T9l> 56 ‘9 o (zz (Te ) ,9) di < 0. So the global improvement principle implies that, for all
—0' € (=601, —0p), T~ <9 T=%. So for all &' € (0y,61),T% =9 T?. This establishes the second

claim of Proposition 1. [J

A.3 Proof of Proposition 2

First assume that all agents are indifferent as 6 varies in the interval [fy,61]. Then, for all
g—g Ui (T9/> = 0. Hence, by (5), for all & € [0y, 6] and agents

i Glo_g Ti (2 (17 ,0) = 0. So, for all ¢' € [60,61], [ gi (T) |y Ti (= (%) ,6) di = 0. So
by the global indifference principle (in Section I1.B), T% ~9 7% . This establishes Pareto indiffer-
ence along paths. Weak Pareto along paths is similar, appealing again to (5), and using the global

0’ € [6p,01] and agents i, %

improvement principle (also in Section II.B) instead of the global indifference principle. [J

A.4 Definitions for and proof of Corollary 1

Consider a real-valued social welfare function W (T'), whose domain is the set of regular tax poli-
cies. Say the social welfare function is sufficiently differentiable if for all well-behaved families
(T9)9€@ and 6y € O, the derivative %’9:90
Paretian along paths if for all well-behaved (TH) pco and all 0y, 61 € © with 0y < 61, W satisfies

the following properties:

w (T 9) exists. Say that a social welfare function W is



1. Pareto indifference along a path. Suppose that all agents are indifferent among all tax
policies T¢ for § € [0, 01]. Then W (T%) =W (7).

2. Weak Pareto along paths. Suppose that, for all 6 e [0o, 61] and all agents 1, %Ui (é) > 0.
Then W (T%) < W (T%).

Say that a system of welfare weights g implements social welfare function W if W is sufficiently
differentiable and for all well-behaved families (TG) and all ' € ©,

0cO
% w(r’) >0e /gi () 889 T (2 (77),6) di <0 and (A1)
6=0’ 0=0"
% 2 (1) =0 / g (1) 889 T (= (17).0) di =0, (A.2)

The first condition says that increasing 6 is good according to the social welfare function W and
this is detected by the f-derivative of W (T 9) if and only if increasing 6 is desirable according
welfare weights g. The second condition says that the f-derivative of W (T 6) does not detect any
change in social welfare if and only if welfare weights do not detect any change in social welfare.
Having made the terms in the corollary precise, I now prove the corollary. Assume that

the system of welfare weights g implements social welfare function W. Let (Tg) be well-

behaved and let 6y,0; € © with g < 61, and suppose that all agents are indiffererol‘f @among all
tax policies T? for ¢ € [0, 01]. Then arguing as in the proof of Proposition 2, it follows that
[ g (T9'> 2T (zi (T9'> ,9) di = 0. So by (A.2), &|,_, W (T?) =0, for all &' € [0y, 61]. So
w (TGO) =W (Tgl). So any social welfare function implemented by g satisfies Pareto indifference
along paths. The argument that any social welfare function W implemented by welfare weights
satisfies Weak Pareto along paths, proceeds similarly, using (A.1) in the place of (A.2) to derive

%‘9:9/ w (Te) > 0, for all 6’ € [0y, 61], and hence W (TGO) <W (Tel). O

A.5 Proof of Proposition 3

It is convenient to prove a stronger version of Proposition 3, which adds a third equivalent condition
— condition 2 in Proposition A.1 below — to conditions 1 and 3. Recall that we have assumed that

gi (¢i, i) is a smooth function of (¢, 2;).

Proposition A.1 Let g and § be related as in (9). Then the following conditions are equivalent:
1. g is structurally utilitarian.
2. VielI,Vu, € R, Vz, 2, € Z, §; (U, z) = §i (0, 2]) .

3. Vi € I,Vi; € R,Vz € Z, 7 (i, ) = 0.

Proof. First I argue that condition 1 of the proposition implies condition 2. Assume that g is

structurally utilitarian. Now choose ¢ € I,z;,2} € Z, and 4; € R. Define ¢; = 4; + v; (%) and



/

¢ = 0; + v; (#}). Then observe that
ci —vi (%) = ; = — v (zz’) . (A.3)

Then §; (4, z) = gi (¢iyzi) = 9i (¢}, 21) = i (4, 2}), where the first and last equalities follow from
(9), and the middle equality follows from (A.3) and the assumption that g is structurally utilitarian.
It follows that condition 2 of the proposition holds.

Next I argue that condition 2 implies condition 1. So assume condition 2. Choose i € I, ¢;, ¢, €
R, z, 2, € Z and 4; € R such that 4; = ¢; — v; (z;)) = ¢, — v; (2}). It follows that g; (¢;, z;) =
Gi (Ui, zi) = §i (U4, 21) = gi (¢}, z), where the first and last equalities follow from (9), and the middle
equality follows from condition 2 of the proposition. This establishes condition 1.

Finally, consider the equivalence of conditions 2 and 3. First observe that our smoothness
assumptions imply that condition 2 implies: Vi € I,Vu; € R,Vz; € Z, %gi (U, 2;) = 0. Going in

the other direction, the equivalence now follows from the fundamental theorem of calculus. [

A.6 Proof of Theorem 1

First assume welfare weights arise from a generalized utilitarian social welfare function, meaning
that they are of the form g; (¢;, z;) = F} (Ui (ci, %)) (%Ui (ci,zi). These weights are structurally
utilitarian because, if, for all ¢;, ¢}, z;, 2L, if ¢;—v; (z;) = ¢, —v; (2]), then U; (¢i, zi) = u (¢; — v; (%)) =
u(c, —v; (2)) = Ui (¢, 2]) and iU- (¢iyzi) = U (¢; —vi (z)) = W (¢, — v (2])) = 82 Ui (¢, z). So
if ¢; — v (21) = ¢, —v; (2}), then g; (ci, zi) = gi (¢}, 2}).

Going in the other direction, by Proposition 3, structural utilitarianism is equivalent to the
requirement that, holding fixed agent characteristics (z;,y;), welfare weights are a function of 4; =
¢i — v; (2i), so that, assuming structural utilitarianism, we can write g; (¢;, 2;) = g (ciy ziy iy i) =
g (U, i, y;) = §i (U;). Define the function w; (4;) = w (U, x;, y;) by w; ( Z) fo gi (4;) da;. Now
define the Function F : R x X x Y — R by F(vj,z;,y;) = w (u™! (v;),24,y:), where u™! (:)
is the inverse of w(-). If x; and y; are not discrete, the smoothness of w and u imply that F
is smooth. If x; and y; are discrete, w is smooth in its first argument and hence F' is smooth
in v;. Let F;(v;) = F (v, z;,y;) and define W; (¢, 2z;) = F; (Ui (¢, 2:)). We have Wi (¢, 2z) =
F; (Ui (ci, 7)) = wi (u™ (w(c; —vi (2)))) = w; (¢; — v; (2;)). Note that, from the above, we have
gi (¢iyzi) = Gi (i —vi (z)) = W, (¢; —vi (z1)) = %WZ (¢i,zi) = F! (Ui (ci, i) %Ui (ciyzi). So the
weights arise from a generalized utilitarian social welfare function. [

A.7 Proof of Corollary 2

Suppose that welfare weights g are structurally utilitarian. It follows from Theorem 1 that wel-
fare weights are of the form g; (¢;,z;) = F!(U; (ci,zi))£U (ci,zi) for F; (ui) = F (ui,xi,yi)
for some F. So for the social welfare function W (T) = — [ F; ( (T), 2 (T)))di, the enve-
lope theorem implies that, for all well-behaved famlhes (T 9) o and 90 € 0, % w (Te) =

— [ 9 (T%) Glg—g, Ti (2 (T%) . 0) di. O

s ‘0:90



A.8 Proof of Theorem 2
A.8.1 Main argument

What follows is a more formal version of the argument in the main text. Assume that welfare weights
are not structurally utilitarian. It follows from Proposition 3 that there exists j € I,4* € R, z* € Z,
such that 8%@]- (a*,z*) # 0. Smoothness of the primitives implies that we can choose z* so that
z* > 0. Assume that 8%7_ gj (4", 2*) < 0. (The argument would be similar if we assumed instead that
%gj (@*,2*) > 0.) Our smoothness assumptions then imply that there exists a non-degenerate!
closed interval of agents S, which is a proper subset of I = [0, 1], such that, for all agents i € S,
8%91» (@*,2*) < 0.2 Let O and Q be two other non-degenerate closed intervals contained in [0, 1],
such that S, 0, and @ are pairwise disjoint. Now consider a doubly parameterized family of tax
policies (TO’E)(;E@,EeE, where © = [Q,m for some § < § and E = [—¢, € for some € > 0, and which

takes the following form:

T; (9) 2 + K (6)+6t5, ifiels,

1}076 (21) = —eto, ifi €0, (A1)
77'(9,6)2’7;—}—1?;2'(9,6), leGQ,
0, otherwise.

Above 7; (0) is a personalized marginal tax rate for agents in 7 in S, and 7 (6, €) is a marginal tax
rate which is not personalized on Q; both 7; (#) and 7 (6, ¢) depend on parameter values. «; (6) and
R; (0,€) are personalized lumpsum taxes that depend on parameters. tg and tp are positive real
numbers, so that etg and —etp are lumpsum taxes as well. I assume that the map (4,6) — 7; (0) is
smooth on the domain S x © and that the map (6,¢) — 7 (6, ¢€) is smooth on the domain © x E.
Moreover, I assume that there exists 0y € (Q, 5) such that, for all i € S, 7; (6p) = 1 —v] (¢*) and, for
allg € ©, 7/ (#) > 0.3 In what follows, let U; (0, ¢) = U; (T%€) = 2 (0, 6)—Ti€’6 (zi (6,€))—vi (2 (6,¢))
be i’s utility in response to T%¢, using the representation that omits the outer utility function
u (+), and note that g; (6,¢) = g; (Te’ﬁ) =g <Ul (0,¢€), 2 (9,6)). When an agent ¢ in S faces tax
policy 7%, they will solve the problem max., (1 — 7; (A)) z; — i (6p) — v; (2;). It follows from the
construction of 7; (Ay) and the fact that v; (z;) is strictly convex that z; = z* uniquely satisfies the
agent’s first order condition when (6, ¢€) = (6p,0), namely, (1 — 7 (6p)) — v} (z;) = 0. Because agents’
objective is strictly concave, it follows that z; = z* is the unique optimum for all agents i € .S when
facing tax policy 7%, so that z; (6, 0) = 2* for all i € S. For all i € S, define the function &; (6)
in (A.4) to solve:

(1= 7 (0)) i (0,0) — v; (2 (0,0)) — #; (0) = ¥, VO € O, (A.5)

!By a non-degenerate closed interval, I mean a closed interval which is not equal to a single point.

20f course, it is possible that a%gi (4*,2*) < 0 for all 7 € [0,1], but in this case there is also a closed interval S,
which is a proper subset of [0, 1], on which this property holds.

3We allow for the possibility that 7; (60) < 0.



That is, the lumpsum tax k; (f) is chosen so as the keep the agents’ (in S) utility fixed at @*
when the agent faces tax policies of the form T%° as 6 changes — where we measure utility via
the representation U; (TG’O) that excludes the outer utility function w (-). Note that we can freely
define «; (f) in this way because the optimal income z; (¢,0) depends only on the marginal tax rate
7; (f) and not on the lumpsum tax x; (#). Note, moreover, that, for any e € E, § € ©, and i € S,
#’s utility, when facing T%¢, is U; (0,€) = 4* — etg, which does not depend on 6. So, holding € fixed,
each agent i € S is indifferent as 6 varies. Likewise, for all ¢ € @, define ; (0, €) to satisfy the

following equation:

(1—7(0,€) 2 (0,€) — vi (2 (0,€)) — Fi (,€) =0, VO € O,Ve€ E. (A.6)

That is, the lumpsum tax &; (0, €) is selected to keep the utility U; (6, ¢€) of all agents i € @ equal
to zero as 0 and e vary. Again, observe that z; (6, ¢) only depends on the marginal tax rate 7 (6, €)
and not on the lumpsum tax ; (6,€). Given the above, it follows by construction that, holding e
fixed, all agents are indifferent, as § varies in T%¢. So, it follows from part 1 of Proposition 2 —

Pareto indifference along paths — that
TY0,€ 9 T9176’ Ve e E, (A.7)

where 04, satisfying 6y < 61, is a value of 6 that we now select. In particular, it follows from the
facts that a%gi (z*,0*) < 0 and z; (0p,0) = z* for all i € S and the smoothness of the primitives of
the model that if we choose 6; sufficiently close to 6,
0 . [~ o . . .
o0 (3 (6,0). 2 (6,0)) = 52,01 (02 (6,0)) <0, V6 € [f0,01] Vi € 5. (A.8)

So let us choose #; so that (A.8) is satisfied. Moreover, since z; (0p,0) = z* > 0,Vi € S, we may
assume that 6; is chosen sufficiently close to 6y that, for all i € .S and 0 € [0y, 64], z; (6,0) > 0.

For any 6 € ©, define gs (0,0) = [4 i (0,0) di and go (6,0) = [, g: (0,0) di. It follows from the
fact that U, (0,0) =u*,v0 € ©,Vi € S, (A.8), and the assumption that 7/ (§) > 0,V0 € ©,Yi € S,
which, given that z; (6,0) > 0,V6 € [0, 61],Vi € S, implies that £z; (6,0) < 0,V € [, 01],Vi € S,
that

88995 (6,0) > 0, Vo e [90, 91] . (Ag)

Choose ' € (6p,01) and suppose that the positive numbers tg and to in (A.4) were selected to
satisfy

95 (¢',0) ts = go (¢',0) to. (A.10)



Then, writing T (2,0, €) = T%€ (z;), we have:
0
/gi (60, 0) e

0

= g5 (0, 0) ts — go (60,0) to +/ ( [8

Q €

0
=95 (00,0)ts — go (90,0)to+/ ~ B
Q €

T:L' (Zl (907 O) ) 007 6) di
e=0

0
T(HO,E):| Zi ((90,0) + &

i (0o, e)) di

e=0 e=0 (All)

Ui (90, 6) di
e=0

= g5 (00,0)ts — go (60,0) to <0,

where the second equality follows from the envelope theorem, and the third equality follows from
the fact that, by (A.6), the utility of all agents in Q is held fixed as e varies in 7%, so that, for
all i € Q, % 0 U; (6p,€) = 0. The inequality follows from (A.10), and the facts that go (6,0) is
constant in 0, that, by (A.9), gs (6,0) is increasing in 6, and that 6y < #’. Using similar arguments,

0
[o610 5

The reason that the the inequality in (A.12) points in the opposite direction of the inequality in
(A.11) is that, whereas 6y < ', 8; > #'. It follows from (A.11), (A.12), and the local improvement
principle — Proposition 1 — that

7—17; (zl (0170) 7917 6) di = gs (917 O) ts — go (017 0) to > 07 (A12)
e=0

00,0 9,
TO _<gj"‘0€7

7010 g TOue for sufficiently small € > 0. (A.13)

Putting (A.7) and (A.13), together, we have that for sufficiently small € > 0,
700,0 29 Tbose  Tbie 9 01,0 g 7000 (A.14)

So, on the assumption that welfare weights are not structurally utilitarian, we have constructed a
social preference cycle.

The last step is to show that revenue can be held fixed across the tax policies in the cycle. This
is achieved via the selection of 7 (6,¢) in (A.4). For any marginal tax rate 7, write z; (7) to be
the income that ¢ would earn, if ¢ faces the tax policy T'(z) = 7z, or, in other words, if i faces a
constant marginal tax rate of 7. It follows that, for all i € @, we can write z; (7 (6,¢)) = z; (0, €)

because every agent i € Q faces the constant marginal tax rate 7 (6, €) under tax policy T%¢. Let



Rq (6, ¢€) be the revenue raised from agents in @) by tax policy T?%¢. Then we have

Ro(0,e) = | T(z(0,¢),0,¢)di = 7(0,¢) 2z (0,¢) +R; (0,¢)]di
0.0= [ TCi(0.0.0.0di= | 6,02(0,0 +5(0.0)
:/Q [T (0,€) 2 (0,€) + (1 —7T(0,€)) zi (0,€) —v; (23 (0,¢€))] di (A.15)
= [ 0. = v (s (0,)) i
Q
where the third equality follows from (A.6). Next, for any marginal tax rate 7, define Rg () by
Ro (1) = 2i\T) — v (2 (T ds.
0 ()= [ ()~ )]

Then it follows from (A.15) and the fact that z; (7 (0,¢€)) = 2; (6, ¢) that Rg (7 (6,¢)) = Rg ().
Since we assume that, in the absence of taxes, all agents earn positive income (see Section I), there
exists a positive marginal tax rate 79, which is sufficiently small that, for all i € Q, z; (19) > 0.4
From agent i’s first order condition, when facing marginal tax rate 7y, we have that, for all i € @,
0= (1-7)—v(z(r)) < 1—v)(z(0)). Assume that 7(0y,0) = 79. Define R_q (¢,0) =
fI\Q T; (2 (0,¢€),0,¢) di to be the revenue raised by tax policy T%€ from all agents not in Q. Now

consider the condition:
Rg (7(0,€)) + R_g (8,€) = Rg (10) + R_g (60,0) . (A.16)

Observe that R’Q (7 (6p,0)) = fQ 2l (10) [1 — v} (2i (10))] di < 0.5 It follows from the implicit function
theorem that the function 7 (0, €) is uniquely determined in a neighborhood of (6p,0) by 7 (69,0) =
70 and (A.16). Redefining € to be sufficiently small and 6 and # to be sufficiently close to 6 if
necessary, and assuming that 61 was chosen sufficiently close to 6y so that 6y < 61 < 6 still holds, we
may assume that we have thus defined 7 (6, €) on all of © x E, and moreover such that z; (6,¢) > 0
for alliin @, 6 € ©, and € € E (since z; (6p,0) = z; (19) > 0,Vi € @ and @ is compact). Note now
that (A.16) implies that the revenue of T%€ is held constant as 6 and e vary. This completes the
proof. [J

A.8.2 Well-behavedness of (TQ’E)

Here I verify that the family (7%¢) in (A.4) above is well-behaved (see Sections II.A and A.1), as this

is required for Propositions 1 and 2. I begin by verifying the first condition for well-behavedness.

4The assumption that, in the absence of taxes, all agents earn positive income, is not necessary for the proof. In
the absence of this assumption, we could instead select 79 to be a sufficiently small negative marginal tax rate that,
for all i € Q, z; (10) > 0. Then the proof would proceed in the same way as below except that R'Q (7 (0,¢)) > 0 rather
than Rf, (7 (6, ¢)) < 0. However what matters for the argument is only that Rf, (7 (6,¢)) # 0.

5This inequality follows from the facts that, by our assumptions above imply that, for all i € Q (i) z; (7o) > 0, so
that zj (70) < 0, and that (i) 1 — vj (2; (10)) > 0.
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Existence and uniqueness of z; (6, €) are straightforward to establish.® That z; (9, €) > 0 for all i in
S and @ was established in the course of the proof (noting that z; (0,¢) = 2;(0,0),Vi € S), and
for i not in S or @, z (0, €) > 0 follows from the assumption that, when facing a zero marginal tax
rate, all agents select a positive income (see Section I.A). That each agent’s second order condition
holds with a strict inequality follows from the fact that v/ > 0 and «' > 0 hold everywhere and
that all agents face a tax policy that is linear in z (possibly with a zero marginal tax rate) under
T%¢. This establishes that (TG’G) satisfies the first condition required for well-behavedness.

To establish the second condition, I appeal to the following observation.

Observation A.2 The maps (i,0) — 7; (0) and (i,0) — k; (6) are smooth on SxO; (0,¢€) — T (0, €)
is smooth on © X E; and the map (i,0,€) — k; (0,¢€) is smooth on Q X © x E.

The map (4,6) — 7; () is smooth on S x © by assumption.” The map (i,0) — r; () is smooth on
S x © because it is defined by (A.5) and all of the other functions in (A.5) are smooth.® The map
(0,€) — T (0, ¢€) is smooth because it is defined by the implicit function theorem via equation (A.16)
and the other functions in (A.16) are smooth. Finally, (7,6, €) — &; (0, €) is smooth on @ x © x E
because it is defined by (A.6) and the other functions in (A.6) are smooth.?

That, for all i, (z,0,¢) — T; (2,0, €) is smooth follows from (A.4) and Observation A.2. Recall
that S, O, and @ are assumed in Section A.8.1 to be pairwise disjoint closed intervals. It then follows
from (A.4) and Observation A.2 that the map (i, 2,0, €) — T; (2,0, €) only fails to be smooth when
1 is one of the six endpoints of these three intervals. This establishes the second condition required
for the well-behavedness of (TG‘).

A.9 Calculations from Section IV.B

That the revenue of T%¢ is %, for all # and ¢, is verified by the following calculation:

R(Teﬁ) - %[z(@)&—i—ﬁ(ﬁ)—i—e] +% [z(\h—e?) \/1—924-/46(9)—6]

revenue from type A agents revenue from type B agents.

S [0-00eg0-oi] 3 [0V VimE e (i)
:1 {1(1—9)(1—1—9)}—}-;[;(1—@) (1+ﬂ)} :i(l_ez)_f_igg:l

212 4

SExistence and uniqueness follow from the assumptions of Section I.A, the fact that when facing a linear tax policy,
agents’ objectives are strictly concave, the selection of the marginal tax rates 7 () and 79, and the construction of
7; (0) and T (6, €) using the implicit function theorem.

"This is consistent with the other assumptions made on 7 (0). In particular, I assumed that, for all i € S, 7; (6o) =
1—vj (2%), and that, for all § € ©, 7/ (6) > 0. So for example, if I had specifically defined 7; (§) = 1—wv; (%) + (6 — 6o)
on S x O, (i,0) — 7; (9) would have satisfied these properties, and, moreover, would be smooth on S x ©, since the
assumptions of Section IV.A imply that i — v} (2*) is smooth.

8 In particular, (i,0) — z (6,0) is smooth because the latter is characterized by the implicit function theorem
applied to i’s first order condition and the the functions that feature in the first order condition are smooth in (4, 6).

9Again, the map (i, 0, €) — z; (, €) is smooth for reasons similar to those explained in footnote 8 of the appendix.
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The above calculation also implies that, at 7€, the total tax paid by a type A agent is
% (1 — 02) + € and the total tax paid by a type B agent is %92 — €. So as 0 rises from 6y = \/g to

0, = \/5, the total tax paid by a type A agent falls from % + € to % + € while the total tax paid by

a type B agent rises from é — € to % — €.

A formal derivation that 790 =9 T%:€ for sufficiently small € > 0 is as follows.

9 _ Ta (T (60.0) 60,9 dz‘:/j [g (;) x 1} dz’—I—/; [g <é> y (_1)] di

1
| ot 3

-~

type A agents type B agents

1YLy
29\ 3) 296 ‘

So by Proposition 1 — the local improvement principle — it follows that 790 =9 T%:€ for sufficiently
small € > 0.
B 1 2 . S 1s(1y _1:(1 '
SlmﬂarIYa fo i (0170) O¢ le=0 T‘Z (Zl (917 0) 5017 6) di = 29 (6) 29 (3) < 07 andv again by PTOPO‘
sition 1, 7910 <9 T01¢ for sufficiently small € > 0.

A.10 Proof of Corollary 3

Assume that ¢ is not structurally utilitarian. It follows from Proposition 3 that there exists an
agent j € (0,1), z* € Z with z* > 0 and ¢* € R and such that

aijgj (a*,z%) #0. (A.17)
We can assume that j is in the interior of I = [0, 1] and z* > 0 because of the smoothness of the
primitives. Choose a smooth strictly convex tax policy T, with moreover T (z;) > 0, Vz;, such that
(i) T"(2*) = 1 — v} (z%), (i) 77(0) is sufficiently small (or negative if 1 — v’ (2*) < 0) such that
all agents would earn a positive income in response to 1" — recall that in the absence of taxes, all
agents earn a positive income (see Section I.A) —, and (iii) lim,_,o 7" (2) > 0. These assumptions,
together with the strict convexity of v; (z;) and the assumption that v} (z;) > 1 for sufficiently large
z; (see Section I.A), imply that T is regular. (See Section A.1.2 for the requirements for regularity.)
It follows from property (i) that z; (') = z*. By the appropriate choice of a lumpsum transfer in
T, we can ensure that U; (T) = 4*. (A.17) together with the smoothness of the primitives and of
T now ensure that if we select a sufficiently small interval (i4, ) containing j, then either (18) or

(19) holds. O

A.11 Omitted details from the proof of Lemma 2

Here I present the details of the proof of Lemma 2 that were omitted in the main text: the expression

for the overlapping term C' discussed in the text, and the proof of conditions (21)-(22). First, I
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present the expression for the term C, which I will prove is the overlapping term below:

0 . [/~ 0
C—/ <_8ai9i (Ui (Bo,€0) , 2i (90,€o)> Pe

0
T (2 (6o, €0) , 0o, €) T (2 (0o, €0) , 0, €0)

et 964,
2 2
%821' _ . T(Zi’g’ EO) %@Zl - L T(Zi79076)
+g; (B0, €0) | — 6=00,21=zi(80,c0) e=co,zi==i(00.¢0)
7 \Y0, €0 U"(Z'(Q 02 T (2. 0
" (zi (B0, €0)) + 07| (600 (23,60, €0)

82

* 9e00

T (Zz (90, 60) ,(9, 6)] ) di.

e=¢p,0=09

(A.18)

Next, I present some useful preliminary facts, which I use to establish (21)-(22). Observe that
at (6p,€0), agent i’s optimization problem is: max,, [z — vi (z;) — T (i, 60, €0)]. The first-order
condition is: 1 — v} (z;) — %T(Zi,eo,eo) = 0. Applying the implicit function theorem to the

first-order condition,!? we have:

82

o2 T (2,0, o)
0 900zi |9, 2i—2:(0,c v
55l (b)) = —— poon 0] , (A.19)
0=00 v (2 (0o, €0)) + 5.2 T (i, 00, €0)
i 12;=2;(00,€0)
9?2 .
bl Dedz; e:eo,zi:zi(eo,eo)T(ZZ’HO’E)
& Zi («90, 6) = — . P> . (A.QO)
e=¢o v; (Zz ((90, 60)) + 2.2 T(Zi, 00, 60)
i 12;=2;(00,¢€0)
I am now ready to establish (21)-(22). First, I establish (21):
d 0
= /gi (0.0 55 T((80,0),0,0)di
€=€Q 0
—/6 (0,0 2| T (2 (00,€),0,6)| di (A.21)
- e e gi \Yo, o0 ot 1 \Y0,€¢),V, .
0 0
2/ %l 9 (00.€)| =5 T (zi (6o, €0) , 0, €0)
€ e=¢g o6 6=0¢
(A.22)
toine) S| DL 100000 di
gi (Yo, €0 de|_, 90),_, %i\Vo,€),0,¢ t
€=¢€p =00
10Ag (Teye)eee,eeE is well-behaved, it follows that the first-order condition uniquely characterizes agent i’s optimal

income z; (6, ¢€).
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) T(Zz (90560) 7'9076)
€

€=€p

0
Zq (QOa 6)] %

T (z (0g,€),0, 6)) di

(U (0o, ¢€0) , 2i (90,60)>

=/ (l

d
+9; (0o, €0) P

T (2i (6o, €0) , 0, €0) (A.23)

N 0
Ui (60, €0) , i 90,60)>
0=0,

De

€=€p

0

00

€=¢p

‘660

0
Zi (QOa E)] %

0=0o

T (2 (0o, €0) , 0o, €)

0 . /[~ 0
+—0 (Ui (Ao, €0) , zi (0o, 60)) = T (2 (6o, €0) , 0, €0)

azl 86 €=¢€ —
' = (A.24)
+ g (6o, €0) 872 T(z.ge)g zi (6o, €)
gi 0,0 82180 Zi:Zi(907€O)79:60 ERER 86 e=eo ¢ 0
62
T (2 (6o, €0) , 0, di
T eo0 o bt (zi (0o, €0) , 0, €) > i
9 . (r )
:/ ([ aﬂlgz (Ui (6o, €0) , 2 (00,eo)> e E:EOT(zi (0o, €0) , 00, €)
Jriﬂ(U(Q 6) z-(G e))g z-(@ e) il T(Z‘(H 6) 96)
azigl 1 \Y0, €0) , <2 \V0, €0 86 et i \Y0, 80 - i (Uo,€0),0,€0
o = R CH R
+9i (00, €0) | = 55 T (2,0, €) TR
O iz (00,c0).0=00 v} (i (6o, €0)) + 2 oy | (Zi0 005 0)
z2;=zi\Vo,€0
02 '
+ 8689 e=co,0=00 T(ZZ (90760) 7976)]> dZ)
(A.25)
—A+c (A.26)

where (A.23) analyzes the term %‘6:60 gi (0o, €) and appeals to the fact that, by the envelope

theorem, 2 Ui (6p,¢) = — 2 T (zi (0o, €0),00,€), and (A.25) follows from (A.20), A is

O¢€ le=¢q O¢ le=¢q

defined as in the proof outline of Lemma 2 in the main text and C is defined by (A.18). This
establishes (21).

As the derivation of (22) is similar, I present it in an abbreviated form:

d

0
— gi (0,€0) =
=0, / Oe

dé T (2 (0,¢0),0,¢)di

€=€p

:/ ([ 8(? Ji ((Afl (6o, €0) ;2 (90760)) %

T (2 (0o, €0) , 0, €0)
=0,
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0 R N 0 o
+aizzgz (Uz (90> 60) s 24 (907 60)) 70 900 Zq (9, 60)] & — T (ZZ (00, 60) 7907 6)
0? 9
+gl (00760) [aZiaﬁ _ (9 ) _ T(ZZ',GO,G) % oo Z (0760)
z;=24\V0,€0 ),€=€0 o

82
000¢

+ T(ZZ (60760) 7976)

0=00,e=¢o

>dz-

:/ ([—a{zzgl (Ui (Bo, €0) , 2i (90760)) %

T (zi (007 60) ) 07 60)

0=09

+%§¢ (Ui (60, €0) , zi (90,60)> % - zi(0,€0) | 5 » T (% (60, €0) , 0o, €)
82
Fnn |- 5l et st
s vi (zi (b0, €0)) + 52 P— T (2,00, €0)
82
 900e gzoo,ezeoT(Zi (6o, <o) ﬁ»G)D di
—B+C.

The justification is similar to the justification for (A.21)-(A.26), using (A.19) instead of (A.20).
This establishes (22). O

A.12 Proof of Lemma 3

The main argument proving Lemma 3 is presented in Section A.12.1. The proofs of a supporting

lemma and some related material are presented in the subsequent subsections.

A.12.1 Main argument

Choose a regular tax policy T. (See Section A.1.2 for the requirements for a regular tax policy
when taxes are not individualized.) To establish the lemma, I construct a well-behaved doubly
e oo ccpp Satisfying (15), (16) and (23), and such that, for
the 0y € (Q, 9) ,€0 € (€,€) that feature in the preceding conditions, 7% = T

parameterized family of tax policies (Teve)

Recall that the support of a function h with argument x is the closure of {z : h (z) # 0}.
To construct (Tg’e)%@ B
be elements of (0,1) be such that i1 < iy < i3 = i4 < i5 = 4. The reader will notice that we

I consider four smooth tax reforms g1, o, n1,72. Let i, k=1,2,3,5

have skipped i4; this term will be introduced below (see Lemma A.1). If we let 2, = z;, (T') for
k=1,2,3,5, it follows from assumptions on v and i +— y; in Section V.A that Z; < 29 < 23 < Z5.
I assume that p; (2) = 0 when z < 23, pj (2) is increasing in z on the interval (23, 25), and u (2)
remains constant at some positive number thereafter. I assume that ps (2) = 0 when z < 22, ua (2)

is increasing in z on the interval (22, 23) and pe (2) = 1 when z > 23. Assume, moreover, that p;
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and po are chosen such that:

1 1
/ 0 (T) 1 (z (T)) di = / 0i (T) i (= (T) di (A.27)
0 0

That is, both tax reforms p; and ps have the same marginal effect on social welfare, when benefits
are weighted by welfare weights. The above assumptions imply the following lemma, which is

proved in Section A.12.2 of the Appendix.
Lemma A.1 There exists iy € (i3,15) such that p1 (2, (1)) = 1.

If we define 24 = z;, (T), it follows from the fact that i3 < iy < i5 that 23 < 24 < Z5. So Lemma
A.1 says that there is some income level Z4, between 23 and Z5, such that py (24) = 1, and moreover
income level Z, is chosen by some agent ¢4 when facing tax policy T.

Assume that n; has support [Z3, 25], and that n; is increasing on (Z3,24) and decreasing on
(24, 25), which implies that n; (z) > 0,Vz € (23, 25). Assume that the support of 79 is [21, 22|, that
n2 (2) < 0,Vz € (21, 22), and that

1 1
/ g (T)my (= (T)) di = — / 0i (T) 12 (= (T)) . (A.28)
0 0

In other words the marginal welfare effect of reform 7, is the negative of the marginal welfare effect
of reform 13, so that the two cancel out.

For any real numbers, 6 and ¢, define Toc by:
T*976 =T+ 9/;1 + € (771 + 172) . (A29)

It follows from the Picard-Lindel6f theorem (see Section A.14.1 for a more explicit formulation)
that there exist real numbers 6,0, ¢, € such that § < 0 < 6,¢ < 0 < €, and such that we can define
the real-valued function ¢ (6,¢) on © x E, where © = [Q, 5] and F = [¢, €], by

((0,e) =0, VecE, (A.30)
/gi (Tf’e —((6,¢) Mz)

X |:N1 (Zi (Tf’6 —((0,¢) MQ)) - 860 (0,¢€) po (Zi (Tf’6 —((0,¢) u2>)] di =0, (A.31)
V0 € ©,Ve € E.

Next, for all 8 € © and € € E, define

T =T + [0 x puu] — [C (0, €) x pa] + [e x (1 + m2)] (A.32)
=T = ((0,€) pa. (A.33)

In Section A.14, I establish that if 6, 8, €, and € are all chosen sufficiently close to 0, then (TG’E)%@ cE
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is well-behaved.

So now consider the parameterized family of tax policies for which we will verify

(T976)9€@,66E’
the properties required in the lemma. Let 6y = 0 and €y = 0. Then note that 7% = T, as
required for the result. Let S = {ie€l:2(T) € (%3,25)} and O = {i €1:2 (T) € (21,%2)}, so
that, as described in Section V.C, starting at # = 8y = 0 and € = ¢y = 0, as € increases, taxes on
the incomes earned by agents in S rise and taxes on incomes earned by agents in O fall.
Recalling that T (z,0,¢) = T%¢(2), it follows from (A.32) that, for all i € I,e € E, and
o < (6,0),
0

00

T (2 (0',€),0,€) = p1 (2 (¢',€)) — % C(0,€) 2 (2 (05€)) (A.34)
6=0' o=0'

and it follows from (A.32), (A.30), and the fact that 6y = 0, that, for all i € I,

0

B¢ T (z; (6o, €0),60,€) =m1 (2: (T)) +1n2 (2 (T)) . (A.35)

€=€p

It follows from (A.31), (A.33), and (A.34) that (79<)
(A.35) that (T&E)@E@,EEE satisfies (16).

Next I seek to establish that (TQ’E)HEG),GEE
and € = ¢y (recall that 6y = ¢y = 0), the general statement in (A.31) reduces to

/ 9i (T)

Solving for %} =0, ¢ (0, €o) from the above equation, it follows that

pco ccp Satisfies (15), and from (A.28) and

satisfies (23). In the special case in which 6 = 6,

0

p (2 (1)) = 55

20 C(8,€0) pa (2 (T))| di = 0.

0=09

0

00

S 9i (1) pa (2 (T)) di
oy SO = T T (e (T

=1, (A.36)

where the second equality follows from (A.27).
Consider the type 7 agent’s optimization problem when facing tax policy T%¢that is, of choosing
z 50 as to maximize z — v; (z) — T%€ (2). Tt follows from the implicit function theorem applied to

the first order condition for this optimization problem at (6,¢) = (6, ¢p) that

O ) = — 1y (20 (T)) = $lo_g, € (0 €0) iy (2 (T))
Blg_g, T7 (2 (1)) + v (2 (T)) ’
i (m(T) — ey (2 (1) Vi e [0,1], (A.37)
T" (2 (T)) + v (2 (T))
A Gone) = - M (D) s (24 (T))
Oe| ey T (2 (T)) +vf (2 (1))

where the second equality for the term % | 6—g, Zi (0, €p) uses (A.36), and the equality for the term
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% ey Zi (6o, €) uses the fact that %L:eo ¢ (6o, €) = 0, which follows from (A.30) and the assump-

tion that 6y = 0. These equations simplify when i € [i3,i5]. In particular,

2 2 (0, €0) = — py (2 (1))

90 |g_g, T" (2 (T)) + v} (2 (T))’ A

I (o6 = — [ (2 (T)) Vi € [, is]. (A-38)
2 T" (2 (T)) + i (2 (T))’

This simplification is explained by the observations that (i) since ug (z; (T')) = 1 when i € [is, 5],
wh (zi (T')) = 0 when i € [i3,i5], and (ii) the support of 72 is [21, 22|, so that 75 (z; (T)) = 0 when
i € lis, is).

When (6, €) = (6o, €0) and i € [i3, 5], (A.34)-(A.35) also simplify:

0
20 T (2 (6o, €0),0,€0) = p1 (z: (T)) — 1,
5 o=bo Vi € [is, is) (A.39)
5 T (2 (0o, €0) ,00,€) = m (2 (T)),
=)

where the first equality uses (A.36) and the fact that s (2) = 1 when z € [23, 25], and the second
equality uses the fact that 19 (2) = 0 when z € [Z3, Z5].
Recalling that i, = i3 and i, = i5, it follows from (A.38) and (A.39) that

Vl € <Z.a7 Zb) )
89 0:90 Z’L (07 60) 86 —eo (ZZ (607 60) 9 007 6) 86 e ZZ (607 6) 80 9:90 (ZZ (00, 60) y 07 60)
+ + + on (i3,i4),— on (is,is) — on (iz,is),+ on (ia,is)
/ A ,/—/\ﬁ —_——
=y (2 (1)) m (2 (T)) + W (% (1)) x (u (2 (7)) — 1]
- 7 7 <0
T (2 (T)) + i (2 (T))

(A.40)

where the signs are derived from the assumptions we made above about n; and p; — in particular
note that p1 (2) > 0 is increasing on (23, 25) and, by Lemma A.1, 1 (24) = 1 — as well as the fact that
because T is regular, 0 > dcfg Lliz_(T) u(zi — T (zi) —vi(21)) = = (2 (T) = T; (2: (T)) — v (2 (T))) x
! (2 (T)) + T (% (T))] Vi € I'1 (see Section A.1.2), so that o/ (z (T)) + T" (2 (T)) > 0,Vi € I.
Next observe that:

e The support of i — %‘6:@0 zi (0, €0) is [i2,i5].

1 Observe that dd;

2 Z’i:Zi(T)“(Zi =T (2) —vi (2)) = w’ (zi — T (2i) — vi (21)) %
[1= v} (2 (1)) = T' (2 ()] =t (2 (T) = T, (2 (T)) — i (2 (T))) x [vi (2 (T)) +T" (2 (T))] =

=0

—u' (2 (T) = T (2 (T)) — vi (2 (T))) x [vi’ (2 (T) + T (2 (T))] -
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e The support of i > 9 T (z; (0o, 60) , 00, 6) is [il, ig] U [ig, ’i5].

e €=€Q

Recalling that i, = i3 and 4, = i5, it follows that

9
96

z; (6, €0) 9

T (2 (6o, €0),00,€) =0, Vi (ia,ip) - (A.41)
=0, Oe

e=€g

To understand why the above expression is equal to zero when i € {iy,is,i5}, note that the

expressions %‘ 6=, %i (0,€) and 2 T (zi (0o, €0),0p,€) are equal to zero on the boundaries

86 €=¢€(

of their supports.

e The support of i — % ey i (B0, €) is contained in [i1,i2] U [i3, i5].

e The support of i — %‘6:60 T (zi (0o, €0), 0, €0) is [iz, 1].

It follows that

0 0
a_ ) ) an T (2 ’ s Vs =Y . .aa b) - A.42
del z (90 6) 20 o (Z (90 60) 0 60) 0 Vi ¢ (Z Zb) ( )
€E=€Q —=bo
Again, the above condition uses the fact that % ey Zi (0o, €) and %‘0:90 T (2 (0o, €0),0,€0) are

equal to zero on the boundaries of their supports. Together (A.41), (A.42), and the inequality
established in (A.40) are equivalent to (23). We have now established that the family (77)

satisfies all of the conditions required by the lemma. [

A.12.2 Proof of Lemma A.1

Assume, for contradiction, that, for all i € (i3,i5),u1 (2 (T)) # 1. Then, since the function
i+ p1 (2 (T)) is smooth (this follows from the assumed smoothness of relevant functions and the
implicit function theorem), 1 (zi, (7)) = 0, and ¢ — pq (2; (T')) is a constant function on [i5, 1], it
follows from the intermediate value theorem that pg (z; (7)) < 1,Vi € [iz, 1]. So

1

/Ogi(T)Ml (Zi(T))di:/ 9i (T) 1 (Zi(T))di</ gi (T)di

is s (A.43)
- / 0i (T) o (= (T)) i < /O 0: (T) a2 (= (T)) di.

where the first equality follows from the fact that the support of p; is [23, Z]; the first inequality
from the our conclusion that p (z; (T')) < 1,Vi € [i3, 1] and the fact that g; (T") > 0,Vi € [0, 1]; the
second equality form the fact that us (2) = 1 for all z € [23, Z], and the last inequality from the fact
that the po is nonnegative everywhere and o (2) > 0 for z € (22, 23). However, (A.43) contradicts
(A.27). So the assumption that uy (z; (7)) is never equal to 1 on (i3,i5) leads to a contradiction,
completing the proof. [J
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A.12.3 A variant of Lemma 3

This section discusses the proof of a variant of Lemma 3; I appeal to this variant in the proof of

Lemma 4.

Lemma A.2 Let T be a regular tax policy and let iq, iy € (0,1) be such that i, < iy. Then there
exists a well-behaved family (Tg’e) with TP = T for some interior parameter values 0y, ey and
that satisfies (15), (16), and

9 )

- 7 97 a T 1 0 9 ,9 5 . . ) )

o0, e O€le=cq (0000 00:9 >0, ifi€ (iq,ip), (A.44)
8 a . . . - . °

— & e ZZ (00’ 6) % 0:00 T (Z’L (00, 60) s 07 60) - 0, lf 7 ¢ (Za’ Zb) .

This lemma differs from Lemma 3 only in that the inequality in (A.44) points in the opposite
direction to (23). If one modifies the construction in the proof of Lemma 3 only by assuming
that n; is decreasing (rather than increasing) on (23, 24) and increasing (rather than decreasing) on
(24, 25), so that n1 (2) < 0 (rather than n; (z) > 0) on (23, 25), and correspondingly if one assumes
that 72 (2) > 0 on (21, 22) (rather than 75 (z) < 0), then one flips the inequality in (23), and so
attains (A.44). O

A.13 Proof of Lemma 5

Assume that welfare weights g are not structurally utilitarian. By Lemma 4, in this case, we may
. 97
choose a well behaved family (T 6) 0cO.ccE

presented in the proofs of Lemmas 3 and 4. Let us consider again the construction of (T ‘9’5). First,

satisfying (15)-(17). The construction of this family is

by Corollary 3, since g is not structurally utilitarian we can select a regular tax policy T such that
for some such that for some i4,4, € (0,1) with i, < 4, either condition (18) or (19) is satisfied.
An examination of the construction of the proof of Corollary 3 shows that it is possible to select T'
such that

T' (20 (T)) # 0. (A.45)

We did not previously assume property (A.45) but let us assume henceforth that (A.45) is satisfied.
Next we a use tax policy 1" and i, and ¢, with the above properties to construct a family of tax
polices, (T‘Q’E), as in the proof of Lemma 3, of the form T%¢ = T 4 [0 x 1] — [¢ (6, €) x pa] +
[e X (m + n2)] (see (A.32)). The proof of Lemma 4 shows that such a family satisfies (15)-(17). It
follows from their construction in the proof of Lemma 3 that the supports of the functions 1, o, 71,
and 7, are all contained in the set [21,4+00), where 2; = z;, (T') was defined in the beginning of the

proof of Lemma 3. As 0 < iy, it follows from assumptions in Section V.A, that

20 (T) < Zj (T) = 7. (A.46)
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It follows that
T%€(2) =T(z), VYz€0,%],Y0 € ©,Ve € E. (A.47)

So T%¢ (2) = T (z,0, €) does not depend on 6 or € for z below 2;. Recall that in the construction of
(TQ’E), we assumed that 6y = 0 and ¢y = 0, so that, by (A.32), T%* =T

Lemma A.3 There exists a family of tax reforms (ATE)&E, where = = g, Z] for real numbers
§,E satisfying § < 0 < &, and such that AT = 0, the support of ATS is contained in [0,21] for all
€ € E, the map (z,€) — ATS (2) is smooth, and for some sets ©' = [Q’,?l} Co,E =[,¢d CE,
with <0< 0 andée <0<,

/ g (T“ + ATE) 885‘5:5, AT (z,- (TG’E + ATﬁ’) ,g) di=0, V9 €O Veec E'\V¢ €, (A.48)

d

‘ R (Tg’e + AT5) £0, V€O Vee E,VE €= (A.49)
dg =g

where in (A.48) we use the notation AT (z;,€) = ATS (2;). Moreover, (ATg)éeE can be constructed
so that T?¢ + ATE is regular, for all € € 2,0 € ©, and e € F'.

To understand this lemma, first recall that 7% = T, and note that, by construction, all tax
policies T?%¢ are equal to T on the interval [0, 21], which contains the support of all tax reforms
AT¢. Lemma A.3 says that the family of reforms (AT5 ) is such that varying ¢ in 794 AT¢ has no
effect on welfare according to welfare weights (see (A.48)), but does have an effect on revenue (see
(A.49)). Obviously, if T%€ were an optimal tax policy, it would not be possible to do this. However
note that 7', which coincides with all policies T%¢ at the bottom of the income distribution, is
such that marginal tax rate at at the income 2y (7") at the bottom of the income distribution is
non-zero, and, moreover, since 7' is regular, zo (T') > 0 (see Section A.1.2), and hence, none of the
tax policies T%¢ are optimal. As shown by Saez and Stantcheva (2016), (see Section A.2 of their
Online Appendix), at an optimal tax policy in the generalized social welfare weights framework,
the marginal tax rate for the bottom earner is zero if the bottom earner has a positive income.
Lemma A.3 is proven in Section B.1 of the Appendix.

So let us assume that a family (AT5) with the properties in Lemma A.3 is chosen. Noting that
ATO = 0, it follows from (A.49) and the implicit function theorem that there exists 67,6 € ©' with
0 <0<8" and €',¢ € E' with ¢’ <0< € and a function & : ©” x E" — =, where 6" = [Q",@H]

and E” = [¢’,€"], satisfying:

~

£ (6o, €0) =0, (A-50)
R (% + ATE09) = R (T%%), voe @ Vee E, (A.51)

where, in (A.50), AT €09 is ATE evaluated at ¢ = £(0,¢). Because the other functions occurring
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in (A.51) are smooth, it follows that £ (6, ) is smooth.

Define the doubly parameterized family of tax policies (TW)
0e®" ecE"

The — 7o L ATSOO v € 0" Ve e E. (A.52)

It follows from Lemma A.3, the fact that (TH‘) is well-behaved, the fact that £ (0, €) is smooth, and

Lemma C.2 that, if above 8”,0 , ¢’, and € are selected sufficiently close to zero, then (T(“) .
e //766 1

is well-behaved. The well-behavedness of <T9’€> is elaborated in greater detail in Section A.14, and
specifically Section A.14.2.

Lemma A.4 (T“) satisfies (15)-(17).
0O ecE"

. . . AG, . . . _ 97
It is straightforward to verify that <T 6)966//7€€E” inherits properties (15)-(17) from (T 6)(9667665.
The calculations verifying Lemma A.4 are in Section B.2. Moreover it follows from (A.52) and
(A.51) that (T 9’5)9 - has constant revenue. Thus, we have constructed a family of tax
c //766 1
policies with the desired properties, which completes the proof. [J

A.14 'Well-behavedness of families (TQ’E) and (T@,e) in the proof of Theorem 3

This section explains why the families of tax policies (Teve) and (TW) constructed in the proof
of Theorem 3 are well-behaved. Well-behavedness consists of conditions on agents’ optimization
problems when facing the tax policies as well as smoothness conditions. (See Section A.1.2.) At
a high level, the reason that (Ta’e) and <T9’6> satisfy the smoothness conditions is that these
tax policies are constructed by combining functions that are assumed to be smooth in ways that
preserve smoothness. More specifically, smoothness follows because relevant functions are derived
from the implicit function theorem applied to smooth functions, which preserves smoothness (see
Theorem 1.37 on p. 30 of Warner (2013)) or from the fact that solution to a parameterized initial
value problem (whose existence and uniqueness are guaranteed by the Picard-Lindeloff theorem) is
smooth when the parameterized initial value problem is appropriately constructed out of smooth

functions (see Corollary 4.1 on p. 101 of Hartman (1982)). I give a more detailed argument below.

A.14.1 The family (Tave)

In the proof of Lemma 3 in Section A.12.1, I wrote that if 6,0, ¢, and €, with § <0< 0, e <0 <€

are all chosen sufficiently close to 0, then the family (T 976) is well-behaved. 1 now

0€[0.8] c€le.c]
substantiate that claim. First, for easy reference, recall definitions (A.29) and (A.33):

TP =T + O + € (m +12) , (A.53)
T%¢ = T%¢ — ¢ (0, €) po. (A.54)
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As stated in Section A.1.2, a (non-individualized) tax policy is regular if the tax policy is smooth
in income, and, for each agent i, when facing the tax policy, there is a unique optimal income,
and at this optimum, ’s income is non-negative and ¢’s second order condition holds with a strict
inequality. Recall that the tax policy T in the definition of T; f  was assumed to be regular. Now
consider a tax policy of the form T — Cuo, where ¢ is a real number. If 8 = ¢ = {( = 0, then
T — Cuy = T. Since p1, o, m1, and 7y are all assumed to be smooth in z, and T — Cuy varies
smoothly in (6,¢,(), it follows that if 6,¢, and ¢, are sufficiently close to zero, then T — Cua
continues to be regular: for each agent ¢, the optimum continues to be unique and positive, the
second order condition continues to hold with a strict inequality, and the tax policy continues to
be smooth in income. To state this formally, Lemma C.2 implies that it is possible to choose
0* > 0,€e* > 0,¢* > 0 sufficiently small that,

for all 8, ¢, ¢, if |0] < 6%, |e| < €*,[¢| < ¢*, then TP — (py is regular. (A.55)

Next, I establish that the function ¢ (6,¢) is smooth in its arguments. Define the functions
fi, fo i I x [—60%,60%] x [-C*,(*] x [—€", €] = R by

f1(i,6,¢,€) = g; (Tf’e - Cuz) p (Zz (Tf’e - C#z)) ;
f2(3,0,¢,€) = g (Tf’e - CM2) 2 (Zi (Tf’6 - C,ug)) .
For € € [—€*,€*], define F, (6,() : [-0*,0%] x [-C*,(*] = R by

— fOl fl (Zv 9; C, 6) di
Jo £2(8,0,¢,€) di”

Choose a real number M satisfying M > |F, (0,()|, for all € € [—€*,€*],V0 € [—-0*,0%] ,V( €

[—(¢*,¢*]. Let @ = min {9*, %} Since both the functions f; and fo are smooth in their arguments,'?

Fe(0,€)

(A.56)

the integrals in both the numerator and the denominator of the right hand side of (A.56) are smooth
in (0,¢,(), and since the denominator is never equal to zero, it follows that (0,(,€) — Fe(60,()
is smooth. The smoothness of F,(6,() implies that, in particular, F, (6,() is continuous in 6
and uniformly Lipschitz continuous in ¢. It now follows from the Picard-Lindel6f theorem (see

Theorem 1.1 on p. 8 of Hartman (1982)) that, for all € € [—€*, €*], there exists a unique function
C(0) : [0,8) — [¢*,¢"] satisfying
¢ (0) =0,

) ) (A.57)
156 (0) = Fe(0.6(0)), V0 [-0,9].

12Note in particular that z; (Tf’E - C,ug) is smooth in (4,0, (,€) because, as it has been established above that

¢ — Cpe is regular, z; (Tf’6 - (jug) is characterized via the implicit function theorem from the agent’s first order

condition, and the other functions featuring in this condition are smooth.
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We can write (¢ (6,¢) = (. (f). Note that (A.57) is equivalent to (A.30)-(A.31). Corollary 4.1 on p.
101 of Hartman (1982) implies that, if, in a parameterized initial value problem, such as (A.57),
the map (0,(,e) — F.(0,() is smooth, then the parameterized solution (6,€) — ¢ (6,¢€) is smooth
as well, establishing the desired smoothness of ¢ (6,¢).

It now follows from the fact that the range of { (6, ¢), on [—Q, 5} X [—€*,€*], is contained in
[—C*, ¢*] (see the preceding paragraph), combined with (A.54) and (A.55), that, for all (0,¢) €
[—Q, 5} X [—€*, €], T9¢ is regular. Next, it follows from the smoothness of ¢ (6, €), established above,
together with (A.53) and (A.54) (and the smoothness of the functions on the right hand side of
(A.53)) that (z,0,¢) — T (z,0,¢) is smooth. It now follows from Observation A.1, which says that,
for non-individualized tax policies, regularity of each T%¢ and smoothness of (2,0, ¢) — T (2,0, ¢€)
is equivalent to well-behavedness, that, if we set § = —0,€ = €*,e = —¢*, then (TQ’E) is
well-behaved.

0€[0,0] <]

A.14.2 The family (T”)

This section shows that if §”,8 ,€”, and €, with 8" <0 < 0 ,€’ < 0 < € are all chosen sufficiently

close to 0, then the family (7€) he [ o 5/,} el e is well-behaved. Recall from (A.52) that

e — e 4 ATEA(QG). (A.58)

First I explain why (z,0,¢€) — ATE0.0 (z) is smooth. Note that (z,0,¢) — ATE0: (z) is the
composition of the maps (z,£) — AT¢ (z) and (0, €) — & (6, €). The smoothness of (z, &) — AT (2)
is established by Lemma A.3. (See in particular the discussion following (B.17) in Section B.1.3.)
The function (0, €) — £ (0, €) is defined by (A.50)-(A.51) via the implicit function theorem and the
fact that it is smooth follows from the fact that the other functions in (A.51) are smooth.'® This
establishes the smoothness of (z, 0, €) — ATE00) (z). The regularity of T%¢, for each 6 and ¢, given
that 0", ?”, e, € are selected sufficiently close to zero, now follows from a similar argument as that
for the regularity of T, B _ Cpo in the previous section, again appealing to and Lemma C.2 and the
fact that 7% = 7 14

The smoothness, established above, of (z,60,¢) — T (z,0,¢) and (z,60,¢) — ATE0.0) (2), to-
gether with (A.58) now implies the smoothness of (z,6,¢) — 10 (z), which, appealing again to
Observation A.1, completes the argument that (T97€) is well-behaved.

13We have already established the smoothness of T%¢ and AT® above, and, noting that each agent’s optimal
income varies smoothly in response to smooth changes in tax policy, tax revenue also varies smoothly in response to
such smooth changes.

Y hat 7% <0 = T follows from (A.58) and the facts that 7%© = T and AT*(%0:%) = (; see Section A.13 for this
last point.
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A.15 Proof of Proposition 5

In the poverty alleviation model of Section V.D, condition (24) is equivalent to condition (15).
Given that & (g, €) = 0, Ve, it follows that -2 ‘ Kk (0o, €) = 0, which implies that the assumption
that

/g (6o, €0) [2i (00, €0) — ] di =0 (A.59)

is equivalent to (16).
I now establish some facts that will be useful for establishing (17). First, using (24), we have

9
06

gi (o, €0)
- K (0, €0) /fg] (Bo.c0) 4 [2i (60, €0) + f (2 (6o, €0))] di
9i (6o, €0) (6o, €0) ‘ ,
fg] 90,60)dj % (0o, €0) dH_/fg] 6?0,60)djf(zZ (B0, €0)) di (A.60)

1 0 , € ‘
fgg](eseoofdf (2i (8o, €0)) i,

B

:Oé+

where the third equality follows from (A.59), and § is a label for the last integral. It follows from
the assumptions of Section V.D that 8 > 0. Let i be the unique agent satisfying z; (6o, ¢p) = z.
That such a i exists and is unique follows from Lemma C.1. It also follows from Lemma C.1 and
the assumptions in Section V.D that all agents in the interval [0,i) earn an income less than z
when facing tax policy T% . It follows from assumptions on f in Section V.D that, for all incomes
z earned by agents in the interval [0,i], when facing tax policy T%<0, f(z) = 0, so that for all

€ [0,4], f' (i (0,€0)) = 0 and f”(z; (6o, €0)) = 0. Taking this into account, and applying the
implicit function theorem to the first order condition for agents’ optimization problem when facing

tax policy 7% we have

0 1
v zi (0, €0) = —
a0 |,_ v (2; (0o, € -
ol : (1 Go ol i e 0.7, (A.61)
& e=¢€g - (00’ 6) N ’U” (Zl (907 60))
Again, using the fact that f’ (z; (6o, €0)) = 0,Vi € [0,17] and (A.60), and the fact that 2 ‘ K (Bo,€) =
0, we have
0
20 T (2 (00, €0) , 0, €0) = zi (fo, €0) — (v + B)
5 b=bo Vi e [0, . (A.62)
De T (z; (0o, €0),00,€) = — 2 (0o, €0) +
(=)
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Using (A.61) and (A.62), we have that, for all i € [0, 1],

0

00

0
Zj (97 60) a._
9—0, Oe

0
T (2 (0o, €0) ,00,€) — ==

—co Oe

0
(QOa ) o0

T (Z@' (007 60) ) 97 60)

e=¢g 0=0o

— <_W) (—2i (0o, €0) + ) — (W) (2i (00, €0) — (a + B))

= L B8>0
vy (i (0o, €0)) '
Next recall the relationship between the variables c¢;,4; and z; from Section III: ¢; = u; +
v; (2i). It follows that g; (d;, z;) = g (4; + v; (2i)), and hence %gi (Ui, zi) = §' (U + vi (2:)) V) (z;) =
G (¢;) v} (%). It follows from the above that:

0 . [/~ 9 )
/821,% (UZ (Bo, ), 7 (00’60)) [60 0=0 zi (0, €0) De EZGOT(ZZ (6o, €0) , 0o, €)
0 )
e i ) A.63
Oe —co i (0o, €) =7 20 ” QOT(ZZ (6o, €0),0,€0) | di ( )

v; (zi (b, €0))
—ﬁ/ (ci (0o, €0)) oz (00’60))d i <0,

where the upper bound of integration in the second integral follows from that fact that all i € (4, 1]

\

are above the poverty line when facing tax policy 7% and hence §’ (¢; (Ao, €0)) = 0 for all such
agents. The inequality follows from the fact that v} (z;) > 0 and v/ (2;) > 0, for all z;, §’ (¢;) <0,
for all ¢;, and, since a positive measure of agents in the interval [0,4] is beneath the poverty line
at tax policy T%<0 & (c; (g, €0)) < 0 for a positive measure of agents in [0,i]. It now follows
from Lemma 2 that the family (Teﬁﬁ) in the poverty alleviation model of Section V.D satisfies
(17). (Note that the proof of Lemma 2 also establishes that the first integral in (A.63) is equal to
d9|9 6o [ 9:(0,€) 2 Bele—eg T (2 (0,€0),0,€)di, which shows that (A.63) justifies the inequality that

was said to be the key calculation corresponding to (17) in Section V.D of the main text.) O

B Lemmas supporting Lemma 5
This section proves Lemmas A.3 and A.4, to which I appealed in the proof of Lemma, 5.

B.1 Proof of Lemma A.3

I begin the proof by establishing a pair of lemmas and then proceed to complete the proof.

B.1.1 Lemma B.1

The following lemma establishes the linearity of the function f (AT) = d _o R(T +eAT).

£
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Lemma B.1 Let T be a regular tax policy. Let ATy and AT, be smooth tax reforms and let
r1 and ro be real numbers. Then %L?:O R(T 4 € (ri ATy + roATy)) = 1 %} R(T 4 eATy) +
ry &|._o R (T + eATy).

e=0

Proof. Let ATy and AT5 be smooth tax reforms and let r; and 79 be real numbers. Then

di Zi (T +e (T‘lAT'y + ’I”QATQ))
€le=0
_ TlAT{ (Zi T)) + Y’QATé (Zi (T))
7" (2 (T)) + vif (2 (T))
AT (2 (T)) AT, (2 (T)) )

- <_T" (2 (T)) + v (2 (T))> o (_T" (2 (T) + v (2 (T))
Zi (T+€AT1) + 7o i
0

(B.1)

Zi (T + 6AT2) s
e=0

:Tl—

de de

e=!

where the first and third equalities follow from applying the implicit function theorem to the first
order conditions of agent i’s optimization problem when facing tax policies T+ ¢ (11 AT} + roATy),
T + eATy, and T + eATy, and ATY (z) and AT} (z), are, respectively, the derivatives of ATy (z)
and AT (z). Next, observe that

d

de R(T+E(T1AT1 +T2ATQ))

e=0

_ / AT} (2 (T) + roATs (5 (T))] di + / T (2 (T)) %

Zi (T +e€ (TlATl + ’I”QATQ)) de
e=0

= / [r1 ATy (2 (T)) + ro AT (2 (T))] di

+/T' (2 (T)) [Tl di8 o

d
2 (T + €AT1) “+ 19 dT?

Zi (T + EATQ):| ds
e=0

- Zi (T + z’:‘ATl) dl]

e=0

+ 79 [/ATz (2 (T))di+/T/ (2 (T) %

Zi (T + EATQ) dZ]
e=0

R (T + €AT2) ,
e=0

:7”1 _—

d
T AT —
e R(T 4 eATy) + 1o =

e=0

where the second equality follows from (B.1). O

B.1.2 Lemma B.2

Under the assumption that the lowest earned income is positive and the marginal tax rate at the
bottom of the income distribution is nonzero, the following lemma establishes the existence of a
desirable revenue-neutral tax reform in the generalized welfare weights framework. This mirrors a
standard result in traditional (utilitarian) optimal tax theory. Saez and Stantcheva (2016) present

a very closely related result, namely an optimal tax formula that, as they observe in their Online
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Appendix, implies that when the lowest earned income is positive, the marginal tax rate at the
bottom of the income distribution is zero in the generalized welfare weights framework, as in the
traditional framework. Here, I prove a slightly stronger result than that there is a desirable reform
when the bottom rate is nonzero: I also establish that the desirable reform can be assumed to have

certain additional properties that are useful for our purposes.

Lemma B.2 Let T be a reqular taz policy (so that in particular zo (T) > 0), and suppose that
T (20 (T)) # 0. Let zy be such that zo (T) < z« < z1(T). Then there exists a desirable revenue
neutral tax reform AT with support contained in [0, z.]; formally, there exists a smooth tax reform
AT with support contained in [0, 2] such that %’620 (T +eAT)=0and [ g;(T)AT (2 (T))di <
0. Moreover, there exist smooth tax reforms ATy, ATy, with supports contained in [0, z,] such that
AT = ATy — ATy, ATy (2) > 0,Yz, and & o R(T' +eATy) # 0.

Recall that the set of agents is I = [0, 1], zp (T") and z; (T") are the optimal responses to T" for agents
0 and 1 respectively. By the assumptions of Section V.A, zy (T') and z; (T") are respectively the
bottom and top of the income distributions earned in response to T' (see also Lemma C.1).

I begin by stating some useful background facts and then proceed to prove the lemma.

B.1.2.1 Background facts

Choose a regular tax policy 7', let zop = 29 (T"), and 21 = 21 (T'). Define the function ¢ : I — Z
by ¢ (i) = z; (T), and let ¢« = (~! be the inverse of ¢ so that ¢ (z) = i if and only if z; (T) = 2. It
follows from our assumptions in Section V.A that ¢ (0) = 2o (T') > 0 and ¢ () is strictly increasing
in ¢. Let H be the cumulative distribution over incomes induced by tax policy T. Then, recalling
that agents are uniformly distributed on the interval I = [0,1], it follows that H (z) = 0 for all
z € Z such that z < zp; H(z) = t(z) for all z € Z with z9g < z < z1; and H (2) = 1 for all
z € Z with zg < z. So if h is the density corresponding to the cumulative distribution H, we have
h(z)=H'(2) =/ (2) = m for all z € [20,21];'® and h(z) = 0 for all z € Z with z & [20, 21].

Observe, using a change of variables, that given a smooth tax reform AT

A R +ear) /"mr%<»m+/3wa@»d

— i (T +eAT) di
del._g 0 de % (T +eAT) di

e=0
' AT (z(T)
/AT% AT“””wmawHWMﬂW

[P ATG) s
/0 AT (2) h(2)dz / T’ ( )T”(Z)+vi’(z)(2)h( )d

_ /ZO AT(z)h(z)dz—/Z:I AT (2) kr (2) d=

(B.2)

1"Strlctly speakmg, h (z) is, respectively, the right- and left-derivative of H (z) at z = 2o and z = z1, and we have
1
h(20) = ety = o and h(a) = T

28



where AT" is the derivative of AT, vi’(z) (2) is v} (z) evaluated at i = ¢ (z), and the second equality
follows from applying the implicit function theorem to the first order condition for an agent’s

optimization problem when facing tax policy T+ ¢AT (z) around £ = 0 and

T'(2) h(2)
T" (2) + vy, (z)’

kr (z) = Yz € [20, 21] - (B.3)

Note that we include the subscript T in k7 to express the dependence of kr on the tax policy T
through the terms 7" (z) and T” (z). It follows from the fact that, for all regular T and all i € I,
;22 I u(z — T () —vi(z)) <0 (see Section A.1.2), that the denominator on the right hand
side of (B.3) is positive for all z € [z, z1] . Moreover the assumptions on v; and y; in Section V.A
imply that ¢’ (i) > 0,Vi € I, and hence that h(z) > 0,Vz € |29, z1]. It then follows that:

T (ZD) 75 0= kT (Zo) 75 0. (B.4)

B.1.2.2 Main argument

Again, let zo = 29 (T') and 2z; = 21 (T'). Choose z, such that zp < z. < z1. Let 29 = 20 (7). As
T is regular, it follows that zy > 0 (see Section A.1.2). Choose z_ so that 0 < z_ < zp. Consider
a smooth tax reform AT} with AT} (2) = 2,Vz € [0,2_], AT} (2) < 0,Vz € (2_,2), AT} (20) = 1,
and AT} (z) = 0,Vz € [2z,,400). So the smooth tax reform AT} equal to 2 until z = z_, at which
point it falls, passing through AT, =1 when z = zp, and reaching AT, =0 at z = z, and remains
at zero thereafter.

For each v € [1,+00), define 27, 2 by v (27 — 20) + 20 = 2—,7 (2] — 20) + 20 = 24. For v > 1,
we have 27 < 29 < 2J; and 27 1 20 and 2] | 29 as v T +oo. Define i7 by the condition zy (T) = 2{;
that such an i, exists follows from Lemma C.1. Using assumptions in Section V.A, we have ¢7 | 0
as vy 1 +o0.

Define the tax reform AT] by

2, if z € [0,27],
ATY (2) = { ATy (v (2 — 20) + 20), if z € (22, 2]), (B.5)
0, if 2 € [z, +00) .

Using the properties of ATy, it is straightforward to verify that, for all v > 1, AT} is a smooth
function of z. So AT} is similar to ATy, except that in the former 27 and 2] play the roles of z_
and z, in the latter. For v > 1, AT} falls more steeply than AT near z = zy. Observe that, for all
v > 1, [0,2]] is the support of both AT}, so that the support of AT} is contained in [0, 2.

Lemma B.3 Assume, as above, that T' (z9) # 0. Then limy_,o %|€:0 R (T +eATY) # 0.

Lemma B.3 is proven in Section B.1.2.3.
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Since we are assuming that 7" (zg) # 0, it follows from Lemma B.3 that there exists a tax reform
ATy with support contained in [0, z*] such that AT (z) > 0,Vz € Z, and

- L:O R (T + EAT2> £0. (B.6)

In particular, we can choose ATy = AT?O for some sufficiently large vy. However, for our purposes,
it is not important whether ATy = AT;’O for some sufficiently large (fixed) ~p; it matters only that
is has the properties we have just ascribed to it.

It follows from Lemma B.1 and (B.6) that, for each v > 1, there exists r, such that

= LO R(T+e(AT] —r,ATy)) = 0. (B.7)

It follows from Lemma B.1, (B.6), and (B.7) that

d Y
R (T 4+ AT
Ty = de ‘6:0 ( ! ) (BS)

L 12
Lo R (T +eATy)

The negative of the marginal welfare effect of a small tax reform in direction AT} — T/YATQ is

W, = / 9i (T) AT (2 (T)) di — 1, / gi (T) ATy (2 (T)) di.

Observe that because (i) the function i — AT (2; (T")), whose domain is [0, 1], has support [0,7"]
and 7 | 0 as -y approaches infinity and (ii) AT (z) is bounded between 0 and 2, for all z, it follows
that [ g; (T) AT7 (2 (T))di — 0 as v — co. Note that because ATy (z) > 0,¥Yz € Z, and ATy
satisfies (B.6), there must be a positive measure set of agents i such that AT (z; (T)) > 0. It
follows that [ g; (T) ATy (2; (T))di > 0. Lemma B.3 and (B.8) imply that lim, 7, # 0.16 Tt
now follows from the results of the previous paragraph that if v is sufficiently large then W, # 0.
Then choose such a sufficiently large v. If W, < 0, then define AT} = AT} and AT, = T’YATQ;
and if W, > 0, define AT} = —ATI7 and ATy = —T,YATQ. In either case define AT = ATy — AT.
In both cases, we have [ g; (T') AT (z; (T')) di < 0 and, appealing to Lemma B.1, (B.6), and (B.7),
d% o R(T +eAT) =0 and d% .o R(T + eATz) # 0. Finally note the support of AT, ATy, and
AT, are all contained in [0, z,]. We have now established all of the properties required by Lemma
B.2. O

» de le=0
so the denominator in (B.8) is finite as well.

6Observe that, from (B.2), 2 R (T + EATQ) = fzzol ATy (2) h(2)dz — fzzol AT’ (z) kr () dz, which is finite,
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B.1.2.3 Proof of Lemma B.3.

It follows from (B.2) and the fact that the support of AT} is [0, 2] that

~y

Z;y Zx
die R (T + eATY) :/ AT (2) h(z)dz — / iAT;Y (2) kr (2) dz, (B.9)
e=0 20

2 dz

where L AT} (z) is the derivative of AT} (2). Because 2] | 2 as v — oo and AT (z) is bounded

between 0 and 2 for all z,

lim /ZZ AT (2) h(z)dz = 0. (B.10)

—00
v 0

Since %AT 7 (2) <0,Vz € Z, it follows from the preceding that, if  is sufficiently large, we have:

24 Y

z z g
( max Kk (z)) X/ZO &ATf (2) dzg/ &ATY (2) kr (2)dz

ze[zo,zﬂ 20

(B.11)

~

z g
< min  kr(z ></ —AT (2)dz.
(ze[zo,z;q T< )> 20 dz 1 ( )

Next observe that

v

)
=zl q 2z R Zx R R R
/ LATY (2)dz = / VAT (7 [ — 2] + 20) dz = / AT (2)dz = AT (2) — T (20) = —1,
20 Z0 z0

(B.12)

where ATY (%) is the derivative of AT} (2) and the second equality uses the change of variables

z+ Z = [z — 2z0] + z0. Next observe that as k is smooth and z7 | zp and v — oo,

lim max kr(z) =kr(20) and lim min k7 (2) = kr (20) . (B.13)

Y0 z€[20,27] V=0 z€[20,27]

It follows from (B.9), (B.10), (B.11), (B.12), and (B.13) that

. d y
’YILH;O |, R (T 4 eAT)) = kr (20) .

It follows from (B.4) and the assumption that 7" (z9) # 0 that kg (20) # 0, which completes the
proof. I

B.1.3 Completion of the proof of Lemma A.3

Lemma B.2 established that, under certain conditions, there exists a desirable revenue neutral tax
reform. It is intuitive that, starting from such a reform, and adding an appropriate lumpsum tax,

one can attain a welfare-neutral reform that raises revenue. Lemma A.3 establishes the existence
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of something similar: a parameterized family of tax reforms (at a subset of tax policies in the
family (Teve)) such that varying the parameter affects revenue but is socially indifferent according
to welfare weights. This family is not constructed by modifying a desirable revenue neutral reform
via a lumpsum tax, which would affect all taxpayers, but rather by local change in taxes that affects
only taxpayers at the bottom of the income distribution.

I now use Lemmas B.1 and B.2 to prove Lemma A.3. Recall from Section A.13 that 7% =T
for a regular tax policy T satisfying 7" (zo (T')) # 0. Recall also from Section A.13 that z; = z;, (T),
and moreover, 2o (1) < 21 < 21 (T'). So letting 21 play the role of z, in Lemma B.2, there exist tax
reforms ATy, ATy, and AT, all with supports contained in [0, 21| and satisfying the properties in
Lemma B.2 in relation to the tax policy T' = T%-<0. Define the function!'”

. fgi (T + fATl — TATQ) ATl (Zi (T + fATl — TATQ)) di

B &) = o (T AT, = rATy) ATy (o (T + €AT, — rATy)) di’

(B.14)

It follows from the properties stated in Lemma B.2 (which apply to T, ATy and AT») and the
smoothness of the relevant functions that if £ and r are sufficiently close to zero, then the denom-
inator in the above expression is nonzero.'® Note that F is smooth in its arguments. It follows
from the Picard-Lindel6f theorem that there exist real numbers £ , & with <0< £ and a function

S [ﬁ,a — R satisfying

s(0) =0, (B.15)
S'(€)=F(&s(8), VEEE, (B.16)

where = = [§ ,a. Define the family of tax reforms (ATg) ¢es by the condition
AT = ¢AT) — s (&) ATy, VE€E. (B.17)

Observe that AT? = 0 and, for all £ € =, the support of AT¢ is contained in [0, 2] = [0, 2]
because the supports of AT} and ATy are contained in [0, 21]. It follows from the smoothness of
the function F'(§,7), and Corollary 4.1 on p. 101 of Hartman (1982) that the function s (&) is
smooth, and hence also, given the smoothness of AT} and AT, that the map (z,¢) — ATS () is
smooth. Lemma C.2 implies that it is possible to choose § and &, and also ¢ ,5, € 0,¢,¢ € E with
0 <0<8,¢ <0< sothat 70+ ATS =T + [0 x 1] — [C(0,€) x pa] + [ x (1 +n2)] + ATE
is regular, for all § € ©' = [Q’,gl} e€ B =[,€],and £ € E = [£,{]. So let us assume that

- ~
£,6,0,0,€, and € are so chosen.

1Tt follows from Lemma C.2 that if if € and r are sufficiently close to 0, then T + £AT) — rAT5 is regular, and
hence z; (T + EATy — rATy) is uniquely defined, and so ¢; (T + EATy — rAT>) is also uniquely defined.

8Tn particular, the facts that AT: (z) > 0,Vz, and %‘5:0 R (T 4 eATs) # 0 imply that there exists a positive
measure of agents ¢ such that AT» (z; (T')) > 0, hence, invoking again AT, (z) > 0,Vz, it follows that from the fact
that welfare weights are positive [ g; (T') AT (z; (T')) di > 0. That the denominator of (B.14) is positive now follows
from our smoothness assumptions.
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Next observe that

;SAT (2,6) = ATy (2) — 8 (€) ATy (), VE€E,Vze 7, (B.18)

where AT (z,£) = ATS (2). Recalling that 7% = T, and using (B.14), (B.17), and (B.18), it
follows that (B.16) is equivalent to

/gi <T+AT5> (985‘

It follows that the family (AT*) satisfies (B.19).
Taking the derivative of the relation (B.18) with respect to z yeilds:

- AT (2 (T+AT) ) di=0, ¥ €= (B.19)

82
0£0z

AT (2,€) = AT! () — 8 (&) AT, (2), VE€Z,Vze Z, (B.20)

Now consider the tax reform AT} —s’ (0) AT5. This is just the tax reform ATy —rAT in the special
case in which 7 = s’ (0). When facing the tax policies T+¢ (ATy — s’ (0) ATy) and T+ AT¢, agent i
faces, respectively, optimization problems max., [z; — T (z;) — € (AT1 (z;) — 8’ (0) ATy (2;)) — vi (2i)]
and max., [z — T (z) — AT (z;) — vi (z;)]. Note that, because T is regular, when ¢ and ¢ are
sufficiently small, all agents select an interior income (see also Lemma C.2). Applying the implicit

function theorem to the agent’s first order conditions for these two problems, we have:

d | Ly _ _AT{(2(T)) = 5 (0) AT; (2 (T))
|, (T +e(ATy =5/ (0)ATy)) = ——o5 G (7)) + o (o ?T))
95 ooy AT (2:6) (B:21)

3
1 (2 (T)) + U;’ (z: (1)) df L L 2 T + AT )

where the second equality follows from (B.20). This, in turn, implies that

d% EZOR (T + e (ATy — §' (0) ATy))
_ / (AT} (2 (T)) — &' (0) ATy (= (T))] di + / T (2 (1)) % a (T e (AT - o (0) ATy)) di
(%L AT (2 (T ),g)di—l—/T'(Zz dg’f e T+AT€)dz
_deZOR T+AT€),

(B.22)

where the second equality uses (B.18) and (B.21).
Next observe that, by the properties implied by Lemma B.2, 0 > [¢; (T) AT (2 (T))di =
[ 9i (T) ATy (% ( — [9i(T) ATy (z; (T)) di. So, since, again by the properties in Lemma
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B.2, [¢i(T)AT, (2 (T))di > 0 (see footnote 18 of the Appendix), it follows that F(0,0) =

fgz n g JE < 1. So, by (B.14) and (B.16), 5/ (0) < 1. Tt follows from Lemma B.1 and

the properties of Lemma B.2 that

= — T+ eAT)= — T ATy — AT:
0 e EZOR( +e€ ) 1 EZOR( +€( 1 2))
_ 4 R(T—l—z-:AT)—i R(T+6AT)
 de e=0 ! de|, 2
+ 4 R(T+5AT)—3'(0)i R(T + <ATy)

de e=0 ' de e=0 ’
-4 R(T +¢ (AT, — 5 (0) AT))

de|._g

d
- 3

i £:OR(T+AT>,

where the non-equality # in the above derivation follows from the facts that s’ (0) # 1 and

d% .o B(T +eATz) # 0 (see Lemma B.2 for the latter). So, to summarize, d% ’£=0 R (T + AT®) #

0. By our smoothness assumptions, if § and fin== g, a are selected so as to be sufficiently close
to 0,

il '3 / =
i Lg R (T +AT ) £0, V€ €E. (B.23)

Let us assume that £ and £ are so chosen.

Using the facts that, by the construction of (T9<), T%€ (2) + ATS (2) = T (2) + AT¢ (2) ,Vz €
[0,21],V0 € ©',Ve € E',V¢ € E, and that, for all £ € Z, the support of AT¢ is contained in [0, 1]
(see in particular Lemma B.4 and (B.26)-(B.27) of Lemma B.5! and note that T%<0 = T), it
follows that, for all 8 € ©’, for all € € E’, and for all ¢’ € Z,

/gi (7 +aTe) aag‘u,

_ /gz- (Te’e +AT5) ;{’

T+AT’E

AT <z <T n ATﬁ’) ,5) di
(B.24)
0, ’ .
_ 6/ AT (z (T + AT ) ,5) di,

Te’e + AT5> (B.25)

d5'£=s/ S L —¢

Conditions (A.48) and (A.49) follow from (B.19), (B.23), (B.24), and (B.25). We have now proven
all the properties required by Lemma A.3. [J

¥The proof of Lemmas B.4 and B.5 depend on the fact that, for all £ € Z, the support of AT¢ is contained in
[0, 21], but not the more detailed properties established in the current lemma, Lemma A.3.
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B.2 Proof of Lemma A.4
I now prove a pair of supporting lemmas, and then proceed to verify the properties required by
Lemma A.4. The following sections appeal to the notation and terminology used in Section A.13.
B.2.1 Supporting lemmas

Here I establish a pair of lemmas that collect some properties that follow fairly immediately from

above definitions.

Lemma B.4 Forall € ©,ec E', and £ € 2,

e [0,2], ifi 0,4,
2 (TH’G—I—ATg) 0,24] 0,1
€ [21,400), ifie€ [i,1].

Lemma B.5 For alli € [0,i1],0 € ©',e € E', and § € Z,

% (TOO’GO + AT’5> _ (T"’E + ATﬁ) : (B.26)

i (T‘90760 n AT5> — g (Tave n AT5) , (B.27)
For alli € [i1,1],0 € ©”, and e € E”,

% (T9) _ (T"‘) : (B.28)

Ji (TO’E) =g <T9’€> . (B.29)

I now proceed to prove both lemmas. It is useful to state a pair of facts, which follow from,
respectively, the construction of 7% (Fact B.1) and the characterization of regular tax policies in
Section A.1.2 (Fact B.2). For Fact B.2 and the remainder of this section, it is also convenient to
introduce the following notation: For any tax policy T and agent 7 and income z;, let UZ-T (z) =

u(z; — T (z) —v; (2;)), be s utility when facing tax policy T' and choosing income level z;.

Fact B.1 T%¢(2) does not depend on 6 and € when z € [0, 21]; that is T?€ (z) = T% (2),Vz €
[0,2],V0 € ©,Ve € E.

Fact B.2 For all reqular tax policies T, and for all agents i, there exists a unique optimal income
2i (T) for i when facing T and z; (T') is characterized by i’s first order condition in the sense that
if %UZ-T (2) =0, then z = % (T).

To simplify notation, I write T¢¢¢ = T%¢ 4 AT¢. Fix some @' € ©',¢ € E’, and ¢ € Z. Recall
that 21 € (zo (THO’EO) , 21 (TGO’GO)), and that 7; is the unique agent in I such that z; (TGO’EO) = Z.
Let Io = [O,il) and Il = (’il, 1]
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By Fact B.1 and because T% is smooth, L7%<0 () = %TGI’E/ (21). So, because z; =
2, (TGo,eo)7

d TG,,E/

. d €0 /4
LUn (0= UL (3) = 0. (B.30)

Cdz 4

Again, by Fact B.1, and the fact that the support of AT¢ is contained in [0, 2], it follows that

Vz < 5, TV4 (2) = T (), (B.31)
V2> 5, TV (2) =T (2). (B.32)

Using (B.32) and the smoothness of the tax policies T <€ and 7% it follows that

d TG,,E/ d Tglaflafl A~

& i1 (2?1) = & i Zl). (B33)

It follows from Fact B.2, (B.33), and (B.30), and the fact that 7% and T% << are regular (the
latter was established in Section B.1.3) that

5= (T90’60> . (T“E”f/) . (B.34)

Because 7% ¢ is regular, (B.34) and the fact that, for all regular tax policies T, the map i — z; (T)
is strictly increasing in i (see Lemma C.1) together establish Lemma B.4.
It follows from (B.31) and Lemma B.4 that, for all i € [0,] A pToes <zi (TGO’“)’S/)) =

> dz e
%Ufeo’eo’é/ (zl <T00’€0’5l> = 0. So, using the fact that T?¢¢ and TP are regular, it follows
from Fact B.2 that (B.26) holds. Similarly, it follows from (B.32) and Lemma B.4% that, for all
i € [ig,1], %UFGI’E/’g/ <zz (Tel’el)) = (%UiTel’e/ <zz (Tel’el)) = 0. So, using the fact that T?¢¢
and T are regular, it follows from Fact B.2 that (B.28) holds. If follows immediately from the
definition of g; (T") (see Sections I.A-1.B), (B.26), and (B.28) that (B.27) and (B.29) hold. We have

now established Lemma B.5. O

200bserve that AT = 0, so that, setting & = 0, Lemma B.4 implies that, when 4 € [i1, 1], 2; (Te’e) > 3.
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B.2.2 Verification of properties required by Lemma A.4

I now proceed with the proof of Lemma A.4. Choose € € (¢”,€’) and ¢ € (Q”,gﬂ). We have:

(B.35)

where A and B are simply labels for the two integrals on the right-hand side, and we use the

notation T (z;, 6, €) = T%€ (z;), as in Section II.A. Next observe that

0=0’

c ol AT (7). o] éoal
[l o] [ wreere gl
[l f] [l raren gl
[aal., o] [olmerarer) g

ATS <z (Te’vﬁ + AT5(9'75)) ,g) di
ATS (= (T + AT 9) ¢) i

AT (z (TWO n AT5(9/’€)> ,g) di

(B.36)

where the first equality follows from the definition (A.52) of T9¢; the second equality follows from

Fact B.1 and Lemma B.4, which imply that, when i € [0, 4], %}9:9/

T (zi (TG,‘) ,0,6) = 0; the

third equality follows again follows from (A.52); the fourth equality follows from (B.26)-(B.27); the
fifth equality follows from the fact that, for all £ € Z, the support of AT® is contained in [0, #1] and

Lemma B.4, so that the integrand in the expression following the third equality is equal to zero

when i € [i1, 1]; and the last equality follows from (A.48).
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Next, observe that

a0

_ /T (z, (Tel’e) ,0, e) di (B.37)

o o
>
LS

Il
o
Q
=
—
N~
<
K
~

where the first equality follows from Lemma B.4, (A.52), and the fact that, for all £ € Z, the support
of AT® is contained in [0, 21], so that T <zz <T9/’€) ,0, e) =T (zi (T9/’6> ,0, e) when i € [i, 1]; the
second equality follows from (B.28)-(B.29); the third equality follows from the fact that, by Fact
B.1, T (zi (T9/76> ,0,¢) does not depend on 6 when i € [0,i1], so the integrand in the expression
following the second equality is zero when i € [0,41]; and the last equality follows from the fact
that (79¢) satisfies (15).

Putting together (B.35), (B.36), and (B.37), it follows that <T97€) satisfies (15).

0c® ecE"
Next observe that:

T (zz (TOO’EO) , 0, e) di

1 A~
[ o (00) 2 B
T (zz (TGO’E()) , 00, e) di

_ (" () D
_/0 Ji <T90 O) Oe e—co (B.38)

c
RIGOF

11

7 (2 (1905) 0, ) i

€=€p
D
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Analyzing the first term:

o= [Man () |5 () 00

3o AT (7)) €00
iiwf%iﬁﬁﬁmﬂiL%mﬂﬂﬂﬁﬂfﬂi

= _56 Hoé (b0, e)_ /0 " (700 + AT 0] 55’55(90,60) AT (5 (T + A5 ¢} @i
::;16mngdiﬂfm(T%ﬂu+ATawmgéiLéwMMATsQ%@ﬂwo+ATawmg,gd¢
=0,

(B.39)

where the first equality follows from (A.52); the second equality from Fact B.1 and Lemma B.4,
which imply that, when i € [0, 4], % —e T (zi (T 907“’) , 0o, 6) = 0; the third equality follows from
(A.52); the fourth equality follows from Lemma B.4 and the fact that, for all £ € =, the support of
AT?® is contained in [0, 1], so that the integrand in the expression following the fourth equality is
zero when i € [i1, 1]; and the last equality follows from (A.48).

Analyzing the second term:

D= / T‘90760 g » T (z (TWO) ,90,6) di
:/}@wg;ﬁf@@wqﬁgm -
= /Olg T%0-<0 aae . T (zz (TGO’GO) ,00,e> di

=0,

where the first equality follows from Lemma B.4, (A.52), and the fact that, for all £ € =, the
support of AT® is contained in [0, 21], so that T (zZ (TQO’EO) , 00, e) =T (zl <T90’60> , 00, e> when
i € [i1,1]; the second follows from the fact that, by (A.50) and ATO =, TP = 7% the third

0o ,€ —
- eOT(Zi (T 0 0) ,90,6) =0
when i € [0,41]; and the last equality follows from the fact that (7%¢) satisfies (16).

Putting together (B.38), (B.39), and (B.40), we see that <T9’E o ek satisfies (16).
c ”,66 "

equality follows from the fact that, by Fact B.1 and Lemma B.4, 2 5c
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Next observe that:

=< (B.41)

[l ) &

i1

6=0¢

€=¢€p

F

Analyzing the first term:

p-d / "y (70e0) 2 1 (1) 0)a
+ % - Ki 6605(&6)) /Oil gi (T”’vf()) (;9{’&5(9760) AT® (zi (TG‘O) ,5) di]
-2l [(j R0 e>> [alre) 2] sre(a(io).g di]

x ;{ o ATS (= (7% + ATEO)) ¢) di]

d o R 1 .
el 0 ; 0,€0 £(0,€0)
”OK(% é >>/0 i (100 + AT

0 ATE (zi (T“O + ATé(‘)’EO)) ,5) di]

€=€p

a0
X PR
€ |e=¢(6.c0)

where the first equality follows from (A.52); the second equality from Fact B.1 and Lemma B.4,
which imply that %LzeoT <zi <T9750) ,9,6) = 0,V0 € ©”, when i € [0,41]; the third equality
follows from (A.52); the fourth equality follows from Lemma B.4 and the fact that, for all £ € E,
the support of AT¢ is contained in [0, 21], so that the integrand in the expression following the

fourth equality is zero, for all values of § in ©”, when i € [i1, 1]; and the last equality follows from
(A.48).
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Analyzing the second term:

r-d /; g (79) 2 r(a (1) o)
cal (w0 [t 2] s o). af
- % o—n /ill gi (Tm) 886 — r (Z (T%O) ’9’6) di (B.43)
gl L) g r(a(re).00w
~ail Lo g r(a(e)0dw
<0,

where the first equality follows from (A.52); the second equality follows from Lemma B.4, (A.52),
and the fact that, for all £ € =, the support of AT¢ is contained in [0, 21], so that

‘9%‘5:5(9,60) ATE (zi (TG‘O) ,f) = 0,V € ©” when i € [i1,1]; the third equality follows from
Lemma B.4, (A.52) and (B.28)-(B.29); the fourth equality follows from the fact that, by Fact B.1,
% e T (2 (T%<) ,0,€) = 0,¥0 € ©”, when i € [0,41]; and the inequality follows from the fact
that (79¢) satisfies (17).

Putting together (B.41), (B.42), and (B.43), it follows that (Te’e)e - satisfies (17).
c //766 1

We have now established that (Tg’e)o o e satisfies (15)-(17), completing the proof of
e //766 1
Lemma A.4. O

C Additional lemmas
The lemmas in this section apply to tax policies that are not individualized.

Lemma C.1 For all reqular taz policies T, {z; (T):1 €1} = [20(T),21(T)], and the map i —

zi (T) is strictly increasing.

Proof. Let T be a regular tax policy. It follows from our assumptions (see Section A.1.2) that z; (T')
is characterized by the first order condition 1 — 7" (z; (T')) — v} (z; (T')) = 0. The smoothness of T
and (z,7) — v; (2) imply that the function ¢ — z; (T') is smooth. It follows from the facts that (i)
v; (2) = v (z,y;) Vi, Vz, (ii) 82—;3/1) (z,y) < 0,Vz,Vy, and (iii) Sy; > 0,Vi, that the map i — z; (T) is
strictly increasing (see Section V.A for the preceding assumptions). Since i +— z; (T') is continuous
and strictly increasing on I = [0,1], {z; (T):i € I} = [20(T), 2z (T)]. O

Lemma C.2 Let T be a regular tax policy. Forj=1,...,n, let ©; = [—éj, éj} C R, where 8; > 0,

and let © = x7_10;. Write 0=(01,...,05,...,0,). Let (ATé>9_€é be a family of tax reforms such
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that the map (z, 6_) — ATY (z) is smooth and AT00--0) = (. Then there exist 9; € O; with 9; >0
for j =1,...,n such that, for all = (01,...,0;,...,6,) € ©, if |6;| < 07 for j =1,...,n, then
T + AT? is reqular.

Proof. 1 use the following notation: for any tax policy T and income z;, define UZ»T (z) =
u(zz —T(z) —vi(z)). Now let T be a regular tax policy. It follows that, for all agents i,
dzg UT (2 (T)) < 0 (see Section A.1.2). Also, since T is regular, z; (T') > 0, for all agents i. By the
smoothness of the primitives and 7', it follows that there is a neighborhood N; of the income z; (T")
such that, for all z; € N, %UZT (z;) < 0 and z > 0. For each 1, let

i :sup{(5 >0:2(T)—06>0,Vz € (2 (T) — 0,2 (T)+5),§:Z2UiT(zi) < 0}.
We have 9; > 0,Vi, and, moreover, the smoothness of the primitives and of 1" implies that
i +— §; is smooth. Since a continuous function attains its minimum on a compact set, it fol-
lows that 0* = min{0; : ¢ € [0,1]} exists and 6* > 0. For each ¢, define the neighborhood N/ =
(2i (T) — £6%, 2 (T') + $6*) and let N/ be the closure of N/. For each § € ©, define T? =T+ ATY.
Define ’yf = T’ (2 (1)) — max, ez N UiTé (z) and 4? = min;e(o, 1] 'yié. As 70000 — 7 4
AT©0.-0) — T and, as T is regular, UZ-T(O’0 """ ? (z;) has a unique maximizer z; ("), it follows
that, for all 7, 72(0,0,...,0) > 0, and hence, again because a continuous function attains its minimum

on a compact set, 7(0’0""’0) > 0. It follows from our smoothness assumptions that there exist
0; € O, w1th0 > 0 for j =1,. nsuchforallé-(@l,.. 0j,...,0,) € O, if [0;] < 0} for

j=1,...,n,7% > 0, so that, for all such 0, UT (zi) does not have any maximizers z; outside of N;.
Note that we have: Vi € I,Vz € N/, 51;2 UT ©0..-) (2i) < 0. So max;c(o1,..en (fj UT<00 """ Y <.

As the map 0 — MAaX;c (01,2, N/ %UZ- (2i) is continuous, it follows that there exist 07 € ©; with
9;.’ >0 for j=1,...,n such for all = (61,...,0;,...,0y) € 0, if 10| < 9” for j =1,...,n, then,

for all agents i and all z; € N/, (f U; T (zi) <0, so that U; 70 (2;) is strictly convex on N/ 1mply1ng

that UZ-T{; (z;) has a unique maximizer on Ni’. It follows that if 0;-‘ = min {6;, 93’} forj=1,...,n,
then, then for all § = (04,...,0;,...,6,) € O, if |0;] < 0; forj =1,...,n, then for, all agents i,
ul ’ (z;) has a unique maximizer z; (Té) > 0, and, moreover, d a7 U 0 (zi (Té» < 0, so that T 0 i

regular. [J

D Theorems 1 and 3 without quasilinear utility

D.1 Preliminaries

This Appendix explains how Theorems 1 and 3 are still valid without the assumption of quasilin-
earity. In particular, I describe how the proofs of the theorems must be modified if the assumption
of quasilinearity is removed. I assume that utility takes the form Uj; (¢;, 2;) = U (¢, 2i; 4, yi), where
U (¢, zi; x4, y;) is smooth in (¢, 2;; 24, y;) unless (z;,y;) are discrete, in which case U (¢, 2i; 4, ¥;)

is smooth in (¢;, z;). I assume that U; (¢;, 2;) is strictly increasing in ¢; (with a strictly positive
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partial derivative everywhere), strictly decreasing in z;, and strictly concave in (¢;, 2;). I assume
for simplicity that ¢; can take on any real value and that for any income level z;, the range of
¢i — U; (¢4, 2;) is the entire real line. I continue to assume that, in the absence of taxes, all agents
earn a positive income.

In what follows it will be useful to define the function é; (u;, z;) by the following condition:
U, (Ei (ui, Zi) ,Zz') =wu;, Vz € Z,YVu; € R. (D.l)

So, ¢; (u;, z;) is the level of consumption that is necessary to give ¢ utility u; given income level z;;
¢i (ui, ;) is well-defined because Uj is strictly increasing in ¢;. It follows from the implicit function

theorem that:

ig, (i, ) = — Ui (G (uiy 2:) , 2)
0z; AT %Uz(

5 Vui,Vzi. (DZ)

™\

) (Uia Zi) ) 24

I assume that along any (¢;, z;)-indifference curve, the marginal rate of substitution of consumption

for avoiding the effort of earning income exceeds 1 as z becomes large:

Vg, Zilirfw —Ziéi (ui, z) > 1.

In other words, as one increases both income and consumption along an indifference curve, it is
eventually necessary to compensate an agent by more than a dollar in order to bear the cost of
earning another dollar of income. This has the consequence that, whenever facing a tax policy
under which marginal tax rates become nonnegative once income is sufficiently large, the agent
optimally selects some finite income and does not want to increase their income without bounds.

Note that when U; (¢;, 2z;) = u(c; —v; (2;)) where v/ > 0 and v” < 0 everywhere, and all the
other assumptions of Section I.A are satisfied, then all of the above assumptions are satisfied, so
the assumption here in essence generalize the assumptions made for the quasilinear case. I also
carry over other assumptions (or analogous assumptions) and notation from the quasilinear case.

The key preliminary definitions and results supporting the main results continue to hold in
this more general framework. Observe first that, even without quasilinear preferences, the enve-
lope theorem still implies that for any well behaved parameterized family of tax policies (TG),
%Ui (T7%) = —%Ui (c; (0),2(0)) %Ti (z; (T),0). Tt follows that the local and global improvement
principles are still valid when welfare weights are utilitarian. So the justification for the global and
local improvement principles that was given in Section I1.B, on analogy with the utilitarian case,
still applies without quasilinearity. Likewise, the supporting Proposition 2 on Pareto indifference
and weak Pareto along paths is unchanged, and so the result continues to hold.

We can no longer define g; (4, z;) as we did in (9) in Section III because that definition depended

on the assumption of quasilinear utility. Instead we define g; (u;, z;) which is a function of the
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variable u; = U; (¢, z;) and z;, as follows:

gi (ui, ZZ) = g; (57; (ui, ZZ') ,Zi) R Vz; € Z, Yu; € R. (D.3)
Next define:
0 -
ki (wiy zi) = =U; (6 (us, 2) 5 2i) (D.4)
8C¢

%Ui (Ci (uiy 2i) 5 2i)
Then observe that
i (ui, 2i) = ki (wi, zi) hi (i, i) - (D.6)

Now choose z;, z} and u; and observe that it follows from (D.1) that

UZ' (62 (UZ', Zi) ,Zi) == UZ (61 (ui, Z;) 722/') . (D?)
Then if g; is structurally utilitarian, h; (u;, z;) = n U?Egl(igz)zz) =7 Uf(lé(ilujlz);)zé) = h; (ui, 25),

where the second equality follows from (D.7) and the definition of structural utilitarianism without
quasilinearity (Definition 2). So for structurally utilitarian weights, h; (u;, z;) does not depend on
z;. It is also easy to see that, if h; (u;, z;) does not depend on z;, then the corresponding welfare
weights are structurally utilitarian. This can be summarized in a form a proposition which is the

non-quasilinear analog of Proposition 3.

Proposition D.1 Let g and g be related as in (D.3) and let h be defined in terms of § as in
(D.5). Then welfare weights g are structurally utilitarian if and only if Vi € I,Vu; € R, Vz; €
Z, a%ihi (u, z;) = 0.

D.2 Proof of Theorem 1 without quasilinearity

I now present the proof of Theorem 1 without assuming quasilinearity using the more general
definition of structural utilitarianism (Definition 2). First assume welfare weights are generalized
utilitarian. This means that welfare weights are of the form g; (¢;, z;) = F} (U; (¢4, 2)) (%_U (ciy zi).
Assume that U; (¢, z;) = U; (¢}, 2}). Then F! (U; (¢i,zi)) = F! (U; (¢}, 2})). So

1

%Ui (ci,zi)  F(Ui(ciyz)) %Ui (ciszi)  gi(ci,z)
a‘zi Ui(d,2)  F!(Ui(c,2) aaci Ui (d,2)  9i(c,zl)

19 74

So, welfare weights are structurally utilitarian.
Going in the other direction, assume that welfare weights g are structurally utilitarian. Let
hi be defined from g¢; via (D.3) and (D.5). It follows from Proposition D.1 that h; (u;, z;) does
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not depend on z;, and hence we can write this function as h; (u;), without the argument z;. Now
define F; (u;) = [, h; (u;) du;. Appealing to (D.1), (D.3) and (D.5), note that because g; (¢;, 2;) =
g (ciyzisxi, yi) and Uj (¢4, 2:) = U (¢, 235 @4, y3), we can write F; (u;) = F (ui;x;,y;) and F inherits
the appropriate smoothness properties from g and U. If follows from the above construction that
Fz’/ (UZ (Ci, ZZ)) %UZ (Ci, Zz) = hi (Uz (Ci, Zz)) %UZ (Ci, Zz) = %%Uz (Ci, ZZ) = G (Ci, Zz) SO

welfare weights are generalized utilitarian. [J

D.3 An example

In this section, I present as informal example with individualized taxes, similar to the examples
in Section IV, that illustrates that, in the non-quasilinear case, if structural utilitarianism in the
sense of Definition 2 is violated, then it is possible to construct a social preference cycle. In this
example, I will not be concerned with holding revenue constant because that can be achieved with a
modification of the example by means similar to that presented in Section IV.A. The purpose of this
section is to provide the reader with intuition and an understanding of the essence of the argument
that a failure of structural utilitarianism leads to a social preference cycle in the non-quasilinear
case.

Suppose that there is just a single observable binary characteristic z; such that z; = A if
1 € [O, %] and ©; = B if i € (%,1], and taxes are conditioned on this characteristic. There
are no unobservable characteristics. All agents of type A are identical with one another and
all agents of type B are identical with one another as well. I write Us (¢,2z) = U (c, 2, A) and
Ug (¢, z) = U (¢, z, B) for the utility functions of agents with characteristics A and B respectively.
Likewise, I write ga (¢, z) = g (¢, 2, A) and gp (¢, 2) = g (¢, z, B) for the welfare weights of types A
and B respectively.

Suppose that welfare weights for type A agents are not structurally utilitarian. It follows from

Definition 2 that there exist allocations (co, 20), (c1,21) such that

Ua (co,20) = Ua (c1,21) = u* (D.8)
ga(co,20) ga(c1,21) ; : ga(co,20) galc1,z1)
but T Uatco0) 7 DUa(erar)’ Assume without loss of generality that D Un(corz0) < D U (er)” Then
there exists a number b such that
Co, % 1,2
89A(0 0 _po agA( La) (D.9)
%UA (60720) %UA (Cluzl)

Because utility functions are strictly concave, and hence upper contour sets are strictly convex, for
any consumption-income bundle (¢*, z*), it is possible to construct a linear tax policy (linear in z)
T (2) =7 (c*, 2*) 2+ K (c*, 2*) such that type A’s optimal consumption and income in response
to T is (c*, z*). As above, let ¢4 (u, z) be the level of consumption that gives agents of type A
a utility of u when their income is z. Let (¢, 2) be type B’s optimal consumption and income in

the absence of taxes. (Of course ¢ = 2).
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Now consider a family of tax policies (TC’“) parameterized by real numbers ¢ and w, where
¢ > 0, defined by

T (2) with é = ¢4 (u, (), ifz= A,

gB(béé) (u—u*), if x = B.

TS (2,2) =

I now explain this tax policy. First consider type A agents. At TS, type A agents face linear tax
policy of the form T¢*" where ¢* = é4 (u,¢) and z* = (. As explained above, this leads type A
agents to select consumption ¢4 (u, () and income ¢, and hence to attain utility u. Type B agents
face only a lumpsum tax ﬁ (u — u*), where u* is defined by (D.8) and b satisfies (D.9).

By construction, holding fixed u and varying ¢ in TS, type A agents’ utilities remain constant
at u when facing T%*. The taxes faced by type B agents do not depend on (. Hence, all agents are
indifferent when facing 7" as ¢ varies while u is held fixed, and so by Pareto indifference along
paths (Proposition 2), which, as explained above, continues to hold in the non-quasilinear case, we

have:
T 9 T e, (V. (D.10)

Let T4 (z,¢,u) be the taxes paid by type A agents under 7" when earning income z. (T (z, ¢, u)
is defined similarly for type B agents.) Let Uga ({,u) be type A agents’ utility when facing tax
policy TS%* and let ¢z (TC’“) and z4 (T C’“) be respectively the optimal consumption and income

for type A agents when facing tax policy T¢%. Tt follows form the envelope theorem that

2 un() = v (ea (1) o (149)) 2]

Ty <z (TC’“) ., u’> . (D.11)

On the other hand because, for all v and ¢, Ua ((,u) = u, it follows that

%UA (Cou) =1, Y, Vu. (D.12)

Putting (D.11) and (D.12) together, we have

0

ou|,_

1
Tx (ZA (TC’U> ,{,ul> = — .
! 5:Ua (ca (T60) 24 (TS4))
By construction we have:

0

ou’

T (zB (TC’“> ,C,u/) = gB(bé,z?)

Note that when ( = zp and u = u*, z4 (TC’“) = zp and cy (TC’ ) cA
u = u*, type B agents face no taxes under 7%, and hence cp (TC ) ¢ and zp (Tg’“) =2 It

u'=u

(u*, z9) = co. Also, when
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follows that

Jarlr) 5l

1
2 1 b
= ga(co,z0) | ————— di—l—/g ¢, 2) ———di
/o ( )< 2Ua (CO,ZO)> 1 ( )QB (¢ 2)

2

T, (zi (TZO’“*) , 20, u) di

type A agents type B agents

1
2\ 5:Ua(co, 20)

where the inequality follows from (D.9). Similarly,

forlrm) o] n(a(me) o (- falel ) <o

It follows from the local improvement principle (Proposition 1), which also continues to hold in the

uU=u

non-quasilinear case, that for sufficiently small € > 0,

* *
770w, T? ¢ and

21,u* z1,u*+e (D13)
TAu g, T e

Putting together (D.10) and (D.13), we have the social preference cycle:
T7u" <y 71U t€ ~g T70,u”+¢ <y TZ0,u" g Eut
So, on the assumption that welfare weights are not structurally utilitarian, we have derived a cycle.

D.4 Proof of Theorem 3 without quasilinearity

In this section, I explain how to modify the proof of Theorem 3 when quasilinearity is no longer
assumed. (The statement of the theorem must be modified to appeal to the assumptions of Sections
D.1 and D.4.1 rather than Section V.A.)

D.4.1 Additional structure for the non-quasilinear version of Theorem 3

I now assume, as in Section V.A, that there are no observable characteristics, but there is a
single one-dimensional real valued unobservable characteristic y, so that we can write U; (¢;, ;) =
U (¢, 2i;yi), and that the function ¢ — y; is smooth and that the derivative of y; with respect to
i is positive at all values of 7 in I = [0, 1]. Moreover, I assume the single-crossing condition that,
for all (¢,z,y) e Rx Z xY, %% > 0. This single crossing condition implies that for every
regular tax policy 7', i — z; (T) is strictly increasing in i. Note that in Section V.A, we assumed
that%v (z,y) < 0, so that when U (¢, z;y) = u(c — v (2,9)), d% %ggzj‘z; = —aggzv (z,y) > 0. So
the above single-crossing condition generalizes the assumption we made in the quasilinear case.

47



D.4.2 Modifications of the main lemmas

Theorem 3 is proven by means of a series of lemmas, and in this section I will discuss how these
lemmas must be altered when we drop the assumption of quasilinearity and revert to the weaker
assumptions of Sections D.1 and D.4.1 above.

D.4.2.1 Lemmal

Lemma 1 is unaltered relative to the quasilinear case and the proof is identical.

D.4.2.2 Corollary 3

The following result is the non-quasilinear analog of Corollary 3.

Corollary D.1 Let h be related to g as specified by (D.3) and (D.5). If g is not structurally
utilitarian, then there exists a reqular tax policy T for which there exist agents iq,ip € (0,1) with

iq < 1y such that either

Vi € (iq,ip) , %hi U (T), 2z (T)) < 0 (D.14)
Vi € (ia, ib) s aazhl (Uz (T) , Zj (T)) > 0. (D15)

In the proof of Corollary D.1, Proposition D.1 plays the role that Proposition 3 plays in the proof
of Corollary 3; moreover the proof of Corollary D.1 is a bit more involved than that of Corollary 3
because one cannot rely on the convenient properties of quasilinear preferences.

D.4.2.3 Lemma 2

We also have the following lemma, which is an analog of Lemma 2.

Lemma D.1 Assume that (Te’e) is well-behaved and satisfies (15). Then (17) holds if and only

if
0? 0
m; (6o, €o) T (2,0, €) = T (zi (0o, €0) , 0o, €)
000z; 6=00,zi=zi(0o,c0) oc o (D.16)
- 92 T(Ze 6)3 T(Z(9 6)66) di <0 .
aeazi sG] 15 V0> 06 0=0, 1 \V0,€0/),Y, €0 .
where
a i 0
my; ( 0, 60) - d22 U; (zZ -T (Zz) 7Zi) |
dz; zi=zi(00,€0)
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The structure of the proof is similar to the structure of the proof of Lemma 2, and features terms
A, B, and C, which play the same role as the terms A, B, and C in Lemma 2. However precise
details of these terms differ in the two lemmas. In Lemma D.1,

82
A:/ml (00,60) 6682

T(zi79076) 2 T(Zl (90760)70760) di

e=€0,2i=2i(00,€0) o 0=06,
o2 0 )
B = [ mi(bo,c0) 555 T(zi,0,€0) 5| T (2i (60, €0),00,€) di
i 10=00,2i=2(00,c0) €le=eo
a T, OT; 02T, oT; | | 9%U; 8T 02U; oU; 82T 92Ty
O = 62T 39321‘ Oe + 0edz; 39} [ oc2 ( ) + 80¢82¢:| + Oc; 000z; Dedz; di (D'17)
9\ B60c * dQUi ‘
dz-2
B a Ul aT + 9%U; | OT; OT;
8gi 8U1 (9TZ (3TZ . ng 0c;0z; | 90 Ode .
) 1
Ou; Oc; 00 Oe 0z; %
Z;

The following table explicitly defines the shorthand terms in the in the expression for C.

gi = i (90760) o2 = 25, (Ui (6, €0) » 2i (60, €0))
52 = 2.6 (Ui (60, €0) , 2i (90, €0)) G0 = Ui (i (60, €0) , 2i (o, €0))
277, 2 2 2
8&(?]1 = dacz i (¢i (6o, €0) , zi (6o, €0)) 20 = 525U (ci (80, €0) , 2 (60, €0))
d?U; _ d2 (e ) . or; _ 0 ,
d=Z dzl zi=2i(00.¢0) Ui(zi =T (2),2) 5z = 9T (2 (60, €0) 00, €0) (D.18)
o) PR g i —
67/121 — 90 ‘0:90 (Zl (907 60) )‘9’ 60) 82; - % e=€q T (Zi (907 60) ) 907 6)
9 T _ 62 . 0 T 62 .
9009z, — 900z 9:607%:%(00760)T(Zu9,€0) DDz — Dbz E:EOVZF%(GO’EO)T (2i,00,¢€)
o*1T; _ 62
awoc = a00e|_y, ., L (% (00:€0),0,€)
The proof of Lemma D.1 relies on several facts. First observe that, by (D.4),
0 0? _ 0 . 0* -
8721/{3@ (ui, Zi) = @U’ (Ci (ui, ZZ') ,Zi) 87%61‘ (’lL@', Zz) + mUZ (CZ' (ui, Zi) s ZZ) .
2-Ui(ci(00,€0) i (00,€
It follows from agent 4’s first order condition that 1 —T" (z; (A, €)) = — 2% (cil00.c0) (00 c0) Using

%Ui (ci(00,€0),2i(00,€0))
(D.2) and the fact that & (U; (6o, €0), 2i (0o, €0)) = ci (0o, €0) and the abbreviations in (D.18), we
have

217, : 277,
9 9U; <1_a:n) 9*U; (D.19)

82, (Ui (B0, €0) 2 (B0, €0)) = e 0% ) " deon
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Moreover, applying the implicit function theorem to the agent’s first order conditions, using the

abbreviations in (D.18), we have

9%U; oT; 9%U; | oT; | 9OU; 0°T;
[ a2 <1 - 8zi) + aciazi] 90 T oc; 900z,

0
%Z (907 60) = d42U; ’

dzi2

(D.20)

92U 1— aT; + J2U; | oTy + oU; 9°T;
Bc? 0z; Oc;0z; | Oe Oc; Oedz;

d2u; ’

dzi2

%
Oe

(6o, €0) = [

Using the envelope theorem, (D.6), (D.19), and (D.20), it is staightforward to show that when
A, B, and C are defined as in (D.17), then (21) and (22) hold, and then the argument for Lemma

D.1 proceeds similarly to the argument for Lemma 2.

D.4.2.4 Lemma 3
Lemma 3 needs to be modified as follows for the non-quasilinear case:
Lemma D.2 Let T be a reqular tazx policy and let iq, i € (0,1) be such that i, < ip. Then there

exists a well-behaved family (Te’e) with T = T for some interior parameter values 6y, ey and
that satisfies (15), (16), and

0? 0
T(Zi79760) a_ T(ZZ (90760)70076> . . .
000%i |g_gq 2 :(80,c0) O€ | —c, >0, ifié€ (i, i), (D.21)
o2 o —0 £ . ’
_ T i _ T i — Yy 1 ZQ(Zan)-
66({')2’1‘ _ ) (Z 700a 6) 90 o (z (007 60) 797 60)
€=€0,2;=24(V0,€0 0

The reason that the inequality points in opposite directions in Lemmas 3 and D.2 is that, in the
1

Ui(2:—T(2:),2i)

lemma preceding Lemma D.2, namely, Lemma D.1, the term , which is

2
. . ) 420 1 21=2(09.¢0) )
negative, has been absorbed into m; (0o, €9), whereas, in Lemma 2, the corresponding term was

part of %}0:90 zi (0, €0) and 2

Be |l e—ey % (6o, €).2! In any event, just as in the quasilinear case, it was

possible, with a slight modification in the construction to flip the inequality in (23) (see Lemma
A.2), it is also possible to do the same for (D.21).

The proof of Lemma D.2 is similar to the poof of Lemma 3. The construction of the family
(Te’é) is the same as in Lemma 3; the fact that ¢ — 2z (T") is increasing, which is used in the

construction, now follows from the single-crossing condition. Many other aspects of the argument

2n particular, in the quasilinear case, using the fact that, by construction, T9€ = T, we have % ]9:90 zi (0,e0) =

d d
r Ui(z; —T(z;.0 i
- dg‘Szgo 1552 0g o) i(2i—T(2i,0,€0),24) and 2
e 06
<45 Ui(z;—T(z),2:)
22
i zi=21',(90750)

e P (0, €0) is similar. Note that, in the non-quasilinear case, the

92 ) . F) ) . . . s
term g7 00921 —as (Gosce) T (2,0, ¢c0) differs from %}9:90 zi (0,€0) in a number of ways, and not just in omitting
=00,z =2; (00,

2
o Ui (zi = T () , 2i)-
i zi:Zi(OO 750)

the denominator
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are unchanged. As (D.16) and (D.21), unlike (20) and (23), do not feature the terms % ‘6:00 zi (0, €0)
and 2

Oe le=e

, % (Ao, €), we no longer have to appeal to the conditions (A.37) and (A.38). In place of

(A.40), we now derive the condition,

Vi € (ia,ip) ,
92 0
T(Zi,e, 60) - T(Zz (90,60),90,6)
aeazl 0=0600,z;=2;(00,€0) Oe €=¢p
S TCinbo ) 2| T (2 (00, c0) . 6,0) (D.22)
86621‘ B - Zi, b0, € 00|, zi (Vo,€0),0, €0 .
e=€0,2i=2i(00,€0) 0=0
+ + + on (i3,i4),— on (i4,i5)  — on (iz,i4),+ on (i4,i5)
- ———N—
=y (2 (T))m (2 (T)) — m (2 (T)) x [ (= (T) -1 [ >0.

The equality (D.22) appeals to similar facts as (A.40) to derive and sign the relevant terms on
the right hand side of the equality. The argument that the expression on the right hand side of
(D.21) is equal to zero outside of (i4, 7p) is similar to the corresponding argument in Lemma 3. This

completes the summary of how the proof of Lemma D.2 differs from that of Lemma 3.

D.4.2.5 Lemma 4

Lemma 4 continues to hold in the non-quasilinear case, and its proof in the non-quasilinear case
is very similar to its proof in the quasilinear case. In particular, note that, for each i, the terms
m; (0y, €9) and %hi (Ui (B, €0) , zi (6o, €0)) always have opposite signs when nonzero, and one term

is equal to zero if and only if the other is equal to zero as well.

D.4.2.6 Lemma 5

The basic structure of the argument for Lemma 5, as explained in Section A.13 of the appendix, is
unchanged. However, some of the lemmas supporting Lemma 5 must be modified. In the proof of
Lemma A.3, the specific expressions in (B.21) must be modified because they depend on the assump-
|y (T +e (AT — 5/ (0) ATy)) = d%‘gzo 2 (T + ATY)
continues to hold, so the proof can proceed as before. Similarly, in in the proof of Lemma B.1
the specific terms in (B.1) depend on quasilinearity but d%‘s:() zi (T + e (rATY + roATy)) =
1 %‘EZO 2i (T 4 eATy) + 1o %}5:0 zi (T + eATy) still holds, and so again the proof can proceed

tion of quasilinearity, but the equality %

as before. In Lemma B.2, (B.2) becomes

Z1 zZ1
4l Rr+ear) = / AT (2) 0p (2) dz — / AT (2) iy (2) dz,
de e=0 20 20

ol



where

(&0, (e =T (2),2) (1 = T (@) + Uiy (2 = T (), 2)] T (2)

gT(’Z): 1 - 12 ~ N h(z)7
a2 - UL(Z) (Z -T (Z) 72)
Vz € [z0, 21],
and kr (z) is modified to become:
o) /
SUn(z2—T(2),2)T" (2
k?T(Z)Za; () { E) )~ (~)h(z), Vz € |70, 21] -
a2 P UL(Z) (Z -T (Z) ) Z)
Accordingly, in the proof of Lemma B.3, (B.9) becomes
d & = d
— R(T +eATY) :/ AT (2) by (2)dz — / — AT} (2) kr (2) dz,
de | 2o 5 4z

and (B.10) becomes

27

lim [ AT (2)fr (2)dz = 0.

y—00 20

Otherwise the proofs of Lemmas B.2 and B.3 remain the same. Some of the precise details of Lemma
C.1 need to be changed, but the basic structure of the argument, which relies on the single-crossing

property, remains the same. The proofs of Lemmas A.4, B.4, B.5 and C.2 are unchanged.
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