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ONLINE APPENDIX

Connecting Disconnected Financial Markets? By Milena Wittwer

Appendix A shows all proofs regarding equilibrium existence and features.
Appendix B has the proofs of all irrelevance theorems.

Appendix C gives all proofs that compare welfare across market structures.
Appendix D collects all proofs of the corollaries.

Appendix E derives an equilibrium for the discon. market with correlated types.

Appendix F gives more general optimality conditions for the discon. market.
A. PROOFS OF EQUILIBRIUM EXISTENCE AND FEATURES
A1.  Proof of Proposition 1 (I) and Proposition 2
I derive the unique symmetric linear equilibrium in a guess-and-verify approach.

/! !/
Denote p' = (Pl p2> , 85 = (SM 5i72> , and guess that there is an equilibrium
in which agents play

(A1) Z(p,5;) =0+ As; — Cp
. a1 ai2 . 01 e dy .
with A = , 0= , C= pos. definite.
as1 G22 02 doy co

Take the perspective of agent i and let all others play a linear strategy (Al). The

agent trades against the following residual supply curve

RS(p)=Q-> #(p.8)=Z+(n—1)ChwithZ=@—A> & — (n—1)d.
Jj#i JFi

It varies only in its intercept Z. Therefore, the agent knows—for any prices p’that
he might bid—the amount that he wins at market clearing, ¢ = RS, (p). In other

words, Z is informational equivalent to ¢ for fixed 7. It follows that the agent’s
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best reply can be obtained by standard pointwise maximization by solving

maxE [U(q,5;) — p'glq] with ¢ = RS;(p)
p
1)

- 1 - - A
< max {(gl — ]5)/ RSZ(ﬁ) — 2RSZ(]7)/ARSZ(ZY)} with A = by (2)
P o A

An optimal price point p* must fulfill the following necessary condition

— !
SaraYal Q[ ORS;(p" - —x SQ (=
(FOC) 0=—RS;(p") + (a_(,p)> (Si—p — ARS;(p ))
P
and clear the market: RS;(5*) = Z;(5*, 5;).
The necessary condition is sufficient because A is positive definite.

Rearranging (FOC'), agent i’s best reply solves

1
P =35 — ((n — 1) (et + A) Z;(p*,5;) with identity matrix I.

For this strategy to constitute a symmetric equilibrium it must be optimal for the
agent to choose the same strategy as all others. Consequently, I can determine the
equilibrium coefficients by matching coefficients of i’s best reply with the choice
by all others who, rearranging (A1), submit p* = C~1o+C~1As; — C~1#(p*, 5;).

Solving the following system of equations

/
clg= (o o) and A = I and ( ) ) l+A=C1

n—1
/
gives a unique set of equilibrium coefficients: C* = A* = ("—*2) A~'and ¢* = (0 0) )

n—1

and completes the proof of Proposition 1 (I). Inverting the demand schedules one

obtains the bidding functions of Proposition 2. O
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A2.  Proof Proposition 1 (II)(i) and Proposition 4

Consider parameters {n, A, d, fts, ; flsy; s, Pss LQ1 » Qs> Q- PQ }, for which polynom-
inal (P) has at least one real root p* that lies in [—1, 1]. The goal is to show that
there exists a symmetric linear BNE (Propositions 1 (II)(¢)) and to derive its
unique functional form (Proposition 4). In other words, I must show that there

is an equilibrium in which all agents choose the following demand function

(AQ) xm(pmy gz) = Om + Gm,mSi;m + Qm,—mSi,—m — CmPm with ¢, > 0, for m = 1,2

and determine unique coefficients such that (A2) is an equilibrium. To do so, take

the perspective of agent ¢ and fix his type 3;.

MAIN STRUCTURE OF THE PROOF. —

— MAIN LEMMA 1 in PART 1) of the proof shows that agent i has a unique
best reply given all other agents j # i play strategy (A2) with coefficients
c1,ca such that (2+c1A(n—1))(2+ceA(n—1)) —c1ca(n —1)% # 0. This best
reply is linear, i.e., of the same form as (A2). It constitutes a symmetric
equilibrium if and only if it is optimal for the agent to choose the same

coefficients as all others.

— MAIN LEMMA 2 in PART 2) I can therefore determine the equilibrium
coefficients by matching coefficients of i’s best reply with strategy (A2)
played by all others. These equilibrium coefficients are such that (24+cjA(n—
1))(2+ ciA(n — 1)) — c¢ies(n — 1)% # 0. Furthermore, there is a unique set
of such coefficients. Together this implies that the determined equilibrium

is the unique symmetric linear equilibrium.

For notational ease, I will drop the fixed type §; as input argument of any function
and all subscripts ¢. For instance, b; 1 (-, 5;) becomes b (-), z; 1(+, 5;) becomes ()

and the amount ¢ wins at market clearing is ¢,.
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PART 1) BEST REPLY. —

MAIN LEMMA 1: Agent i has a unique best reply to all others playing a linear
strateqy (A2) with coefficients c¢1,ca such that (2+ c1A(n—1))(2+ coA(n—1)) —
ciea(n —1)2 £0.

PROOF OF LEMMA 1: The proof proceeds in five main steps:

- STEP 1. I set up the agent’s optimization problem of variational calculus
and simplify it.
- STEP 2. Lemma 1 gives necessary conditions for a maximum by deriving

the first variation of the agent’s optimization problem.

- STEP 3. Lemma 2 shows that the necessary conditions are sufficient by

proving strict concavity.

- STEP 4. Lemma 3 proves that there is unique set of functions that satisfies
the necessary, and that sufficient conditions for a maximum are satisfied,
as long as all other agents choose coefficient cj, ¢y such that (2 + 1 A(n —

1))(2+ caA(n — 1)) — cica(n — 1)? # 0. These functions are linear.

STEP 1. — By the rules of the auction the agent can submit a pair of weakly de-
creasing, asymptotically linear C? functions {b1(-), ba(-)}. His aim is to maximize
his expected total surplus from winning {gf§, g5} when offering prices {b1(q§), b2(¢§) }:

@), duax B \UGe) - m;2bm(qfn)qfn with g5, = Qm — ;xm(bm(%cn)agj)

where B denotes the set of all C? functions on R which are weakly decreasing and
asymptotically linear. To solve this problem, it helps to think about how the agent
chooses his optimal functions in a less abstract way. Essentially the agent chooses
points on two residual supply curves which shift depending on the realizations of
total supply and types of i’s competitors, RSm(pm) = Qm — Z#i T (Pm., 85)-

Since all of i’s competitors submit the same linear demand functions (A2) by
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assumption, ¢ faces two linear residual supply curves which vary only in their

intercepts Z1, Zs with the quantity-axes:

(RSm) RS (Dms Zm) = Zm — (n — D)o, + (0 — 1)empm

Zm

( ) with Zm = Qm — Gm,m Zsj,m — Am,—m Z Sj,—m-
i i

As linear combinations of jointly normally distributed random variables (types
and supply) these intercepts are jointly normally distributed. Furthermore, given
that the residual supply curve is strictly increasing in price ((n—1)¢,, > 0), while
7 can only submit decreasing functions, there is, for every quantity point g,, on
any bidding function the agent may submit, a unique realization Z,,. This implies
that there is a one-to-one mapping between decreasing C? functions {b;(-), b2(+)}
that map from quantities to prices, and decreasing C? functions {p1(-), p2(-)} that
map from Z,, € R to prices. Rather than maximizing over {bi(-),ba(-)}, I will

solve

4 max E|U(qf,q5) — m(Zm)Gem | With @5, = RSm (pm(Zm), Zm).
@) max E|U(g.6) m;f (Zm)q q (P (Zm), Zom)
Denoting the normal density of Z1, Za by ¢(Z1, Z3), inserting the quadratic utility
function (2) and the market clearing constraint g5, = RSy, (pm(Zm), Zm) into the

objective function, the maximization problem reads as follows:

MAXIMIZATION PROBLEM 1: Let B be the set of all C? functions on R which
are weakly decreasing and asymptotically linear.
V)

max V(pl(')7p2('))://F(ZlaZQapl(Zl)aPQ(ZZ))¢(ZlaZZ)dzleQUJh@re
p1()EB,p2(-)EB RJR

(F)
F(Z1> Z2ap1 (Zl)7p2(Z2)) = Z (Sm - pm(Zm)) RSm<pm(Zm)7 Zm) - %)‘ (RSm(pm(Zm)7 Zm))2
(RSm) 75R51(p1(Z1)aZl)RSQ(pZ(Z2)7Z2)

RSm(pm(Zm)7 Zm) =Ty — (n - 1)0m + (n — 1)cmpm(Zm) fOT m=1,2.
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In the remainder of this section, I show that there is a unique solution to this
problem. Before doing so, the following auxiliary lemma verifies that the problem
is well defined. The first part shows that the expected value of the agent’s total
surplus never fails to exist for any functions he may submit. More specifically, it
implies that the objective functional V' (pi(-), p2(-)) converges. The second part

of this lemma will be useful later on.

AUXILIARY LEMMA 1 (i): F(Z1, Z2,p1(Z1),p2(Z2))p(Z1, Z2) is for any func-
tions {p1(-),p2()} € B x B integrable in R?.

PROOF OF AUXILIARY LEMMA 1 (i): The goal is to show that

/ - \F(Z1, Z2,p1(Z1), p2(22))|6(Z1, Z2)dZ1dZy < 00 V{p1(-),p2(-)} € B x B.

To do so, fix any {p1(-),p2(-)} € BxB. Since F(-,-, -, -) is quadratic in (Z1, Za, p1, p2)
and p1(-), p2(-) become linear as |Z1|,|Z| — oo, function F(-,-, p1(+), p2(+)) con-
verges to some quadratic function of (Z1, Z2) as |Z1|,|Z2| — oo. Call this func-
tion Q(-,-). By definition of a limit we know that there exist a bounded space
M = {(Z1,25) € R? : | Z1]| < My, |Z2| < My} and a small positive number € > 0
such that
|F (21, Z2,p1(Z1),p2(22)) — Q(Z1, Z2)| <€ Y(Z1,22) & M.
By the reverse triangle inequality
|F(Zy, Z2,p1(21),p2(22))| = |Q(Z1, Z2)| < |F(Z1, Z2, p1(Z1), p2(Z2)) — Q(Z1, Z2))
= |F(Z1, Z2,p1(21),p2(Z2))| < € +|Q(Z1, Z2)| V(Z1,22) & M.
Since ¢(Z1,2Z2) > 0 and € > 0
|F(Z1, Z2,p1(21),p2(22))|0(Z1, Z2) < |e + Q(Z1, Z2)|6( 21, Z2)  V(Z1, Z2) & M.

Therefore

/ |F(Z1, Za,p1(Z1),p2(22))|0(Z1, Z2)dZ1dZy < //M |F(Z1, Za,p1(Z1),p2(22))|9(Z1, Z2)dZ1dZs
R2

+//RQ\M e+ Q(Z1, Z2)\6( 21, 22)dZ1d2s.
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The first integral goes over bounded region M C R?. It takes a finite value
because integrand function F'¢ is a continuous function of (71, Z3) that lives in
R2. The second integral goes over an unbounded region. It takes a finite value
because the exponential normal density ¢(-, ) goes to zero much faster than any

polynomial, such as € + Q(-,-), could grow. O

AUXILIARY LEMMA 1 (i7):  For any {p1(-),p2(-)} € B x B:

/.
/1.
/).

PROOF OF AUXILIARY LEMMA 1 (i): The proofs are analogous to the above,

OF(Z1, Za,p1(Z1),p2(Z2))
Opm(Zm)
O*F(Zy, Zy,p1(Z1),p2(Z2))
32pm( Zm)
O*F(Zy, Zy,p1(Z1),p2(Z))

Op1(Z1)0p2(Z2)

(21, Z2)dZ1dZy < 00 form =1,2

(21, 75)dZ1dZy < 0o form=1,2

(21, Z2)dZ1dZy < 0o and similarly for Opa(Z2)0p1(Z7).

and omitted to avoid redundancy. In essence, integrability follows from the
quadratic form of F(-,-,-,-) in (Z1, Za, p1,p2) in combination with the constraint
that all functions p;(-), p2(+) are asymptotically linear and ¢(-,-) being an expo-

nential function. O

STEP 2. —

LEMMA 1 (NECESSARY CONDITIONS): If{pi(:),p5(:)} is a solution to maz-

imization problem (1), then

(NCh) /R <8F(Zl’ ZQa’}fff((Zle))’paZﬂ)) b21(Z2|21)dZy = 0 V2,
and

OF(Zy1, Z2,pi(Z1),p3(Z2)) _
(NCy) /R < Opa(Z2) ) $112(Z1]Z2)dZ, = 0 VZ;

where ¢_ i (Z—m|Zm) is the conditional density of Z_,, given Zp, for m = 1,2.
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PROOF OF LEMMA 1: Suppose that {pj(-), p5(-)} is a solution to maxy, e p,es V (p1(+), p2(+))
and let £1(+), &2(-) be two asymptotically linear C2 function on R, i.e.,

Om (Zm)

*k =
() 07, — 0as |Zy| — oo, form=1,2.

p3(Z2) &2(22)
{pi(-),p5(-)} is a maximum,

1(Z Z
The “varied” function (pl( 1)> +e (fl( 1)> is, for every €, C? on R%. Since

(A3)  I(e) = /R/RF(ZLZ%PT(ZQ +e81(Z1),05(Z2) +€€2(Z2)) ¢(Z1, Z2)dZ1dZo

must take its maximum for ¢ = 0. By Auxiliary Lemma 1 the integrand is

integrable as p¥, (Zn,) + €&m(Zm) becomes, by constraint (*), linear as |Z,,| — oc.

The rest of the proof derives the first variation d%[ (¢) and finds conditions such
that d%I(O) = 0 for any C? functions &1(+), & () that fulfill (*). Taking the total

derivative of I(g) we obtain

d _ OF(Z1, Za, pi(Z1) + €€1(Z1),p5(Z2) + £€2(Z2))
dgf(f)—/R/Rfl(Zl)( Op1(Z1) ) )¢(ZlaZ2)dZIdZ2

OF(Z1, Za, p1(Z1) + £61(21),p5(Z2) + €€a(Z2))
+ /R /R&(Zz) ( O Z) ) &(Zy, Zo)dZ1dZs.

Integrability once more follows from Auxiliary Lemma 1 and constraint (*). Ap-
plying Fubini’s Theorem, I can reverse the order of integration of the first integral.
In addition, I use Bayes’ Theorem to replace ¢(Z1, Z2) = ¢m(Zm)¢_m|m(Z_m\Zm)
for m = 1,2, where ¢,(Zm) denotes the marginal and ¢_,,};,(Z—m|Zy) the con-

ditional density function. This gives

d _ OF(Z1, Za, pi(Z1) + €€1(Z1),p5(Z2) + €€2(Z2))
6= [a@| [ ( o1 (21)
OF(Zy1, Z3,pi(Zy1) + €€1(Z1),p5(Za) + €€2(Z2))
- /]1{52(22) [/R ( : Opa2(Z2) :

) ¢2<ZQ|Zl>dZQ] o(71)dZ,

) ¢1(Z1|Z2)dZI:| ¢2(Z2)dZs.
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For £ 1(0) to take value 0 for any C2 functions &;(+), £&2(+) such that (*), conditions
de

(NC1) and (NC3) must hold. O

STEP 3. —

LEMMA 2 (SUFFICIENCY): Any pair {pi(-),p5(-)} € B x B that satisfies the

necessary conditions is a Mazximum.

PROOF OF LEMMA 2: Consider a set of functions {pj(-),p3(-)} € B x B that

satisfies the necessary conditions. They constitute a maximum if

(A4) V(pi(),p2())) < V(p1(), p2(:)) for any {p1(-),p2(-)} € B x B.

To show this, I proceed in two steps. I first establish that F(Z;, Zs, -, -) is for any
Z1, Zy strictly concave as a function of p1, pe. I then show that concavity implies
(A4).

F(Zy,Zy,-,-) is strictly concave because its hessian matrix is negative definite.

To see this, compute the the partial derivatives of ' w.r.t. prices:

82F(Z17Z27p17p2) . 8R5m<pmazm) 8R5m<pmazm) aRSm(pmazm)
= (e Im )y (—1 - A
62pm 8pm 8pm apm

=—(n—-1Dep[2+An—1)¢y] form=1,2

O*F(Z1, Za,p1,p2) _ 0*F(Z1,Z2,p1,p2) _ s <5Rsl(p1,zl)) (aRSQ(pz,ZQ)
Op1p2 Opap1 Ip1 Op2

) = —0(n—1)%cico.

02 F(Z1,Z2,p1,p2)

s < Ogivenn > 1,A > 0,¢y, > 0 for m = 1,2, F’s hessian

Since

matrix is negative definite if

<32F(Zh Z23p13p2)) <32F(Zh ZvalaPQ)) <52F(Zl, Z27p17p2)) <82F(Zh Z2,p1,p2))
5 5 — >0
9?1 0?po Op1p2 Opap1

& crea(n — 1) (4 + (= 1)(2e1\ + 2e2) + crea(n — 1) (A2 — 52))) >0

This holds given ¢, > 0 for m =1,2 and n > 1, > 0,|§] < A by assumption.
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The second step is to show that strict concavity of F' in (p1, p2) implies (A4). For
this, it is convenient to switch to the vector notation, with p and Z denoting the
vectors (p1,pe2) and (Z1, Z2).
Since F' is strictly concave as a function of p, it is bounded from above by its
first-order Taylor expansion. In particular,
F(Z,p)— F(Z,p*) < V,F(Z,p*)(p—p*) <0 for any p € B x B at any Z.

Multiply both sides by ¢(-) > 0 and integrate over Z to obtain

[Fepo@iz- [ P2z < [ 905 e- ez <o

It follows that [ F'(Z,p)¢p(Z)dZ < [ F(Z,p*)¢(Z)dZ for any p € Bx B, which—by
definition (V')—is equivalent to V(p1(-), p2(:)) < V(pi(-),p3(-)) for any {p1(-),p2(:)} € B x B. O

STEP 4. —

LEMMA 3 (EXISTENCE AND UNIQUENESS): Let (2+4ciA(n—1))(2+caA(n—
1)) —cica(n—1)% # 0. There is unique set of functions {p3(-),p5(-)} € B x B that

satisfies the necessary and sufficient conditions for a mazimum.

PROOF OF LEMMA 3: From Lemma 1 and 2 we know that there is a maximum
if there is a function {pj(-),p3(-)} € B x B such that

(NCy) /]R(3F(21>Zz»pi(21),p§(22))

Zs|Zh)dZy =0V Z
o (Z1) >¢2|1( 2|Z1)dZ, 1

and analogously for good 2. To show that there is a unique set of such functions, I
simplify condition (NC7). The simplification of (NCy) is analogous. Computing
the partial derivatives of F' with respect to prices, and replacing the integral by

an expectation operator (NC1) reads
(NCY)

ORS, (pt, Z
~RS1(p}, Z1) + (1(1711)

apl ) (51 — p’f — /\RSl (p;, Zl) —0E [RSQ(]);,Z;))‘ Zl]) =0 VZ1
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where p,, denotes p,,(Z,). Inserting the functional form of the residual supply
(RSpm), I obtain
(A5) —[Z1 = (n=1)o1 + (n = Derpi(Z1)]

+(n—1ei [s1 = pi(Z41) = A[Z1 = (n = 1)or + (n — L)erpi (Z1)]]

—(n—1)c10E[Z — (n — 1)og + (n — 1)cop5(Z2)| Z1] = 0 VZ,.

This equation characterizes the optimal bid price pj(Z;) in auction 1 for realiza-
tion Z1, given the bidder chooses pj(-) in auction 2. Notice that (A5) takes the

following form:

0= A1 + C1p1(Z1) + h(Z1) + DiE[p3(Z2)|Z1] VZy
with (by the assumption that Z;, Za are normally distributed) linear function
1(Z1) = (n—1)%5c100 — [1 + X(n — 1)e1]Z1 — (n — 1)6¢1E[Z2| Z1]
and constants A; = (n—1)o1+(n—1)c1[s1i+A(n—1)01],C1 = —(n—1)c1[2+ (n—

)eiA], D1 = —(n — 1)%cico. With the analogue holding for auction 2 we know
that the solution {pj(-),p5(-)} is characterized by the following set of equations

0= A1 + Clp’f(Zl) + ll(Zl) + DlE[pS(Z2)|Zl] VZl

0= Az + Cap3(Z2) + 12(Z2) + D:E[pi(Z1)|Z2] VZ,
or equivalently since C1,Cs <0 by n > 1,¢1 > 0,A >0

(A6) pi(z) = -5t 22 Dapyz)z,) vz,

Ax 1(Z2) D2

(Z1)|Z2) VZs.
02 02 02 [pl( 1)| 2] 2

To solve the system of equations (which must hold pointwise), I first insert (A7)
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into (A6) and rearrange to obtain an expression for pj(Z;) that is independent
of p5(-) in STEP A. I then obtain an expression for pj(Z;) that is independent of
p5(-) using (A7) in STEP B.

STEP A: To insert (A7) into (A6), I first develop an expression for the conditional

expectation. By the law of iterative expectations

Bz = 2 - B Dz
= Bl (2] =~ - w - i)

Inserting the last expression, (A6) rearranges to

C1Cy — D1 Dy A 11(Z1) D1 As D,
A o Jnd) =5 - E[l5(Z2)| Z4].
(A8) < X >p1( 1) c, & T TG [12(Z2)| Z1]

Dividing (A8) by C1Cy — D; D2, which by assumption (2+c;A(n—1))(24coA(n—
1))—cica(n—1)% # 0 < C1Cy— D1 D3 # 0, gives the following formula for p}(Z;):

G ) [z + (2) (om0

(A9) pi(Z1) = (Cﬁcz—

STEP B: Now inserting (A9) into (A7), solving for p5(Z2) and simplifying gives

Gy

e ) [+ (22) e iz

i) a3z -
These two functions are the only two functions that fulfill the necessary and suf-

ficient conditions for a maximum. They are linear by the assumption that Zy, Z

are normally distributed.

This completes the proof of Main Lemma 1. O
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PArT 2) EQUILIBRIUM. —

MAIN LEMMA 2:

(i) There exists a unique set of coefficients {0}, 03,a] 1,0a] 9,05 9,03 1,7, ¢35} that
constitute a symmetric linear equilibrium.

(ii) ¢}, c5 are such that (2 + ciA(n —1))(2 + csA(n — 1)) — cich(n — 1)% # 0.

(7i1) In this equilibrium, all agents choose the bidding functions of Proposition /.

PROOF OF LEMMA 2 (i) AND (iz): So far, I have derived a system of equations
that characterizes the agent’s unique best reply in terms of functions {pj(-),p5(-)}
that specify prices for realizations of Z; and Zs. To solve for the equilibrium, I
map {pi(-),p5(-)} back into bidding functions over quantities, {b3(-),b5(-)}. This
allows me to compare the agent’s best reply with the assumed linear strategy of
all other agents (A2). To do so, recall that an optimal bid price pj(Z1) at a fixed

point Z; must, for a fixed optimal choice p5(-), satisfy:

ORS:1(pi(Z1), Z1)
Op1

0= —RS1(pi(Z1),Z1) + < > (s1 —pi(Z1) — ARS1(pi(Z1), Z1) — OE[RS2(p5(Z2), Z2)| Z1]) -

Linearity of the residual supply (R.S,,) implies

E[RS2(p5(22), Z2)| Z1] = E[RS2(p5(Z2), Z2)|RS1(p1(Z1), Z1)]

9RS1(p](Z1),%1)

as well as ( 4
P1

) = (n—1)c; with analogous expressions for the other good.
To obtain a characterization for bj(q;), replace pi(Z1) by bi(¢7) and RS, (pk,, Zm)

by ¢, for m =1,2:
0=—qi + (n—1)c1 (51 = bi(q7) — Agi — 0Elgzq7])

%[ % 1 * *| %
(A11) & bi(g) =51 — {)\—F(n—l)cl} q; — 0E [g3| q7] -

This equation characterizes the agent’s best bidding function b3(-) in auction 1
given his best reply in auction 2. For b7(-) to be part of a symmetric equilibrium,

it must be that everyone, including agent 7 himself, plays as in equilibrium in
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auction 2. In that case, in which all agents choose the same strategy (A2) with
equilibrium coefficients {07, 03,aj 1, a7 5,03 9,05 1,¢],c3} in auction 2, the agent
wins ¢ = 22, + (=1) [a3 982 + a3 1s1] at market clearing if Z realizes. With
this, it is straightforward to to compute E[g3|¢;]. Since ¢ and g5 are a linear

transformations of normally distributed variables:

* 2 *
Wyon (M) | 7o P77 i
e Moy ) \POGOw Oy
(A12)
1 n—1 " N
= (3 ) e+ (P50 ) Gl = e+ il = )
(A13)

2
1 n—1
= (1) oi+ (M) ottemtiutin ot a0

* 1 * * * * * * * *
pr = (0 > > {PQUZ/”Q + (n—1)/n*c?2 [a1,1a2,1 + Q209 9 + Ps (%,1%,2 + a1,2a2,1)}}
4, ¥ 45

and the conditional expectation is

9qx,,

Elg plam] = Hgr +p* < ) (qfn - u%) form=1,2.

A

Inserting the conditional expectation into condition (A11) and the analogous for
m = 2, clustering all terms and matching coefficients with the equilibrium guess

(A2), which expressed as inverse demand reads

- O Gin,m G, —m 1
(A27) bm(‘]my Si) =\ = + *7 Si,m + 7* Si,—m — e dm;
Cm Cm Cm Cm

gives the following implicit characterization of equilibrium coefficients for m =

1,2:
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2
Iq;,

(n—2)n (n)\ (U;;i’") + 26/)*) )

Gmm = = ((n —1)(=X2n20g: 04 + 02((n — 2)% — 4p**)ogr0g4s — 2(5)\np*(0§I + 033))

. §(n —2)%n
a = O g* O g*
m,—m (n = 1)(=An20g 04 + 62((n — 2)? — 4p>*)ogr04s — 20Anp* (a% + 0'25)) 72

(A18)
o _ 07| WO,
Om = 7|: P l’LQm :u’Qfm
an
* * * q*'n * * O’qi771 * *
+ (n - 1) a—m,m am,mp Hs,, a’m,— - a’—m,—m Hs_, :|Cm
Oq;, Oq;

with equilibrium variances oy, 0¢s and correlation p* solving (A13) for m = 1,2

and (A14). Tedious algebraic manipulations show that o4 = o4 at the solution.

With identical variances, the equilibrium coefficients simplify to

« % (n—2 1
aTe= L A+ dp*

<n2( n(n + 26p%) (A + 6p*) ) .

(A19)

AZ —62) +4nd (5 + Ap*) —402(1 —p*2) ) ™

(A21)

o e n(n —2)5 (A + dp*) *
Q10 = Qg1 = Qg = n2(A2 — 62) +4ndé(5 + A\p*) — 462(1 — p*2) ) ™
(A22)

*

of = 5 (1) ([0t — 0] + (1 — 1) [[a3 — a3p" ey, — 00" — allise_,]] i
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with
_ paoh+ (n— Do? [2a3a3 + p, (a3 +a3)]
0%+ (n —1)o2[2ajasps + (a7* + a3*)]

(A23) p*

The equilibrium correlation p* is well-defined because the distribution of both
winning quantities can be shown to be non-degenerate, ie., gz = o4, > 0.
Inserting the expressions for aj, a3 into (A23) and rearranging reveals that p* can

be expressed as a root of polynomial

(P P(p) = (p— pa)ody(n— 1) — 60— 2(1 + p)))2(An+ (n — 2(1 — p)))*
—03(n —2)*n%(6%[ps((n — 2)* + 4(n — 1)p®) — p(n® — 4+ 4p”)]

+20An(2 = 2p% = n(1 = ppy)) + A°n®(ps — p)).

By assumption of the proposition, we are considering only parameters for which
p* solves P(p*) = 0 lies in [—1,1]. The latter condition guarantees that cj,c5 > 0
as was assumed in the equilibrium guess. The equilibrium function of Proposition
4 can be obtained by inserting the equilibrium coefficients characterized in (A19),

(A20), (A21), (A22) into (A2’) and simplifying. O

PROOF OF LEMMA 2 (iii): To show that the condition is satisfied, I proceed

by contradiction. Assume
(A24) 24 cAn —1)2+ciA(n—1)) —cics(n —1)2 =0.

Insert the equilibrium coefficient for ¢} given by (A15), i.e., ¢5 = (Z—j) <1/(/\ + dp* (U* )))

—4q2
0
into (A24) and solve for ¢f. One obtains

=

. -2 (25p* +An (Z"z>>
(=)

260p* + (24 (A2 — 1)n) (Z)

91
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This gives a contradiction, because the expression is different from the equilibrium

coefficient that holds in any linear symmetric equilibrium given by (A15), that is,
_ oy

i = (358) (Voo (32))

This completes the proof of Main Lemma 2, and with it the proof of Propositions

1 (I)(¢) and 4. O
A3.  Proposition 1 (I1)(ii) and Proposition 3

When (ps = pg = £1) or (ps = £1 and og = 0) the correlation of equilibrium
winning quantities p* as defined in (A23) is perfect, i.e., p* = 1. Inserting p* =
+1 into the equilibrium coefficients (A19), (A20),(A21), (A22) and simplifying
shows that

n—1

* 1 *
(A29)  lamesin) = sim — (2= ) Ot 070048 (3 ) (00— o)

n—2
is the bidding function in the disconnected market. Both conditions of equilibrium
existence are satisfied: p* € [—1,1] and A 4 dp* > 0 by assumption |§| < A. With
this one can derive the function that is displayed in Proposition 3 by inserting

the bidding function (5) of Propositions 2 into (A25). O
B. PROOFS OF THE IRRELEVANCE THEOREMS

B1. Irrelevance Theorem 1

PROOFS of THEOREM 1 (i) AND (ii): Let n < co. To show that allocations
of quantities coincide iff (ps = pg = %1) or (ps = £1 and og = 0) and that
the associated clearing prices coincide iff ug, = pgug,, I will compare individual
winning quantities and the associated market clearing prices across market struc-
tures. Building on Propositions 2 and 4, I first compute @ s P ad q;m,p;
(Lemma 4). I then derive two Auxiliary Lemmas 2 and 3 that allow me to prove

the “if”- direction of the theorem, followed by the “only if”- direction.
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LEMMA 4: (i) In the connected market each agent trades

(B1)
% _ n—2 A [Si,m - % ZZ Si,m] -0 [Si,fm - %Zz Si,fm] + Qim
Tm=\5n 1 A2 — 52 n

The markets clear at

n—2/,n

i, ()1
P = n Z Si,m < > [)\Qm + 5Q—m} .
(13) In the disconnected market each agent trades

(B3)

« _ [(n—2
qi,m_ n—1

The markets clear at

TTn — 6(n — 21+ p )] + 6(n — 21— p°))]

(B4)

(An + 25p*) [siym - %Zz si7m} —(n—2)0 [SL_m - %Zz sz-y_m]

Pin = Cm + (A +0p7) [[/\n —3(n—2(1+ p"))[n +5(n = 2(1 = p*))]

with Cy, as defined in Proposition 4.

(An+2§p*)zz Si,m 75(’”’72) Zi Siv_m — (n_ 1

n—2

4 9m.
n

Qm

a

PROOF OF LEMMA 4: (i) The clearing price can be computed by express-

ing the bidding functions as demands and solving Q1 = >, Z1(p}, 3, 55), Q2 =

> Z5(p5, P}, 53). Plugging py, p5 into the demand functions and simplifying gives

@ = T5(P1, D5, 8:). (i) The proof for the disconnected market is analogous

with the difference that each market now clears when Q, =Y. % (ps,, 5i).

O
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In oder to compare quantities and prices under perfect correlation, I will make

use of two Auxiliary Lemmas.
AUXILIARY LEMMA 2:  (ps=pg =1) or (ps =1 and 0g =0) & p* = £1.

PROOF OF AUXILIARY LEMMA 2: By definition (A23), (ps = pg = 1) or (ps =
1 and og = 0) gives rise to p* = 1. The analogous is true for —1. To prove the

other direction solve P(£1) = 0 for p, to obtain

s (13) () ()

Since §(n —4) # £ n by A > 0,]6| < A and n > 2, this equation can only hold if
(ps = pg = %1) or (ps = +1 and o9 = 0). O

AUXILIARY LEMMA 3: Let X7 and Xa be two continuous random with expec-
tations px,,itx, and variances ox,,0x,. If X1 is perfectly correlated with Xa,

lp| =1, then X1 = pux, +p (%) [ X2 — pux,] with probability one.

X2

PROOF OF AUXILIARY LEMMA 3: Let X7 and Xo be two continuous random
with expectations px,, tx, and variances ox,,0x,. X1 can be approximated by
a linear function X3 ~ o*Xs + %, where a* = pox /oy and f* = ux, — a*pux,
minimize the mean-square error MSE(a,3) = E [(X1 — (aX2 + 8))?] . Evalu-
ating the mean-squared error at o* and g*: MSE(o*, (%) = og(l(l — p?) we
see that an exact fit is achieved if X; and Xs are perfectly correlated, i.e.,

X1 =a"Xo+ " = px, +pox,/0x, [ Xo — px,]. O

PROOF OF THE “IF”-DIRECTION OF THEOREM 1 (i), (i1): Ilet (ps = pg =
+1) or (ps = £1 and 0g = 0) and simplify the equilibrium winning quantities
and clearing prices of Lemma 4 using Auxiliary Lemmas 2 and 3 applied to
the random types and total supply quantities (in case supply is random), i.e.,

Xm = 8im and Xpm = Qm for m = 1,2 . The following corollary summarizes.



20 AMERICAN ECONOMIC JOURNAL

COROLLARY 8: When |p*| = 1, the equilibrium quantities simplify to

n—2 1 1 Qm

B gy —=qg¥ = im—*E im
(B Tm = dim (n—1> <A+5,0*) [S’ n ot T
The clearing prices become

1 n—1 Qm 0
B = =S sy — A+ 6p5) X 4+ 2 [p - .
(B6)  pn, n% si, <n_2>( +0p7) =+ [P e, — no-]

1 n—1 Qm 6 (n-—1
B D = — im — A+ dp")— + — * - .
B7) b n§ 84, (n_2>( +0p7) = +n<n_2> P 1a,. —ho ]

They coincide iff pg_,, = p*uao,, -

PROOF OF COROLLARY 8: (a) Let g > 0 and |p*| = 1, i.e., p* = £1. By
Auxiliary Lemma 2, p* = p; = pg = 1. Given perfect correlation of types (of
agent 1) and total supply, it follows from Auxiliary Lemma 3 that

(B8) Siy—m = Ps_p, — P Ms,, TP Sim and

(B9) Qom =1qQ_ — P HQ, + P Qm-

Using (B8) to substitute out for s; _, in g;,, and ¢/, of Lemma 4 gives (B5). In
the expression of the clearing prices, I substitute out for Q_,, using (B9) in 7,

and s; _y, in p}, using (BS).

(b) If og = 0 and |p*| = 1, the same argument applies for types. Supply is no
longer random. Instead of (B9) use pug, = Q1 and pg, = Q2 when reformulating
the prices. O

PROOF OF THE “ONLY IF”- DIRECTION OF THEOREM 1 (i), (ii): By con-
traposition, I assume |p}| # 1 or |pg| # 1 if og > 0 and |p}| # 1 if g = 0, and
show that ¢}, # ;,, and p;,, # p;, with positive probability. According to Auxil-
iary Lemma 2 |p,| # 1 or [pg| # 1 = |p*| # 1 givenog > 0and |ps| # 1 = |p*| # 1
if og = 0. It directly follows from Lemma 4 that @G om # i - To see this, com-
pare the coefficients of [si’m — %Zl sim} and [si,_m — % > si’_m] across market

structures. You will see that they coincide iff p* = +1. Market prices differ with
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positive probability because they depend on different realizations of the random
factors: py, depends on s; p, of all ¢ and {Q1, @2}, and p;, depends on both types
of all 7 and only Q,,. O

PROOFS OF THEOREM 1 (éii): To prove convergence, it suffices to take
p* — £1 in Lemma 4. The allocations converge to the allocations with perfect

correlation in Corollary 8. U
B2.  Irrelevance Theorem 2

To prove the theorem it suffices to take the expectation of winning quantities and

clearing prices of Lemma 4. O
B3. Irrelevance Theorem 3

Equivalence of allocations and prices as n — oo follows from Corollary 9.

COROLLARY 9: Let n — oco. In the limit, the agent trades

1
(BlO) (j:im = Q;m = <)\2_§2> {/\ [Si,m - ﬂsm] -0 [Si,—m - l/’s,m]}

under either market structure. The markets clear at

(B11) P = P = Hsp-

PROOF OF COROLLARY 9: The statement follows from Lemma 4 as n — 00
where p* defined in (A14) goes to ps(A\? + &%) — 20A((A? + 62%) — 26Aps) ! and

% > Siim — Ms,, by the law of large numbers. O
C. PROOFS REGARDING WELFARE

C1. Proof of Examples 1 and 2

Let pg, = p, = 0@ = pg = 0 and 15, = fgy = £ 3,811 = 5282 = [is.

Insert the equilibrium quantities and prices of Lemma 4 into the utility function
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and total payment to obtain

) (7+3)
77 = (222) (21) (533 ) 2o s - )
TS; =U; ~TP; = (Z?) (nnl) (Aia) (s = 5)°
e I
= (53) (st sy )
)(

no\ (A 00— A=) (o
) ( (An+6(n —2(1 — p*)))2 )(Ms )°.

Taking the difference T'S} — TS? concludes the proof. The proof for Example 2

is analogous. O

C2. Proof of Example 3

Let pg, = no, = 0 = pg = 0 and pg, = ps; = 3 ;811 = 72 8i2 = 0.
By Lemma 4, the clearing prices, and with them the total payments made by all
agents are 0. Therefore, an agent’s total surplus is equal to the utility he achieves
from the amounts he wins, T'S; = U(ss,¢i1,92) = Y., [siqu,;,m — %qzzm} —

0gi1qi,2, which is maximized at

e e e ith a A e -4
Qi m = 1Sim + a38i,—m With a = 52 sim and a5 = SCR) Si,—m-
Due to strategic bid shading the agent does not win this amount in equilibrium,
but

4} = 1Sim + a5s; _m in the disconnected market

@iy, = @1 Si;m + 58; —m in the connected market
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with a} = n(n — 2)(An + 26p")[(n — 1)(An — §(n — 2(1 + p*)))(An + 6(n — 2(1 — p*)))]~*
aj = An—2)[(n - )(X* - 6*)] 7
03 = —n(n — 2)%5((n — 1)\ — 5(n — 201 + 7)) O + 8 — 2(1 - p*)))]

a5 =d(n—2)[(n—1)(\ -6

Since (given n > 2,p* € (—=1,1),A > 0,0 < |A])

a; & aj <af and (@ & aj >a§ifd >0and < if § <0)

each agent comes closer to his optimal allocation g;,, as the coefficient multiplying
s;m increases or the one multiplying s; _,, decreases when ¢ > 0. The opposite
holds for § < 0. Therefore, the connected market brings higher total surplus for

each individual agent if

a; >aj and (aj >asif§ >0and < if 6 <0).

The second condition is always satisfied. Only the first, @} > a], must bind. It is

equivalent to

— (62 4+ A0 + /0402 + Mn2 4+ 262X2(8 + (n — 8)n) < 40Ap*

or — (6% 4+ A%)n — /6402 + Mn2 4+ 262X2(8 + (n — 8)n) > 40A\p*

With p~ = —(82422)n—1/54n2 4 A 4n2 426222 (8+(n—8)n) — (82422 nt/64n2 4 A4 n2+262 22 (8+(n—8)n)

and p™ =

46\ 45\

the condition becomes p~ < p* < pt for § >0 and p™ < p* <p for 6 <0. O
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C3.  Proof of Proposition 5 and 6

To prove the propositions, I first compute the expectation of

TS* = U(G1:62:5) = D Py
i m

. . A
2) with U (g} 1,670, 5) = Y lsimm — 5(@23)] — 007160

m

under both market structures. I will derive the expressions for the more general
environment in which noise traders may play a role, i.e., allowing for o > 0, pg #
0,10, # 0 and pg, # 0.
To compute the expectations of the equilibrium quantities and clearing prices, I
rely on Lemma 4, according to which
. 1
+ Qg + 7Qm
n

N y 1 1
qfi,m =ay (Siym — E E Si,m Si,—m — E § Si,—m
i i

Dy, = Cr + (A +0p") (n—2) [aln;8i7m+a2n;si7_mn] form=1,2

with p* and C,, as specified in Propositions 1 and 4, respectively, and

RO DU o PR o U 1
4im = a1 |:%m n Xi:sz,m +ay | Si,—m n zijsz,—m + an
ST o DU (e 0 _
pm——nz;&mL (n_2>7#AQm+5Q_m)brm~_L2
where
o = <n—2> [ (An + 26p*) }
27— 1) [ Z0n = a0 — 21+ )] + 3(n — 2(1 — 7))

o\ —(n—2)6
= <n1> }L[An6(n2<1+p*>)HAn+6<n?<1P*>>J
a; = (Z_f) )\ié} and a3 = <Z—§> [A—H |

To derive the expected utility at market clearing, I first compute the ingredients
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of the utility function under both market structures by relying on the assumptions
that supply by noise traders is independent of types and types are independent

across agents.

1 * *
Elsimgim] = ~[lo1 +a3p)(n = 1)o7 + s, 10,
* 1 * * k k
Elgim] = —[ui, + 04+ (n = n(ar® + a5* + 2ajazp;)o?]
* 1 * % * *
Elg; 14 2] = E[MQIMQZ +pQog +n(n —1)(2aia; + (a7* + a3?)ps)o7]

Given functional form (2), an agents expects to earn the following utility

=2 1 * *
(Cl) E[U(q217q:273i)] = E{”[NQlﬂsl + HQzHsy + 2(” - 1)(&1 + QZPS)O-E]
=AM (13, /2 + 1ty /2 + 04 + (n = D)n(ai® + a5 + 2a7a3p,)07)

=6 (1, 1o, + Py + (n— 1)n(2aias + (a7 + a5*)ps)o?) }

in the disconnected market. The expression for the connected market is analogous

with aj, a3 replacing a7, a3.

PROOF OF PrROPOSITION 5. — With noise traders, that is, when pug, = ug, = og,
the total payments made by all strategic agents must sum to 0 for each good.

Therefore, T'S* = U* and TS" = U as defined in Definition 4. Consequently,
E[TS*] = (n — 1)o7 {2(a] + a5ps) — Ma;® + a3” + 2ajazps)o; — 6(2a7a; + (a1%a3’)ps) }

in the disconnected market, and analogously in the connected market.

Inserting the a* coefficients, replacing ps by the implied correlation of clearing
prices in the disconnected market p* s.t. P(p*) = 0, and taking the differences, I
obtain the statement of the proposition. The sign of f; is implied by the restric-

tions that are imposed on the parameters, n > 2, || < A|, p* € (—1,1). O
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PROOF OF PROPOSITION 6. — Without noise traders, the expected total payments
of strategic agents typically do not sum to 0. They are

2 2
* n—1\ Kg,, n—1 Qs o (n—1
E[TP]E:{MQM;LSM)\( )i }25()”62:@2(/\%/))(”_2

n—2 n—2

m=1

E[TP*| = ETP] - o (0" (1, + 123,) = 200,115 + 2(n = 1)(p" = ) |-

In the connected market, the total surplus simplifies to
I Mgy, + Mgy, + 2001, 1, A 60pg\ o n—2\ (A=0ps\ o
HTS]_( 2(n - 2) +(n—z )"Q”(n—l)(vw?)”“

In the disconnected market, the expression does not simplify as nicely. The

reason is that the expected utility (C1) is messy when inserting the equilibrium
coefficients a}, a3. Putting all together, taking differences, E[T'S*| — E[T'S" |, and

simplifying, one obtains the statement of the proposition. O
D. PRroor oF COROLLARIES
Di. Corollary 1
The statement follows from Corollary 8 when computing p;,, — Dy,. U
D2. Corollary 2

Corollary 2 follows from comparing the bidding functions of Propositions 2 and

4 when taking expectations, prior to drawing types. O
D3.  Corollary 3

The corollary follows from Lemma 4 when computing p}, — p;, and taking expec-

tations. O
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Dj.  Corollary 4

The proof of the corollary relies on two lemmas that specify the optimality con-
ditions for equilibrium bids. For both, I use the inverted residual supply curve,
denoted pf9(-) in the disconnected, and pf;g(-, -) in the connected market. For-
mally, p25(.) solves Qm = gm + > i Tim (pf;z(qm), §;) for each g, and all real-
ization of the random variables. The analogous is true for pf;z(-, -). Further, I

use T'P(p1,p2,q1,q2) = anzl Pmqm to refer to the total payment of an agent.

LEMMA 5: A linear BNE with bidding functions gf(,E}) that are strictly de-

creasing in ¢ must satisfy l;;‘ (q,5;) = pP*3(q) and

8Tp(ﬁz}?is(q17 CI2)715£?§(CI2» ql)a q1, CIQ)
qm

(D1) Va1, 2.

8U(Q17 q2, gz) —
Iqm

PROOF OF LEMMA 5:2! For a given set of realizations of types and total supply
(if random), agent ¢ chooses a quantity so as to maxg{U(q,5;) — p'q} with p'=

P15(7). The necessary condition rearranges to

OU(,5)\" _ _ns @D\ . ks o
(AL =@+ () 0 @ =5 @),

For m = 1, the optimality condition reads

6U 9 agi — aiRS I aiRS ) —) k(o> =
<(q1 1 )> ZP{%S((ZL(D) +aq (p1 ((h qz)) +q <p2 (q2 (h)) at PRS(CT) =b (Q73i)‘
oq1 oq1 oq1

The RHS is the marginal payment for good 1. The analogous holds for m = 2. [J

21The lemma follows from the necessary condition (FOC) for a linear (ex post) equilibrium that I
derived in the proof of Propositions 1 (I) and 2 (p. 1). However, the condition must be inverted into the
quantity-price space.
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LEMMA 6: A linear BNE with bidding functions b} (-, §;) that are strictly de-

creasing in gm must satisfy by . (qm, 5;) = pfg’;(qm) and

PROOF OF LEMMA 6: The lemma follows from Lemma 8 (ii) in the Online
Appendix according to which

6U(Qma q;:—m? ’§tL)
9gm

OTP (Pl (qm ) P> Gm> @ —m)
Igm

Qm] Yam-

E |: aU(Qla q;':27 gz)
oq

ORS, (b (q1,5.))\
%} =bl(q1,5) + a1 (1(1((115))>

Op1

for good 1 and analogously for good 2. As Lemma 6 is stated using the residual
supply curve in the quantity-price space p{%S (-) and not the price-quantity space
RS (+), we must only replace (%ﬁp”)_l = (%q(‘“)) The RHS is by the defini-

1
TP (p° (a1).p3,91,4,2)

tion TP (pf**(q1),p%, a1, g2) = qpltd (91)+4; 5p5 equivalent to E { e
at pi(q1) = bi(q1, 5)- O

]

PROOF OF COROLLARY 4: Assume that all other agents than i play linear
equilibrium strategies for m =1, 2:
Ty (P 5i) = 0py + Ay i Siom + Gy Sii—m — CpPm in the disconnected market

—* = —% — % — % —% —% .
Zr (Pmy,P—m, Si) = Oy, + Uy Siym + Qpyy i Si,—m — CppPm — €, P—m  in the connected market

with ¢}, > 0,¢;,, > 0, ¢jc; — ejes > 0. Deriving the partial derivatives of the
residual supply curves in Lemmas 6 and 5, and sending n — oo completes the

proof. O

D5, Corollary 5

Let n < 0o and p* = +1.

*

(i) Quantities are identical by Theorem 1. It follows that U* = U .

(71) Clearing prices, and with it the total surplus might differ. Taking differences,
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I obtain TS* ~TS =3, TP,,—, TP}. The ranking between T'S* and T'S"
then follows from ) TP, — > -m TPy, in Corollary 6 (it). O

D6.  Corollary 6

Let n < 0o and p* = +1.

(i) By definition, TP}, = >, phqim = P 2_i 4y, Since quantities coincide
across market structures, the ranking of total payments follows from the implied
ranking of clearing prices in Corollary 1.

(18) o TPy =3 TR = X B o G = Yo P i Gm = Do P =Pl Qo
by market clearing. From Corollary 1 we know that the difference in clearing
prices is pf, — pi, = + (2) <ﬁ) (P*Bam — Mq_,,)- With this, the difference in
total payments becomes (D2):

(D2) Zﬁ; — ZTP; _ T (ﬁ> (%) (1os — p@,)*  for p* =+1

—(55) (9) lwqu + nau)? for pr = —1.

This is immediate when og = 0 where ()1 = ug, and Q2 = ug,. For o > 0 use
Q2 = 1, — P g, + p*Q1 which holds by Auxiliary Lemma 2 given p* = +£1.
Going through all cases of p* and ¢ in (D2) completes the proof. O

D7. Corollary 7
To show that both market structures approach the fully efficient allocation as

n — oo, Lemma 7 first derive this allocation. Sending n — oo and comparing the

limit with Corollary 9 completes the proof.

LEMMA 7: The fully efficient allocation, i.e., {qul, quQ}?zl that mazimizes Y, U(q; 1, ¢i2, 5i)
such that Y. g1 = Q1 and >, ¢i2 = Q2, is form =1,2
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(ﬁ) [Sim = 7 2 Siom] — (ﬁ) [Si,—m = 3 2 Si,—m] + 5 Qm  forn < oo

(ﬁ) [)\ [Sim — s, ] — 0 [si,_m — us_mﬂ as n — oo.

The associated clearing prices are

e _
qi,m -

LS sim — 2[AQm +0Q-]  forn < oo

s, as n — 00.

. D)
PROOF OF LEMMA 7: With U(gi1, 652 5) = Sy o { Simtim — 36 b —
0¢i1¢;,2, and denoting the Lagrange multipliers by 1, y2, the fully efficient allo-

cation is characterized by

(D3) $i1— A1 — 0o —m1 =0and s;2 — Ao —0gi; —72=0 Vi

and the binding constraints of market clearing: Q1 = >, ¢f;, Q2 = >, qfo-

Solving for ¢f; and ¢, gives

1
+ 7Qm
n

. A 1 ) 1
4m = (H) |:9i,m s ZSi,m‘| - ()\252) [Si,m s ZSiﬁm

for m = 1,2. By law of large numbers
1
qg,m - <)\2 — 52) [)‘ [Si,m - ,usm] -9 [Si,—m — ,usfm]] as n — 00.

Inserting ¢f ,, g5, into (D3) and simplifying gives

1
pfn - ﬁ [Z Si,m — AC?’m - 5@—'m] — Ms,, 88 1 — O0. O
[
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E. EQUILIBRIUM WITH CORRELATED TYPES

CHANGES IN THE SETTING. — In this extension, I allow for correlation between
types across agents. To reduce the number of parameters, I focus on a perfectly

symmetric environment.?2 More specifically, I now assume for m = 1,2

E[sim] = tts,, and Var(sim, sim) = af and Cov(si1,8:2) = psaf Vi

and Cov(8im,84,1) = Cov(8im,8j,2) = sG> Vi, js.t. j#i

such that 02 > ps62 and (1+ ps)o2+(n—2)ps62 > 0. These conditions guarantee
that the covariance matrix of all types (31,1 81,2 -.-Sn1 Sn,2> is positive semi-
definite. All assumptions that involve the supply by noise traders remain the

same.

EQUILIBRIUM REFINEMENT. — I restrict attention to linear equilibria which are
symmetric across agents and goods. More precisely, equilibrium demand schedules

take the following form:
(A2) T (Pm,, 85) = Om, + A1Sim + Q2Si,—m — CmPm With ¢, > 0, for m = 1,2.

In contrast to the setting with independent types, the coefficient a; and as can
no longer be good specific. I call such an equilibrium a perfectly symmetric linear

equilibrium.

PROPOSITION 7:  There is an equilibrium in the disconnected market in which

traders submit

22The logic goes through with asymmetric (gaussian normal) information structures, but the algebra
becomes extremely tedious.
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-1
bin (G, §3) = <0£TS¢,1 + absio — (Z — 2> qm) (A +6p") + C,, where
- (()\n +20p") (1 + py)o? — 6(n — 2)(1 - p*)p*sfﬁ)
1 — *
Qg
e (5(n —2)((1+ps)oi — (1~ p*)ﬁﬁ?))
2 — *
Qg

08 = = (n = 6(n — 201 + p"))(An+6(n — 2(1 — p*))(1 + p)o? — 25(n —2)(1 —

)Ps

(af +0a3) (psy +sy)(1—p*)ps52

and C;, = %( (H@1p” = pqs)+(n—2) (a“{(usz — psr p7) 02 (psy — psap”) — (1 Tps)o2

if ps # —1 and otherwise Cj, = & ((uq,p" — paa)+(n=2) (@i (11sz — ey p*) + 0510y = p1020") ),

as long as the real root p* of P(-) lies in [—1,1] with

—92 2
Plp) = p((1+ p)ode? + 2L (14 po)(ai? + 032 + 207030,)0
P

-1
+(af +a3)?(n - )(1+ps>a§ $52 = 2(af + o) (n—1),5§a;1))
_(71—2)2

n—1

((1+ ) (20703 + (a1 + a3?)py) ot
(a1 +a5)2(n = 2)(1 + p,)o2p.52
~2(a} + a3)%(n — 1)5%52)

—po(l+ PS)UéUE

if ps # 1 and otherwise

P(o) = o3 + “2 (07 - 0320 + (af + 03)2(n - 2)7:57) )
-2
n—1

(a1 +a3)%(n = 2)5,62 = (a1 — a1)02) = poo,

This equilibrium is the unique perfectly symmetric linear equilibrium if there is

exactly one such p*. Otherwise there is one equilibrium per p*.

REMARK: When shutting down the correlation of types across agents, i.e.,
ps = 0, this equilibrium coincides with the equilibrium of Proposition 1 (II)

whose equilibrium bidding function is displayed in Proposition 4.

72)

)
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PROOF OF PROPOSITION 7: The proof is analogous to the proof with inde-
pendent types. Here I only highlight what changes: In determining the best reply,

an agent of type §; now conditions on observing his type.

max E

U(q, _ o (Z,
p1(-)EB,p2(-)EB (91,92) Z Pm(Zm )@m

m=1,2

51] with ¢m = RSy (pm(Zm), Zm)-
As with independent types, the agent’s equilibrium bid function fulfills

1) k(% 1 * * P
(A11) bi(gr) =s1— )\+m a1 — E[gz] a7, 5] .

I now compute the conditional expectation as follows: First, I derive the expec-
Si ~ N (fis,Xs). To do so, I

tation jig and covariance matrix Xg of > ., §;
5 ) ~w /_fl 7 Y11 Y12
> 255 2 Yo1 Yoo

1 s 1 1
with i, = ( ) fz = (n—1D)p and £y,; = o2 ( ”1> , S10 =01 = (n—1)ps52 (1 1) , D0 =
Ps
11
(n—1)02 ( ) (n—1)(n —2)ps52 ( ) and compute
11

fls = fis + 22,121_&(5'1 — 1), X5 =329 — E2,121_&21,2-

partition

Next, I determine the conditional distribution of i’s winning quantities

2 * .
g o “41“) Tq; P 04q; Oq; :( (/_{45) 7 (Es) /)
PHE N((ng ,(p*aquqi ) ) = (a(l) v da(ss)a

ds
where

7 NQl) — 52 (1 pQ)
Ho (uQ and 2o =0g (pg 1

1 —a; —ay 1 0 7 n—1Y\ ra1s;1 4 azs;2
A (n> (—al —ag 0 1) and d = n (agsi:1 +a18i:2) :
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Now, I obtain the conditional expectation

* * O—qim
Elg® mldtan si] = g +p (

*
dm

) (qfn - [Lq:n) form=1,2.

Inserting the conditional expectation into the best reply and matching coefficients

{07, 05,a7, a3, ci,cs} with the guess (A2) gives the following unique solution

ay _ (A +6p") (A +26p*) (1 + ps)az — 6(n = 2)(1 — p*)ps53)

o w(n=8(n—2(1+p*)))(An+3(n — 2(1 — p)) (1 + ps)o? — 26(n — 2)(1 — p*)5s52)
a3y _ —(A+0p*)d(n = 2)*((1 + ps)az — (1 — p*)psas)

G w(n=08(n = 2(1+p)(An+8(n = 2(1 = p*)))(1 + ps)o? — 26(n — 2)(1 — p*)ps62)

n—2 1
n—1 A+ 0p*

T
* * * * * aj+aj sy His 1-p* ~55'3
o {Z ((uczlp —hg,) +(n—1) (al(u” — 1 P7) F 03 (s, — prap”) — RN ) (2000 ))

((HQip* = 1@,) + (n = 1) (af (s, — s, p*) + a5 (s, — fs,0%)))

In %7 the first case applies when ps # —1, and the second when p; = —1. The
function of the proposition follows when usng a, = ., (Z—j) This equilibrium

exists, as long as the root p* of the analogous polynomial (P) lies in [—1,1]. O
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F. OPTIMALITY CONDITIONS

In this appendix, I provide the optimality conditions that a BNE in a disconnected
market must fulfill for a more general environment than in the main text. In

particular, I make the following changes to the framework:

1) The utility function U(-,-, ;) of any fixed §; is twice differentiable with

continuous cross-partial derivatives. I denote

aU(QhQ% 52)

3 2 ou Q17qQ7§'
,UJl(ql,QQ,Si) = Ta /1‘2((]27q1asi) = g

82U(q1, q2, 5_'1)
0q2 '

0q10q2

) ,U(q1, q2, gz)

2) Types and total supply are drawn from a distributions with differentiable
distribution function and positive density. Their support may be bounded
or unbounded. Proofs are shown for the case of unbounded support, the

bounded case is analogous.

3) Ino longer restrict attention to demand schedules which are asymptotically
linear. Instead, I impose a finite lower and upper bound on how much
agents may win ¢, € [qm,ﬁm] C R. This imposed bound is not needed if

all random variables have bounded support.

The conditions will be stated using the joint and marginal distributions of agent
i’s clearing price quantities (as in Pycia and Woodward (2018)). Before formaliz-
ing them, I define these distributions. To do so, it helps to recall the definition of
1’s clearing price quantity in auction m, qf,m. Let all other agent’s j # ¢ submit

. w [ o k[ o . . o
demand functions {27 (-, 8}), 2} (-, §;)} as in equilibrium. Then i wins

(MC) Gm = Qm — Y75 1 (B%, 85) With B = bin (@5, 5:)
J#i
RS;m (pfn)
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at market clearing, when choosing b; ,,,(+, ;). The support of the agent’s clearing

price quantity [gg’m,@?’m] depends on the price he offers for this amount. Notice,

however, that there is an imposed upper and lower bound by the rules of the

auction: [Qf,m@im] C lg, @] for any b;m(-, ).

DEFINITION 5: Define the joint distribution of agent i’s clearing price quanti-

ties as the probability that he receives at most quantity q1 and at most go when

bidding b;1(q1,5;) = p1, bi2(q2, 55) = p2 by

(F1) Gi(q1,q2,p1,p2) = Pr (g5, < q1 and ¢§5 < q2).
Analogously, define the marginal distribution of i’s clearing price quantity in mar-
ket m=1,2 by

I denote the corresponding joint and marginal density functions by g; and g;m

and oftentimes abbreviate b; p(qm, 5i) = bim.

LEMMA 8: A BNE in the disconnected market that consists of pairs of strictly

decreasing, differentiable bidding functions must, for all ¢, and m = 1,2, satisfy

aGi,m(Qm,7b:m,((Im,§i))

* = Oqm
Qm:| - bi,m(qﬂh S’L) = _Qm aGi,m(qmyg){m(qmggi))

Opm

6U(Qm7 q;:—m7 gl)

(F3) E S

(i) When bz‘;nl(-, 8;) = x},,,(-,5) additively separates the type 5; from the quantity

qm Vi, the condition simplifies to

OU (Gm> @ —m» 51)
0Gm

aRS@,m(br,m(QM7 gz)) -

(F4) E Op

qm} B (4 55) = +gim

REMARK: The proof of Lemma 8 is analogous to the proof of Lemma 1 in
Wittwer (2020). In this related paper, I derive the necessary conditions for si-

multaneous pay-as-bid auctions in which agents can buy but not sell. There are
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three major differences. First, the framework here incorporates private values.
In Wittwer (2020), all agents share the same type. Second, the auction here is
a double auction in which agents buy and sell. Third, I consider a uniform-price
auction here instead of a pay-as-bid auction. These auction formats differ in their

payment rule.

In the uniform-price auction, an agent pays: Z Pmlim With pp, = i (G5, 5i)-
m=1,2

%m
In a pay-as-bid auction, an agent pays: Z / bi m(Gm, 5i)dgm,-
m=1,2"0

Proor oF LEMMA 8. — The proof involves lengthly algebraic derivations, in which
one can easily get lost. To facilitate the understanding, I first lay out the core of

the argument before and then carry out all mathematical details.

A. Core oF THE ARGUMENT. — Take the perspective of agent ¢, fix his type §;
and let all other agent’s j # ¢ submit demand functions {z7, (-, 5}), 2] (-, 55)} as
in equilibrium.

For notational ease, I will drop the fixed type §; as an input argument of all
functions and all subscripts ¢. For instance, b; (-, 5;) becomes bi(-), x;1(,5;)

becomes x1(-) and the amount ¢ wins at market clearing becomes ¢5,.

Taking the behavior of all others as given, agent i chooses two bidding functions

that maximize the following objective functional:

V)

V(b1(-),b2() = E [U(af,05) = D i@ )i | With @5 = Qm — Y 251, (bin(d5). 55).
m=1,2 VE)

Let him choose two differentiable and strictly decreasing equilibrium functions

{b5(-),b5(-)}. By definition of an equilibrium, there cannot be another pair of
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functions different from {b3(-), b5(-)} which generates a higher payoff for agent 1.

(JM) {670),05()} € arg, m%f(_)v(b1(~),bz(~))

1(:
Since {b3(-),b3(-)} must be the solution to i’s maximization problem, each function

must solve the agent’s maximization problem holding fixed the other.

(M) = b,() € argg:bag(?(b,m(-))

(0) with O(by(+)) = V(b (+), b ,,(+)) for m =1 or 2.

Otherwise, there would be another pair of functions that would generate a higher
payoff for the agent, so that {bj(-),b3(-)} could not be the solution of the joint
maximization problem (JM). The rest of the proof derives the first-order con-
dition of maximization problem (M). This derivation is complicated for two
reasons. First, we are maximizing over a function, not variables. Second, the
objective function is the expected total surplus of the agent. It non-trivially de-
pends on the bidding function that we are trying to determine. To solve the
optimization problem, I rely on techniques of calculus of variation. The first step
is to express the objective function O(b,,(-)) in a format that explicitly states its
dependence of the slope of the bidding function. The following auxiliary lemma

sumimarizes.

AUXILIARY LEMMA 4: Let m =1,2.

0) O () = [ Flam ), 1 a0 it

F(qms b (qm), b;n(qm)) = [Mm(qmyqu) — b (qm) — qmb;n(qm)] (1 — G @m, b (qm))]

q—?n
(]:) - N(Qma Q—m)[l - G(va qd—m; bm(Qm)a b*—m (Q—m))]dQ—m + const
q

—m

F (-, ) is continuous in its three arguments and has continuous partial derivatives
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with respect to the second and third.

Building on this auxiliary lemma, the the solution b}, (-) can be characterized by

an Euler Equation:?

* * d * *
Fbo, (qm, bm(Qm)a b;n(QM)) = W}-b,’m (qm., bm(Qm)v blm(Qm))

where F;,,, and Fy denote the partial derivative of F(-,-,-) w.r.t. the second

m )
and third argument. Rearranging the Euler Equation will give the optimality
condition of Lemma 8 (7). It simplifies when the demand function is additively

separable between types and quantity (i7).
B. MATHEMATICAL DETAILS. —

PROOF OF AUXILIARY LEMMA 4. — The proof proceeds in two steps: I first re-
expresses the bidder’s objective function V. I then fix function by(-) = b3(+) to
obtain O(by,(-)) and show that F(-,-,-) has the claimed properties.

Several times throughout the proof, I rely on the Fundamental Theorem of Cal-
culus (FTC) and Fubini’s Theorem. The FTC applies because all functions are
integrable w.r.t. ¢q; X g2 and all integrals take finite values. Here I am relying
on the assumption that no bidder can supply or demand infinite amounts which
bounds the quantity space [gm, q,,] for m = 1,2. Fubini’s Theorem holds because
the functions inside the integrals are defined on the closed interval [gm,qm} and
because these functions are continuous given that all the functions they rely on

are differentiable by assumption.

STEP 1: SIMPLIFYING V. — The simplification of ¢’s objective involves several
rounds of integration by parts. At the end, I will have expressed everything
in terms of distribution functions, such as G(qi1, g2, b1,b2) rather than densities

9(q1, q2,b1,b2), where I abbreviate b, = by, (¢m,). I start with the expected utility.

231t is known in the literature of variational calculus (e.g., Kamien and Schwartz (1993), pp. 14-16)
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(A) RE-EXPRESSING THE EXPECTED UTILITY (AS IN WITTWER (2020)). — Using the

distribution of i’s clearing price quantities, the expected utility is
a5 (dy

Bt ) = [ [ Ulana)glaraa, b bo)dindae.
LESR 't

The bounds of integration vary in ¢’s bid choices, because the support of i’s
clearing price quantities depends on the price he offers for these amounts b,,(qS,)
for m = 1,2. This is inconvenient, because we will be looking for the optimal bid
choices. Luckily, there is a way around this complication. Since gy, (¢m, bm(gm)) =
9(q1,2,b1(q2), b2(g2)) = 0 for any bid price offers at ¢, ¢ [an, qﬁn] in eitherm = 1

or 2, I can extend the bounds of the integrals to q,. and q,,,:

qs g1
E[U(¢5,¢5)] = / / Ug1, 42)9(d1, g2 by ba)dgs dgs.
4, q,

The bounds of the integrals are now independent of the bid choice. With this
preparatory step, we can start the simplification of the expected utility. I first

integrate the inner integral by parts, taking the derivative of U(q1,¢2) and inte-

grating ¢(qi, g2, b1,b2) w.r.t. qi.

q1=1q,

qs q1 qo q1
/ / U(q1,q2)9(q1, G2, b1,b2)dg1dgs =/ U(Qlan)/ 9(q1,q2,b1,b2)dgy dgs
q q

21 g2 g1

a1=49,
Py 1 q1

—/ / ,ul(Qh(JQ)/ 9(q1,q2,b1,b2)dq1 | dqy | dga
22 11 g1

Evaluate the first term at its bounds of integration. Since fqﬂl 9(q1,G2,b1,b2) =0
_ —c =1

and [ g(q1,q2,01,b2) = [ g(a1,92,b1,02) = g(g2, b2) by definition of a marginal
=S =1

distribution, the first expression simplifies:
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qs 41 qs
/ / U(qr,92)9(q1,q2,b1,b2)dg1dgs = / U(@1,92)92(g2, b2)dga
q q q

22 21 =2
q1 q1
/ #1((]1,612)/ 9(q1,q2,b1,b2)dqy | dq1 | dgs.
21 g1

/Q’z
4,

I label the first term A and the second B. Consider term A and integrate by

parts w.r.t. go.

qds _ q2
A E/ U(T1,92)92(a2, b2)dge = U(Ty, g2)G2(qo, b2) ;2 */ 12(q2 42)G2(g2, b2)dg2
a -2 a

=2 =2

Since G2(z, b2) = 1 and Ga(g,,b2) = 0 for all by, this is
2
(4) A=U(q,q,) - / 12(T2, 42)G2(q2, b2)dgo.
4,

Now consider term B. Applying Fubini’s Theorem, I can revert the order of

integration of the two outer integrals:

g1 2 q1
/ [/ [MI(QIaQ2)/ Q(Q1,Q27bl7b2)dQ1] d‘h] dg;.
q q q

=1 =2

B

In the following, I simplify the inner integral corresponding to dgo by parts. I
integrate qul 9(q1, q2,b1,b2)dg1 and take the derivative of u1(q1,q2) w.r.t. go.
=1

91 L q2
B = / [M(QM%)G(%,QQ,bhbz) Py —/ H(QMQQ)G(QMQ%blabQ)dQQ‘| dq
a, 2 Jg,

Again, the first term simplifies because for any be, b1, G(q2,Gs, b1,b2) = G1(q1,b1)
and G(ql,%,bl,bg) = 0. I obtain

q1 2
(B) B:/ /tl(m,qz)Gl(m,bl)dm*/ 1(q1,q2)G(q1, 92, b1, b2)dgo.
q q

=1 =2
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Combining A - B, and applying the FTC another time, the expected utility reads

E0)  EUGEE =+ X [ wnlind )1 Gl bl

m=1,2"9,,

d2 T2
- / / 1(q1,q2)[1 — G(q1, 92, b1, b2)]dg2dgr — U(g,, q,)-
2, Y4,

RE-EXPRESSING THE EXPECTED PAYMENTS. — Using the distribution of i’s clearing
price quantities, as above extending the bounds of the integral to 4,5 Tm> the

expected payment is

BLB )] = [ b0l b
Integrating by parts gi:;s

BIB ) = Bl o b) = [ o)) G b
Since Gy (@pnsbm) = 1,Gi(g, . bm) = 0 for all by, tI;; simplifies to

(EBm) E [Bm(qfn)] = /qm [bm(Qm) + me{m(%n)] [1 - Gm(QTm bm)]dQ'm

— THE OBJECTIVE FUNCTION. — Combining (EU) -3, _, 5 (EB), V becomes

V(b1(),02()) = Z /qm o (Gms @) = [brm(gm) + qmb;n<qm)] [1 — Ginlgm, bm)]dgm

m=1,2"4,,

91 42
—/ / (g1, 92)[1 — G(q1, g2, b1, b2)]dg2dgy — U(g,, q,)-
gl QQ

STEP 2: DERIVING F. — For notational convenience set m = 1,—m = 2. The
other case is analogous. Fix ba(-) = b3(+), and recall that O(b1(-)) = V(b1(-), b3(+)).

')a
A straightforward mathematical manipulation rearranges V with ba(-) = b5(-) to

0) o) = [ " Flar b (@), Y (00)) day
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with
Flqu,b1(q1), b1 (q1)) = [p1(q1.T2) — b1(q1) — qubi(q1)] [1 — G1(q1, bi(q))]
(F) B /qz (g1, q2)[1 — G(q1, g2, b1(q1), ba(g2)))dga + const
and const = [ 1 ] l/qz [12(q2, @y) — b5(q2) — @by (@2)] [L — Ga(ga, bi(q2))daz — Ulq. , q,)
a1~ 4, q i 2 2 )02 4,14,

This leaves us with the claimed functional form of F(-,-,-). This function is
continuous in its three arguments and has continuous partial derivatives with
respect to the second and third, because b;(+), b2(-) and all distribution functions
are differentiable, and the the utility function has continuous partial and cross-

partial derivatives by assumption. O

NECESSARY CONDITION OF MAXIMIZATION PROBLEM (M). — In what follows I

derive the necessary condition of

q1
() max (b1 () = max [ Flar.bila). by ().
bi() h() Jo,

The other auction, m = 2, is analogous. Since F is continuous in its three
arguments and has continuous partial derivatives w.r.t. the second and third,
this maximization problem is a standard problem of variational calculus. Its

solution bi(-) : [¢,,q;] — R must satisfy the Euler Equation for all quantity

points ¢1 € [g,,G]:

a

(F5) Ty (q1,01(q1), b7 (@) = i

Ty (1,7 (q1), b7 (1))
where Fj,, and .7-"1,/1 denote the partial derivative of F(-,-,-) w.r.t. the second and
third argument. The two partial derivatives of F evaluated at the solution (here

abbreviated by F, and Fy;) are
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(F6)
For =1 (g2, 85) — b (1) — b (1)) (1) (‘W

- /q2 (g1, q2)(—1) (aG(qhngif((;ll))’b;(qz))) dgs

) L= Glar, a5, b ar), b (as))]

(F7)

Fo, == a1l = G1(q1, 01(qn))]-
The total derivative w.r.t ¢; evaluated at the solution is therefore
(F8)

d—qlfb/ - - Guan b)) [(

aal(qé,qfﬁql))) N (3G1(§Z?(Z’f§ql))> B ( 1)} .

The Euler Equation equates (F6) = (F8). Simplifying it gives

~Din(angs) — i) (SN ) 4 [ g g (S DR gy, g, | D ),

=2

Apply the FTC to replace p1(q1,Gs) qu w(q1, q2)dg2 + 11 (qe, q2) the condition

rearranges to

@ 3G(ql,q%’bi((m))’b;(%))
b1 (q1 * —
Nl(ql»gZ) - / ,U(CIhQQ) 1- 9G1 (q1,b% (q1)) dq2 - bl(ql) =—q

4, Ob1(q1)

9q1
0G1(q1,07(q1))
9bi1(q1)

8G1(Q17bT(Q1))]

The first two terms on the LHS are nothing else than E [111(g1,¢3)| ¢1]. To see this,
let G'2)1(g2,b2(q2)|q1) be the probability that ¢ wins at most g2 when submitting

p2 = ba(q2) conditional on winning ¢; in auction 1. Then

G(Ch, q2, bl(Ql), bz(Qz)) = Gz|1(¢]2, bz(Q2)|Q1)G1(Q17 by (111))

G (q1,q2,b1(q1),b5(q2))\ . 9G1(q1,b1(q1))
= ( b (1) ) = G1(q2,b5(q2)|q1) <ab1(q1) ) -
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The optimality condition becomes

62 w
Nl(qlvgz)_/ g, @) [1 = Gon (a2, 03(02)la1)] daz = bi(a) = ~a1 | 50000y | -
q 3G (a b))

22 0b1(q1)

Integrating by parts, using Gap1(qs,03(22)|a1) = 1, Goi(g,,b5(g,)|q1) = 0, and
changing notation from 9b;(q1) to dp; gives condition (i) of the lemma, stated in
simplified notation.

To prove the second part of the lemma, assume that equilibrium demand func-
tions take the following additively separable form: x7, (p1, 5i) = 0} (5:) +y;1(p1)
with differentiable and strictly decreasing function y;(-). Given that all other
agents j # ¢ choose such functions, agent ¢’s residual supply curve only shifts

randomly in its intercept with the quantity axis, Zj:
(F9) RSi(p1) =21 — > yi.(p1) where Zy =Q1— Y 1;,(5).

J#i j#i
As in the proofs for Propositions 1 (II) and 4, there is a one-to-one mapping from
how much the agent wins at market clearing and this intercept. Optimality con-
ditions can be re-expressed in terms of the marginal density fz, and distribution

Fy of Zy using

Gla,p) =Pr(gf <q)=Pr [ Za<q+ > uj(p) | =Fz, @+ _vl.(pm)

i i

(F10)

oG , X
. % = fz, (q1 +Zyj,1(p1)) and

« i

(F11)

0G1(q1,p1) . 954 951(P1)\ (Fo) . ORS1(p1)

oy fz, @+ v () — o) - fz, @+ uia(m) “om )

i i

Dividing (F10) by (F11) and evaluating both expressions at p; = bj(q1) we obtain

the expression of part (ii) of the lemma again in simplified notation. O



